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| TABJIUIIA KBAZIPATOB HATYPAJIbHBEIX YUCEJI OT 10 10 99

TIECATKM ENMHULE]
o |1 | 2|3 |a |5 |6 ]| 7| 8] 9
1 | 100 | 121 | 144 | 169 | 196 | 225 | 256 | 289 | 324 | 361
$
2 | 400 | 441 | 484 | 529 | 576 | 625 | 676 | 729 | 784 | 841
|.
‘ 3 900 | 961 | 1024 [ 1089 | 1156 | 1225 { 1296 | 1369 | 1444 | 1521
4 | 1600 | 1681 | 1764 | 1849 | 1936 | 2025 | 2116 | 2209 | 2304 | 2401
i 5 | 2500 | 2601 | 2704 | 2809 | 2916 | 3025 | 3136 | 3249 | 3364 | 3481
f!
6 | 3600 | 3721 | 3844 | 3969 | 4096 | 4225 | 4356 | 4489 | 4624 | 4761
_
| 7 | 4900 | 5041 | 5184 | 5329 | 5476 | 5625 | 5776 | 5929 | 6084 | 6241
8 | 6400 | 6561 | 6724 | 6889 | 7056 | 7225 | 7306 | 7569 | 7744 | 7921
9 | 8100 | 8281 | 8464 | 8649 | 8836 | 9025 | 9216 | 9409 | 9604 | 9801
I-
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=
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NEEEY] KBAOAPATUYHHASA OYHKUASA
EEH $3iiidis u nx CBOMCTBA

1. OyHkuma. O6nactb onpepeneHvs
n obnactb 3Ha4eHUn PyHKUUU

PDOyHKNMA — OAHO K3 BaXXHeHIMNX MaTeMaTHdyeckuX moHATHil. Ha-
IIOMHUM, 4YTO

| pyHKIMell Ha3LIBAIOT TAKYIO 38BHCHMMOCTh IepeMeHHOi y ot |
1 [IeEpeMeHHOI X, IPY KOTOPOH Ka)XJOMy 3Ha4YeHHIO IIepeMeHHOM "
| X COOTBETCTBYET €AVHCTBEHHOe 3HAYEeHHe NepeMeHHOH Y. i

e ot o v Dl oot T EA MR S SR BT (N SR DL OV NEN EU UUR WO S Gud GRy Gt MRS AEN SR AN SN SEN Np U0 JUS SW Aen by mmm eum ded g aee am o

ITepeMeHHYI0 X Ha3BIBAIOT HE3Q6UCUMOL NEPEMEHHOU WUNN ap2yMeHr-
mom. IlepeMeHHYIO Y Ha3BIBAIOT 3A8UCUMOU nepemenHolU. I'oBOpHAT
TaKXe, YTO nepeMmerHas y Aeasemca QyHKYyueiL om nepemeHHoOUl X.
SHavYeHNns 3aBHCHMOM IIepeMeHHOI Ha3bIBAIOT SHAYEHUAMU (PYHKUULU.

Ecnu 3aBHCHMOCTE IIEPeMeHHOHR i OT IIepeEMEHHON X siBnsieTcH PYHK-
Luel, TO KOPOTKO 3TO 3amKCHLIBAIOT TakK: Y = f(x) (YUuTaroT: «y paBHO
f or x»). CumBonoM f(x) 0603HauaIOT Tak)Ke 3HaYeHHe (PYHKIHMH, COOT-
BETCTBYIOIllee 3HAYEHUWIO aprymMeHTa, paBHOMY X.

Ilycts, manpumMep, QyHKIUNA 3ajaHa (GoOpMyJIOH Yy = 2x% — 6. Torza
MOXXHO 3amucaTb, 4YTO f(x) = 2x? — 6. Haiimem sHaueHus dyHEIMH f
ANl 3HaYeHUM X, paBHBIX 2,50 u —3:

f(2,5)=2-2,52-—6=26,5; f(-3)=2-(-8)2-6=12.
3aMeTHM, UYTO B 3anmucH Buza Y = f(x) Bmecto f ymorpebasioT u Apy-
rve OyKBHI: g, ¢ ¥ T. I
Bce sHaueHusa He3aBHCHMOIlI IepeMeHHOIi oGpasyioT ofsiacmb oOn-

pedenenus ¢ynkyuu. Bece 3HauyeHHs, KOTOpble IMPUHMMAET 3aBHCHMAas
nepemeHHas, o0pasyoT obsiacmbv 3HAYEHUL PYHKYUU.

. § 1. DyHkuMn n UX CBOWCTBA | 3



Dyuxnusa y = f(x) cuuTaeTcs 3aflaHHOM, ecqH ykKasaHa ofbnacTthb
ompefiesieHHs (PYHKIHH M IPABHJIO, COIJIACHO KOTOPOMY KaXJIOMY
3HAUYEeHUIO HEe3aBHCHMOM II€peMeHHOI IIOCTABJIEHO B COOTBETCTBHE €OUH-
CTBEHHOe 3HAYEHHEe 38BHCHMOII IIepeMeHHOI.

Ecau dyHrnusa y = f(x) sagana ¢popmysoil u ee o6aacThb ompe-
JeJleHHs He yKasaHa, TO CUMTAaIOT, 4YTO 06jacTh omnpeneneHns QYyHK-
IIM¥ COCTOMT U3 BCeX 3HAUEHHY IIepeMeHHOM X, IIPH KOTOPHLIX BhIpa-
)xeHue f(x) mmeer cmbica. Hanpumep, oGnacTeio onpefeseHUd

dyHKIUE f(x) = Bx + x° ABISETCA MHOXeCTBO BceX umces; 067acThIo

onpeleneHusda GpyHKuuu gix) = o i 3 CJIYXKHT MHOMECTBO BCE€X 4YHCel,
Kpome —3.

O6siacTh omnpepesieEHNs QYHKIKHM, OMMCHIBAIOIEN peabHBIA IIpPO-
1lecC, 3aBHCHT OT KOHKPETHBIX YCJIOBHIl ero mnporekanuns. Hampumep,
38BHCHMOCTD IJMHBI [ XKeJIe3HOro CTep)XHA OT TeMIlepaTyphbl Harpepa-
HuUs ¢ BeIpaxxaerca dopmynon I = [ (1 + at), rae l, — HavanbHasA
ONHHA CTEepKHA, a8 00 — KO03dPHIIMEHT JHHEHHOro pacImupeHus. YKa-
3aHHasas ¢opMyJsia MMeeT CMBbICJ npu J0OOBIX 3HauveHusx t. OgHako
o6J1acThIO ompenesneEus GyHKuuu ! = f(f) aABnAAeTca NIPOMEXYTOK B He-
CKOJILKO J€CATKOB rpajycoB, AJIi KOTOPOroO CIpPaBelJIMB 3aKOH JIHMHEN-
HOro pacIHpeHHd.

HanoMHKM, 4TO 2papukom pyHKyuUU Ha3bléaemcs MHOICECmBE0 cex
mouex KOOpOUHAMHOU naocKocmu, abCyuccb. KOmMOpbix paéHb. 3Haye-
HUAM apzymenma, a opduHamb. — COOMEEMCMBYIUWUM 3HAYEHUAM
PyHKyuU.

Ha pucyuke 1 uszobpaxkeH rpadpux QyHxIuu y = f(x), o6nacTeio on-
peneneHUs KOTOpPoM fABIseTcsa oTpesok [-3; 7]. C momombio rpaduka
MOXXHO Ha¥TH, HaHmpumep, urto f(—-3) = -2, f(0) = 2,5, f(2) =4,
f(5) = 2. HaumeHbpIlee 3HaueHHEe (QYHKIUM PaABHO —2, a HauOoJblilee
paBHO 4, IIpy 3TOM JII000e YMCJIO OT —2 10 4 sABJIfAETCHA 3HAYEeHHEM JaH-
Ho¥l dyuknuu. Takum ob6pasom, o6GJacThIO0 3HaYeHUIT QYHKIUM Y = f(x)
CIYXXHUT OTpes3oK [—2; 4].

M&I pasHee u3ydaJu HEKOTOpPhle BaXXHble BHABI QYHKIHH: JIUHENHYIO
dYyHKIUIO, T. €. QYHKIUIO, 3a7aBaeMyio opmyyio y = kx + b, rne k u
b — HeKOTOpBIe YHKCJA; IPAMYIO IIPONOPIUOHAIBHOCTE — YaCTHBINA CJy-
yaii JuHeHOM (YyHKIHHK, OHa 3ajaeTcA ¢opmysod y = kx, rae k # 0;

o0paTHYX® IIPONMOPLHOHAJIBHOCT — QPYHK-

77 U;moy=§,k¢0.

I'padukoMm dpyHKIME Y = kx + b cayxxur
<Y =f(*)T] mpamas (puc. 2). O6nacTbio OmpeleeHUsA
aTOll QYHKIHMM SBJIAETCA MHOMECTBO BCeEX
/A yucesn. O6sacth 3HaYeHHH 3Tol PYHKIHH
0 npu k # 0 ecThb MHOXECTBO BCeX 4Kcel, &
npu k = 0 ee o6nacTh 3HaY€HUN COCTOHUT K3
| OgHOro ymucia b.

|
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a) 77 0) YA
Yy =kx+b
k>0 /P b
Yy=Fkx+tb
(k=0)
/ 0 X 0 X .
0 x

Puc. 2 Puc. 3

'padbuk pyHroum y = % HasbeIBaerca runepbosoii. Ha pucyHke 3

k
n3obpaxker rpaduk GyHknum y = , mas k> 0. O6nacte ompeneneHusA

9TO# (PYHKIIMHU €CTh MHOXXECTBO BCEX YMCeJI, KpOMe HyJifA. ITO XK€ MHO-
JKeCTBO fABJISIETCS M 00JIaCTBHIO ee 3HaYeHHH.

PYHKIIUAME TAKOTO BHAA OIHKCHIBAIOTCA MHOrHe peaJibHbBIE IPO-
mecchl ¥ 3aKOHOMepHocTH. Hanpumep, npsaMoil NOpOmOpPIIMOHAJIb-
HOCTHIO SIBJISIETCH 3aBHCHMOCTH MAacchl Tela m OT ero oonema V mpu
NOCTOSAHHOM IJIOTHOCTH p (m = pV), 3aBHCHMOCTBH AJIMHBI OKPYXKHOC-
™ C ot ee paauyca R (C = 2rR). O6paTHOI NpPOMOPIHOHATBHOCTHIO
AIBJIAETCH 3aBHCHMOCTH CHJIBI TOKa I Ha y4yacTKe LelnH OT COIPOTHB-

U
NeHUsl NpoBOAHHKA R npy HmOoCcTOAHHOM HanpsixeHuun U (I =§),
3aBMCHMOCTb BPEMeHHU [, KOTOpPOe 3aTpauyHuBaeT PaBHOMEPHO ABHIKY-

meeca TeJIO Ha NMPOXOXKIeHneE 3aJaHHOI'o IyTH 8, OT CKOPOCTH ABHXKe-

HUA U (t = —s—)
U
2

Me1 usyuyanu Takxke (yHKNUH, 3ajaHHBIE dopMyJaMu Yy = x°,
y = x5, y= \/; . Ux rpapmku mu3oOpaxeHbl Ha PHMCYHKe 4.

a) 77 6) YA . B) YA
¥ . y=Jx
1 | 0 i E 1-/
0| 1 x o 1 X
Puc. 4

§ 1. DyHKUMK 1 ux CBOICTBA l 5



PaccmoTpumM eile oaHy QYHKIHIO, 8 UMEHHO (PYHKIHIO, 38JaHHYIO

dopmysoit y = |x|.

Tak Kaxk BeIpa)KeHUe |x| ©MeeT cMbIca mpH Ja060M X, TO OGJACTBIO

onpezieJieHNs 3TON PYHKIUK ABJIAETCH MHOMXECTBO Bcex uuce. Ilo on-
penenenuio |x| = x, ecnu x 20, u |x] = —x, ecnu x < 0. IloaTomy PyHK-
¥ Y = [X| MOXKHO 3aJaTh ciefymooiuMm obpasom:

_ |x, ecnm x 2 0,
—x, ecan x < 0.

I'padbuk paccmarpuBaemMoil (GyHKUHHU B

npomexxytke [0; +o0) coBmagaer ¢ rpadwu-

y=|x| KOM ¢QYyHKOUM Y = Xx, 8 B IPOMEXKYTKe

(—o0; 0) — ¢ rpad@ukoM QYHKUHH Yy = —X.

I'padukr dyHKNuM y = |x| uso6paxken Ha pu-

1 cyHKe 5. OH COCTOMT M3 ABYX Jyueil, HCXO-

OAINUX U3 HaYajia KOOPAUHAT M SABJISAIO[HX-

[y
Yy

ca 6uccektpucamMu I m Il KoopmHUHATHBIX

YIJIOB.

Puc. 5

ynBa)KHeHMSI

1.

i L

I B

1S

I

8.

®yHKUUA 3amaHa dopmynoit f(x) = —3x2 + 10. Haiigure:
) f-1; 6 f0:  w A5}

Haitgure f(0), f(1,5) u f(-1), ecau f(x) = x—-05

x+05°

H3eecTHo, uTO f(x) = x® — 10. Haiigure:
a) f(5); 6) f(4); B) f(2); r) f(-3).
IIycre ¢(x) = x® + x + 1. Haiigure ¢(0) + (1) + ¢(2) + ¢(3).
HsBecTHO, 4TO f(x) = —5x + 6. Halinure sHayenune x, Ipu KOTOPOM:
a) flx) = 17; 6) f(x) = —38; B) f(x) = 0.
HaiinuTe sHauenunsa x, mpu KOTOopuIX g(x) = 0, eciau:
+1
a) glx) = x(x +4);  6) g(x) = &

5—x
CymecTByer s 3Ha4YeHHe X, IIPH KOTOPOM 3HA4YeHHE (PYHKIUH,

” . 4
3azaHHOM (Qopmynoir ¢(x) = 5+ x° PaBHO: a) 1; 6) -0,5; B) 07
B canyvyae yTBEpAHTENHLHOTO OTBETA YKAXKHUTE 3TO 3HAYEHME.

Haiinute sHaueHne x, nmpy KOTOpoM (PYHKLMA, 3aAaHHAA (POPMYJIIOi
f(x) = 0,5x — 4, npuHUMaeT 3HayeHWe, paBHoe: a) —5; 6) 0; B) 2,5.

KBagpatnyHaa ¢yHKums
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13.

HaiinguTe obnacts omnpenenenuss GyHKLHH, 381aHHON ¢opmysioi:

2 1
a) y = 4x - 8; B) Yy = 553 nYy=—3_35
3 —

IlpuBesuTe npumep GyHKLHU, 00JaACTBIO OIpeAesieHUs KOTOpPOM
ABJIAETCHA:
a) MHOXKECTBO BCeX YHCeJI;
6) MHOJKeCTBO BCEX 4YMCeJs, Kpome 7.
KaxoBa oGsacTh onpezesneHus QYHKIHH, 3aJaHHOR (OpMyNoii:
x -1

a) y = x>+ 2x; 0) y=y15 B) Y= .9+ x?

ITaccakup MeTpo, BCTABIIMII Ha 3CKAaJaTOp, COIeN C Hero ue-
pe3 t c. 'my6buna cnycka A M. ¥YroJ HakJOHa 3ckKajgaropa K
ropM3oHTaNbHOR nijockocTH 30°. Bripasure ¢opmysoil 3aBHCH-
MOCTE h OT ¢, ecIM CKOPOCTH ABHIKEHHMS 3CKAaJIATOpA pPaBHA
0,75 m/c. Haitgure:

a) h, ecin t = 2,25 MuH;

6) t, ecniu h = 60 m.

JanpHOCTE moJsiera 8 (M) cHapsaza (6e3 yueTa COIPOTHBJIEHHS

BO37lyXa), BLIIYII[EHHOrO M3 OpyAuA mnox yriaom 45° K ropmsoHry,

3aBHCHUT TOJIBKO OT Ha4YaJbHOH CKOPOCTH cHapsana v, (M/c)
2

v
MoOXKeT ObITh HalzeHa o ¢dopmyJie 8 = ?0 (g = 10 m/c®). Haitgure:

a) 8, ecamn vy = 600 Mm/c;
6) v, ecnu 8 = 24 kM.

Yraxxkute obnacTe onpeneneHus (QYyHKIHH, 3aAaHHOH ¢opmy-
JIOM:

a)y=ax*+ |x|—1;

Ha pucyHke 6 musobOpaxeH rpaduk \
dyEKIUE Yy = g(x), obnacThio ompe- L \
JileJIeHUA KOTOPOM CJHAYXXHT OTPESOK

[-6; 5]. C momompi0 rpaduka Haii- \ 1 7/

AuTe: >
a) g(—4), g(-1), g(1), &(5); SN0 5

0) 3HaueHUd x, NPH KOTOpPHIX g(x) = 4,

g(x) = -4, g(x) = 0;

B) HauboJsibIllee 1 HAMMEHbIIIee 3Hauye-
HUA QYHKIOUU;
r) o6jacTs 3HaUYeHNH (QyHKIHH. Puc. 6

§ 1. dyHkuMn 1 ux ceomcrea l 2



16. B Teuenue mepseix 10 gHell mapra ydeHHMKH 9 KJjacca H3Mepsi-
nu armocdepHoe raBiieHHe B nojgeHb. llo pesyibTatam uaMepe-
HUT Ob1a ocTpoeH rpacduk (puc. 7). Ilonpsysce rpadukom, Haii-
JTHTE:

a) kakuM ObLIO aTmochepHOe HaBJieHHWe o maprta, 9 mapTta;
0) meHb, Korga armocdepHoe naBneHHe ObLIO0 HaubOoJbIIINM.

— ' p! ‘ ‘ ‘\<
MM pT.CT.

]
7{58 :
756 //

et

Puc. 7

17. TIloctpoiite rpaduk (PYHKIUHM, 3aJaHHOM (hOpMYJIOi:
a) f(x) = 1,5 - 3x;  B) f(x) =%
6) f(x) = 4,5%; r) f(x) = —%.
Vrkaxkure obnacte onpenesieHUss W o0JacTh 3HAYEHUH (QYHKIIUH.

18. Haitgure obsacte 3HaueHUH (HDYHKITHH:

a) f(x)=2x—-1, rme 1 < x < 4;
0) g(x) = -3x + 8, rme -2 < x < 5.

19. VYkaxxute obsacTep onpepeneHUs M O0JaCTh 3HAUEHHH KaKOIOH U3
bysrmui y = x%, y = x°, y = Jx (cM. puc. 4).

KeagpatnuHasa dyHkuusa



20.! Haiinute obnacTe onpeseneBEusi U o6JacTh 3HAYEHUI (YHKIHUU

2
¥y~ @i

21.] IlepumeTp paBHOGempeHHOTrO TpeyroilLHUKA C ocHoBaHHeM 20 cM
3aBUCHUT OT AJINHEI X (cM) OOKOBOII CTOpPOHEI. 3azaiiTe GopMyJon
(YHKIIHMIO, BBIPpAKAKINYI 3Ty 3aBUCHMOCTB, 3HAd, UTO IEPUMETD
TpeyroabHHKa He npesocxoautT 100 cm. YkaxuTe obiacTe onpene-
JeHHA U obnacTe 3HaYeHUI 3Toil QYyHKIHU.

22. Ha pucysHke 8 usobOparkeH rpaduk of-

HOM u3 (yHKIUHM, 3aJaHHBIX (hopMya- va
Mmu y=x—-1, y=1+x, y=2x-1,
y =1~ 2x. BriscauTe, KaKoii HUMEHHO. 1__

23. Ha pucymke 9 usobparkennl rpaduku

dyHKIMHA, 3aJaHHBIX (opMylaMu Yy =

x x 2 }

= Y= ¥=2-% y="% Ha=a 0 1
Kax oM GQYHKIUMU YKaKHUTe COOTBEeT-

CTBYIONIUH rpadukx.

rY

Puc. 8
1. 77 2. 177\
1t 1
ol 1 ; o 1 -
3. YA 4. yA
N
01 x 0] 1 ~%
Puc. 9

& 1. OyHkumm mn ux ceoncTsea l g
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25.

26.

Ilo rpaduky dyHKnuu y=|x| (cM. puc. 5) HaiiiuTe, IPU KAKUX 3HA-
YeHHAX X:

a) |x = 8,5; 6) |x| < 2; B) |x] > 4.
KaxoBo manmensblIee 3HaueHHe GyEKnun? MmMeer siu ona HanGons-
niee 3HaueHue? KakxkoBa o0isacTe 3HaueHU# (PyHKI{HN?

CocTaBpTe Tabauny 3HaueHUM M mocTpoiiTe rpaduk GyHKIHN, 3a-
JaHHOM (hopMysoii:

4
a) y = x3 — 8x, rme -3 < x < 3; 6) y=1,3 rme -1,5< x<6.
KakoBa objsiacTe 3HaueHU (GyHKIIHN?

Ha pucynke 10 usofparkeH rpadnk U3MEHEHUA YPOBHSA BOABI B pe-
K€ OTHOCHUTEJILHO HyJieBoil oTMeTKH. OmuninTe, KAK IPOMCXOAMJIIO
H3MEHEHHEe YPOBHA BOJBI.

b,
6 s
2 / n
4
3 ]
9 /
1
L -
| Lolt+1+2t3+af5] 6]7]8-
t | { { I 1 i ) N
Puc. 10

HUKONA UBAHOBWY NOBAYEBCKWI (1792-1856) —
PYyCCKMA MaTemMaTuk, co3partenb HeeBKIOoBoOW reoMer-
prvy, KoTopas W3MeHuna npeacraBneHve o ponu
akCMOMAaTVUKU B MaremMaTtuke U Cbirpana BaxHylo pofb B
pa3paboTtke TeopuM oTHOCUTENLHOCTU. Bonblwoi Bknan
BHEC Takxe B maremarndeckui aHanus v anrebpy. OH
paszpabotan Meron npubNuXeHHoro peweHus anreb-
pavyecKux ypaBHEHWI BbICLUUX CTEneHewN.

LELEERE KBagpaTuuHan QyHkuun



27. Hsmenenue temmepatypel Boisl p (°C) B Oake Kak QyHKIMK Bpe-
MeHU ¢ (MHH) ONHMCAHO ¢ MOMOLIBI GQOopMy:

2t + 20, eciu 0 < ¢ < 40,
p =1100, ecou 40 < ¢t < 60,

~2¢ + 140, ecm 60 < ¢ <150,

Haitgute p(20); p(40); p(50); p(60); p(90). IlocTpoiiTte rpadpux
¢yHKIMu p = f(t). Kakoil ¢HU3MYECKHil CMBICJ MMEET paccMaTpH-

BaeMHlii npomecc B KaxkaoM u3 mpomexxyTkoB [0; 40), [40; 60],
(60; 15077

28. 3aBHCHUMOCTHL paccTosHUA 8 (KM), KOTOpOE€ BEJIOCHMIEIHCT IIPOeXaJ OT
6a3bl, OT BPpeMeHH ero JBHKeHHsA ¢ (9) 3agaHa cJenyonmM obpasom:

15t, ecnin 0 < ¢t < %,

17,5, ecau % <t<

-12t + 35,9, ecnu

&
I

?

<t €

NI o) eo
(CTI

|
Haitngute 8(0); s(1); s8(1,4); s(2). IlocTpoiiTe rpadpuxk PyHKIHUH

8 = f(t) (macmutab mo ocum t: 1 ex. — 6 KJeToOYEK; IO OCH 8:
10 ex. — 4 kyeTouku). OnmuninTe, KAK IPOMCXOAHJIO ABHIKEHHUE
BEJIOCHIIEKCTA.

29. PemuTe ypaBHEHUE:
a) 0,5(3x—4) + 15x = 4(1,5x + 1) + 3;
6) (2x — 3)(2x + 8) — x% = 12x — 69 + 3x°.
30. PemuTe HeIOJHOE KBAaApaTHOE YpPaBHEHHE:
a) 6x% — 3x = 0; B) x% — 36 = 0; n) 0,5x% - 1=0;
6) x2 + 9x = 0; r) 522+ 1 = 0; e) 0,6x + 9xZ = 0.
31. PemuTe KBagpaTHOEe ypaBHEHHe:
a) x2 + 7x + 12 = 0; B) 2x2 — 5x — 3 =0;
6) x2 — 2x — 35 =0; r) 3x2-8x +5=0.

NETEP OWPUXNE (1805-1859) — HeMeukuii maTemaTuk.
Cnenan psa KpynHbiX OTKPLITUIA B Teopun uncen. IMeer 3Ha-
YMTEeNbHble AOCTWXKEHUWRA B passuTuM anrebpbl, TEOpuwu
byHKUMA v ananuTuuecko reomeTpun. MM nposeaeHbl
BaXxHble uccnenosaHna B 06nacTty MEXaHVKU U MareMaTuyec-

KO puUsuvkw.
§ 1. OyHKuMM n nx cBoncCTBa ' 11
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2. CeoicTBa PYHKUMNN

Ha pucyske 11 usobpaskeH rpadpuK 3aBUCHMOCTH TeMIIE€pPaTyphl BO3-
nyxa P (°C) ot BpeMeHM cyTok t (u). Muel Buaum, uto B 2 4 U B 8 u
TeMIlepaTypa paBHAJach HyJa0, oT 0 0 2 ¥ 1 oT 8 1m0 24 u oHa OnbLIa
BRILIIE HYJHA, & OT 2 10 8 u — Hmke Hyasa. U3 rpaduka sicHo Takixe,
9TO B TeUEHUE NEepBLIX [IATH YaCOB TeMIlepaTypa IIOHM)KaJjachk, 3aTeM B
IPOMEXKYTKe OT 5 710 14 U oHa NOBHIIIAJIACK, 4 IIOTOM ONATH IIOHMMKA-
Jach.

k.
gt}

T 7
P°C r
(:; _ Il
4 // N
I Y
i2 \
g 2 ~4~—-6-~/8ﬂ-10 12:14+16118+20+122: 24 t.;
— \
[
-2 N
. —6
]
Puc. 11

C nomorpio rpadKka MBI BBIACHHUJIN HEKOTOpPBI€ CBOMCTBa (YHKIUH
P = f(t), roe t — BpeMAa CyTOK B "acax, a P — Temneparypa Bo3gyxa B
rpagycax Llenncus.

PaccMoTpuM Tenepw cBoiicTBa (GyHKnuU Yy = f(x), rme -5<x<9,
rpadpuk KoTOpoii uzobpaskeH Ha pucyHkKe 12. BriscHMM cHauvaja, npu
KaKNX 3HaUeHHAX X (PYyHKOUa obOpainaercs B HyJb, IPUHMMAET IIOJO-
JKUTENbHBbIE 1 OTPHILIATEJIbHbIEe 3HAUEHUA.

Haitnem abciiucchl Touek IepeceueHus rpaguka ¢ ocbr x. Ilonyuum

=-3 u x = 7. 3HaunuT, QGYHKIHUA IIPHHUMaeT 3HAUeHHE, paBHOE HY-
o, npu x = -3 u X = 7. 3HaUeHUA apry-
MEHTAa, IIPU KOTOPHBIX (GyHKIUA obOparaer-

77 CA B HYJb, HA3bIBAKOT HYAAMU (PUHKYUU,
N T. €. yUcaa —3 u 7 — HYyJH paccMaTpuBa-
\\ emoil ¢pyHknuu. Hynm ¢pyEKnuu pasdusa-
1 N 10T ee o6JacTh onpelesleHUsAs — IIPOMEXY-

ToK [—5; 9] Ha TpH npoMexkyTKa: [—-5; —3),
(—3; 7) u (7; 9]). Ina 3Hauyenuit X U3 IpPo-
MeKyTKa (—3; 7) Touku rpaduka paciioyo-
’KeHbl BBIILIe OCH X, & AJIA 3HaUYeHUu x u3
npoMexxXyTkoB [—5; —3) u (7; 9] — HmXKe
ocH Xx. 3HAUUT, B npoMexkyTre (—3; 7)
Puc. 12 GYHKIIUA TPHHUMAaET I[0JIOXKUTENBHBIE
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3HAYEHUA, & B KaXXJ0M M3 IpoMexKyTKoB [—5; —3) u (7; 9] — orpuna-
TeJIbHLIE.

ITpomMe:KYTKH, B KOTOPBIX (QYHKIUA COXPaHAET 3HAK, Ha3bIBAKOT
npomexcymramu 3HAKOnoCmosHCcmaea.

BrisicHuM Tenepb, KaK N3MeHAIOTCA (YBEJINUYNBAIOTCA WJIN yMeHbIA-
IOTCA) 3HAUEHUA JAaHHOH (PyHKIMH C U3MEHeHueM x oT —d 10 9.

N3 rpaduka BHAHO, 4TO C BO3PACTAHHEM X OT —5 a0 3 3HAYEHUHA Y
YBEJINUNBAKTCH, & C BO3pacTaHueM X OT 3 70 9 3sHaueHUs y yMeHbIla-
1oTcsa. ['osopaT, uTo B npomexyTtke [—5; 3] dyHknua y = f(x) asnser-
ca eospacmarnujeii, a B nmpoMexyTke [3; 9] sTta dyHKUHUA ABIAeTCH
yOvtearujeil.

Onpepnenenune. PyHKIUA HA3HEIBAETCA BO3pPaACTAIOLIEN B He-
KOTOPOM IIPOMEMYTKeE, €CJH OOoJIbIIeMy 3HA4YEeHWI0 apryMeHTa
U3 3TOr'0 IPOMEMKYTKA COOTBeTCTBYET OosibIiliee 3HaueHHE PyHK-
muK; GYHKIUA HaseIBaeTcsa yORIBaIleir B HEKOTOPOM IIPOMe-
}YTKe, eciii 6oJIbIlIeMy 3HAUYEHHIO apryMeHTa U3 3TOro IpomMe-
MYTKa COOTBETCTBYET MeEHbIlee 3HaueHHEe (PYyHKIJHU,

- o | Sar_ 4

HepiMu cinoBaMu, QyHKIuio y = f(X) Ha3BIBAIOT BO3PaCTAIOINEll B
HEKOTOPOM IIPOMEXKYTKE, €CJU AJA JIOBIX X; H X; U3 BTOr0 NMPOMEXKYT-
Ka, TAKUX, YTO X, > X,;, BBINIOJIHAETCH HEPaBeHCTBO f(x,) > f(x,); GyHK-
oo Y = f(x) HaspIBAIOT yOBIBaIOIIEell B HEKOTOPOM IIPOMEKYTKE, €CJIH
oA JIO0OBIX X; U X, U3 3TOrO IIPOMEXKYTKA, TAKUX, YTO X, > X;, BBIIOJ-
HAETCA HEpaBeHCTBO f(x,;) < f(x,).

Ecin dyHKIIUA BO3pacTaeT Ha Bceil obyacTu onpezeseHns, TO ee Ha-
3BIBAIOT G03pacmaiuwjeil ¢yurkyueil, a ecau yoOvIBaeT, TO ybuisaroujeil
dyHryuell.

Ha pucynke 13 usoOpaskeHBl rpathuku Bo3pacTaromnieit (pyHKIIHH U
yObIBaromeit (hbyHKIIHN.

BrisicHuM, KaKMMH cBoiicTBaMH 00J1aal0T HEKOTOpble U3y4YE€HHBIE
paHee (pYHKIIHUH.

a) YA 6) P77 \

L \.\
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Puc. 13

§ 1. OyHkumn 1 nx ceoncTBa
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IIpumep 1. Paccmorpum cBoiictBa ¢yEKIHU y = kx + b, rne k=0
(puc. 14).

a) 77y 6) 177

Yy =Fkx+b (k>0)
/ Y = kx+b (k <0)
/0{,, X 0 b~ X

E “E

Puc. 14

1. Pyurxyus obpaujaemcs 6 HYaAb npu x = —%.
HeilicTBUTeNRHO, pellUB ypaBHeHHe kx + b = 0, maiigem, uto y = 0
npHu X = ——b-.

2. Ilpu k> 0 ¢gynryusa npunumaem ompuyamenbHble 3HAYLEHUS 6

b
npomexcymrie | —o0; % U nojaoxcumenlbHble 3HAYEHUSA 6 npome-

b
Hymre (-—;; +00).
Pemus HepaBencTBa kx + b< 0 u kx + b> 0, maiigem, uTO ecim
k>0, To y<0 npu x<—% u y> 0 opu x>—%.
Ilpu k< 0 ¢gynryua npuHumaem ompuyamenbHble 3HAYEHUS 6

b
npomexcymre | ~35 10| u nonomumenvrvie 3HAUEHUS 6 NpOMe-

b
aymre (—00; —-,;).

Y6enqurbcss B 3TOM MOYXHO, peIIUB HepaBeHCTBa kx + b< 0 u
kx + b> 0 npu ycnosuu, ato k < 0.

3. Ilpu k> 0 ¢pynryusa y = kx + b ssnsemcesn 6ospacmarwuyeii, a npu
k < 0 — ybuiearueil.
Horasxem ato. IlycTe x; M X, — DPOM3BOJILHEIE 3HAYEHHSA apry-
MEHTa, NpUYeM X, > X;. OO03HauUuM dUepe3 y, M Y, COOTBETCTBY-

OIHe UM 3HaYeHUs QPYHKIHH:
y,=kx; +bn y, = kx, + 0.
PaccmoTpuM pasHOCTB Yo — Y;:
Ys — Yy = (kxy + b) — (kx; + b) = kx, — kx; = k(xy — x,)-
MHOXUTENL Xy — Xy IIONOYXKUTEJIEH, TAK KaK X, > x;. IlosTomy 3mak
npousseneHus R(x, — x,) onpepensiercsa 3HaKoM KoaddummeHTa k.

14 LELERL KBagpatuunas pyHkuns
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y=o (k<0)
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Puc. 15

Ecin B> 0, To k(x, — x,) > 0 1 y, > y,. 3Hauut, npu k> 0 QpyHK-
uua y = kx + b sAiBnAeTCs Bo3pacTalomeil.

Ecnu k< 0, T0 k(x, — x4) < 0 1 y, < y,. Braunt, upu k < 0 QpyHK-
nua y = kx + b aBnseTca yObIBalOILEH.

IIpumep 2. PaccMoTpuM CBOMCTBa QYHKIIUH Y = %, roe Bk # 0 (puc. 15).
1. Pynrkyusa Hyneii He umeem.
J9TO ciaenyeT M3 TOrO, 4YTO APoOH % npu y11ob0M 3HaYeHHM apryMeH-
Ta He ofOpamiaeTca B HyJb (1o ycioBuio k # 0).
2. Dynryusa y =§ npu k> 0 npunumaem ompuyamenvHble 3HaAYe-

Husa 6 npomexymkre (—°; 0) u nonoxumenvHble 3HALEHUAL 8 NPO-
mexwcymre (Q; +00).

HeitctBuTenbvHO, ecnu k> 0, to apobm %< Oogpu x<O0m £> 0
npu x> 0.
Pynryua y =£ npu k < 0 npunumaem ompuyamenvrbvie 3HaYe-

Hua 6 npomexcymre (0; +0°) u nonoxumenvrHvie 3HALEHUR 8 NPO-
mexcymre (—oo; 0).
O6ocHOBaHHE aHAJIOTUYHO HM3JIOKEHHOMY AJsA caydad k> 0.

3. Ilpu k>0 ¢pyuryus y =£ Asaaemcs youviearoweil 8 Kaxoom u3

npomedxcymrog (—°; 0) u (0; +o0), a npu k< 0 — so3pacmaroweii
68 Kaxcoom u3 amux npomexymrxoe (cM. puc. 15, a, 0).
JloKasaTeJbCTBO 3TOrO CBOMCTBA MPOBOAMTCH &HAJOTHYHO TOMY,
KakK 3To OBLJIO clienaHO AJA nUHEHHON (QYHKIHH.

3aMeTuM, 4TO, XOTA QYHKIHUSA y = %, rae k # 0, yOuiBaeT (MM BO3-

pacTaeT) B KaXJoM U3 IPOMeXYTKOB (—o0; 0) u (0; +0°°), oHa He
ABJsieTcA yOwIBalomeil (Bospactaloineii) ¢pyuxkmueii ga Bceil obiac-

TH OIIpPeIeIeHUs,
§ 1. Oynkuun n ux ceoncrtea | 15
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YnpaxHeHus

32. Ha pucynke 16 wmsoOpakeH rpaduk H3MeHEHHS CKOPOCTH BeJIO-
T CcHUIeAMCTa UV B 3aBUCHMMOCTH OT BPEMEHM €ero JBHUYKeHUd t.
YKaKuTe IIPOMEKYTOK BpEMEHH, B T€UYeHHEe KOTOPOI'O0 CKOPOCTH Be-
JocunenucTa: a) Bo3pactasa; 0) yObIBaja; B) OCTaBaJaCh IIOCTOSAH-

HOM.
l T
v,]MI,rtA
[
8
6
4 7 \
' y. \
2 A \
0 21441 6 —8——10]L12-14~t, CI
1 | | ] | } 1 .
Puc. 16

33. Ha pucynke 17 usobpaskeH rpaduK TeMIepaTypsl BOABI B COCYZe.
Onumure, KaKk HU3MEHAJACh TEMIIEPATYPa, U YKAXKUTE IIPOMEIKY-
TOK BPEMEHU, B Te€UE€HHe KOTOPOro nmpoBoausiock Habimrwopenue. Ka-
KOBO OBLJIO HaubOoJIbIllee 3HAYEHHE TeMIepaTypbl?

34. HexkoTOopHIT KYCOK JBJa, uMemoInuii Temuepatypy —5 °C, Harpesa-
JIM Ha ra3oBoi ropeske. PeaynbpTaTr HarpeBaHus B TeueHue 16 mun
nokazaH Ha rpaduke (puc. 18). Kakoii ¢usmyeckuit cMBICT umMe-
eT paccMaTpuBaeMBIH IIpoIlecC B KaXKJOM U3 nIpoMexkyTKOB [0; 4],
(4; 10), [10; 16]?

7"0](:1\ T,‘ ! T
- 4 loC
-100 ~ +
WP ] 4
sol -/ Bl Rsnans
1/ ! or,_%_ 6. 810,12 14 -f,Mun
401/ —21 1 /4 |
20 -
t ) S
044448 12-16420-- t,MuH |
L | | R B | I I I
Puc. 17 Puc. 18

LELERE KBanparnyHas GyHKUus



35.

38.

R YA
y = fx)-5 ° /
'
— 1 3 =
\ 73 | Jy =g
N/ Ay
G WY oY) PR Y AR 5 A-20 113 5%
-2\ !f‘r 1= [
| \[ %
—4l LV I:k/ 4l
l | | .
Puc. 19 Puc. 20

Ha pucyake 19 wusobpaxxken rpadur GyHKnuu y = f(x), roe
-7 < x < 5. VYkaxure:

a) Hynu QyHKIIUU;

0) TPOMEKYTKU, B KOTOPHIX (QYHKINA NIPUHUMAET 3HAYEHHUSA OJHO-
ro ¥ TOro e 3Haka (ITOJIOKUTEJNBHEIE UJH OTPUIlaTeJbHbIE);

B) IIPOMEXKYTKM, B KOTOPHIX (QYHKIHS BO3PACTAET, U IIPOMEIKYT-
KH, B KOTOPBHIX OHA YyOLIBaeT.

IlepeunciuTte cBoiicTBa QyHKIHY Y = g(X), rpaduK KOTOpPOM u300-
paskeH Ha pucyHke 20.

Ha pucynke 21 wusobpakeH rpadurx QyHKnum y = g(x), rge
—10 < x € 10. Ckonbko Hynel uMeeT QYHKIUA? YKa)KuUTe: a) npo-
MEXYTKH, B KOTODPBHIX (QYHKIHA IIPHHUMAET OTPHUIATEJNbHEIE 3HAa-
yeHus; 0) mpoMekyTKH, B KOTOPBIX (PYHKIUA yOLIBaeT.

HauepTuTre rpaduk kakoi-nmudo (pyHKIHH € 00JacThiO oOIlpejee-
Husa [-3; 4] Tak, 4yTOORI 3Ta QYHKIHA:

a) Bo3pactana B Ipomexxkytke [—-3; 0] u yOriBana B ITpOMeKYyTKe
[O; 4];

0) yOniBana B npomeskyTke [—3; 1] m Bo3pacrtana B IPOMEIKYTKe
[1; 4].

YA NN
1
TN ! e
—10i-/8 |-6 —4\2-0 o4 H' g8\ 110X
AT y
] .
b /. R
1/ IAQI.«/ !
-8 ! e .
Puc. 21 | [ ] IR



45.

|5

|

|%

12

12

HauepTuTe rpadpuk Kaxkoi-HUOyAr (QYHKIMH, HYJAMH KOTOPOM1
cayKaT uucia: a) ~3 u 3; 6) -4, 0 m 2; B) -3, 2, 1 u 5.

HaiiauTe Hynu QyHKOHU (€CJIH OHM CYILECTBYIOT):

4+2

a) y=-0,8x + 12; B) Y = ﬁ:,_;

B 6
Y= G-Dar8)"

6) y = (3x — 10)(x + 6);

HmMeeT tu HyJIM QYHKIUA:

X

?

VYkakuTe 06JIaCTh OIpeZesIeHUA M HalAuTe HYJIH (PYHKIUU:

x—,/x+6 6 _ 4x2+25x
)y =—%355 > VY = e fio6=x"

IIpn kakux sSHaveHUAX X QYHKOUA y = f(x) obpamaerca B HYJb,
IPUHUMAET IOJIOXKUTENLHBIE U OTPUIATEJIbHbIE SHAYCHUSA, €CJIHM:

a) f(x) = —0,7x + 350; 6) f(x) = 30x + 10?

HauepTuTe cxeMaTudecKU rpadpur QyHKIUU U ITPOMILIIOCTPUPYH-
Te HA HEM YCTaHOBJICHHEIE CBOICTBA.

Kakue mu3 JueHeHBIX OGyHKOUi y=8x -5, y=-3x+ 11,
y=-49x -100, y=x+ 1, y =1 — x aBnAwTcA: a) BO3pacTa-
omumMy; 6) yoOuIBaormumMmu?

IIpn kakux SHadyeHHUAX a GyHKOUA Yy = (a — 2)x + 3:

a) ABJAETCA BO3PacTaloIeit;
0) sABNsAeTCA YORIBAIOIIEH;
B) He ABJIAETCA HU BO3pacTalOIel, HU yORIBAIOILE?

IlocTpoiiTe rpaduK QYHKIIMM U IIEePEUUCTIUTE €€ CBOMCTBA:
a) y=1,5x — 3; 6) y = —0,6x + 5.

IocTpoiiTe rpaduk dysknuu: a) y = 1,6x; 6) y = —0,4x. Ilepeuuc-
auTe cBoncTBa GYEKUMM y = kx npu k> 0 u npu k< 0.

DOyrKnHua 3azaHa Gopmyiol f(x) = 13x — 78. Ilpu xakux 3Hauye-
HUAX X: a) f(x) = 0; 6) f(x) > 0; B) f(x) < 0? HBaaerca nu GyHK-
U Bo3pacTawpIneil uau yoOrBarmei?

Hcrionpsya pPUCYHKHU 4 U O, ODEePEeYUCIIUTE CBOMCTBA (PYHKIHI
y=2, y=2° y=Jx uy=\.

ITocTpoiiTe rpaduk GYyHKHMH M MEPEYHUCIINTE €€ CBOMCTBA:

)y y=2, 6) y=—=

a) y=_; y=--

HBnsgeTcs nu BospacTamIneil N yOmBamIeil QyHKIHA:
a)y=5x+\/;; 6) y = —x + J—x; B)y=x2+\/;?

18 LEEER] Keagpatnunan ¢yHkuma



SHHE:
= 0; B) 2x% + 17x = 0;
r) 0,5x2+ 9 = 0.

u g(-2), ecnu:

-3 0 x) = _I_; x) = —x
; ) g(x) T B) £(x) =
JHOXXHUTENIU MHOI'OYJIEH:

6) a* — 169a%; B) ¢® — 8¢? + 16¢.

QCbl

< dyHkumn. Hro HasbiBaeTcs o6nacTtbio onpene-
 3Ha4YeHnin GyHKuMn?

-padmkom oyHkumn? Yto npeacrasnaer coboii
DyHkumn? npamoii nponopumoHaibHoCTU? obpar-
IbHOCTN?

K 19, nosacHuTe, Kkak C NOMOWLIO rpadpuka GyHk-
PYHKUMN N NPOMEXYTKN, B KOTOPHIX DYHKUMS CO-
MHUMAET NONIOXMUTESIbHLIE 3HAYEHWS; OTpUuaTeNb-

:Hne JyHKUMKM, BO3pacCTaiOWENn B NPOMEXYTKE;
pomMexyTke. Hasosmte npomexyTkm BO3pacranmsa u
kummn, rpadpuk kotopon maobpaxeH Ha pucyHke 19,

IPUMEPLI  BO3pacTtaiouleird n ybwBaloweilt nnHenHon
SOPMYSIMPYIATE N [IOKAXWUTE COOTBETCTBYIOLLEE CBOWCTBO
PYHKLIMN.

fIETCA B KaXAOM m3 npomexyTtkoB (—o0; 0) n (0; +o0)
=§? PaccmoTtpute cnyyan k>0 n k< 0.

I 2 EXHIIEH
ATHbLIA TPEeX4YNeH n ero KOpHm

ammaxennit x° — 2x* + 3x% - Tx + 2, 2y* - y® + 5% -
- 62* + z* - 22 + 3 ABAseTcA MHOrOYJIEHOM C OAHOM Iie-

§ 2. KBapparHbiid TpexuneH | 19



3HayeHUEe IepeMeHHOIl, IMpM KOTOPOM MHOIO4YJIeH ofpalnaeTcs B
HYJIb, HA3BIBAIOT KOPHEM MHOZOYJEHA.

HaiizeM, mHanpuMmep, KOPHHM MHOTOYJIeHa x° — x. JInA aToro pemmm
ypeBHeHHe x° — x = (. Pasyo:KuB JIEBYI0 YaCTh YPABHEHUS Ha MHOXKH-
TeJIH, MOJYYHUM

x(x—-1D)(x+1)=0,
orcroaa x;, =0, x, =1, x3 = —1.

TaxuM ob6pasomM, umucia 0, 1, —1 — KOPHM MHOro4YJIeHa X° — X.
MHBoOrousieH BTOpPOM CTENEHH C OAHON II€EPEMEHHON HA3KIBAIOT KB&I-
PATHBIM TPEXUYJIEHOM.

Onpepenenune. KpaJpardbM TPEXWJIEHOM HA3LIBAETCH MHO-
rounes Buaa ax® + bx + ¢, rie X — nepeMeHHafl, @, b U ¢ —

HEKOTOphle YyHKcya, npuuem a # 0.

KoadpdunueHT @ HASHIBAIOT CTApPIIMM KO3(hGIHIMEHTOM, a ¢ — CBO-
GOAHEIM YJIEHOM KB&APATHOI'O TpEXUdJIeHA.

IIpumMepaMK KBaJApPaTHRIX TPEXYJEHOB HABJIAIOTCA MHOI'OUYJIEHKI
8x2—2x -5, x2+ Tx — 8. B nepeoM u3 HUX @ = 3, b= -2, ¢ = -5, BO
BTOpoM @ =1, b =17, ¢ = —8. K KBagpaTHEIM TpPEXUJIEHAM OTHOCHATCSH
TaKXKe M TaKMe MHOIOWJIEHbl BTOPOH CTEIleHH, VY KOTOPBIX OAMH H3 KO-
a¢pdunuenTos b 160 ¢ niIM paxke od6a paBHBEI HyJNO. Tak, MHOIOYJIeH

Tx% — x CUNTAIOT KBaApaTHLIM TpexujeHoM. ¥ Hero a =7, b= -1, ¢ = 0.
JInst Toro uyToGHI HaTH KOPHM KBaApaTHOIO TpeXuieHa ax’ + bx + c,
HAJO PEIIMTh KBAAPATHOE ypaBHEHMe ax’ + bx + ¢ = 0.

Ipumep 1. HaiineM KopHM KBagpaTHOTO TpexusieHa 3x2 — 2x — 5.
p PenuMm ypaBHEHHE
3x2-2x-5=0.

Hmeem
D=(-22-4-3"(-5)=64;
o 2% J64 :
6
2
xl = 1§, x2 = _1.

SHAUYNUT, KBaAPATHHI TpexuwieH 3x° — 2x — 5 uMeeT nBa KOPHS: 1%
u-1. <

Tak KaK KBAPATHBLIA TpexuineH ax® + bx + ¢ UMeeT Te ke KOPHH,

YTO M KBaApaTHoe YpaBHeHHe ax’ + bx + ¢ = 0, TO OH MOXeT, KaK M
KBaJpaTHOe YpDaBHEHHE, UMEThH JBa KOPHA, OOMH KOPE€Hb HJIN He MMEThb
KOpHEii. 3TO 38BHCHT OT 3HAUEHMA AMCKPHMMHHAHTA KB&APATHOI'O ypaB-

MELEER] KBagpatuuHaas $yHKUMS



Herusa D = b% — 4ac, KOTOpBIl HASHIBAIOT TAKXKE OUCKDUMUHAHMOM
keadpamHozo mpexuyerna. Ecan D > 0, TO KBagpaTHEI TpexX4JieH
“MeeT ABa KOpPHA; ecsu D = (0, ToO KBaApaTHbLIH TPEX4JeH HMEeT OIMUH
KOpeHb; ecan D < 0, To KBaApaTHBIN TpexXuyJeH He UMeeT KOpHeMH.
Ilpu pemenuu 3agay mEHOrZa ObIBAET yAOOHO NPEACTABUTL KBaJl-

PaTHBIH TpEeX4JeH ax? + bx + ¢ B BUzZe a(x — m)2 + n, roe m u n — He-
KOTOpEIe uHucia. Takoe npeoO6pa3soBaHUE HA3BIBAETCH Bbide/leHUeM KE8al-
pama deyunena u3 xkBaapaTHoro tpexuneHa. Iloxkaxxem Ha npumepe,
KaK BBINIOJIHAETCA 3TO IpeoOpa3soBaHUeE.

Npumep 2. Boienum us tpexuieHa 3x° — 36x + 140 xBajpaT OBy-
yieHa.

p BriHeceM 38 CKOOKU MHOXHUTEJh 3:
3x% — 36x + 140 = 3(::2 -12x + 1%9)

IIpeoGpasyem BhIpa)keHHe B CKOOKax. J[na sToro mpeacrasmm 12x

B BuZe mnpousseaeHus 2 - 6 - x, a 3aTeM mpuGaBUM M BBIYTEM 62
Ionyuum

3x% — 36x + 140 = 3(.%2 -12x + 1113-(1) =

=3(x2—z-6-x+62—62+%)=

= 3((x - 6)° + %) = 3(x — 6)* + 32.
BuaunT, 3x2 — 36x + 140 = 3(x — 6)° + 32.

PaccMoTpuM 38784y, NPH PELIeHUH KOTOPOM IIPUMEHAETCHA BHIJE-
JIeHMEe KBaJpaTa ABYUYJIEHA U3 KBAJAPATHOI'O TPEXUJIeHa.

IIpumep 3. JIokarkeM, YTO M3 BCEX IIPAMOYIOJILHUKOB C IIEPHMETPOM
20 cM HanGoOJBOIYIO ILIOINANL MMEET KBaJparT.

» IlycTte oHA cTOPOHA IIPAMOYIOJbHHKA paBHa X CM. Torga apyras
cropoHa paBHa 10 — x c¢cM, a miIomagb NPAMOYrOJLHHUKA PaBHA
x(10 — x) cM?.

PackpelB ckoOKu B BhHIpakeHuu x(10 — x), monyuum 10x — x2.
Bripaskesne —x2 + 10x mpeacraBiaseT co60ii KBaApaTHEIN Tpex-
yjeH, B koropoM a = -1, b =10, ¢ = 0. Buigenum KBajgpar OBY-
YyJieHa:
-x% + 10x = —(x% — 10x) =
= —(x® - 10x + 25 — 25) = —~(x — 5)% + 25.

Tak Kak BeIpaxkeHHe —(x — D)’ IIpM J06OM x # 5 OTPHIATEILHO, TO
cymma —(x — 5)% + 25 npuEUMaeT Haubobllee 3HAUEHME NIPH X = 5.

§ 2. KBagpaTHbin Tpex4YneH ‘ 21



3HauuT, mwomaab 6yzer HanbGoJIbIlleil, KOra OAH& M3 CTOPOH IIpA-
MOYTOJIbHHKA paBHa 5 cM. B aTOM ciyuae Apyras CTOPOH& TaKKe
paBHa 5 CM, T. €. IPAMOYIOJbHUK fABJIAETCH KBajparoMm. <

ynEa)KHeHMSI

55.

96.

61.

62.

64.

65.

Kaxue u3 gucen -2, —1, 0, 2, 3 ABIAOTCA KOPHAMU MHOTrO4YJIeHa
x3 — 3x% — 4x + 127

HaiiguTe KOpHU MHOrowieHa:

a) x2 — Tx; 6) 2x — 5; B) ¥° — 4y; r) y* — 16.
HmMmeer 1M KOpPHM MHOTIOYJIEH:
a) x° + 1; 6) x° — 27; B) —2y% - 1; r) y*+ 3%+ 7?

Kakue us uucen 1, 2, 3 — \/5, -7 + \/5 AABJIAIOTCA KOPHAMM KBaJ-
paTHOro TpexwieHa x2 — 6x + 7?

HaliauTe KOpHM KBaJPaATHOTO TPEXUJICHA:

a) x2 + x — 6; r) —2x% — x — 0,125;
6) 9x° — 9x + 2; m) 0,1x% + 0,4;

B) 0,2x* + 3x — 20; e) —0,3x% + 1,5x.
HajiiauTe KOpHEHM KBaJpaTHOro TpEeX4JieHAa:

a) 10x% + 5x — 5; B) x° — 2x — 4;

6) —2x2 + 12x — 18; r) 12x2 — 12.

HmMeeT 1M KBaJpaTHBIA TPEXYJIeH KOPHU UM €CJH MMeeT, TO CKOJBLKO:

a) 5x2 — 8x + 3; B) —7x% + 6x — 2;

6) 9x% + 6x + 1; r) —x% + 5x — 37

HMeeT M KBAAPATHHI TPEXWIeH KOPHHM M €CJIM MMeeT, TO CKOJBKO:
a) —4x% — 4x + 3; B) 9x% — 12x + 4;

6) 4x% — 4x + 3; r) 9x% — 12x — 4?

CyMmMa KO3(hPHUIIMEHTOB KBAAPATHOIO TpeXwieHa paBHa HYJIIO, a
ero cBo6oZHBEIN uieH B 4 pasa Ooinblie crapuiero Koag@HUIIMEeHTAa.
HaiiauTe KOPHM STOr0 TpPeXuIeHA.

ane.rm're KBaApaT JBYYJICHA M3 KBaIPaATHOI'O TPEeX4JICHAa.

a) x2 — 6x — 2; B) 2x2 — 4x + 10;

6) x% + 5x + 20; r)%x2+x—6.

BhIZeINTe KBaApaT ABYUYJIEHA M3 KBAAPATHOTO TPEXWICHA:
a) x2 — 10x + 10; B) 3x2 + 6x — 3;

6) x2+ 3x — 1; r)%xz—x+2.

ELERE KBagpaTtuiHas $yHKUUSA



66.

67.

68.

69.

70.

71.

73.

74.

75.

JoKaxuTe, 4TO npu N060M 3HAYEHUU X KBAAPATHEIHA TPEXUJICH:

a) x2 — 6x + 10 NPUHUMSAET IOJIOYKHUTEJIbHOE 3HAUECHUE;

6) 5x° — 10x + 5 TPpUHUMAaET HEOTPUIATEILHOE SHAYCHUE;

B) —x* + 20x — 100 mpUHUMAET HEIIOJIOKUTENBHOE SHAUCHUE;
r) —2x? + 16x — 33 npuHKUMaeT OTpUIATENbHOE 3HAUECHME.

IaHbl KBagpaTHble TpexwieHH x> — 6x + 11 u —x® + 6x — 11.
JOKa)KUTe, YTO MepBHI M3 HUX He MOPUHUMEET OTPHLATEILHBIX
3HAYECHUI, & BTOPOH — IOJIOKHUTEIbHBIX.

IIpu KakoM 3HayeHUM X TpexuneH 2x° — 4x + 6 opuHMMaeT HAH-
MeHbIlee 3HaYeHue? HailiauTe aTO 3HaAYEHMe.

. 1
aH KBAIPATHLIM TpeX4dJieH 2x° + 2x + 4. BrisicHUTe, IpU KaKOM
p P 3 p

SHAYCHHH X OH NPpUMHHMMaET HaAVMMEHbIIee 3HaAYEeHHe N YeMYy PaBHO
9TO 3HAYECHHE TpPEXYJIeHAa.

JlokaKxuTe, UTO M3 BCeX MPAMOYIOJbHBIX TPEYIrOJbHUKOB C CYM-
MO KaTeTOB, paBHOI 6 cM, HaUGOMBIIYIO ILIOIAAL MMEET pPaBHO-
OeapeHHBII TPEYroJbHUK.

C GanmreM BBIYCTUNM BBEPX CTpeny u3 Ayka. Eciau HauaibHAs CKoO-
pocTh cTpenbl paBHa d0 M/c, BeicoTa 6amuan 20 m u ¢ (¢c) — Bpe-
M#f [oJieTa CTpeiibl, TO paccTosHue h (M) CTPEJIEI OT MOBEPXHOCTH
3eMIM B MOMEHT BpeMeHU t (c) MoxHO HalTH 1o ¢opmyJie
h = -5t + 50t + 20 (npubiUsKEeHHOE 3HAUEHMe YCKOPeHUS cBobOA-
HOro maneHUs cuuTaeTcss pasHBIM 10 M/c?). Kaxoii HanGoibimeii
BRICOTHEI JOCTHIHET cTpeJsa?

0,6x-1
PdyeEKIUA 3agaHa Gopmyloi f(x) = ———':;—— IIlpn xakux 3Haue-

HHUAX X.
a) f(x) = 0; 6) f(x) > 0O; B) f(x) < 07

Onuna | ctanpHOro pennca, umernmero npu 0 °C anuny 60 M,
U3MeHSeTCs B 3aBUCUMOCTM OT TemruepaTypel £ (°C) mo 3akoHy

= 60(1 + 0,000012¢). HaiiguTe npupameHue AJHUHEI | peibca
IIpY M3MEHEHUM TEeMIepaTyphl:

a) ot 0 o 25 °C; 6) ot 25 mo 50 °C.

Pemurte ypaBHeHUe:
a) 3(x + 4)2 = 10x + 32; 6) 3lx + 77 = 15(x + 1)

PaznoxxuTe Ha MHOMKUTENIU MHOT'OYJICH:
a) ab + 3b — ba — 15; 6) 2xy — y + 8x — 4.

2. Ke aTHbIA TpexuneH
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4. PasnoxeHue KBaapaTtHOro rpex4isneHa
HA MHOXMUTEnNnu

l'ch'rb TpebyeTcs pasJoKHUTh HA MHOXKUTENH RBa,I[paTHBIH TpEeX4JieH
3x? — 21x + 30. Brlrecem cHauaja 38 CKOOKM cTrapiuuii Koabdu-
nueHT 3. [oxyuum

3x% - 21x + 30 = 3(x% ~ 7x + 10).

J[71A TOrO YTOGEI PA3JIOKHTH HA MHOKUTENIM TpeXuseH x° — Tx + 10,
npeacTaBUM —7X B BHZe CYMMbl OJHOYJIEHOB —2X M —HX M IpHMMEHHM
crnoco0 rpynnMpoBKH:

—Tx+ 10 =x%2 - 2x— 5x + 10 =
=x(x—2)-5(x—-2)=(x - 2)(x — H).

3HAauyuT,
3x% — 21x + 30 = 3(x — 2)(x — 5).

IIpn x =2 n x = 5 nmpomssegerune 3(x — 2)(x — ), a cjaemoBaTesb-
HO, U TPEXIEH 3x2 — 21x + 30 obpamaioTcsa B HyJIb. SHAYUT, YUcIa 2
U 5 ABJIAIOTCA €ro KOpPHAMU.

Hrak, MBIl ODpegcTaBHJIM KBaAPATHBIM TpexdJieH 3x2 -21x+30 B
BHJIle IIPOM3BEJeHHS YHCJa 3, T. €. cTapiiero Koa@duileHTa, U ABYX
JUHEHHBIX MHOMKHUTese. [lepBriit M3 HUX npeacTaBiaseT cob6oil pas-
HOCTb MEXXAY IEPEMEHHOM X M OOHHUM KOPHEM TpeX4JIeHA, 8 BTOPOH —
Pa3HOCTb MEXKAY IEePEMEHHOH X M JPYrdM KOpPHEM.

Takoe pasnoKkeHHE MOIKHO IMOJYYUTH AJNA J1O60ro KBaApPATHOTO
TpexwieHa, MMeInero kopeu. Ilpu sToM cuuTarmT, YTO €CIM AHUCKPU-
MHHAHT KB&JAPATHOIO TPEXWJIEHA PABEH HYJIO, TO 3TOT TPEeXWJIeH HNMeeT
AB& PaBHBIX KOPHA.

| TEOPEMA |

Ecmu x; 1 x, — KOpPHHM KBaJAPATHOI'O TPeXdJIeHa ax?® + bx + ¢, T0
2 -
ax“ + bx +c=a(x — x)(x — x,).

® BiiHeceM 38 CKOGKM B MHOTOYJICHE ax2 + bx + ¢ MHO>XUTeJIL a.
I[Tonyuum

b
ax2+bx+c=a(x2+—‘;x+%).

Tak Kak KOpHH KBaJPaTHOIoO TPeX4JIeHa ax? + bx + ¢ aBnAOTCA
KOPHAMM KBaJpaTHOI'O YpaBHEHUSA ax?+ bx + ¢ =0, TO o Teope-
Mme Bueta
b c
x1+x2=—z, xl'x2=z.
OTcrona

b ¢
2= (X +x3), —=x"x,.

5, EEER] KBagpatnuHas $yHKUMS



IToaTomy

b
2+ ox s =a - (% X)X+ xyx, =
= 2% — X% ~ xpx + 2,2, = X(X — X7) — Xp(x — X;) =
= (x — 2 )(x — x).
HUraxk,
ax? + bx + ¢ =a(x — x)(x - x;). O

IToxaxemMm, uTO
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| ecnu kBajgpaTHBLIM TpexdyseH He UMEeT KOpHei, To ero Heab3a |
PAasIOKUTh HA MHOXKUTEJU, ABAAIOIIUECH MHOIOUYJIEHAMHU Iep-
§ BOil cTememmi. = ° I

B ot ot o e D St e T SRS M San My Py G Svn 2 su BEN Mok M BE SE A S A SEG A EEN SRy e M AN e M Eed S e dew wem ams ol

@ IlycTh xBagpaTHBIH TpexusieH ax’ + bx + ¢ He MMeeT KOpHEH.
Ilpeaniono)xum, YTO ero MOXKHO IIPEACTaBUTh B BHJe ITPOU3BEZE-
HUAA MHOI'OYJIEHOB NEpPBOil CTEIIEHH:

ax® + bx + ¢ = (kx + m)(px + ¢q),

rae kK, m, p ¥ ¢ — HeKoTopble uyucya, npuueM k#0 u p# 0.

IIpoussegernue (kx + m)(px + q) obpamaeTcss B HYJb OpH X = —%
U X = —%. CrnenoBaTenbHO, IpH 9TUX SHAYEHHAX X oOpalnaercsa B

2 m q
HYJb U TpexX4JieH ax” + bx + ¢, T. e. 4yucjaa ~—F H ) SIBJIAIOTCS

ero KopHAMH. MBI OpPUIIM K OPOTHBOPEYUIO, TAK KAK IO YCJIO-
BUIO 3TOT TpPeX4ieH KopHeil He mmeeT. O

IIpumep 1. Pasio)XuM Ha MHOMKHTENIU KBALPATHEIM TpeXdJeH
2x% + Tx — 4.
» Pemns ypaseenmne 2x° + Tx — 4 = 0, HaiiieM KOPHU TPEXWICHA:
x, = %, X, = —4.

ITo TeopeMe 0 pa3jioXX€HUH KBAJPATHOI'O TPEXUJEeHA HA MHOXKUTE-
AU UMeeM

222 + Tx — 4 = Z(x— %)(x + 4).

ITonyuyeHHRIN pe3yJbTaT MOXKHO 3allMCATh MHAYE, YMHOMXKHUB YUCJIO 2
1
Ha ABYYIEH X ~ 3. ITonyuum

2x2 + Tx —4=2x — 1) (x + 4). <

& 2. KeaapaTHbliA TpexuneH '—_



IIpumep 2. PaznoikuM HA MHOMKHTEJIN KBaJAPATHRIHA TpeXdJieH
—4x% + 24x — 36.
» Pemmns ypapHeHue —4x2 + 24x — 36 = 0, HaiiieM KOpDHM Tpexue-
Ha: X, = X, = 3.
3HAYuT,
~4x2 + 24x — 36 = ~4(x — 3)(x — 3),
WM UHauye
—4x® + 24x — 36 = —4(x — 3)%. <
3x + 2
3x2 -13x-10"
P PasnoxuMm Ha MHOMKHTENN KBaIpaTHEI TpexuieH 3x2 — 13x — 10.

IIpumep 3. Cokpatum Apo6b

Ero xopEM paBHBI —% u 5. IloaTomy

3x2-13x-10 = 3(x + %)(x — 8) = (3x + 2)(x - ).

SHA4YUT,
3x+ 2 3x +2 1 q

32 —13x_10 (3x+2)(x-5) x-5"

YnEax(HeHua

76. Pa3noxxuTe H& MHOMKHUTEJHM KBAAPATHEIN TpexXdJieH:

a) 3x2 — 24x + 21; r) x2 - 12x + 20; x) 2x% - 5x+ 3;

6) 5x° + 10x — 15; ) —y%+ 16y — 15; 3) 5y% + 2y — 3;

B) %xz+%x+%; e) —x2 - 8x + 9; u) —2x% 4+ 5x + 1.
77. PasmoxuTe HA MHOXKWTENH TPeXwIeH:

a) 22% — 2x +3; B) 16a® + 24a + 9;

6) —9x% + 12x — 4; r) 0,25m2 — 2m + 4.
78. PaanoxuTe Ha MHOXHUTEJH KBAJAPATHHIA TpeXdJIeH:
a) 2x% + 12x — 14; B) 3x% + 5x — 2;
6) —m2 + 5m — 6; r) 6x2 — 13x + 6.
79. JokaKuTe TOXJAECTBO:
a) 10x% + 19x — 2 = 10(x — 0,1)(x + 2);
6) 0,5(x — 6)(x — 5) = 0,5x% — 5,5x + 15.
80. MoxxHO JIM UpeACTABUTL KBAAPATHEIM TpexXujieH B BHIE IPOU3Be-
JA€HHUA MHOI'OYJICHOB IIEPBOH CTENCHH:
a) —3y% + 3y + 11; B) x° — Tx + 11;
6) 4b> — 9b + T; r) 3y% — 12y + 12?

KeapopatnuHas (pyHKums



[81.] MosxHO 1M pa3sIokKUTH Ha MHOMKHMTENIH KBOAPATHEIM TpeXtyeH, KO-
3dpPUIHEeHETH KOTOPOro — paBHEIE, OTJIMYHbLIE OT HYJIA uyucjaa?

'82.] Ilokaxure, uTo CYILIECTBYeT KBAJAPATHBIN TpeXWeH, HMMEIOIIUI
KOPHH, KO3QPUIMEeHTH KOTOPOIc — HATypajJbHbIE 4YuCJia BUja 1,
2n, 3n (pacnmojiodKeHHEIE B NPOU3BOJILHOM NoOpsaake). Pasnoixkure
9TOT TPeX4JIeH Ha MHOMHUTEJIH.

83. Coxkpature Apo6b:

4x+4 16 — b2 P2 —11p+10
32 rax-1 B) 2 _b-12° A) 20 +8p- p?
2a® - 5a -3 212 +7y+3 3x2 +16x — 12
) —za-g r Z-9 ®) lo-13x-32"
84. Coxparure Apo6b:
8) x2 —11x+24; 6) 2y2+9y—5.
x2 — 64 42 -1

85. HaiiaguTe 3HaueHUe ApoOOHU:

36 — x°
a) 6 _7iaa? TPMX= -9; -99; -999;
4x% + 8x - 32
6) 12— PH x =—1; 5; 10.
. x2 —6x+8
86. Yem pasiuuaroTca rpapuku QyHKOMNR y =x —4 U Y= ——F—5 —
87. Pemure ypaBHeHUE:
x2 -1 x2 + 8x—7
8) o~ —1lx=11;  6) 5= =—5—.
88. PasnoxuTe HA MHOXKHUTEJIM MHOTOUJIEH:
a) 4x% — 6x + 2xy — 3y; 6) 4a® + 2b® — 2ab — 4ab’.
89. B Kakoii KOOPAUHATHOII uUeTBEePTH PACIOJIOXKEeHA TOYKa Iiepeceye-

HUA rpaduxos byeknuit f(x) = 0,8x + 2,1 u g(x) = —-0,9x + 3?

KoHTponbHble BONpoOCHI

HanTte onpeageneHne kBaapaTtHoOro tpexuneHa. CkonbkO KOPHENn MO-
XEeT UMEeTb KBaapaTHbI TPEXUNEH?

MokaxuTe Ha Npumepe Bbipaxenuna 3x2 — 12x + 32, KaKk MOXHO Bbl-
NEeNVTbL KBaapaT ABydneHa W3 KBaapaTHOro TpexWneHa.

Cdhopmynnpyinte n nokaxumre TeopeMy O passfioKeHUN Ha MHOXUTe-
NV KBaapaTHOrO TpexwieHa, MMelowero KOpHW.

§ 2. KeagpaTHblid TpexuneH [—



EEN KSAOPATMNHAA OYHKLUUSA U EE TPADUK

5. MyHKUMSA y = ax?, ee rpadvk M CBOMCTBA

OpHoli u3 Ba*KHBIX QYHKIUI, K U3YYEHHIO KOTOPOM MBI TIePeXO0JHM,
ABJIIEeTCA KBajipaTUyHass PyHKIMA.

—bnpe.qenel-me. KBagpaTuuHoil PyHKIMell Ha3biBaeTcaA QPYHK-

Ousl, KOTOPYI MOXKHO 334aTh (opMyJiol Bmja
y=ax?+bx+e,

rae X — He3aBHCHUMAas MEepEeMeHHAas, d, b u ¢ — HeKoTopble Yuc-

na, npuuem a # 0.

n

Ob6nacTeio onpefeneHUs KBaApaTUYHON (PYHKIIMN SABJISETCA MHOXKe-
CTBO BCE€X YHCEJl.

IIpuMepoM KBajpaTUUYHON PYHKIIMM SBJISAETCH 3aBUCUMOCTh IIYTH OT
BpeMeHU IIPHM PaBHOYCKOPEHHOM ABu>kKeHUM. Eciiu Teso ABHMXKETCH C yc-

KopeHMeM a (M/c?) ¥ K Haualy OTcueTa BpeMeHH ¢ MmpOILJIO MYTh So (M),
MMes B 3TOT MOMEHT CKOPOCTh U, (M/C), TO 3aBHCHMOCTE IPONAEHHOIO
nytu S (M) ot BpeMenu t (c) Beipakaercsi $HoOpMyJioH

at

Ecnu, nHanpumep, a = 6, vy, = 5, s; = 20, TO
s = 3t + 5¢ + 20.

HUsyuenmne RB:%;:paanHoﬁ PYHKIIMM HayHEM C YaCTHOro ciydass —
GYHKIMY Yy = ax”.
— _ 2 A2 -
IIpn a = 1 popmyna y = ax® npuHUMaeT Bua y = x°. C aToit QyHK-
nueH Bbl y)xe BcTpeuanuck. Ee rpadukom siBisierca mapabosia.

IMoctpoum rpadur PyHKIMH y = 2x°. CocTaBMM TaGiuIy 3HAUYEHHIT
9TOM (PYHKIUH:

x -2 (-1, -1 [ -0,5 0 0,5 1 1,5 2
8 4,5 2 0,5 0 0,5 2 4,5 8

ITocTpoM TOUKHM, KOOPAMHATHI KOTOPLIX yKasaHbl B Tabmuue. Co-

€eIUHVUB HMX MJAaBHOM JIMHHWEH, moayuyuM rpaduKk QPYHKIHHU Y = 2x°
(puc. 22, a).

ITpu mo6om x # 0 3HaueHMe QYHKIMH Yy = 2x° GOJIBIIE COOTBETCTBY-
JOIIlEeTO BHAUEHMA PYyHKuMH Yy = x° B 2 pasa. Eciau mepemMecTHTh Ka-
AYyI0 TOUKY rpadpmra QyHKIMU Y = x? BBEPX TaK, YTOOBI pacCTOSAHUE OT

o8 EL:ER] KBagpaTtnydHan QyHKUUs



a) 'iylk 6) |77 ]
8 Fy=2x2- -8
] |
i AT
/]
\A1 Y 4]
2 y Z 2x2 N2/
‘[ -~
—2101 113 X —2/0l 13 X
] I i ) L |

Puc. 22

5TOH TOUYKM [0 OCH X yBeJIMUMWJIOCh B 2 pasa, TO OHa mnepelneT B TOU-
Ky rpaduka ¢yHKmum y = 2x°. IIpu sTom Ka)xgas Touka rpadmuka
dyHKIMY y = 2x2 MoxeT ObITH IOJyHYeHAa M3 HEKOTOPOiH TOUKHM Ipadu-
Ka QYHKLINH Y = x%. lHBIMHM cJIOBaMH, rpa@uK QYHKIIHU Y = 2x?
MOKHO NOJYYMTH U3 mapabosnbl ¥ = x° pacTsskeHHeM OT OcH X B 2 pa-
3a (puc. 22, 0).
1 2
IToctpoum Tenmepsr rpaduK GYHKIUH Y = 2% - JIJIs 3TOro cocTaBUM

TabJInIy ee 3HaUYEHUI:

x -4 -3 -2 -1 0 1 2 3 4
y 8 4,5 2 0,5 0 0,5 2 4,5 8

IlocTpouB TOYKH, KOOPAWHATHI KOTOPBIX YKasaHbl B TabiHune, H
., ., 1
COeVHUB WX ILJIABHOM JiMHMEHM, monydyuMm rpaduk GyHKOUH Y = §x2
(puc. 23, a).

a) \ 7]} ] 6) | 17 I
\ \ /
8 8
‘ ! \ [/
\° ‘ W 5117
41— 8\ \4 /
1 —! 2 y=.1.x2 2 y=x2
y—zxzx;\ d 21 \\ o
—4]-2.0] 1234 X —4]-2.0/ 1234 Ix
4201234 A 201234
Puc. 23
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1
IIpu sobom x # 0 3HaueHMe QYHKOUHU Y = Ex?‘ MeHBbIIIE COOTBEeT-

CTBYIOLIlEro 3HauUeHUs] QYHKOUM Yy = 22 B 2 pasa. EciiM mepeMecTHTH

KaXXaAyI0o TOUKY rpaduka QyHKOUHU Yy = x? BHM3 TakK, 4TOGBI paccron-

HYe OT 3TOM TOYKHU [0 OCHM X yYMEeHBUIWJIOChL B 2 pasa, TO OHa Iepei-
1

JeT B TOUKY rpadpvka PyHKUUHU Y = Exz, IpUYeM KaXJada ToO4yKa 9TO-

ro rpadmkKa MoKeT OBITH IOJIyUeHa U3 HEKOTOpOoi#l TOUuKHM rpaduka
byurmuy y = x2 (puc. 23, 6). Takum obpasoM, rpad®MK GYHKIKM

1
y=§x2 MOXHO INOJXYYHUTL N3 napaﬁo.nbl y= x2 cXaTneM K OCH X B

2 pa3za.
Boobije rpaduK GYHKOMM Y = aX’ MOYKHO MOJYYHMTEL M3 Iapabosibl
y = x° pacTsyKkeHMeM OT OCH X B a pas, eci a> 1, 1 cokaTHeM K OCH X

1
B _ pasa, eciM 0<axl.

PaccmoTpuM Tenepp QYHKIMIO Y = ax® opu a< 0.

IlocTpoum rpadvk GYHKIMH Yy = —%xz, JUJISL 4Yero cOCTaBMM TalOJm-
oy 3HaueHuM 3Tol (PYHKIMMU:
x | 4| 3| 2110 1 2 3 4

y | —8 —4,5 -2 -0,5 0 -0,5 -2 —4,5 -8

Bocnosib3oBaBiiuchk 3TOM Tabnuuei, mocrpouM rpadur GyHKIUN
1
y= —Exz (puc. 24, a).

a) 7 6) 7]
\ / L
2 P Ty = 1,2
> 4 27 |
MY K x [
4-3| 0 \234 \ ‘2 7
s \ P4
/[ —4 NI >
[ —-4-3| 01 N2 34 x
—6 \ 2 N
| \ Sy /
l—P \y— 2”1 1_14 \ y=—%x2:
/ ~10 ! /-6
1 r_|8
Puc. 24
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CpaBHMM rpaduKM QYHKUUH y = —%xz uy= %xz (puc. 24, 6). Ipu

JII0OOM X 3HaYeHMA 3THX (PYHKIOUHM ABJIATCA OPOTHBONOJIOMCHBIMH
yucJIaMi. 3HAYUT, COOTBETCTBYIOLHE TOYKM IrpadMKOB CHMMETPHYHBI

1
OTHOCUTEJNIEHO ocH X. UHeIMH cioBaMu, rpapuk GyHKOmuM y = —Exz
1
MoKeT ObITh monydeH u3 rpadpuka QyHKnuum y = Exz ¢ MDOMOINLIO

CUMMETPHH OTHOCUTEJILHO OCH X.

Boobuie rpadukn GyHKnui y = ax?u y= —ax? (upu a # 0) cummer-
PHUYHBI OTHOCHTENIBHO OCH X.

I'padurx PyErnum y = ax®, rme a# 0, Kak ¥ rpadurk PYHKIHH
y= x2, masmIiBaeTcs napaboJaoii.

CohopmynupyeMm cBoiicTBa QYHKIHM Y = ax? nopu a > 0.

1. Ecmm. x = 0, To y = 0. 'padpuk GPyHKUIUM OPOXOAUT Uepe3
HAYAJIO KOOPAUHAT.

2. Eccm x+#0, o y > 0. I'pabuk GyHKIUM PACIOJIONKEH B
BEpXHEH NOJYIJIOCKOCTH.

yooom )
3. IIpOTHBONIOJIOKHBIM 3HAYEHHAM APryMEHTA COOTBETCTBYIOT
paBHble 3HaueHMs GyAxuuu. 'padpuK GyHKOUM CUMMeTDH-
JeH o'rnobn're.nbno oCcH Y.

4. tl)ymcu;m yOniBaeTr B mpomexyTke (—o°; 0] u Bo3pacraer B
upomesxkytke [0; +09),

5. HamMenpmee 3HaYeHHE, paBHOE HYJIIO, QYHKUHA NPHHH-
maer npu x = 0, sanboasmero 3Havenud QYHKHHA He
umeer. O65acTrIO 3HaYeHNH (DYHKIIMM ABJAETCH HPOMEXKY-
ToK [0; +0°).

oy o S R S SR SN M W8 AN U A SR BN ER S5 ED S SN BN WS

Jloka)xeM cBOHCTBO 4.

® Ilycte x; ¥ x, — ABa 3HAYEHWs apryMeHTa, OpHUUYEM X, > X, & Y,
M Y, — COOTBETCTBYIOLIMe MM 3HadeHUA (pyHkmun. CoctraBuM pas-
HOCTL Y, — Y, ¥ npeoOpasyem ee:

U, — Y, = axs — axi = a(x2 - x3) = a(x, — x,)(x, + x,).

Tak rak a>0 u x, — X, >0, To npousBegerue a(x, — x,)(x; + x;)
MMeeT TOT K€ 3HaK, YTO U MHOXXHUTENb X, + X,. Ecnu umcna x, u
X, OPUHAJJIEIKAT ONPOMEXYTKY (—°°; 0], To 3TOT MHOXUTeJIL OTPH-
nareseH. Ecom umcna X, U X, OPUHAAAEXKAT ODpoMexxyTry [0; +00),
TO MHOYKUTENEb X, + X, NOJIOMHUTeseH. B nepBoM caydae y, — y; <0,
T. e. Y, < y,; BO BTOpOM clydae Y, — Yy, > 0, T. e. Yy, > y,. 3Hauwur,
B npoMexyTKe (—o°; 0] dyHKnus yoeiBaeT, a B npoMexxyTke [0; +00)
BospacTaet. O

§ 3. KBagpatnyHaa ¢dpyHkums m ee rpaduk
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Tenepr cpopMysIIpyeM cBoMCTBa PyHKIMM Y = ax? npu a <0.

1. Ectm x =0, 0 y = 0. 'paduxk GyHKOUH OPOXOAUT Uepe3
HayaJjio KOOpAVHAT.

2. Ecom x #0, 10 y < 0. I'paduk PYHKOUH pACIOJIOMKEH B
HM)KHe NOJIYIIJIOCKOCTH.

3. IIpOTHBOMOJIOXKHEIM 3HAYEHUAM APrYMEHTA COOTBETCTBYIOT
paBBbIe 3HaYenun ¢ysruun. Fpadpuk GyHKIIMN cuMMeTpH-
YeH OTHOCHUTEJSILHO OCH Y.

4., dyExuud Bo3pacTaer B mpomexyTke (—o°; 0] u y6miBaeT B
npomexxyTKe [0; +00).

5. Hauboianliee 3HaYeHHE, PaBHOE HYJI, (PYHKIMA TDPHHH-
maeT npH x = (0, HAHMeHBLIEro 3HayeHH:A (YHKIHA He
HMeerT. Oﬁ.nac'rl.lo 3HaAYEHMH (bymcmm SIBJISETCH IPOMEKY-
Tox (—°°; 0].

P2 8 8 S 3§ N _F R & R B8 B B N _ R N _J R _& R K _J N R N & R K N X K _N_F_R_ & § N _NK_F_ ¥ _¥N_

JloKka3aTenbCcTBO CBOMCTBa 4 MPOBOAUTCH AHAJIOTHYHO TOMY, KAK 9TO
OBLII0 caenaHo UL PYHKOUM y = ax® opu a > 0.

M3 mepeumciieHHBIX CBOMCTB ciefyeT, uTo Opu a > 0 BeTtBu mapabo-
abl Yy = ax® HampaBlieHBbl BBepX, a npu a <0 — BEM3. Ock y sBIsSETCH
ockio cummMmerpun napabosini. Touky nepeceuenuss nmapabosibl ¢ ee OCbIO
CUMMETPHH HAa3bIBAIOT GePWUHOU napaboavi. Bepmnnaoit nmapaboibl

y= ax® sBnsieTcs HAYANO0 KOOPAMHAT.

ITocTtpoenne rpadpuka, CHMMETPHUYHOTO AAaHHOMY OTHOCHUTEJBLHO
OoCH X, pacTsyXeHHe rpadMKa OT OCH X WHJIH CXKaTHe K OCH X — pas3jindy-
Hble BuJbl npeobpasoBanus rpaduroB pyHKiuH. IIpeobpasoBanusa rpa-
¢pUKOB, paccMOTpPeHHble HaMU AJig (PYHKIHU Y = ax®, NpUMeHMMBI K
n0060M (PYHKITHH.

Ipadbuk dpyakuuu y = —f(x) MOXXHO MOJIYUUTE M3 rpadmra pyHKIIUT

= f(x) ¢ MOMOILLIO CHUMMETPHH OTHOCHUTEJILHO OCH X.

I'padbuk dyHrmuu ¥y = af(x) MOXKHO MOJIYYUTH M3 rpadpvkra GyHKIINH

= f(x) ¢ mOMOIIBIO PacCTHAIKEHUsI OT OCH X B a pas, ecjiu a>1, u ¢

1
OOMOLIBIO CXHaATHUA K OCH X B . pasa, ecJIn 0<ax<l.

YHEa)KHeHMﬂ

90. Ilocrpoiite rpapuk GyHKIMM Y = %xz. Haiigure:

a) 3aHaueHue y opu x = —2,5; —1,5; 3,5;

0) 3HaueHUs X, IPH KOTOPBIX Y = 5; 3; 2;

B) IPOMEXXYTOK BO3pPaCTaHUS M INPOMEXYTOK yObIBaHUA (PYHK-
YH.

(G EL:ERE KBagpatnyHaa ¢QyHkums



91. IlocTpoiiTe rpadur GYHKIHU Y = —2x? u HaiinuTe:
a) sHaueHue y npu x = —1,5; 0,6; 1,5;

0) sHayeHUs X, OPU KOTOpHIX Yy = —1; —3; —4,5;
B) IIPOMEXXYTOK BO3PaCTAHHMS ¥ NPOMEKYTOK yOmIBaHUA (GYHK-
1197070

92. TlocTpoiiTe B OAHOHM cHcTeMe KOOpAMHAT rpadurm GyHKOHUH
y=x% y=18xuy= %xz. CpaBHUTE 3HAUEHHUSA 3THX (QPYHKIIHHN
opu x = 0,5, x=1u x = 2.

93. IlocTpoiiTe B omHOIT cHcTeMe KoOpAHMHAT rpaduKH QYyHKIIHMN

y= 0,4x% u y= —0,4x%. KakoBa o6yiacTh 3HaYEHHH KaXKIOH U3
3TUX (PYHKIUIA?

94. TlokaXHTe cXeMaTH4YeCKH, KaK pacIoJIo’KeH B KOOPAHUHATHOHN
IJIOCKOCTH rpadpur PyHKIHH:

a) y = —1,5x% 6) y = 0,8x%.
IlepeuuciinTe cBoicTBa 5TO¥ (PYHKI[HH.

95. MsobpasuTe cxemaTHuecKM rpaduMK U OEpPEYHCJIHUTEe CBOHCTBa

GYHKOMH:
a) y = 0,2x%; 6) y = —10x2.
96. Ilepecerarorcsi nu mapabona y = 2x% u npsmad:
a) y = 50; 6) y = 100; B) y = —8; r) y = 14x — 20?7

Ecsiu TOUKHM mepecedyeHHUS CYILECTBYIOT, TO HalAuTE MX KOOPAHHA-
ThI.

97. Tlpunagnexur nu rpaduKky QyHKIUHU y = —100x? Touka:
a) M(1,5; —225); 6) K(—3; —900); B) P(2; 400)?

98. HaiiguTe KoOpAHMHATHI TOYeK IepecedeHUs rpaduKkoB PYHKIUI
y= -x2 n Yy = 2x — 3. BrinosHKATEe rpadpuyecKy0 HJLIIOCTPAIMIO.

99, M3obpasure cxeMaTHuyeckMm rpadurm oGyHEmui y = 0,01x% n
y = 10x. paduku stux GyHKuuii umeioT obmyio Toury O(0; 0).
NmMmeror nu rpaduku 3TUX (PyHKUMil apyrue obmue touxku? Ilpu
MOJIOXKUTEJIPHOM OTBETe HaMuTe KOOPAMHATHI 3THX TOYEK.

100] IIpu kakux sHaueHUsx k npsamas y = kx — 4 uMeetr ¢ nmapabosoi
y= x? TOoNpKO ofHY OGIIYIO TOUKY?

101. ITnomanes kpyra S (cM?) BeiumMciasercs mo dopmyse S = nr?, rae
r(cMm) — paguyc kpyra. IlocTpoiiTe rpadui GyHKIMH S = 7r* u
HaiguTe no rpadpuky:

a) mromaAb Kpyra, ecsiy ero paauyc paseH 1,3 cm; 0,8 cm; 2,1 cm;
6) paamyc Kpyra, Iwiomaab Koroporo passa 1,8 cm%; 2,5 cm?; 6,5 cm?,

§ 3. KeagpartuyHas PyHkuua n ee rpaduk |
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102. IInomans moBepxHocTH kKyba y (cm?) saBucuT oT pebpa Ky6Ga
x (cm). 3agaiiTe aTy 3aBucuMOCTh ¢opmynoil. IlocTpoiite ee rpa-
duK M HaliauTe no rpapukry:

a) IOBEPXHOCTEL Kyba, ecau ero pebpo pasno 0,9 cm; 1,5 cm; 1,8 om;
6) EY pebpa, ecM IIOBepPXHOCTL Kyba paBHa 7 cm?; 10 cM?; 14 cm?.

[

103. CkospKO KOpHEH MMeeT KBAJPATHBII TpeXdJeH:

a) 3x% — 8x + 2; 6) —%yz + 6y — 18; B) m? — 3m + 3?
104. Coxkpature apoOb:
2a — 1 6a* - 5a +1
2) 10a®-a -2’ ©) 1-4a® °

105. Pemiute ypaBHEHHeE

(x+3)P°—(x—3)2=(x—2)°%+ (x + 2)°
M OTMEThTe ero KOpPpHM Ha KOOpAVHATHOW HOPSAMOM.

6. Mpadukm PyHKUMIA y = ax® + n
My = a(x — m)?

PaccMoTpUM ApyrHe 4YacTHBI€ CJIyYaHW KBajgpaTH4YHON (QYyHKIUH.
Ilpumep 1. BrsacHEM, 4YTO OpencTaBisieT coboit rpaduk QYHKIUH

1 _2
= Ex + 3.
p C sToii nenvi0 B OgHOM cHCTEME KOOPAMHAT MOCTPOUM rpaduKu
byHKOME y = -;:xz ny= %xz + 3.

o 1
CoctraBuM Tabnuny sHadueHUH GQYHKOHH Y = §x2:

x | 4]l 3]-—2]=2]ol 1] 2] 3
v | 8 a5 2 o5 0 [o5] 2 |45

1)

Tpaduk QYyHKOUHN y = %xz n3o6pakeH HA DHCYHKe 25, a.

o 1
Yrobel monyunts TAGMMNY 3HAaYenmi (yHKnuE y = ;x° + 3 mpm
TeX ke BHAUEHMAX apryMeHTa, CACAYeT K HaiiZleHHbIM 3HAYCHUSAM
1
dbyHxnuy y = 5x° opuGasuts 3.

. 1
CocTaBuM TabnuIy 3HAYeHUH QYHKIUHU Yy = §x2 + 8:
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\ [77) 6 7]
a) \ 1 ) \
2 i 1 /
8 8
\ 6 / y=%xz: 6 \!4»
\ } / \ ! ry=%x2+3.
,4 [4 O]
2 2 "'y=_;.x2
N N |
—4—31 ol X —4—-3] ol 4 X
Rrortzgd Prort 23
Puc. 25
I ) —4 -3 -2 -1 0 1 2 3 4 @
y (11|75 5 |35 3 |85| 5 |75 11

IlocTpouM TOuKHM, KOOPAMHATEI KOTOPHIX yKasaHel B Tabmuie (2),
M COeAMHHM uXxX IaBHOM jauHHeil. Ilonyuyum rpadmr GyHKIUHN

y= %xz + 8 (puc. 25, 6).
Jlerko HOHATH, YTO Kaxaoi TodKe (x,; Y,) rradukra QyHKRIUU

1
y= Exz COOTBETCTBYET €AVHCTBEHHAas Touka (X, Yo + 3) rpadpuka

byHKIUM Yy = %xz + 3 1 HaoOopoT. 3HAYHUT, €CIM IEePEMECTHTh KaXK-
AYI0 TOUKY rpapuka QpyHKIuM y = %xz Ha 3 eQUHNILI BBEPX, TO IIO-

JIYIMIM COOTBETCTBYIOIIYI0 TOUKY rpaduKa QYHKOUH Y = %xz + 3.

HHade roBops, Ka)XAy0 TOYKY BTOPOTO rpadMKa MOMXHO HOJIYYUTH
M3 HEKOTOPOM TOYKM MepBOro rpaguka ¢ mOMONIbI0 HNapasiesIbHO-
ro mepeHoca Ha 3 eqMHUIEI BBEPX BAOJbL OCH V.

Ipadpuk pyHKIIMHE Yy = -:—!xz + 3 — napa6oJia, DOJIYYEeHHAaS B pe3yJib-

TaTe CABUra BBEpX Ha 3 eAUHHUIBI rpadpuKa QYHKIHHN y = —;:xz. <

Boobme rpaduk ¢yHKIMM ¥ = ax® + n ABnAercs mapaoJoii,
KOTOPYIO MOXXHO NOJYUYHUTH U3 rpa@ukKa QyHKOUH Y = ax? c
OOMOIILIO MAapPaJIJIEJILHOIO NepeHoca BAOJNb OCH I Ha N €AHMHUI]L
BBepX, ecaud n >0, Uy Ha —n egUHHUI] BHHU3, ecam n <0.

r---ﬂ-
L--—-‘
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IIpumep 2. Apka mocta umeeT ¢opmy mnapabosnwl (puc. 26). Moct
VAEp>XUBalOT TPH OMOPHI, PACIOJIO’KEHHbIe Ha OAVHAKOBOM pacCTO-
AHUM ApPYyr oT Apyra. Haiijem AJMHE 5THX ONOpP, €CJIM HM3BECTHO,

yro AB=80 m, OC =8 M, AK=KO=0OL=LB.

YA
C C
%—‘-\I\ A : 4“ : B
A K O L B —40 K 0 L 40 ¥

Puc. 26 Puc. 27

P CocraBuM ypaBHeHHe mapabosibl, BLIOpAaB CHCTEMY KOOPAHHAT Tak,
KaK IoKas3aHo Ha pucyHke 27. OueBHAHO, YTO 3TO YpPaBHEHHE MMEET

BUA Y = ax? + n. Haiinem koopamHaTel Touek A, B u C. Nmeem
A(—40; 0), B(40; 0), C(0; 8).

Bepmmuoit mapa6onml siBisierca Ttouka C(0; 8). 3mauuTt, n = 8.
Jdias oTeickaEuM#a Ko3ddHIMeHTa a DOoACTABUM B YpaBHeHUE

y = ax® + 8 roopauuaTe Touku B(40; 0): 0 = a - 1600 + 8.
Orciopma a = —16% = —0,005. MpI monyuusn ypaBHEHHE IapabosIbl

y = —0,005x2 + 8.
Teneprs HeTpyZHO HANTH AJIVMHBI OIOP:
ecin x = —20, o y = 6; eciut x =0, T0 Yy = 8;
ecin x = 20, To y = 6.
SHaYUT, ONMOPHI MOCTA MMEIOT AJHHBLI 6 M, 8 M B 6 m.

IIpumep 3. PacecMmoTpyM GyHKUIHIO Yy = %(x — 5)2 1 BBISICHEM, YTO

npeacTaByisieT coboil ee rpapuk.
P ns aToro B ofHOM CHCTEME KOOPAMHAT IOCTPOUM rpapury QyHK-

unﬁy=%x2 nym%(x—5)2.

Jns nocrpoeHuss rpaduka GYHKIUU Y = %xa BOCIIOJbB3yeMCSH
Tabnuneir (1). CoctraBuM Temephs TabAUNy 3HAUYEeHMH GYHKIHM
y= %(x — 5)2. TIpn aToM B KadeCTBe 3HAUEHMii apryMeHTa BbiGe-

peM Te, KoTopble Ha 5 OoJbllle COOTBETCTBYIOLUX 3HAYEHHHN apry-
meHTa B Tabaune (1). Toraa cooTBeTcTByOmUEe UM 3HaAYEHUS

byHKIIUYN Yy = -:lz—(x — 5) GyAyT Te ke, KOTOpHIe 3aIMCAHBI BO BTO-
poH cTpoke Tabyiunm (1):

x 1 2 3 4 5 6 7 8
y 8 4,5 2 0,5 0 0,5 2 4,5
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T TR I ] U TTWAT Tl
\ \ i,
\W=gx2[ 1]
Z y=‘lx2/ \ 6 II /
AN 2"/ \mh ]
| 4
3 !
! 2 _ly o219l ]
1+ \\ /y=%(x—5)2 NCT 7 Y E(x 3) +2—
—4[-20l 1241618 x —4[-20]12]4 6 x
[ L1 1] l ] { 1 I ||
Puc. 28 Puc. 29

IlocrponM rpadpvk GyHKIUH I = %(x — 5)%, OTMETHB TOYKH, KOOD-

AVHATHEl KOTOPHLIX YKaszaHel B Tabnune (3) (puc. 28). Herpyzaso

. 1
3aMeTHUTh, UYTO KaMXA0M TouKe (Xq; Yo) rpadpmkKa GyHKIMHM Yy = Exz

COOTBETCTBYET €AWHCTBEHHas Touka (x, + 5; Y, rpadura QPyHK-

1
nun Y = 5(x - 5) 1 HaoGopoT.
3HAUNT, €CJM MepeMeCTHTh KaXKAYI0 TOUKY rpaduka (QyHKIHK
1
y = §x2 HAa 5 eAMHUI] BOPABO, TO HOJYIHM COOTBETCTBYIOILYIO

TOUKY rpadpunkra QyHKmuM y = —%(x - 5).

Nnaue roBopsi, KaXXAyi TOYKY BTOpPOro rpadmnKa MOYKHO HOJIYUYUTH
M3 COOTBETCTBYIOIEN TOYKHM IMepBoro rpaduKa ¢ NOMOIIbIO HapaJ-
JIeJILHOT'O NIepeHoca Ha 5 eAWHHIL BpaBo BAOJIb OCH X.

I'padbux GyHKIHH Y = %(x - 5)2 — mapabosia, noJrlydeHHAaA B PE3YJib-

TaTe CABHUIra BIOPABO Ha 5 egMHUL] rpadukKa QyHKIUMN y = %xz. <

! Boobuie rpadvk pyskmum y = a(x — m)2 fABJseTcsa napabo-

: JIo¥, KOTOPYIO MOYKHO HOJIYUHMTE U3 rpadukKa QyHKIMM y = ax?

" ¢ NMOMOLLI0 MapaLleJIbHOTO MepeHocA BAOJbL OCH X Ha m eau-
HUI[ BOPABO, ecix m >0, MJIHM Ha —m eAHUHWI] BJIE€BO, €CIH
m<0.

L
‘ LR X R & N % N N R R R __§ SN N R &R R S & B _J -------—-—_-—--—----'

IlosyyeHHBIe BEIBOALI MO3BOJAIOT MOHATH, YTO IpeacTaBiserT coboit
rpadpuk ¢pyHKRUMH y = a(x — m)? + n. Paccmorpum, Hanpumep, (yHK-
o y = %(x - 3)2 + 2. Ee rpaduk MOYXHO HONYYUTH M3 rpadMkKa QyHK-

1
oy y = §x2 C IOMOIIIBIO ABYX HNapajijieJIbHBIX IIepeHOCOB — CABHIa napa-

Gonur y = %xz Ha 3 eIMHMIILI BOpaBo M Ha 2 eAWHUILI BBepx (puc. 29).
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Boob6ine rpaduk dyHKOMA Y = a(x — m)? + n aBnserca mapa-
Oonoil, KOTOPYI0 MOMXHO HNONYy9UTh M3 rpaduKa GyHKOHHA
y= ax? ¢ moMomEbI0 ABYX HapasuleIbHBIX IEePEHOCOB: CHABHIA
BAOJIE OCM X HAa m eAWHHI BOpaBo, eciau m> 0, uiu Ha —m
eMHMI BJIeBO, ecau m < 0, u caBura BAOJEL OCH Y HA N €AH-
HWI, BBepX, ecau n> 0, mnu Ha —n eguHENN BHU3, ecan n < 0.

3aMeTHM, YTO MPOMU3BOAMTE MapajjesibHble IE€PeHOCH MOYXHO B JIIO-
OoM mnopsjKe: CHAYAJNA BBIIOJHHUTH HOAPAJUJIEIBHBIA IIE€PEeHOC BAOJB
OCH X, & 3aTE€M BAONb OCHM Yy HJIH Hao0OOPOT.

[IonyyerHBIe HaMH BBIBOAE! 0 npeobpasoBaEMM rpa@MKoOB NpUMMEHH-
MBI K JIIOOBIM QYHKIOMSAM.

I'paduk GyHKOMH ¥ = f(x) + n MOXKHO NoJIyuuTh U3 rpadura QyHK-
ouM Yy = f(x) ¢ moMOImBbI0 mapajyeabHOTO IIepeHOCa BAOJB OCH Y Ha N
eNVHHI, BBEpX, ecau n> 0, uniu Ha —n eguHHn BHU3, ecau n < 0.

I'padmx pyHKoun y = f(x — m) MOKHO NoNyIuTh U3 rpaduxa GyHK-
ovu y = f(x) ¢ noMombi0 NapajlIeILHOIO IIepeHoCca BAOJEL OCH X HA M
eWHMI, BripaBo, ecnu m > 0, uiau Ha —m epguHMI BleBo, ecaun m < 0.

I'padpux QyHKODUM Yy = f(x — m) + n MOXKHO HONYUYHTh U3 rpaduka
dyHKOMA Y = f(x) ¢ DOMOIBI0O ABYX COOTBETCTBYIOIMX NapaJljieIbHbIX
II€PEeHOCOoB.

I[Ipn Bpamenunn napaboibl BOKpPYr ee ocH noaydaerca ¢urypa,
KOTOPYIO Ha3bIBAOT napatonroudom. Ecnu BHYTPEHHIOIO INOBEPXHOCTh
napaboyionsia caeyaTh 3€pPKAaJbHOH M HANpaBHTh HAa Hee NY4YOK Jydeil,
napajuleJibHBIX OCH CUMMETpPHH napafoibl, ToO OTpaMKeHHbIe JNy4du cobe-
PYTCA B OOHOMA TO4YKe, KOTOPYIO HA3BIBAIOT QOoKycom. B To ke BpemsA
ecJi MCTOYHMK CBeTa NOMECTHTh B (QOKyce, TO OTpa’KeHHBIe OT 3ep-
KAaJbHOM IIOBEPXHOCTH HAapaboionga JIydM OKa)KYyTCH HapaJljieIbHBIMHA
M HEé pacceMBalOTCH.

IlepBoe CBOMCTBO MO3BOJIAET HOJYYUTH B (pOKyce mapabonompa BHI-
cOKyl0 Temnepatypy. CoriacHo Jnerenzie 3To CBOMCTBO HCHOJIbB30BAJ
IpeBHerpeuecKni1 yueHEId Apxumen (287—212 rr. mo H. 3.). [Ipn samu-
Te CupaKky3 B BOiiHe HPOTHB PMMJIAH OH MNOCTPOMN cHcTeMy mnapaboJim-
YeCKHX 3epKaJI, KOTopas MNo3BOJWIA CPOKYCHMPOBATE OTPa’KeHHBIE COJI-
HEeuYHBIE JIYy9d¥M Ha Kopabinsax pumMiasH. B pesyinbTaTe TeMmepatypa B
pokycax mapabojmuecKMX 3epKasi OKa-
3ajiaCk HACTOJIBKO BBICOKOM, 4YTO HAa
KOpalyiAX BCOBIXHYJ IOXAapP M OHH Cro-
penu.

BTopoe cBOHCTBO mHMCHOJB3yeTCH,
HaIlpMMep, OPH HU3TOTOBJIE€HUHM IpoO-
MEeKTOPOB M aBTOMOOHJIBHEIX (Qap.

) E:ERE KBagpaTudHaa QyHKuua



Vngaxmeuun

106. U3ob6pasuTe cxeMaTudecKH rpadMK Ka)xao¥ GyHKOuu (OTMETETe
BepmMHUHY napabonbl 1 HanpaBJIeHHE €€ BeTBe#):

a) y =37, y=3x*+4, y=3x2—3;
1 1 1
6) y =—§x2, y= —§x2 + 2, y= —§x2 - 1;
1 1 1
B) y =5, y = g(x - 3)%, = (x + 3)%
r) y = —2x%, y=—-2(x - 4), y=—-2(x + 20
107. C nomMompio mabioHa napabonsl y = x2 nocrpoitte rpadmx GyHK-
987128
a) y = x"—4; B) y = (x - 5)%

6) y=—x*+8; r) y = (x + 3)2
108. Hicnonk3yss ma6ioH mapaGonbl y = x2, mnoctpoiite rpadur (QyHK-
110207 K
a)y=x+2; B y=(x+4)5;
6) y=—x"—-1; r) y = ~(x — 3)%
109. B KakuX KOOPAMHATHBIX 4YEeTBEPTHAX PACIHOJIOXKEH rpadpukK QYHK-

oMH:
a) y = 10x% + 5; B) y = —6x% + 8; n) y=—(x - 8)%
6) y=—-Tx*-3; r) y = (x — 4)% e) y = —3(x + 5)°?

110. U306pasnTe cxeMaTHYeCKH rpadpuK QyHKIHH:
a)y=%(x—2)2+1; B) y = —4(x — 3)2 + 5;
O)y=3(x+3°-1; 1) y=-4(x+2°-2

111. M306pasnTe cxeMaTHYeCKH rpadMK QPyHKOHH:
a)y=3(x—2°-3; 6) y — —4(x + 2)° + 3.

112. Hconbsyss mabyior mapabosanl y = X2, moctpoiiTe rpadpuk GYHK-

oUH:
a) y=(x—-2)°+8; 6) y = —(x — 8)%2 + b.
113. C nomonisio mabiioHa napaGoisl y = x2 mocrpoiite rpaduk GyHK-
487058
a) y=(x+ 3)?—4; 6) y=—(x +4)>— 2.
114, Hajinute Bynu GyHKUIHM (€CJIM OHHM CyLeCTBYIOT):
a) y = 12x% - 3; 6) y = 6x° + 4; B) y = —x% — 4.

115. IIpn kakux 3HaueHMAX a GQYHKOMSA y = ax’ + 5 uMeer HyIn?

§ 3. KeapparvuHaa QyHkUMA v ee rpagvk l 39
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Puc. 30
116. Ha pucyske 30 musobpakeHb! rpaduKkn QyHKIHHA:
B)y=-3x+4%  By-3+4
6)y=3(x-4°-1 r1)y=-—3zx*-2.
Hns xaskgoro rpapuKa yKa)KHTe COOTBETCTBYIOIMYIO ¢opMyty.

[a]

117. Pemute ypaBHEHHE: 0
a) 0,6a — (a + 0,3°=0,27;  6) L 2L = 0,5y(6 - 2y).

118. Pemmute HepaBeHCTBO:

a) bx — 0,7 < 3x + 5,1; B) 2x +4,2< 4x + 7,8;
6) 0,8x + 4,562 5 —1,2x; r) 3x - 2,6 > 5,5x — 3,1.

119. HalinnTe npupamesne QyHKOUH Y = x® npu U3MeHeHUH X OT 2 O
5 n or 5 o 8. CpaBHHTE mHoJydeHHBIE Pe3yJbTATHI.

7. NocrpoeHune rpaduka
KBaapaTu4yHOU yHKUMM

Jna nmocrtpoeHns rpadpuka KBaapaTuuHol GyHKOWM sanumem ¢dop-
Myay y = ax® + bx + ¢ B Bugie y = a(x — m)® + n.
BheifieIMM #3 TpeXwieHa ax’ + bx + ¢ KBajpaT [ABydJIeHA:

b
axz+bx+c=a(x2+;x+%)=

40 ELEERE KBappatviHas QyHKUUA



2 2
=a + b _ ¥ —4ac —alx+ 2 _b2—4ac-
2a 4a? 2a 4a
2
— b b — 4ac
Orclopa y = a(x + 20) ~ —4a -
2 b
Mt nonyunnu ¢gopmyny Buia y =a(x —m)° +n, rne m = —3_,
_ b2 - 4ac
n=-——y—-

3Hauut, rpaduK GyHKOUH Yy = ax® + bx + ¢ ects napabona, Koto-
pPyI0 MOXKHO MOJYYHNTE U3 rpaduka GYHKOHHM § = ax’ ¢ MOMOMIBIO ABYX

napajajielbHBIX HEePEeHOCOB — CABHMTa BAOJNL OCH X M CABUra BAOJNDb

ocu y. Orciofa cienyer, uro rpadpuk Gysknum y = ax’ + bx + ¢ ects

napaboyia, BepIIHHOH KOTOpoi sIBJsieTCA ToukKa (m; n), rae m =—%,
b + 4ac

n= ~ 4a

Ocp10 cuMMeTpHH mapaboJikl CIHYXKHT OpSAMas X = m, napajuleJbHas
ocH y. Ilpu a > O BerBu nmapafosnl HanpaBJieHb! BBepx, a npu a < 0 —
BHHS.

Y1066l nocTponTs rpadmuK KBaApPAaTUYHON (PYHKOHUM, HYXKHO:
1) maiiTM KoOpAMHATE BEepPHIMHBI NapaboJibl 1 OTMETHTEL €€ B
KOOPAHMHATHOM IIJIOCKOCTH;

2) IOCTPOHTH €eIe HEeCKOJIBKO TOYEeK, NPHHAAJIeXamMx Iapa-
Oone;

3) COefMHHUTH OTMEUeHHbLIE€ TOYKH ILJIABHOH JIMHHEH.

--m—-—"——————---—---—-—-———-—--———-w_--u-——-—‘

3amerumM, uTo abcoHccy m BepmMHE yA0OHO HAXOAMTH o (hopMyJie
m = —2450. OpavHATY n MOX»XHO HAXOAHTH, MOACTABMB HANJIEHHOE 3HAYE-
Hue abcuuccel B opMyny y = ax® + bx + ¢, Tak Kak Opu x = m
y=ax*+bx+c=a(x-mP’+n=n.
}Tpnnenem npuMephl NOCTPOEHMA rpa)mKOB KBAaAPATHUYHHIX (yHK-
M.
IIpumep 1. HocTpoum rpaduk dyaxmmm y = 0,5x% + 3x + 0,5.

» I'papuxoM dysrmuu y = 0,5x2 + 3x + 0,5 aBnserca napaGona,
BeTBH KOTOpO# HarpaBjieHbl BBepXx. HaiiemMm KoopauHaATHI m U n
BEPIIHHEI 3TOH IapaboJibi:

§ 3. KeagpartvyHaa ¢yHkuusa v ee rpadpvk | 41



b 3 3;

m="2s="2:05_
n=0,5°(-82%+3-(-3)+ 0,5 =—4.
3HauHT, BepmHuHA napabonsl — Touka (—3; —4).

CocTtaBuM Tabnuny 3HaueHuUH QyHKIOHH:

x =7 -6 -5 —4 -3 —2 -1 0
Y 4 0,6 | 2 |-3,5| 4 |-3,5| 2 0,5 4

ITocTpouB TOYKK, KOOPAMHATH! KOTOPBIX YKa3aHE! B Tabnune, U Co-
€INHHWB HX IIJIJAaBHOM JHMHHEH, nonyuuMm rpaduk GyHKOUH

y=0,5x% + 8x + 0,5 (puc. 31). 4

\ ] I
\ /
2
\ 3 4
XY =0,5x243x+0,5 '2
F
1
0 »
—8 —7—6\-5 -4 —3 —2 -1/} .11 21381 %
\ 3
|
L] —4
11
Puc. 31
IIpu coctraBieEMH TAOIHMOB M INOCTPOEHHMH rpad¥MKa YUUTHIBAJIOCH,
yTO HpAMad X = —3 SABJIAETCA OChbl0 cuMmMeTpuH napabosanl. IToaTomy
MEI 6panu ToukKuM c¢ abcouccamMun —4 m -2, -5 m —1, -6 u 0, cummeT-
PHMYHBIE OTHOCHMTEJIHHO NPAMON X = —3 (3THM TOYKHM HMEIOT OJHHAKOBEIE
OPAMHATEI).

Ipumep 2. [Toctpoum rpapuk GyHKoum y = —2x° + 12x — 19.
p I'padbmxomM 3101 GPYyHKIHH sABJIsieTcA napaboya, BeTBH KOTOPOii
HanpapJeHbl BHH3. HalifeM KOOpaAWMHATH €e BepINIHHEI:

__b ___12 _ a4
m=—9:="2-(2~" 2

n=-2-32+4+12-3-19=-1.
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Brraucans KOOPDAVHATH] ellje HeCKOJIBKHX TOYeK, MNOJIY4YHM 'raﬁ.nnuy:

x 1 2 3 4 5

y { —9 -3 -1 -3 -9
CoengmENEB NJIABHOI JIMHHMEH TOYKHM, KOOPAMHATEI KOTOPBIX YKA3aHHI
B Tabnume, mnoiryuum rpaduK GyEKOEE y = —2x2 + 12x — 19
(puc. 32). <

IIpumep 3. Iloctpoum rpapuK GyHKOHM Yy = %xz +x + 1.

1
» I'padukom SyEKIHH Yy = zxz + x + 1 saBnsaerca napabona, BeTBH
KOTOpoM HaripaBjieHBl BBepX. HaliieM KoOopauHATHI €€ BEePIIHHEI:

== == -_— Y

-1 (2¢-2+1=0.

BerauciuB KOOpAMHATE] eIe HeCKOJBKHX TOYEK, MOJyYuM Tabamny:

x -5 —4 -3 -2 -1 0 1

]

y |22 v [ Y o] 3| 1]|z2

1
1

Fpaduk GpyHKODHMH Yy = %xz + x + 1 n3o6pakeH Ha pucyHKe 33. <

P K
Lol l112l3l4]ls5 X 7
- —1 t

— 6
| T o .
2 7 AREA 5
—— Na N b
I I, \ Y 3 4
| o . 1

5419 N e 1

—+— P \, >‘(¢‘- 2 /
(o N ;
- *'"1 ‘ \2 '
Ty \ N .
S X
8 \ 5141-3]-2[-1 0142
Puc. 32 Puc. 33
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YnpaxHeHus

120. Teno OporreHO BePTHKAJIBHO Kh.m

BBEPX € HAaYaJbHOH CKO-
pPoCTBI0 VU, (M/Cc) c BBICOTHI [30

hy (M). Bricota h (M), Ha KO- y, \

TOPOI1 OKAXKETCH TeJo uepes

t (c), BuIpa)kaeTcs ¢opMyyon 25

2
h=—£—+ vt + hy (@~10 /). / \

Ha pucynke 34 nokasaH rpa-
¢ur 3aBucumoctn h ot t ansA \
ciayudas, koraa hy =20, v,=15.
Haiiagure o rpadpuky:

a) CKOJBKO BpPEeMEeHH TeJNo
NOHUMAJIOCH BBEpPX; 10
6) CKONBKO BpeMEeHH OHO
OIYCKAaJIOCh BHU3;

et

B) KaKoM HambGoJabme¥ BBICO-
THI JOCTHIJIO TEJO;

I') 4epes CKOJBKO CEeKyHJ Te-
JIO0 ynajio Ha 3eMII0.

!
)
[

121. KBagpatnuHas ¢yHKOHAA 3a- ‘9 1 % 3 ‘Il—t.c
naHa ¢popMyJoii:
a)y=x>"—4x + T; Puc. 34
6) y = —2x° — 5x — 2.

Haiinute kKoopaMHATEI BepInuHBEI napabonsi. HaMeTuB Ha Koopau-

HATHOM MNJIOCKOCTHM BEpPHINHY napabGoibl B ee 0Cb CHMMETPHH, u3006-
pasuTe CXeMaTHYEeCKH rpauk.

122. TlocTpoiite rpaduk QPyHKmuM y = —x° + 2x + 8 u HaliguTe, MC-
OONB3ysa rpadpuk:

a) sHavenue PyHKOHH npu x = 2,5; —0,5; —3;

6) 3HaYeHHMs1 apryMeHTa, OpM KOTopeiXx y = 6; 0; —2;

B) HynHM PYHKOMH H IIPOMEXYTKH 3HAKOIIOCTOSHCTBA;

I') OPOMEXYTKH Bo3pacTaHus M yOniBanus ¢GyHKDOMHM, 00iacTh 3HA-
9eHU QyHKIOHH.

123. IMocrpoiite rpadux ¢yExnum y = 2x° + 8x + 2 u Haiigure, Hc-
OONb3ys rpagHk:
a) sgaueHue y npu x = —-2,3; —0,5; 1,2;
6) s3HadyeHHMsI X, IpPU KOTOPEIX y = —4; —1; 1,7;
B) HynHM (PYHKOHH H IPOMEKYTKH 3HAKOIOCTOSSHCTBA;
I) IPOMEXYTKH BO3PACTAHUA M yORIBaHHs (QYHKIMH, HAHMMEHBIIEe
3HavYeHne (HyHKOHUH.

Kesagpatuunas QyHKuus




124, IlocTpoliTe rpad®uK GyHKOHKM M OIHUIINATE €€ CBOMCTBA:

a)y=%x2—4x+4; 6)y=—%x2+x—1; B) y = x% + 3x.
125. IlocTpoitte rpadbuk GpyHKOHH: \‘ A i
a) y= —%xz + 5; 8
6) y = x% — 4x; \ {
- — 2 _ \ /
B)y=—x"+ 6x — 9. |
126. ITocTpoiiTe rpadmuk GpyHKOHM: i
a) y = 0,5x% — 2; \ /
- 2 _ . N
6) y=x"— 4x + 4; -4/~20\1-214-lf6l 8%
B) y =— x" + 2x. 2 /
127. IlocTpoiiTe rpadbuK QyHKOUH: —-Ti
a) y = (x — 2)(x + 4);
6) y = —x(x + 9). Puc. 35

128. BuiscauTe, rpadbuK Kaxkoid u3 GbyHKOUH
y = x + 6x, y=%x2—3x, y=~-x-6
us3obpaxeH Ha pHMCYHKe 35.

129, HaiinuTe 3HaueHWe b, IpH KoTopoM mpsMas y = 6x + b kacaercs
napabosnl y = x% + 8.

'130] [Ipn xaxoM sHAYeHWH 7 rpadukH byHKOui y = 2x°—5x + 6 un

y = x2 — Tx + n EMeIOT ToJMbKO OFHy 06myIo Touky? Haiifure Ko-
OPAMHATEHI 3TOM TOUYKH.

n

131. CoxkpaTure Apobb
1 - 8a)?
302 + 5a - 2°

132. U300pasuTe cxeMaTHIeCKH rpadpuik GpyHKOUHN M yKa)kuTe oGnacTh
ee 3HAYeHUM:
a) y =x*+ 3;
6) y = (x + 1)
B) y =—x>+ 2.

133. PemuTte ypaBHeHUE:
a)(x-1)2+(x+1) 2 =(x+2)¢-2x+2;
6) 2x — 3)(2x + 3) — 1 = 5x + (x — 2)%

& 3. KeagpatuuHas ¢yHKUMA v ee rpaduk l 45
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n

134. Ecim ¢ KaXaoro reKkrapa ydacTka cobepyT 35 1 mmeHHIB, TO
njaH HegoBHINOJHAT Ha 20 T; ecnam ¢ Ka)XJoro rekrapa 6yper no-
aydeHo 42 n, To niaH nepeBmmnosHAT Ha 50 T. KakoBa miomans
y4acTKa?

135. Ecnin Ha KaXxaylo MaAIIuHY IPpy3MTh 3,9 T rpysa, TO ocTaHeTrcH 4 T;
€CcJId Ha KaXXAyl MAaImUHYy rpys3uts 4,5 T, To ANS HNOJMHON 3arpys-

KH BCeX MammuH He XBa&THT 4 T rpysa. CkoJbKo Oblio MamiwH?

KOHTpOsbHbIE BONPOCHI

CoopmynupynTte onpegesieHne KBanpatudHoOu QyHKUUU.
ChopMynvpyiiTe CBOVCTBA KBaapaTvHHOW GyHKUMW y = ax:

a)ynpm a > 0; 6) npn a<0.

Kak u3 rpadvka GyHKUMM Y = axZ MOXHO NONY4MTb rpaduk GyHKLMMU:
a)y=ax’+n; 6) y=a(x—-m)% B) y=a(x-m)2+n?

Yro npepncrasnsier cobon rpacpvk KksappatvHHON GYHKLIMKM y = ax® +

+ bx + ¢? Ha npumepe ¢yHKUuM y = 2x° — 12x + 16 nokaxure, Kak
CTPOAT rpadvk KBaAPaTUHHOWN QDYHKLMW.

XN ERROEFHAS BYHRLMS.
BNl i-ii CTENEHU

8. OyHkuma y = x"

PaccMorpuM GyHKUMIO, 3aJaHHYI0 QopmyJoi y = x", roe x —
He3aBUCHMAaf IIepeMeHHasi, a N -— HaTypajlbHoe uucyo. Takyro
¢byHKIMIO HAa3BIBAIOT CMenerHoll PyHKyueil ¢ HamypalbHbiM NOKaA3a-
meaem.

CrenesEbnle pyHKnuy npu n =1, 2 1 3, T. e. QyHKOMHA Y = X,
y= x’nu y= x3, Mu yixe paccMatpuBaiun. Ux cBoiicTBa 1 rpadmKn HaM
H3BECTHEI.

BrisicHHM Tenepr CBOMCTBa cTeneHHOH (hyHKIMH M OCOOGEHHOCTH ee
rpadpuka npH Job60OM HATYPAJIBHOM 1.

Bruipa)xeHue x", rie n — HATypajJdbHOE YHUCJIO, MMEET CMEICI IIPH JIo-
6om x. [ToaToMy 00JacTBIO omIpezesleHHS CTeleHHoi (PYyHKIHH C¢ Ha-
TYPaJBHBIM IIOKAa3aTelleM SABJISeTCHA MHOYKECTBO BCEX AeMCTBHTEIBLHBIX
qHce.

LELEERIE KBagpatnuHas ¢yHKUMA



CHauana paccMOTpPHMM ciydail, Korfa HOKa3aTeNlk n — 4YeTHOe YHC-
sio. CeoiicTBa GyHKOMH y = X" NpM YeTHOM 71 AHAJOTMYHEI CBOMCTBAM

byHKIHH Y =
r——---n-—-—_-I-—------—-—-—n-—-—--——u-—uu——-——q

Y .

1. Ecim x =0, 10 y = 0. Fpaduk PyHKOUH ODPOXOAHMT dUepes
HA4YajJ0 KOOPIAMHAT.

2. Ecau x # 0, To y > 0. Or0 cireayer M3 TOro, YTO 4YETHASA
CTeNeHb K&K MOJIOXHUTENHLHOr0, TAaK M OTPUNATENLHOrO YHC-
Ja HOJIOJRHTGJIBH&. I'padpuk (pyHKOHH pacrnoyioxeH B mep-
BOM M BTOpPOI KOOPAHMHATHEIX YE€TBEPTHX.

3. IIpoTHBONJdIOKHERIM 3HAYCHHAM APTYMERTA COOTBETCTBYIOT
paBHBIC 3HaAYeHHH QYHKIMH., ITO clefyeT M3 TOro, 4To IpH

YeTHOM 7 |paBeHc'rBo (—x)" = x" BepHO EpHm MI00LIX 3HaYe-
HHUAX. X;, . . .

4. OyHKOUA Bospac-rae'r B IIPOMEKYTHKEe [0 +°°) ¢ yﬁmae'r B
npomexyTre (—oo; 0]

5. O6aacts Seaienuii (pyHKIMM eCcTh MHOXKECTBO HeOTpHMHIAa-
TeJbHBIX IHCEJI.

. ' I ' ' . '
———‘—_-—ﬂ;-—_——_m—_—‘—‘-ﬂ—-ﬂ—-—--——‘——&--ﬂ
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Hokaxxem cBoiMcTBO 4. IlycTe X, U X, OpHHAAJIEXKAT HPOMEKYTKY

[0; +°) u x, > x;. Ecnm x;, = 0, TO0 oueBHpgHO, uTO0 X3 > X;. Ecium
x; > 0, TO, NIEPEMHOXXHB IIOYJIEHHO 7 OAWHAKOBEIX HEPaBEHCTB X, > X,

C MOJIOXKHUTEJHHBIMH YJIEHAMH, IIOJIYy9HM BepHOe HepaBeHCTBO X; > Xi.
3HaunT, B npomMexyTtke [0; +°°) dpyaknusa BospactaeT. IlycTs Tenepsn
X, A X, ONPHHAAJEMXKAT HOpoMexXyTKy (—°; 0] m x, > x,. Torzna
—-X; > —X,, IpHYE€M —X; U —X, [IPpUHAANEXKAT NpoMexkyTKy [0; +00), m
[0 JOKA3aHHOMY BHIme (—x,;)" > (—x,)". Orciofa B cHny YeTHOCTH Nl
ciemyer, 4TO X} > X3, T. e. X3 < x7. 3Ha4uT, B ImpoMexyTke (—o°; 0]
¢dyHKOUA yOBIBaeT.

C BospacTarEneM X rpapmr GyHKIOHMH CcJieBa OT HA4YaJa KOOPAWHAT
OIIyCKaeTcs BHM3, A CIpaBa MOAHUMAETCS BBEpX.

OcraroBHMCcH Teneph Ha cBoMcTBe 5. MBI yCTAHOBHJIA, YTO IIPH JIIO-
6oM x 1 JeTHOM n PYHKIOHUSA HPHHHAMAET HEOTPHOATEJbHbLIE 3HAYEHMSA.
MoxEO nokasaTh, uTO 1060 HEOTpHOATENLHOE YHCIIO SBJISETCH 3HAYE-
HHYEeM CTeIeHHOH (PYHKOHM ¢ HATYPAJLHBIM IIOKA3aTeJIeM IIPH HEKOTO-
pom x 2 0. 3BauuT, o6jacTh 3HaYeHHMH (PYHKOHMH — IIPOMEXYTOK
[0; +00). Tpadbuk PyHKnuUH nepecexkaer Jobas mpsiMasi Y = a, €CIH
a 2 0. Ecau xke a <0, To npssMas y=a He nepeceKkaer rpadpHk.

§ 4. CteneHHan QyHKUUSI, KOpEHL N-i CTENEHW ' a7
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a) 7! ] 6) gk 1] yh
\LL 5 / 5
z / |
4 |4
; ’ y=x",
\l 13 ) ‘\ ? ” y=x*"] n— yer.
\ | « Ly=x o
2T/ 2
X1 1 14
N 4 o . \ ) N
2 1o 1} 2-[ ¥ L2 1 o121 % -1 1 x
| ! ] | { 1 ] |
Puc. 36 Puc. 37

Ha pucynke 36 msobpakeHH rpadmem QyHKOHHE y = x2 u y = x*.
n

Ha pucysEke 37 NoOKas3aHO, KAK BRIMNIAAUT rpa@MK QYHKLIHH [ = X
YeTHBIM IIOKa3aTejyieM 7.

PaccMoTpuM Temeph CBOMCTBA CTENEHHOM (YHKIHMH y = X" IIPH He-
YeTHOM 1. DTH CBOMCTBA AHAJOrMYHEI CBOMCTBAM (DYHKIUM y = X°.

—-"——-ﬂ'—--.ﬂ—————h———-—-—lw—m---nﬁ—'-l——“‘-————-'

1. Ecxm x =0, 0 y = 0. 'paduk GyHKIMH IDPOXOANUT uepe3
HAYAJIO0O KOOPAHHAT.

N

Ecom x>0, o y > 0; ecim x <0, 10 y <0. 'padpux
(GYHKIIUM pacCIOJIOKEH B IEPBOii M TpeTheil KOOPAWHATHHIX
YeTBEPTAX.

IIpoTHBOMOIOKHBIM 3HAYEHHAM APryMEHTa COOTBETCTBYIOT
IIPOTHBOIONOXKHEIE 3HAYeHMA (PYHKOMM. JTO CIIeZyeT U3
TOro, 9TO IIPH HEYETHOM I AJfa Jiio6oro x BEpHO paBEHCTBO

(—x)" = -x".

ol

i

. DyRKIIMA BO3pacTaeT Ha Bce¥M o6JacTH onpeneleHud.

o

O6anacrs 3HaYeHEMH (PYHKOMM eCTh MHOKECTBO BCeX
JEHCTBHTEJIBbHBIX YHCEJ.

hu————————-——-—__——————-—-n—--u-n—-—-a--h----.-—‘

JF 'R0 PAN i 3G SNy PRe mp WST WST WM WP W N ARt BW B WpE Wpr Wpr PAw B
SN e ks fuil Eae D GED Gan BeE MY B WY GOE G D DOy EE Ser we dar

JHokaxxem cBoiicTBo 4. JlokazaTessCTBO TOro, 9T0 (PYHKI[MS BO3pPACTAET
B npoMexyTtke [0; +00), Takoe ke, KaKk AJA CTEIIEHHOM (PYHKIOHH C dYeT-
HBIM IIOKAa3aTeJeM.

HokaxeM, 9To (PYHKIHS BO3pACTAET TAK K€ M B IIPOMEIKYTKE
(—o0; 0]. Ilyete x; M X, NPUHALJIEHKAT ITOMY NIPDOMEKYTKY H X, > X,.

Torma 0 < —x, < —x;. Tak Kak —x, =2 0 u —x; > 0, 70 (—xy)" < (—x,)".
B cuny HeYeTHOCTHM 4YHCJa N 3aKJjouaeM, 4To —xg; < —x;. Orciopa
x; > x7. 3HAUNT, GYHKIHUA BO3pACTAET M B IpoMexkyTKe (—0o0; 0].

EEER] KBagpatuiHaa ¢yHkuus



a) d 6) A | v
[y=x] y=x5"
1 1 1 T =
. n— HedeT.
o1 E3 o1 x o 1 x
|
]
]
Puc. 38 Puc. 39

Ecmm xe x;, <0, a x, > 0, To OUYeBMAHO, 9TO X3 > X;. SHAYMT, (PYHK-

IS BO3pacTaeT Ha Bceil objacTu onpepeneHusi. I'padMK (QYyHKIUH C
BO3pACTAHHUEM X IIOMHMMAETCH BBEpX.

CroiicTBo 5§ cJaenyerT us cBoificTB 1—3 M M3 Toro, uto Jnoboe HEOT-
PHIATEJIBHOE YHCJIO SABJISIETCSI 3HAUEHHEM CTENeHHOH (yHKIMM C HaTy-
pajlbHEIM IIOK&a3aTeJieM Ipu HexkoTopoM x 2 0. I'paduk ¢pyHKIHMHU nepe-
cexkaeT Jiobas npsaMasa y =a.

Ha pucyHke 38 mu3ofpakeHnl rpadMKM QyHKIME y = x° u y = x°.

Ha pucynke 39 mokasaHo, KaK BRIIVIAAUT rpadMK QYHKIHH y = X" C
HEYeTHHIM IIOK&a3aTeyieM n > 1.

Vnea)l(ueumi

136. (Dymcmm 3anaHa GQopmMyJoit y = x%6, CpaBHMTE C HyJleM 3HAUEHWE
3TOM (PYHKIIMHM IIpH X = —5;

137. CpaBHHuTE C HyJeM 3HAUEHHE Q)yHRnnn y=x% mpun x=-9; 0; 7.
138. ®yuknusa sagasa gopmyioit f(x) = x*°. CpaBumnTe:

T a) f(8,7) u f(4,2); 8) f(-7) u f(6);
6) f(=5,2) n f(-6,9); r) f(31) n f(—28)-

139. dynxnus sagana dopmyoi g(x) = x®°. CpaBHuTe:
— a) g(8,9) n g(7,6); B) g(—10) u g(7);
6) g(—4,6) u g(—5,7); r) g(—63) u g(63).

140. CpaBHuTe:
a) 1,2* u 1,5% r) (-3,2)* n (-3,4)%
6) 0,8* u 0,7%; o) 0,3° u 0,8%

) 0,9 u 1; €) (-1)5 u (-1)5.
3 4

§ 4. CreneHHasa ¢yHKUUA, KOPEHL N-i CTENEHU ' 49
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141. CpaBuure:
a) 5,7° u 5,4%; r) 1,6 u 1,85
6) (—4,1)° u (—4,2)% £) (-5,3)° u (-4,2)5%
B) 0,8% n (-1,3)% e) 2,1% u 3,18,

142. ITpoxoanT iu rpaduk GYHKIMH y = X° 4depe3 TOukKy A(3;
B(—3; 243)? C(5; 3125)?

143. Ilpunagnexur Ju rpadMKy QYHKIHH Yy = x' Touka A(2;
B(—2; —128)? C(—3; 2187)?

243)?

128)?

144. Ucnionb3ya KaJbLKYJIATOD, HaiguTe ¢ TogHOoCThIO Ko 0,01 3HageHHe

GYHKINH Yy = x° IIpH:

a) x =0,72; 6) x = 2,6; B) x = —3,4.
145. Usob6pa3ute cxemMaTudecKHn rpadpmuiK GyHKIIUH:
= 5. — 8.
a8) y=2x3; B) y =x;
6) y = x'; r) y = x°.
SR YT i s
146. B kaxkmx KOOPAMHATHEIX YeTBEpPTHAX T o th i i
PAacIIOJIOKEeH rpadHK ¢Y2HRHHH= CHHE 3;@*1 Egﬁly A 14 A E_E
— 40. — 123 : 1= - 7 o ) _: ’ a
a)yﬁ-x ’ G)y_x ? B it 1-{‘:_ ﬁ";frjfl"..{:i“
147. Ilonpaysice pucyHkoM 37 wmnu 39, BeI- | |35 ~?f$—‘t'8" T B
SICHUTE, CKOJIBKO pelmeHuii wumeer f | .iikH | 12 st | HEs
ypaBHEHHeE: % T L 1
a) x'°=2;  B)a®=-3; s i
34 _ . 21 __ _ S3 Becatsionzion il IBays sssacpiall PR EE: :
6) x O’ I‘) x 7. E ‘LEEL HEI:L _r_.i—:...;' : !] :I;:_;
[ U o i s i 0 1t ¥ H +
148. Ha pucyuke 40 usobpaxkeH rpadmk [ F oot 61 By
- ¥ BT | THE e
dyuxnuu y = x*. Haiizure no rpacdmu- % Eablhs i
Ky 3HAYEHWUS X, IIPH KOTOPHIX: =3 EAHEY e Lot § B
AP sunuiinn > b ‘E
.a)y = 5; 6) y = 3,5; B) y = 8. ?}*rf i LB i _111 j}-
: el BERE | EEREE | A
149. Ilonrayacey rpadurom (cm. puc. 40), H=| #5144 S50 d
pelInTe ypaBHEHHE: izl o ERERE ] B
hwebd il [ErEEHT agonas
a) x* = 6; 6) x* = 8,5. SEEk W e Micsfpote o JRSERSIiCE:
et EIRESZESa CRNSERT ERGE
150. Pemute rpatdhmuecku ypaBHeHHE: TET o] i[;ff*'“g“"
] R N Eastasinets
8) x*=2; 6)x°=4; 8 x°=-5. (il e [
s TP
151. Yraxkute Kakoe-HUOyZb 3HageHUE apry- [+ Hi i
MEHT4, PN KOTOPOM 3HadeHne QyHKIuM | i 5! fEstzasast
y = x% Gompme, uem 2% 10% 10'% 108, [&F B T
maen; T Xoun ™
s Lot T
152. VYraxknTe Kakoe-HHOynb sHageHWme ap- |- 5 N b A T 0
ryMeHTa, IIpH KOTOpOM 3HadeHHMe {4 —-1411 |0 1 iiF2x

byuxknuu y = x° MeHbme, uem -35;
~10% -10. Puc. 40

B ELER] KBaapaTtnyHas GyHKUMA



153. ®yaknous sagaHa Gopmynoit f(x) = x°. BrlumcauTe pasHOCTH
f(1) - f(0), f(2) —-f(1), f(3) —f(2). CpaBHHTE IIOJYyIEHHEIE PE3YJIb-
TaThI.

154. Bripasute ¢popMyJsoii 3aBUCHMMOCTE Macchl m (r) mepeBAHHOro Kyba
OT aiauHbl X (cM) ero pebpa, e€caM HM3BEeCTHO, 4T0 Ky06, pebpo kKo-
Toporo 10 cMm, nmeer maccy 700 r. IlocrpoiiTe rpadMK 3TOi 3aBH-
cuMocTu. Iloae3ysicek rpadpmKoM, HaHaUTE:

a) maccy Kyba, pebpo KoToporo paBHO 2 cM; 5 cm;
6) pebpo ky6a, Macca xkoroporo paBHa 30 r; 100 r.

n

155. Vicione3ya rpadpyi GyHKLUH Yy = x°, PellUTe ypaBHEHHE:
a) x*=x+1; 6) x° = 2x; B) x° = 2x + 1.

156. YnpocTuTe BHIpaKEHHE:

y  ¥+6y B+y

v -1 1ty

4x2 — 49 1 2x+ 7
2x+5 422 +14x 4x°2-10x

157. IIpuaaanexntT au rpaduKy QyHKIUM Y = \/; Touka A(144; 12)?
B(169; —13)? C(—100; 10)?

8) 15 )

9. KopeHb n- cTenexwm

HanoMHHM, 9TO KBaApATHEIM KOpHEM M3 YHUCJIA @ HA3LIBAETCHA TAa-
KO€ YHCJIO, KBAAPAT KOTOPOro pPaBeH a. AHAJOTMYHO OIPEAEJISETCS KO-
peHb J1060i HATYpanbHOIl CTEIeHHU Nn.

> ——rr—

KoepHeM n-ii,cTeneHM U3 yHUCIa @ HA3LIBAETCA TAKOE YHCJIO,
n-s CTeNeHk KQTOPOTC PaBHA 4.

Hanpumep, KOpHEM IATOM cTemneHM M3 32 SABISETCH YHMCJIO 2, Tak
Kax 2° = 32; KOpHeM ueTBepTOii creneHu M3 81 sSBISETCS Ka)KA0e M3

uncen 3 u —3, Tak Kak 3! = 81 u (—3)* = 81. Kopenr BTOpOii cTeneHn
IIDMHATO HA3KIBATE KBAADATHLIM KODHEM, & KOPEHb TpeThell cTeneHn —
KYybuyecKkum KODPHEeM.

PaccMoTpuM cTeneHHYI GQVYVHKIWIO Y = X° ¢ HEYEeTHHIM IIOKA3aTe-
JeM n (puc. 41). Ona a060ro avcina a cyimeCTBYEeT €IVWHCTBEHHOE 3HAa-
YeHHe X, n-s CTelleHb KOTOpPOrO PABHA a. JTO 3HAYEHHE HBJIAETCA KOp-
HeM n-ii cteneHM Hu3 a. Jlnsa 3anmcH KOpHA HEUYETHOI! CTeIleHH n u3

YHUCJIa @ MCIOJB3YIOT 0003HAYEHHEe Q/E (antaoT: «KopeHb n-ii creneHu
U3 a»). Yucao n HA3LIBAIOT noxasameiem KOPHA, BhIpa’keHue, CTOH-
mee mop 3HAKOM KODHA, — NOOKOPEHHLIM 6blpANCEHUEM.

IlpuseneM nmpumMepEl.

§ 4. CreneHHas QyHKUMS, KOpeHb N-i cTeneHun l 51



a) 177 6) 177 uA [
@ Yy =x",
n— HederT.
1 1 y=x",
1 1 y=xr, n— ger.
n— He4yer.
+ » va { -
0 1% X 0 1 x 1+
—mg o 1%@ ¥
a>0 a<0
a
Puc. 41 Puc. 42

Bamuce 3125 osHauaer Kybuueckuii xopeEp mM3 125. U3 ompegese-

HUS KOpPHA cJeayeT, 4YTO \/3 125 = 5, Tak kKak 5° = 125. 3anuce \/7 -128
O3HAYAET KOpEeHb ceAbMoOii cTerneHH U3 —128. Tak kak —128 = (—2)7, TO

J-128 = -2.

PaccMOTpHM Telleph CTENEHHYI0 (PYHKIOMIO i = X" € YETHHIM ITOKA-
saTeneMm n (puc. 42). Ilpu nwo6oMm a > 0 cymiecTByioT ABa IPOTUBOIIO-
JIOXKHBIX 3HAUYEHUs X, N-A CTEeNeHb KOTOphIX paBHa a. Ilpu a = 0 Ta-
Koe uucyo ogHo (umcino 0), nmpu a < 0 Takmx 4guces HeT. [[pyrumMm
CJIOBAMM, €CJIM N — 4YEeTHOe Yucjo M a > 0, TO CYyIecTBYEeT ABA KOPHA
n- cTelneHH U3 a. ITH KOPHH ABJAIOTCHA IIPOTUBOIIOJOXKHBIMU YHCJIA-
mMu. Ecoim a = 0, To KOpeHb n-# cTerneHM u3 a paBeH HyJ0. Ecoim a < 0
U n — 9YeTHOe YMCJIO, TO KODHA n-ii CTEIIEHH M3 @ He CYIIECTBYET.

B cayuae ueTHOro n 3HAKOM Ya 0603HAYAIOT HEOTPMIATENBHBIH KO-
pPeHb n-ii cteneHn M3 a. OTpuLATeNBHBIN KOPEHb N-1 CTEeIleHH M3 a

(mpu a > 0) sanmucLIBAIOT TaK: —K‘/— . BripaxxeHue K‘/a— OPpH YEeTHOM 11 M
a < 0 He UMeeT cMBICIA.

Hamnpumep, samuck $64 osHauaeT HEOTPULATENLHBI KOPEHD IIECTOMH

creneHn u3 64. Mmeem \6/64 = 2, TaK KaKk 2 — HeoTpHMUATEJIBLHOE YuC-
g0 n 2° = 64.

Ecim n = 2, To nokasatTenb KOPHA He ITHUIIETCH.
Hrak,

€CJIM n— HE€YEeTHOe YHCJIO, TO BEIDaK€HHe '\1/; HMEET CMEICJ IIPDH nrobom a;

€CJI1 N — YeTHoe 4YHCJIO, TO BBIDAXKEeHHe %/a vMeeT cMbICIT JIMIIb opu a 2 0.
U3 onpezenesuss KOpHA n-ii cTemeHU clenyeT, YTO IIpH BCEX 3Ha4Je-

HUAX 4, IIPA KOTOPhLIX BhIPaX€HWE Ya MmMeeT CMEICJ, BEPHO PABEHCTBO

(Ha) = a.

S EEERL KBaopaTtyvyHas GyHKums



BrIpaxesune '\‘[E npu a 2 0 uMeeT CMEICJI KaK IIpM YeTHOM, TAK U
Ip¥ HEUETHOM I, ¥ 3HAYEHHe 3TOr0 BHIDAXKEHUA SABJIAETCHA HeOTpHIA-
TeJILEBIM 4yHuciIoM. Ero HaseIBaloT apugmemuieckum KopHem n-ii cme-
neHu us a.

Onpepenexnve. ApupmMeTudeCKUM KODHEM n-ii cTeneHHM u3
HEOTPMIIATENILHOIO YKCja @ Ha3biBAETCH HEOTPHUIATEIbLHOE THC-
JI0, n-f CTEIeHL KOTOPOrO paBHA a.

KopeHb HeYeTHOM CTenmeHH M3 OTPHNATEJILHOI'O 9UCJa MOYXXHO BhIpa-
3UTh uepe3 apupMeTHnyecKHMii KopeHb. Hanpumep, \3/— = —Qfg, TaK Kak

Y 8=—2u-UB=-2
Boobmie npu j000M HEYETHOM n M IOJIOXKMTENBFHOM G BEPHO PABEH-

ctBO Y—a = —R‘/_.

Brl 3HaeTe, 9TO AJA HaAXOXKAEHUS C IIOMOINBIO KAJBKYJIATOpa IIpub-
NHXKEHHOr'0 3HAYEHUSA KBaAPaTHOrO KOPHS HCIOJL3YETCH CIIelUuanbHas

KJIaBHIIA f . JIna KopHeii n-ii cTemeHH, rae n > 2, NMOZOOHBIX KJIABUII

HeT. Ilpu HaXO0KJEHHMM KOpHS n-ii CTEIIeHN M3 IIOJIOKHUTEJILHOI0 UMC-
Jla @ MCIIOJIb3YeTCH NPUHATOE B MaTeMaTHKE IIPeACTAaBJEHHE BhIpake-

HUA Ya, rae a> 0, B BUIe CcTEI€eHM YHUCJA @ ¢ APOOHLIM ITOKa3aTeJeM.

Ilo onpexenennio, ecoiit a > 0 U n — HaTypaJbHOEe 4YMCJIO, 6onbmee 1,
1

cuuTaioT, 9o Ya = a’.
KopeHs n-ii cTemeHM M3 MMOJOXKXHUTEJILHOrO 4YHCJIA HAaXOOAT C II0-

MOMI[BI0 KAJBKYJIATOpPA, MCIOJNBL3yA Kjasumu |y*| u |1/x|, mepsaa us

KOTOpRIX 0603HAYAET CTelleHb, & BTOpas — 4YHUCJI0, o6paTHoe X.
IlporpaMMa BBIYMCJIEHMA KOPHA N-i CTEIIEHH M3 IIOJIOYKUTEJIHLHOrO
4Yiciia @ BRIMJISATUAT TaK:

a| |¥y*| |n| 1/x| |=

Hanpumep, uTo6BI HalTH :;1/5, Ha/0 BBIIIOJIHUTHL TAKYIO IIOCHENOBa-
TEJILHOCTh NEeHCTBHIA:

51 |y*| |8]| /x| |=

B peaynbTaTte mosyymm, 49TO ?/g ~ 1,7099....
JJ1s1 TOro 4ToGhl HAMTH C IOMOIBIO KAJBKYJIATOPA 3HAYEHUWE BhIpA-

*eHus 3—50 ¢ ToamocTeio mo 0,01, Haitnem cHauana 350:
50 |y*| |5| 1/x| |=

§ 4. CreneHnas QyHKUMRA, KOPEHb /- CTENEHU I 53



Oxpyranaa peayabtar no 0,01, monyamm, uTO 50 =~ 2,19. OTciona
HaxoauMm, dro 3Y-50 = —§50 ~ —-2,19.

Vneax(uel-mn

158. lokakuTe, 4uTO:
1
a) 4YHCJIO % €CTh ApH(PMETHUECKNIT KOpEeHb YETBEPTOHM CTEINeHH M3 16

6) auciyio 38 ecthr apudpmMeTHUecKHit KyOnueckuii Kopens u3 27;

B) YHCJIO —2 HE ABJIAETCA apM(pMeTHIEeCKHMM KOPDHEM Ye€TBEPTOH
cTenesu u3 16;

r) auciyo 0,1 He sABAsieTcA apu(pMeTHIEeCKUM KOPHEM IIATOM cTele-
H1 u3 0,0001.

159. IokakxuTe, YTO BEPHO PABEHCTEO:

a) V361 = 19; r) 5/-32 =§; x) 7 — 43 = 2 — f3;

243

6) 3343 = 7; n Y1 =1; 3) ,/9 4J— J5 — 2.
B)g/%=%, e) Yo = o;

160. HaitnuTe 3HaueHme Bmpaxcenna:

a) 416; r) Y53
6) ¥32; 45ﬁ;

B) ¥1; €) \/ 5
161. Beruuciaure:

a) ¥512; r) §~243;
6)¥1331; 1) ¢ 61265

B) %; e) § 729-

162. Ha pucynke 43 pgaH rpadpuk pyHKIUH
y = x%. C momMompio 3TOro rpadukxa

HayauTe:
a) ¥5; 6 ¥-4; = Y¥-2;

163. Ucnons3yst rpabuk GyHKnDUM y = x*
(cM. puc. 40), maitgure:

a) ¥2; 6) {5; ) {8.

RELERE KBagpaTtnyHasa yHKums
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164 IlpuHaanexxuT v rpadpurky QYHKOHU Y = Yx Touxa E(81; 3)?
F(81; —-3)? K(-16; —2)? L(0,0001; 0,1)?

165. Ilpusagnexxur g rpadpuky QYHKIUH Y = Q/; Touka A(8; 2)?
B(216; 6)? C(27; —3)? D(-125; —5)?

166. YkarkuTe OBa NOCJIEAOBATEJBHBEIX IEILIX YHUCIA, MEXAY KOTOpPhI-
MH 38KJIIOYE€HO THCJIO:

a) ?/3_5 6) ¥/20; r) ¥9; r) 452.
167. meeT JIN CMBICJ BhIpasKeHHE:

a) ¥-8; r) {3y

6) 70,28 ; Xn) %/(—_2)? .

s) ¥-5; e) WE-7)%?
168. Haiianite 3HAUECHUE BHIPAYKEHUA:

a) ¥-32; r) —4327;

6) ¥-1; n) ¥32 + ¥-8;

B) —24/81; e) 4625 — 3-125.

169. Bripa3suTe KOpEHb -l CTelleHH M3 OTpHMIOATEJbHOro YHCJIA uepes
apu@MeTHIEeCKHil KOpPEHb TOM K€ CTeIleHH:

a) 3-31; 6) ¥-17; ) W-2; r) 7-6.
170. Beruncaure:

a) ¥-125; B) —5416;

6) 0; r) —3%-64.
171. HaiiguTe 3HaYEHHE BRIDAXKEHHUA:

a) (v10)%; ) (-¥12)%

6) (¥5)°; r) (2%-2)".
172. Beruucaure:

a) (7)%; B) (243)%

6) (~3); 1) (-3¥2)%

173. IIpu Kaxkux 3HAYEHUAX A BEPHO PABEHCTBO:

a)\/a_2=a; 6)§/a7=—a; B)§/c1_3=a?
§ 4. CreneHHan GyHKUWA, KOPEHb N-i cTEeneHn I 55
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174. Ha pucyuke 44 unsobpakeH rpaduK PyHKUHH U = i’/a_c .
Haitimute, HMCIoiab3ys 3TOT rpaduk:

a) 30,5 ; 6) ¥4; s) ¥-2; r) ¥6.
175. Ilonwb3ysAack KANBKYJASATOPOM, Haigute ¢ TOYHOCTBHIO o 0,1:

a) 7; 6) ¥20; r) 430; r) §-48.

176. HaiiuTe ¢ TounocThio o 0,01 3HAUEHMe BRIPAYKEHWHA, IOJB3YACH
KaJbKYJIATOPOM:

a) 310; 6) 3-38; ) §18; r) 460.

n

177. IlocTpoitTe rpadMK PyHKIINH:
a) y = (x — 2)% 6) y = —3x% + 5; B) y = 2x% + 5x.

178. Peminte ypaBHeHUeE:
x 8 14 .
DX x+E - Pyzr_10
y 1 17

6 + + =
)ay-3 t 77 22+ 11y - 21

179. YopocTure BhIpa)keHHe

a—>5 12a - 61 3a —-18
a®-5a+25 a+125 ) 2a2-10a+ 50"
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KOHTpPONbHbIE BONPOCHI

B Kakyio $yHKUMIO Ha3bIBAOT CTENEHHON YHKUMEN C HaTypasnbHbIM
nokasarenem?

B Cdhopmynupyirte €BOCTBa CTENEHHON PyHKUMWU C YETHBLIM NOKa3a-
Tenem. NMokaxute cxemMaTudeckun, Kak BolfnsanT rpadpuk 3Ton PyHk-
Lmn.

B8 CohopmMmynupyintte ceoiicTBa CTENEHHON YHKLMM C HEYETHbIM NOKa-
3atenemMm n. MNokaxute cCxemMaTUyecku, Kak Bbirnaaut rpapuk 3Tton
byHkummn Nnpu n > 1,

9 [laiiTe onpeaeneHne KOpPHA N-U CTENeHwu.

Insa mex, kma -xoyem 3Hamb 6oJbuie

10. Apo6OHo-nuHenHaa byHKUua u ee rpadpmk

. k
BamM usBecTHHI CBOiicTBa M rpauk GyHKIMK Yy = - P k> 0. Orme-

TM elle OZHO CBOMCTBO 3TOM (YHKNHMH M O0COOeHHOCTH ee rpaduka.
IIpn HeOrpaHMYEHHOM BO3PACTAHMM IIOJIOXKHTEJNBHBIX 3HAYEHHM ap-
ryMeHTa 3HAYEHUs (PYHKIUH, OCTABAACH IOJIOKHMTEJIBHBIMH, YOLIBAIOT
H CTpEMATCH K HYJIO, T. €. ecam x> 0 u x — +0o0, To y — 0. Asanoruy-
HO ecoit x< 0 nm x — —00, t0o y — 0. Ha rpadukxe 370 CBOMCTBO IIPOSAB-
JIsieTCA B TOM, YTO TOYKM rpadMKa 0 Mepe MX yrajeHus B OecKOHed-
HOCTB (T. €. IIpH X — +00 MJIM X —> —O0) HEOTrpaHHYEHHO IMPUOIMIKAIOTCA
K ocu x. F'oBopaT, 4TO OCh X, T. €. npaAMan y = 0, aABAsAETCA acumnmo-

moi rpapuKa QYHKOUN Yy = % npu k> 0.

Boo0Oime acHMITOTOIf KPMBOII HA3bIBAETCHA NpAMas, K KOTOpPOH IpH-
OnmKarOTCH KAK yrogHO 6JIM3KO TOYKHM KPHBOM II0 MEpe MX yAajleHud
B 0€CKOHEYHOCTS.

I'mnep6ona y =-x’5 npu k> 0 umMeeT ere OOQHY &CHMMIITOTY — OCH Y,

T. €. npamyo x = 0. HeTpyaHO IOHATH, 4TO runepbona y = % npu k<0

TAK)Ke HMEET [IB€ ACHMIITOTEI — OCh X M OChb V.
Ternmepr MEI IIO3HAKOMMMCS C APOOHO-JIMHENHBIMH (QYHKIHUSMH.

IlpumepaMu Takmx QYHKIMIE MOryT CIYIKHTL (PYHKIMH, 38JaBAEMEIE
2x -5 6 x+4

bopmynaMmu y = axia Y- 10x—7 Y= 325 - IlpaBeie yacTH 3TUX

dopmysn — apobu, y KOTOPHIX YHUCJIUTEL — MHOIOYJIEH IIEPBOI crere-

HY UM YHCJIO, OTIHMYHOE OT HYJIA, A& 3HAMEHATENL — MHOro4YJEeH

nepBoit crenneHn. Takue (pyHKIUM HA3KIBAIOT OPOOGHO-NAUHEUHbIMU DYHK-

Yuamu.

IOna Tex, KkTo xo4eT 3HaTb Gonblue | -



Boobme apobHo-inHeHOH (yHKOHeH Ha3hBaeTcad GYHKOHA, KOTO-

- ax+b
PyI0 MOXXHO 384aTh )OPMYJIOH BHjaa y = —x + g’ TAe X — mepeMeHHad,
a, b, c 1 d — npon3BOJLHEIE YHKCJIa, pryeM ¢ #0 u ad — bc # 0.

Orpamugenne, uto ¢ # 0 1 ad — bc # 0, cymecrBenno. Ecan ¢ = 0,
TO MBI IOJY9IMM JIHHeHHy0 QyHKOHUIO, a npu ad — bc = 0 — coxpaTn-
MyI0 aApobOb, 3HaYeHHe KOTOpOii paBHO %, T. €. IIOJIY9HUM KOHCTAHTY.

Brl 3HaeTe, 4TO rpadmk GyHKOHH Yy = f(x) + n MOXHO NOJIYIHTH H3
rpaduka PyYHKOHMH Y = f(x) ¢ moMOImbBIO HapaJlIeJIbLHOTO IepeHoca
(caBura) BAOJIF OCH Yy HA N €AVIHHI, BBepX, ecau n > 0, uiau HAa —n egu-
HAL BHHU3, ecau n < 0. 'papuk dysxoum y = f(x — m) MOXHO moiay-
9UTh M3 rpadpuka GyHKOWH y = f(x) ¢ nNOMOIMBIO CABHra BJAOJHL OCH X
Ha m eAWHHWI, BOpaBo, ecjm m > (0, AJIM Ha —m eAWHHI] BJIE€BO, €CJIH
m < 0.

Iloka)xeM, uTO rpadpmroM ApoGHO-IIMHEHHOH (YHKOHAM HABJIAETCH

k
runepboiia, KOTOPYIO MOXKHO HOJIYYMTH H3 runepGosel y = S C mo-

MOIINbLI0O HNapaJUlesIbHBIX II€PEHOCOB BOJIb KOOPAWMHATHEIX ocei. Ilpomn-
JIIOCTPHUPYEM 3TO Ha NIPHMEPaX HNOCTPOE€HHS rpadMKOB KOHKPETHBIX
ApOOHO-TMHEHHBIX (PYHKIOHIA.

2x+ 4
x-1

IIpumep 1. IlocTponM rpadhuk QyHKOHUH Y = .
2x + 4

P llna sToro BEIAeSIMM H3 ApobH o7 DeIyio 4acTb, OpEeACTABUB

k
Apobe B BHAE N + ——.

HNmveem

2x+4__2x—2+6__ﬂx—n+6__24_ 6
x—-1 x-1 x—-1 - x—-1"

3nece k=6, m=1, n= 2.
I'papux PpyHKUHH Y =

~—7 T 2 MOIKHO INOJYYHTH U3 rpadguKa

6
QYHKOMH y = — C NOMOIBIO ABYX HapalylebHLEIX NEPeHOCOB:
6
caBura rumnepbosnel y = < Ha 1 eqmHMOY BIpPaBO BAOJL OCH X H

6
CABHTa IIOJNY9EHHOro rpadpmka y = . —7 Ha 2 eAMHHMIOB BBEPX B

HanpaBjieHHMH ocHd y. IIpu 3TOM npeobpazoBaHMH CABHHYTCH H
6 L
ACHMIITOTHl FHUNEPBOJIBI ¥y = ! OCh X NEpelAeT B IPAMyO y = 2, a

OCh Y — B IpAMyI0 X = 1,

Has nocTpoenms rpadmka AaHHOH (PYHKOHMH NMOCTYIHM TaK: IPO
BeleM B KOOPAMHATHOM IIJIOCKOCTH NYHKTHPOM ACHMITOTHI:
opaMmyio x = 1 1 npamyo y = 2. Tak Kak rumnepbojia COCTOMT M3
ABYX BeTBell, TO AJIA IIOCTPOEHHA 3THX BEeTBEH COCTABHM JIBE

LELERE KBanpaTtuiHasa yHKUUA



L)
AemE
6
:5 N
4
:'3 I~
>

~ 1

—5|-4 (-3 | -2Y-1H0{1-+21314-1 516 X

Puc. 45

Tabiaunbi: ogRY Ana x < 1, gpyryio gna x> 1.

x |-5(-8]-2]-1] 0 x| 28] 4]s
1 [o5] 0 [-1]-4 y | 8|5 4]385] 3

OTMeTPB B KOOPAMHATHOH IJIOCKOCTH TOYKH, KOOPDAHWHATHEI KOTO-
PHIX YKAa3aHBI B NIepBOii Tabiuue, ¥ COEAMHHB WX IIJABHOHM HeIpe-
PBLIBHOM JHHHeEH, MOJYyIUM OAHY BETBL rHUnepbosbi. AHANOrUYHO,
HCIIOJB3yA BTOPYIO Tabiuny, moJy9¥M BTOPYIO BETBb runepOOJIbl.

2 4
'padpuk PpyHKOUH y = :jl n3obpakeH Ha pucyHke 45. <
2x -1
IIpumep 2. IMocrpoum rpadux QyHKUME Y = —— 7

2
P Tax >xe xkak m B npumepe 1, BEIAeJaHM H3 ApoOH —

= +1 Lenyio
9acTb, T. €. NpeAcTasAM Kpo6b B Bume n + ———. Fmeem
2x—-1  2x+2-3  2Ax+1)-3 _ 8 |- _9g4 3
x+1  x+1 =+1 - |2 371~ > +1-

B atom cirygae K=3, m=-1, n = -2,

Dna Tex, KTo xoveTr 3Hatb Oofblue ' 59



3
Fpadpuk ¢GyHKOMH Yy = .7 — 2 MOXKHO OOJYIHTH M3 rpaduxa
3
GYHKOHHM Y = 7 C OOMOINBI0 ABYX IapallleIbHEIX IME€PEHOCORB:

3
casura ranepbositl y = 7 Ha 1 eaAMHUNy BJIEBO M cABUra rpaguka

3
dbyHEKOUN Yy = -7 Ha 2 eguaMnnl BuM3. Ilpn aToM acmmnroramu

runepbosibl Yy = 7 — 2 CTaHyT npaMble ¥y = -2 1 x = —1.
Ilanee moctynuMm Tak. IIpoBeieM B KOOPDAMHATHON IJIOCKOCTH
NYHKTAPOM acHMITOTH Yy = —2 u x = —1. CocTtaBum aBe Tabiupwr:
opHy aua x < —1, ppyryo gaa x> —1.
x -6 | 4| -3 | -2 x 0 1 2 5
-2,6f -3 |-3,56| -5 y 1 |-0,5| -1 |-1,5

OTMeTHB B KOOPAMHATHOM IIJIOCKOCTH TOYKH, KOOPAMHATHEI KOTO-
PBIX NIOMEINeHbl B IlepBOM Tabiume, U COEAVMHHMB WX IIJIABHOM He-
IIpEPHIBHON JMHHMEIH, MOJYYHM OAHY BETBb runepbonnl. cnosnnsya

BTOpPYIO TAONMHOY, IMOJYYMM BTOPYIO BeTBb rmmepboinni. I'paduk
2x -1
GYHKOUHR Yy = — : i ¥300paxkeH Ha pucyHKe 46. <

B mpumepax 1 M 2 MBI YCTAHOBHMJIH, YTO rpadMKOM KaXAON u3

- 2x + 4 2x ~1
Gymkomit y = 5 My =~

OOHH K3 crnoco60oB MOCTPOEHHA rpa)MKOB 3THX (QYHKIOHIL.

ABJAeTcA rumnepbosa, M MOKazaIH

Yh
3
1
—6]-5|-4|-3|-2| -1 oEN 231415 x
AP EEaE
= _'.sﬁ
(|
LA
4
—
-5
I

Puc. 46
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Mo)xxHO pgoOKa3aTh, UTO JA0O6yI0 ApPOOHO-NIMHEHHYI0 QYHKIHIO
y= ::;IZ MOXKHO HNPEACTaBHTHL B BHAE Y = + n.

Takum o06pa3oM, rpapuKoM ApPOOCHO-JIMHENHON (QYHKOHH ABIAETCS
runepbosa, KOTOPYIO MOXHO HOOJYUYHTH K3 rumepbonnl y =% C 1o-
MOILIBIO ABYX IapaJJleIbHbIX IepeHOCOB.

Yngaxneuun

480] YxaskrTe acHMOTOTH rUnepboJIkL:

10 8
181 ITocTpoiiTe rpaduK GyHKIHAK:
4 4
a) y = ;-3 B) Y= 335

4 4
6)y=-_;+2; r)y=;—2.

182.] Haiinure acHMNTOTHI runepbOJIkL:

x+8 x—8
a)y=x_2; 6)y=—x+3.

183, [TokakuTe cXeMaTHYeCKH, KaK pacloNoKeH rpaduk (QyHKOHK
k
y=—5—-7 +n, rae k<0, ecin:
a) m>0, n<0; 6) m<0, n>0.

o 3x -2
184 ITocTpoiiTe rpaduK PYHKIUH Y = xx_ >+ Haiigure Hynu QpyHKOHMM

H NIPOME@XYTKH 3HAKOINOCTOAHCTBA.

185] VrakuTte QyHKUMK, rpaduKaMH KOTOPHIX ABJISIOTCS THIepGOJbI.

15 8x -5 37T+ x 8x - 40
l.y=+"3 2.y=—%5 3. y=37—> 4. ¥y=5=2
N 2x + 95
186 HoxaxnTe, 94TO rpaduKy QYHKOMHK Y = —— 3 NPHHAAJIEKAT JIMIIb

ABe TOYKH, YV KOTOphIX M abcumcca M opamHaTa — HATYPAJIbHEIE
gucya. HaliinTe KOOpAWHATH 3THX TOYEK.

i~ 8x—-1T
tlsil Haitnnte Bce TOYKH rpadpukKa GYHKOHUH Y = xx s V KOTOPHIX H

&60ILPICC& H OpaAHHaTa ABJIAIOTCH HIeJbBIMH YHUCJIaMH.

A88] Pemmre rpadwueckn ypaBHeHHE ——p = x — 3
= P x+ 2 -

BD] IMocTpoiite rpadpuk Qpynrnun £(x) = ﬁ

PemmnTe ypaBHeHme:
a) g(x) = 3; 6) g(x) = 6; B) g(x) = 2.

Ana Tex, KTO xoyeT 3HaTb 6onbLe | 61



11. CteneHb C pauyuoOHanNbHLIM NOKa3aTenem

1
B 1.9 rosopmiochk, uTO BeIpadkeHue a”, rae a > 0 M n — HaTypaib-

HOe 9NCJIo, 0003HayaeT (‘/; . Temmeps paccCMOTPHM KAKOHl CMBICJI MMEET BhI-

m

— m
paxkeHHe a", rje a — TOJIOKHUTEJIBHOE INCIO0, — — APobHOe |HcIIo.

F e

m
. Onpepenexnve. Eciu a — mojoxuTeNbHOE YHCIO, - —

. m

| mpob6HOe amcyo (m — meaoe, n — HATYpaAJBHOE), TO a” = VJa".

Ilo onpenenennic nMeeM:

13
3 0N (1o _oft)? 1 2
0,78 = 8,0’73 i [5] = [5] = [5] i 56 =56 = 6,5—1 .
CreneHbr ¢ OCHOBAHHMEM, PABHBIM HYJIIO, OIpPEeAeNAeTcsaA TOJNBKO A
OOJIOKHUTEJILHOTO APOOHOro moxKasaTessi:

’------—--- ll\-------_l --—--—-—-—--—-—-————q--q
m

ecau — — ApobHOe IOJNoKHTeNbHOEe YMCIO (m ¥ n — HaTy- :

m 1

panbHBIE), TO 0" = 0, :

4

JInA oTpunaTeNbHBIX OCHOBARHHMI cTemeHb ¢ APODHHIM MIOKa3aTeeM
3 1 1

He paccMaTpuBaercdA. Takue Bmipaxkenus, kKak (—2)*, (-8) 3, 0 2, ne
HUMEIOT CMBICJIA.

H3BecTHBIE HAM CBOMCTBA CTEIIEHM C HEJILIM TTOKA3AaTeJIEM COPABEAJIH-
Bhl M JIJIs CTEeNeHH C JIIOOBIM pamHOHAJLHBIM noKasateneM. C nmx aoxa-
3aTEeJILCTBOM Bbl O3HAKOMHTECH B cTapmux KJjaccax. Ilepeumcimm stm
CBOMCTBa.

i
1 Jlaa snoboro a > 0 m m06BIX PAIHOHANBHBIX YHCENI P H (:
Y

i

o i

! aa? = o™, O
! a’: a’= a"’", @ |
: (@) = a”i. (3) ;
¢ [ mobux @ >0 u b > 0 u ymo6oro pANNOHANEHOTO UHCHA P |
! (ab)y’ = a'?, @
I \F  aP 1

[ 5

: &) =% CH
] ]
[ E ]

. »
SR SES WRABt A B L __Xi -u a H KA ER G N M Y A N GRS MY s W DD B D GBS S0 D JAN TED MEE MY JEN SNN NS A WD BN

WELEERL KBaapatnaHas yHkuUA
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PaccMoTpyiM IIDHMeEphl, B KOTOPHIX HCHOJIb3YIOTCA TOXIECTBEHHEIE
npeoOpa3oBaHNs BHIDAXKEHMIT, COAEPIKAILUX CTelleHH € APOOHBIMM IIOKAa-
3aTeJIAMH.

IIpumep 1. HaiigeM 3HaueHwe BHIpAKEHUSA
1 1 1

(x* - 6) —12x%(x 4 — 1) mpu x = 12,25.

P IIpeaBapuTEenbHO YOPOCTHMM 3TO BHIPaXKEHHE:
1 1 1 1 1 1 i
(x* —6)° -12x4(x 1 -1)=x2 —12x* + 36 —12x° + 12x4 = x2 + 24.
1

IlopcTaBuM B BhRIpa)keHne x2 + 24 naHHOe 3HAYEHHWE X W BHINOJI-
HHUM BhIYHUCJICHUS:

1 1

1 1 1
x2 + 24 = (12,25)2 + 24 = (38,56%)2 + 24 =8,56 + 24 = 27,5, <

3 1

4 _ 4
IIpumep 2. CokpatuM ApobB %

:cE + 5xz

P Pa3znoxuM Ha MHOMXXHTENH YHCIHTENb H 3HaMeHaTeab apodom. Ilo-

JIy9IHUM:
3 1 1 1 1 1 i
4 — 25x4 4(x2 - 25 4 _5) xt +5 4
xl xl =x1(x1 - l)(x =t -5. <
x2 + 5x4 x4 (x* +5) x +5
YnpaxHeHusa

190. IlpeacTaBpTe CTENEHL C APOOHEIM TIOKAasaTesJleM B BHJe KODHH:
3

1

a) 82, 5¢, 0,205, 7025,
3 o2
6) x¢, a'?, b08, c3;

1 8 1

B) 5a3, axb, —-b 5 (2b)4;
2 2z 2 3 2 2
r) (x-y)3, x® -y, 3(a + b)*, 4a 3 + ax?.

191. IlpepcraBpTe apdMeTHUECKMIi KOpEeHb B BUJIe CTENEHN C JPOOHEIM
noKasaTeyieM:

a) 1,3; B) 4%; n) Ya*; x) Ya? - b?;
1
o i o 433 a) §(x - y)*.

Ona Tex, xTo xo4eT 3HaTh Honbwe ‘ 63
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192. HaiiguTe 3HAYEHHE BHIPAYKEHHUSI:

1 3 1 _1
a) 273; B) 0,162; o) 5 - 325; x) 6 -8 3;
1 1 1
6) 25 2; r) 0,647 e) —643; 3) 70,04 2.
193. IlpencraBeTe B BHAE CTENEHH C PAllHOHAJLHBIM IIOKA3ATEJIEM:
11 1 1 1 3 4
a) c2c3; r) d°d?; x) 25 : 2z 2; K) (a2)?;
11 1 3 1 11
6) b 3b2; o) x2 : x2; 3) m3 : m?; a) (c 2)3;
21 5 1 11 _2
B) a’a®; e) y° : y; n) (%)%, M) (p°) °.
194. Vopoctute BrIpakeHHe:
1 3
a) (a0.4 )2 . a0.8; B) a(a—1.2 )4;
8 4 -3 -2
6) (x4)® - x%; r) (a®®) ¢ - (a 3)"".

195. Briuucimure:

2 1
a) 10° - 10 2 - 10°7; B) 8 - 9% - ¥3;
1 12 1

1 1 _1 1
6) 43 - 23 -89, r) 83 -163 - ¥4.

196. IlpeacrasrTe:
1

8 -1 3.
y X 7y X, X3

a) B BmAe kBagpaTa (x > 0): x5, %, x~
1 2

6) B Buze ky6a (y > 0): 45, y', y, ¥2, y*%, y*% y °.

197. Coxparure Apobs: ~
1 11
3 + 32 x—-y c+2c%d? +d
a) 1 3 B) 1 1 ’ n) c-d ’
3 2 x2 + y2
1
2
6) ""E'T ; r) gﬁg; © 711z
10 - 102 m3 -m3n® +n®

198. Hanummurte dopMysy, BEIPAKAIONIYID 3aBUCHMMOCTb MEXAY Ilepe-
MEHHBIMH U M U, €CJIH:
2 2

a)u=t§+1,v=t_§+1;
1 1
B)u=( + 2)4 v=(2-1¢).

64 LELER] KsagpaTtndHasa ¢yHKUMS



199. JloxakuTte, uTO ecau b = 4—5" 1 a > 0, TO BepHO paBeHCTBO:

1 1
(@a+b)? +(a-b)P® _

1 1
(a +b)2 — (a-0b)?

2.

QononHnuTEbHbIe ynpaxHeHus K rmase |

K naparpady 1

200. Haiiaute obnacty onpepenennsa GyYHKOHN:
1 1 1
a)y=6:t 67 6)y=\/-;"\/x—4; B) y = -

201. [InnHa IIpAMOYTOJbHHKA ABCD B
(puc. 47) pasHa 10 cMm, a mMpuHa —
7 cm. Otrpesok MN mepeaBHUraeTcs OT
oTpeska AD no orpeska BC, ocTaBasach
napayueasHBIM oTpe3ky AD. Ilnomaas M N

Yy (cm?) 3aKpallleHHOM YacTH EecCcTh
¢dyHKOHUA paccToOAHMA X (CM) OT TOY-

@]

KH D pgo Touku N. 3agaiiTe QyHKOUIO A D
y = f(x) dopmynoii. Haligure o6nacTh
3HaYeHWH 3TOil QyHKOHH. Puc. 47

202. B paBHOGEZpPEHHOM TpPEYroJbHHKE
ABC ocuoBaaune AC paBHO 6 cM, a 60oKoBas cTopoHa — 5 cMm. Kon-
OBl TOABHIXHOIO OTpPE3KA, NAPAJIJIEJIBHOI'O OCHOBAHHIO, JIEXKAT Ha
6okoBEIX cTOpOoHax. Ero gnvHa paBHa y (cM), 8 pacCTOAHHE OT Bep-
muHEe — X (cM). 3agaiiTe ¢popmynoii y Kak GPyHKOuO ot x. Haii-
auTe obslacTh 3HAYEHHII 3TOM (QYHKHHH.

203. dyukuua 3agaHa Gopmyoi Yy = . [IlepecekaeT 1u ee rpadHK

1
2 +1
ock x? ock y? B KakMX KOODAHMHATHBIX YETBEPTAX PAacCIOJIOXKEH
rpaduK 3TOi PYHKUHH?

204 Katep oTHpaBiasieTci OT IPUCTAHH A M HAeT BHU3 IO peKe K
npuctain B, o koropoii 60 xM. Ilocie AByX4uacoBoii CTOAHKH Ha
npuctaHA B oOH BosBpanjaercsa obpatHo. Paccrosiame [ (km),
IpOoHEHHOe KATEpPOM OT IIPHCTAHH A, 3aBUCAT OT BpeMeHH t (u4),
OTCUHMTHIBAEMOrO C MOMEHTA OTIpaBJIeHHA KaTepa M3 A 1o
MOMeHTa BoaBpaielnnsa. CoO0cTBeHHasa CKOpoOCTk Katepa 16 Km/4,
CKOpPOCTH TedeHHs peKH 4 KM/4. 3agaiiTe [ Kak ¢YHKOHIO OT ¢
dopmynamu, mocTpoiTe rpaduK (GyHKIIMH, OIMUUIHTE MO rpadHkKy
ee cBoiicTBa M O00bACHUTE MX (QU3HMYECKHH CMBICJI.

JononHuTenbHbIE YNpaxHeHus K rnase |
3- 10. H. Maexkaprraes, 9 xi. 65
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205. HauepTuTe rpadMK Kaxkoil-HHOyAL QYHKIIMH, 06JACTBIO OIIpefesie-
HHUA KOTOpOil fABJIseTCA npoMexxXyToK [—3; 4], a obnacTeio 3Haye-
HHE — npomexyTok [0; 6].

206. HaitanTe Hynn ¢yHKUUH (€CHIH OHH CYINECTBYIOT):

2x +11 6 38x% - 12
a) Yy =—3¢ 6) ¥ =35—05x° B)Yy=—7—:

207. UsBecTHO, 4TO ¥ = f(x) m y = g(x) — BospacTtawiue (yOnBalolne)
¢ysknuu. Jloxkaxure, 4To QyHKOHA ¢(x) = f(x) + g(x) ABasercsa
BoapacTamwoleii (yOriBaloleii) QyHKIIHei.

208, UspecTHO, 4TO ¥ = f(X) — BO3pacTralomaa QYHKIHMA ¥ @ — HEKOTO-
poe uucno. Jlokaxute, 4TO0 ypaBHeHHe [(x) = a mmeer He Oosee
OMHOrO KOPHA.

9, Pemnte ypaBHeHHe:
“a) Jx + x? = 18; 6) x* + 5x = 6.
210. Kakne n3 ¢yHKOMI, 3aJaHHEIX (Qop- y
Mynamm y = x2, y =x2 + 5, y = 2x + 5,
y=x37 y=_x2’ y=_x2_4’ y=‘/;’

y=+Jx +1, y=x*+ x? + 6, coxpa-
HAIOT 3HAK Ha Bceil obiacTH onpene- o 1
NeHua?

rY

211] Ha pucynxe 48 msobpakeH rpadmr Puc. 48
OfHON K3 QPYHKOHH Yy = Jx -1, y=

=Jx+1, y=.1- x. Kakoii umeHHO?

212. Kaxoit n3 Tpex rpadpmKos, n3odpakeHHEIX Ha pucyHkKe 49, aBnsa-
erca rpabmuxoM GYHKUHE Yy = |x — 2|?

213 ITocTpoiiTe rpaduk GyHKOMH Yy = I_gl Y OIMIINTE ee CBOICTBA.

1.  y 2. \yn 3. v
11 1t 1
, V4 ; . .
. O\ 1 x of 1 x o 1*
Puc. 49

L ELEERE KBagpatniHaa gyHkumsa



K naparpady 2

214. HaiiinTe KOPHM KBAJAPATHOrO TPEXYJIEHA:

a) %xz +§x - 2; B) —x% + 4x — 2%;
6) 322 —gx—5: 1) 0,42% — x +0,2.

215. CocTaBbTe KaKOM-HMOyAL KBAAPATHHIA TPEXWIieH, KOPHAMH KOTO-
poro ABJIAIOTCA YHCJIA:

a) =7 u 2; 6) 3 -2 u 38+ 2.

'216] IIpn KaKoM 3HAYEHAW p BHIPAYKEHHE 2px? — 2x — 2p — 8 cTAHOBHT-
CA KBaJAPATHHIM TPEX4JIEHOM, OAHHM K3 KOpPHe#l KOTOpOro siBJIsieT-
cA gucno Hyas? Haijgute Apyroil KOpeHb.

217. JlokaxxuTe, 9TO KBaJpaTHBII TpPeXWJeH HMMeeT KOPHH, M HaljuTe
HX CYMMY H IIpOM3BEIE€HMNE:

a) 2x% — 10x + 3; B) 0,5x% + 6x + 1;
6) %xz + Tx — 2; r) —%xz + %x + %

218. HaiiauTe TpexdieH Bujga X2 + px + ¢, KOPHAMH KOTOPOTO SIBJISIIOT-
csl He paBHBLIe HYJIO YMCJIa p H (.

219. IIycts o0 ¥ B — KOpHHU TpexuseHa x> + px + ¢, npuuem off = 4 u
Jo + JB = 3. Uemy paBHH O u B?
220. BrijennTe KBaJpaT ABYIJEHA H3 KBAaJAPATHOrO TPEXUJIEHAa:
a) 2x2 — 8x + 7; B) 5x% — 3x;
6) —3x% + 4x - 1; r) —4x2 + 8x.
221. Toka)xuTe, UYTO KBaAPATHBIH TpeXdJieH:
a) —x2 + 20x — 103 He OIpHHMMaeT MOJOKATENHHEIX 3HAUYEHWIH;
6) x2 — 16x + 65 He NpMHEMaeT OTpMIATENLHEIX 3HAUYEHMIL.
222. HaitiauTe Haunbonbillee MJIM HaWMMEHbIIEEe 3HAYEHHE KBAJAPaATHOTO
Tpex4JeHa:
a) 3x% — 4x + 5; 6) —3x% + 12x.

223 CyMmMa moJIOKMTENBHEIX unces @ U b paBra 40. IIpu Kakmx 3Ha-
geguax a U b ux npomssBegeHne Oyaer HanbonpbmmAM?

224. Pasno)xxuTe HA MHOMWTENH KBAJAPATHBRIM TPEXdJEeH:

a) 0,8x% — 19,8x - 5; B) x2 + x/2 - 2;
6) 3,5 — 3zx +22% r) x% - x/6 + 1.

fyq .
£225] Buas, uTo m — nenoe uyMCHI0, HaWAUTE HeJIkie KOPHHM TpeXdjeHa
mx? + (m — 8)x — 8.

JononHutenocHole ynpaxHeHUsa K rnase | I 67
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226. BHas, 4TO KO3(hOdUIMEHTH KBaJpaTHOro TpexuyeHa (n — 3)x? +
+(n+ 1)x + 9 — 2n — HaTypaJbHBIE YHCJIA, HANUTE 3TOT TPEeXYJeH.

227. CoxkpaTtute ApoOb:
2m? -8 2m? —5m + 2
a)

6) mn—-2n—-3m+ 6"
228. BLIIOJIHUTE JAeiicTBHE:

m? + 6m + 8’

x+4 37x-12 | P+11x+30  x+5
8) x-1 4.2 3x-1 0 —3z—15 'z-53
6 x-1 1-x 2x% - 7 x+1
)x+2 x»+3x+2° 'U‘)x2_3x_4 x—4’

Tx — x° xz—x—20. 24+ x— x° 10x

. +
B) x+ 4 T-x ’ e)2_5x+3x2 3x—-2°

K naparpady 3

229. TIpu KaxoM 3Ha4YeHUH a rpaduK QYHKIHH U = ax’ IPOXOAHUT Yepe3

TOYKY:

a) (55 —7); 6) (~3; 9); B) (—%; —%); r) (100; 10)?
230. IocTpoiiTe rpadvk GyHKIUH, 3amaHHON ¢opmyJoill y = —-0,25x2,

rae x€[—-6; 2]. KakoBnl Hanbosbpmee n HauMeHbIIee 3HAYEHUSA

3TOM (PYHKIMHU?

231. IIpn KaKuX 3HAYEHHMAX @ O6JACTBIO 3HaYeHMH (PYHKIUH y = ax’

ABJIFETCHA TpoMekyTok: a) [0; +90); 6) (—o0; 0]?

232, Mokaxkurte, yTto rpaduKy QYHKOMHE Y = ax’ u y = ax, rie a =0,
nepecexaroTca B TouKe (1; a). B kakoii emme ToOuke mepeceKaloTCs
3TH rpaduKu?

233. Ilapa6osny y = 7x* cABUHYJNIHM BBEepX Ha 5 €JUHHUI] M BJEBO Ha 8
enquHun. 'papukoM Kakoil (PyHKIIMH SABJIAETCH TOJIyYeHHad Iapa-
6ona?

234. Kakne npeo6pa3oBaHAA HALO BBITIOJIHUTH, YTOOHI:

a) u3 rpaduka QYHKIHUHN Y = x3 MOJIYYUTE rpaduKn (GyHKIHHA
y=-x, y=(x-3)° y=1x*+4;
6) u3 rpaduka QYHKNUU Y = \/a_c MOJYYHUTH rpauKM (QYyHKITUI
y=—r,y=Jr +5,y=Jr-1?

235] IocTpoiiTe B OAHOI KOOPAMHATHOI ILIOCKOCTH rpadMKM (DPYHKIIUINA:
y=lx, y=1|c—4, y=|x -4 -3.

236. IlocTpoiiTe rpa®MK (PYyHKIUH:
a) flx) = |x® — 2x]; 6) f(x) = x* - 2Jx|.

68 LELEER] Keagpartnusaa ¢yHKumA



1237. ITocrpoiiTe rpaduK GyHKIUM:
3
b 4

Dy-sh 6 y=-f

238 IIp KaKkuX 3Ha4YeHMax ¢ rpadmuk ¢yHkoum y = x° — 6x + ¢ pac-
IIOJIOXKEH BEIIIE NPAMOI:

a) y=4; 0) y=-1?

1239, IIpy KakuX 3HAYEHUaX b U ¢ BepIIMHOI napabonw y = x° + bx + ¢
aBnsaerca Touyka (6; —12)?

240. Halinnte 3HadeHMe a, IPH KOTOPOM OCBI0 CHMMeETpHM Napaboibl
y=ax’— 16x + 1 gBnaseTca npamas x = 4.

241. IIpn kakux 3HAYEeHUAX @ M € KBaApaTHUyHad QPyHKUUA Y = ax’ + c
uMeeT HyJau?

[242. HafinuTe 3HaueHus a ¥ b, OpHM KOTOPHIX rpad¥K (QYHKIUH
y = ax® + bx — 18 npoxonaut depes Touku M(1; 2) u N(2; 10).

243. TlocTpoiiTe rpad®¥UK (PYHKIIMHA M ONUIINTE €e CBOHCTBA:

a) y=x2+ 2x — 15; r) y = 6x — 2x%
6) y = 0,5x% — 3x + 4; o) y=2x— T x + 1);
B) y =4 — 0,5x%; e) ¥y =(2 — x)(x + 6).

244. HaiinuTe o61acTh 3HAYEHUM (DYHKIUM:
a) y = 3x°> - 0,5x +~1%; B) Y =—%x2+4x~5,5;
6) y=2x>+ 1,22+ 2; 1) y=-32%— 2x — 42,

245. Ilycts h (M) — BBICOTA, HA KOTOPO¥M HAXOAUTCH OPOILEHHBIN C 3eM-
Ju BBepX MAY, t (c) — BpeMdA mnojeTa MAYa. 3aBHUCHUMOCTB b oT ¢

BEIpa)kaeTca ¢opmynon h = 24t — 4,9t2. Kaxoit mHambonsmeii
BEICOTBI JOCTHUr MfA4Y? B KakoM IIPDOMEXKYTOK BPEMEHM OH IOAHU-
MaJicH M B Kako¥ onyckasica? Yepesd CKONBKO ceKyHJ Nociye 6poc-
Ka OH ynaJ Ha 3eMJio?

246. 3anaitre QopMyIION KaKyio-1N00 KBAAPATHYHYIO (DYHKIIUIO, KOTOpAasd:
a) B npoMexyTtke (—oo; —3] ybriBaeT, a B npomMexkyTke [—3; +00)
BO3pAaCTaeT;

6) B npomexxyTke (—°°; 6] BO3pacraeT, a B IIpoMexXyTKe [6; +°0)
yOrIBaerT.

247] ®yukuusa s3agaHa Gopmynoilt y = x2 + px + ¢. Haiiure sHaue-
HUA P ¥ ¢, €CJIM U3BECTHO, YTO:

a) Hyau GYHKOUM — yuciaa 3 u 4;
6) rpaduK (PYHKIHH IlepeceKaeT OCHM KoopAuHaT B ToukKax (0; 6)
u (2; 0);

B) HaMMeHbIllee 3HayeHHe, paBHoe 24, (GYHKIHUA IIPUHUMAET IpPH

x = 6.
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248, TTo rpadury QyHxmu y = ax® + bx + ¢ (puc. 50, a, 6) onpenenn-
Te 3HAKM KO3(pPHUIUEHTOB a, b m c.

]Y
=)
[

]Y

Puc. 50

K naparpady 4

249. Oo'bsicHUTE, TIOYEMY BEPHO HEpPABEHCTBO:

a) 5100 > 4100; B) 1’5261 < 1,6261;
261 261
6) 0,87'% < 0,89'°; ) (g) > (g) :
250. CpaBHMTe 3HAYEHUSH CTelleHei:
47 g\17 01 .
a) 2'° » 31'; B) (g) n (5) : n) 3% n 87;
10 20
6) 0,3° u 0,25 r) (%) u (%J : e) 1250 u 36°.
251. Manu pyHKDUY f(x) = x° 1 g(x) = x'°. CpaBHuTe Cc HyNeM:
a) f(25) - f(12); B) f(0) - f(60); n) g(-9) - g(—17);
6) f(—30) - f(-20); r) g(17) - g(5); e) g(38) — g(0).

252. loxkaxxkuTe, 4TO IPpH HATYPaAJIbHOM Ii:
a) ecim x€[0; 1], To x**! < x7;
6) ecnu x € (1; +°), To x" "1 > x".

253. Hailinute n, ecim M3BECTHO, YTO rpaduxk (PYHKOHH y = x" IIPOXO-
IUT 4Yepe3 TOYKY:

a) A(2; 8); ©6) B(3,5; 12,25); B) C(—3; 81); r) D(—-2; —32).
254. CymecTByeT NH Takoe HATYpaJibHOe 3HAYEHHE 7N, IPH KOTOPOM

rpaduK QYHKOHMH Y = X" IPOXOAUT 4Yyepe3 TOYKY:

a) A(2; 5); 0) B(\/g; 81); B) C(—5; 415); r) D(—-7; —343)?
2585. ITocTpoiiTe rpaduk GyHKIMH:

a) y = —x% Ny=(x-2°+1 *®) y = (x — 3)%
6) y =x°-1; ny=-x% 3) y =(x— 3)*+ 2.
B) y = (x — 2)% e)y=x"-1;

KeagpaTuuHas dyHKUms



256. CkobKO KOpHel MMeeT ypaBHeHHE:
a) x1° = 2; B) x!¥ = -3; m) x" = 0;
6) x'% = 0; r) x' = 5; e) x' =-17

257. HatiguTe 3HAYEHMe BRIpA)KEHUSA:

a) —0,591024; 8) 1,59512; n ¥-125 - Jo,17;

6) -24/~2187; r) ,5f7;—g- -,fsi; e) #1672 - 3o,125%.
258. Pemmure ypaBHeHWe:

a) Jx = 0,2; ) ¥a = -1; n Yx =1;

6) ¥y = 33 r) 4 = 2; e) Yy = -2.

259. Ilpn KakuX 3HAUYEeHUAX INEePeMeHHOM HMeeT CMBICJI BhEIpaXKeHHue:

a) 8\/x—2; : B) 3x + 5; ) ,4f—5y+6;
6) ,4/9;"; r) 8f3a - 5 e) 1529 7

260. CpaBHHTE 3HAYEHUA KOpHEH:
a) ¥23 u ¥27; 6) 35 u ¥-4; s) §~0,1 u ¥o,01.

261. Onpenennte 3HAK PA3HOCTH:

2 ¥6 - 47, 6) g — oL ) 1- 40,99, r) 40,28 - §2.
262. Haiinnte o6nacTe onpefiesleHUsd (QYHKIINH:

a)y= ,/O,Ix - 23 6) y= ,4/5 - 2x; B) y = \3/8x + 1.

263. ITonwp3ysice rpaduxkamMu QyHKmUH Yy = X, y = «/;, y= ‘\’/;, peiuTe
YpaBHEeHHe W HEPABEHCTBA:

a) Vx = x, Jx < x, Jx > x; 6) ¥x=x, Yx < x, Yx > x.

264. TTocTpoiiTe rpaduK PyHKIHH:
a) y = —Jx; 6) y = ~¥x; B) y = V-x; r) y ={-x.

Yem oTnMyaloTcs APYr OT Apyra rpaMKH GyHROUHA y = —\/; Hu

y=v-x?y=-Yx uy=Y-x?
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¥ 211l YPABHEHUA U HEPABEHCTBA
C OOQHOU NEPEMEHHOU

EXH YPABHEHUSI C OAHOW NEPEMEHHOW

12. Llenoe ypaBHeHuEe U ero KOpHM

B kaxxaom n3 ypaBHEHHU

-1 +x=x-2(x-1), 1)
4_1 21
x4 _x2 = 3x* (2)

006e YaACTH ABJIHIOTCH IIE€JILIMM BEHID&XXKEHUAMH. Takue ypaBHEHHUS HAa3BI-
BalOT, KAK M3BECTHO, Yeabimu YypaeHeHuamu. HamoOMHHM, YTO

F_-__-—_—- T R G SR sy Ghis S dum GEe Enh i Gl EED BEE GOT D MR ----_---_——_----'

| o - !
| LEeNBEIM YpaBHEHHEM C OAHOM II€EPEMEHHOM Ha3bLIBACTCH ypaBHE- |

| HHe, NeBadA ¥ IIpaBad YaCTH KOTOPOTO — Il€JIbI€ BBIPAXKEHUHA. |

B ypaBHenun (1) packpoeM CKOOKM, IIepeHEeCEM BCE€ YJIEHBI B JIEBYIO
4acTh M NpUBeZieM noAobHbIe uyjeHBI. Ilomyuum

-2 +1+x°=x%-2x+2,
-2 +1+5 -5 +2x-2=0,
x*—-2x*+2x—-1=0.
BrImonHMM aHaJIOTMYHBIEe Npeobpa3oBaHNA B ypaBHeHUM (2), yMHO-
YKUB OpeABapuTeNpHO 00e ero yactu Ha 4:

xt-1-2(x%+1)=12x%
xt—1-2x% - 2=12x%,
xt-1-2x2-2-12x%2=0,
xt—14x*-3=0.

W EL:EN] YpaBHEHMA U HepaBeHCTBA C OOHOW MepemMeHHOW



B Ka)XJIloM H3 pacCMOTPEHHBIX IIPHMEPOB MBI BBINOJHAJH TaKHe
npeoOpa3oBaHUA, KOTOPBIE€ IIPUBOAAT K YPABHEHHIO, pPAaBHOCHJIBHOMY
IAaHHOMY. B pesyibTaTe monyuajH ypaBHeHHe, uMmewomee Buj P(x) = 0,
roe P(x) — MHOro4sieH cTaHAapTHOI'O BHA.

Boobie BCcAKoOe nejyioe ypaBHEHHE MOXXHO 3aMEHHUTH DPABHOCHJIBHEIM
eMy YpaBHEHHEM, JieBasd 4acTh KOTOPOTO — MHOI'OYJIEH CTaHAapPTHOIO
BUIA, & IpaBad — HYJb.

Eciun ypaBHeHMe ¢ OOHOM IIepeMeHHOH 3aIlucaHO B BHIE
P(x) = 0, rone P (x) — MHOrowilieH CTaHZAPTHOI'O BUJA, TO CTe-
NeHp 3TOr0 MHOrO4YJieHA HA3BIBAIOT CMENEHbl0 YpPaA6HEHUA.
CteneHb0 IIPOM3BOJIBHOI'O IIEJION0 YPABHEHUA HA3BIBAIOT CTe-
IIeHb paBHOCHJIBHOTO eMy ypaBHeHMa Buaa P(x) = 0, rpe
P(x) — MHOrouJjieH CTAHZAPTHOT'O BHIA.

B % o5 0% P S0 BB 4 Ol =
T L L L L

i

Hanpumep, ypaBHeHue (1) ABJfAeTCA ypaBHEHHEM IIITOM CTENEHH, &
ypaBHeHHe (2) — ypaBHEHHEM YE€TBEpPTOH CTEIIeHU.

YpaBHeHU e IepBOil CTelleHH MOX@KHO NPHUBECTH K BUAY ax + b= 0, raoe
X — IepeMeHHasl, a U b — HeKoTopkle yucia, npuueMm a # 0. I3 ypaBHe-

b b
HuA ax + b = 0 opu a # 0 nony4yaem, 4yro x = ——. Hueno —— — KOpeHb

ypaBHeHus. Ka)kJjoe ypaBHEeHHE TIepPBOil CTENIEHH MMEEeT OJUH KOpEHb.

YpaBHeHHe BTOPOM CTeNeHH MOYKHO IIPHUBECTH K BUAY ax’+bx+c=0,
rme x — mnepeMeHHasi, d, b M ¢ — HEeKOTOpHIe Yucia, npuuyeM a # 0.

Yucyao KOpHeii TAKOro ypaBHeHHMSA 3aBHUCHUT OT JUCKpUMHHaHTa D = b? —
—4ac. Ecom D > 0, TO ypaBHeHue uMeeT ABa KOpPH#A; ecau D = 0, TO
VPABHEHUE MMeeT OOHUH KOpeHb; ecau D < (0, To ypaBHEHHEe He HMEET
KopHeii. JIio060e ypaBHeHHe BTOpPOil CTelneHM HMeeT He 0OoJiee IByX
KOpHeii. I HaxoXIOeHUA KopHeil npu D 2 0 ucnosbsyercs, Kaxk H3-

. b+ D
BECTHO, ()OpMyJia KOPHeHl KBaJpATHOTO YPABHEHHA X = ——5—.

VYpaBHeHHNe TpeTheil CTEIIeHH MOXKHO TIPHBECTH K BUIY ax® + bx? +
+ ¢x + d = 0, ypaBHeHUe 4YeTBepTOil cTeneHM — K BHAY ax® + bx® +

+ecx?+dx+e=0mur. n., roe a, b, ¢, ... — HEKOTOPBIE YHCJIA, IPHYEM
a # 0. Mo>XHO n0Ka3aTb, YTO YPABHEHNE TpPeTheil cTeneHu umeeT He 60-
Jlee Tpex KOpHeil, ypaBHEeHHE 4YeTBepTOil cTenmeHH — He 6oJiee yeThIpex
KOpHeii. BoobIle ypaBHeHMEe 7N-i cTeleHHn nMeeT He Gojsiee n KOpHe:.

Iss ypaBHeHMil TpeTbeii M 4YeTBEepTOil cTeneHeil M3BeCTHHI (opmy-
JIBI KOpHeH, HO 3TH (POPMYJIBI OYEHB CJOKHBI ¥ HEYAOOHBI IJIsi IIPaK-
THYeCKOro nmpuMeHeHus. JJig ypaBHeHUH nATOH M 60Jiee BHICOKMX CTe-
neHell oO6muX (POopMyJ KOpPHeill He CYyII[eCTBYET.

3aMeTHM, YTO MHOTZA YAAETCHA PEIINUTh YpaBHeHHe TpeTheHd u 6osee
BRICOKOI1 CTeNneHH, IPHMEHAd KaKoH-Tu6o chnenmanbHBIH IIDHUEM.
Hampumep, HekoTOpHIe ypaBHEHUS HETPYAHO DEIIHUTEH ¢ IIOMONILIO pPa3-
JIO}KeHUsI MHOTO4YJIeHa Ha MHOXHUTEJH.

§ 5. YpaBHeHUsi C OfIHON nNepemeHHOMn ‘ 73



Ilpumep 1. PemuMm ypaBHeHMe
B®-8-x+8=0.
P PassioxKUM JieByl0 YAcTh YPABHEHMS HA MHOXKHUTENH:
X*(x-8)-(x—-8)=0,
(x - 8)(x* - 1) = 0,
(x—8)(x—-—1)(x+1)=0.
Otciona HalzeMm, 49TO
x—8=0,umx—1=0,mumx+1=0,
3HAUHT, UCXOAHOEe YpABHEHUEe MMeeT TPH KOPHA:
x,=8, xg=1, xg=-1.
YpaBHeHMs, CTelleHbh KOTOPHLIX BHINIE ABYX, UHOrAA YAAETCH pe-

OIUTH, BBEAA HOBYIO NEPEMEHHYIO.
PaccMoTpuM npvMephl pelleHUs YPABHEHHUIl 3THM METOAOM.

IIpumep 2. PemnM ypaBHeHUE
(x® — 5x + 4)(«® — 5x + 6) = 120. (3)

P Ecim nepeHecTH Bce WieHbl YPABHEHHMA B JIEBYIO 4YacTh U IIpeobpa-
30BAThH IIOJIYUMBIIEECH BhIpAXXeHHEe B MHOrO4YJIEeH CTaHAAPTHOrO
BHIA, TO NMOJYYHUTCH YpPaBHeHUe

xt — 10x® + 35x%2 — 50x — 96 = O,

JJIA KOTOPOro TPYAHO HAWTH cnocofb pemeHus.

OaHAKO MOYKHO BOCIIOJIB30BATHCH CJeAyIome ocoO0eHHOCTRIO ypasB-
HeHMA (3): B ero JIeBOM 4YaACTH IIepeMEHHasdA X BXOAHUT TOJBKO B
BEIDAYKEHMEe X2 — 5X, KOTOpOe BCTpeHYAeTCH B YPABHEHUH IBAXKBI.
JTO IIO3BOJIAET PEIINTH JAaHHOE YpPaBHEHHE C IIOMOM[bIO BBeAeHUSA
HOBOil mepeMeHHO#. O6o3HauMM x° — 5x uepes y:

x? - 5x =y.
Toraa ypasHenre (3) cBefeTcsi K YpPaBHEHUIO C IIEPEMEHHOM Y:
vy +4)(y+6)=120,
KOTOpOe IocJie YIPOIEeHUA IPUMET BHJ
y?> + 10y — 96 = 0.
PemunB mnoJjiydeHHOe KBaJpATHOE ypaBHeHMe, HalJeM ero KOpHH:
y, =-16, y, = 6.

HUABC ABEJIb (1802—1829) — HOpBEXCKUA MaTeMaTuk.
OcHoeatenb obueit Teopun anredbpanyecknx GyHkUMi, BHEC
60nbWOIA BKNAA B MarteMaTtu4eckMi aHanui. Bnepebie Aaoka-
3an HepaspewumocTs B obwem cnyyae B pagvkanax anreb-
panyeckoro ypaBHeHUs NATOW cTeneHn u 6onee BbICOKUX
CTeneHen.

FEL:ERI YpaBHeHUMA U HEpaBEHCTBA C OOHON NEepPeMeHHON



Orcrona
x%2 — Bx = —16 nunu x® — 5x = 6.
Pemas ypasHeHMe X2 — 5x = ~16, HaiifleM, YTO OHO He MMeeT KOpHeii.
Pemas ypaBHeHMe x° — 5x = 6, HaiiieM, YTO OHO MMeeT /iBA KODHA:
x, =-1, x, = 6.
3HauMuT, ypaBHeHMe (3) MMeeT ABA KODHS:
x,=-1, x,=6. 4
MeToa BBeneHNA HOBOH IepeMEHHOMN IMO3BOJIFET JIETKO pPelaTh YpaB-
HeHHA YeTBepTOll cTeneHH, mMelommue BHA ax® + bx? + ¢ = 0.
VpasHerus Buia ax® + bx? + ¢ =0, rae a # 0, ABNSIOMUecA KBaj-
pPATHBIMM OTHOCHTENHHO X2, HASHIBAIOT OUKEAOPAMHLIMU YPAEHEHUAMU.

IIpumep 3. PemuuM OMKBagpaTHOE ypaBHEeHHE
9x* - 10x2 + 1 = 0.
BeeaeM HOBYiO IepeMeHHYI0, OGO3HauUMB Xx° udepes y:
xt=y.
ITonyuuM KBagpaTHOe ypaBHEeHHe C NepeMeHHOH y:
9% - 10y +1=0.
Pemus ero, HaiaeM, 4To

yl = 6, y2 = 10
3HAYUT,
1
x’ =g wm x* =1,
2 1
U3 ypaBHeHMHd X° = g HAXOAWM, 4UTO
__1 =1
xl - _—3-, x2 = 3-
N3 ypaBHenus x° = 1 HaXomuM, 4TO
xg=-1, x, = 1.
Hrak, HcxoaHOe OMKBaIpaTHOEe YpABHEHME MIMeeT 4YeThipe KOpHS:
1 1
xl=_§, x2=§’ x3= _1’ x4=1. 4

ISBAPUCT FANYA (1811—1832) — ¢dpaHLy3CKUIA MaTemMaTuk.
3anoxun oCHOBbI coBpemeHHon anrebpbl, BBen psaa ¢dyHoa-
MeHTanbHbiX ee noHAaTuin. Hawen Heobxognmoe U pocTaTou-
Hoe ycnosue, KOTOpPOMY yaosnetsopsieT anrebpauvuyeckoe
YPaBHeHue, paspewnMoe B paaukanax.

§ 5. YpaBHEHNA C OQHOI NEpEeMEHHOM



YnpaxHeHus
265. KakoBa cTeneHL ypaBHEHHUS:
a) 2x% - 62>+ 1 = 0; r) (x + 8)(x—-7)=0;
6) x® — 4x® — 3 = 0; n) 5—%=5;
B) %x"’ = 0; e) 5x3 — Bx(x® + 4) = 17?

266. PemnuTe ypaBHEHUe:
a) (8x — 1)(2x — 3) — (4x — 1)? = 38;
(15x - 1)(1 +15x)
6) 3 = 2%;
B) 0,54° — 0,5y(y + 1)(y — 3) = T;
s (1+2X°)24%-1)
- ; _

r)x4—x

267. Pemmute ypaBHeEHMeE:
a) (6 —x)(x+6)—(x—11)x = 36;
1-3y 33—y

6) 51 5 =6

5) 0x% — (12x—12(3x+8) —1:
(y+1)° 1-4°

r) —qz ~ =23 — 4

268. Toxaxxute, yTo ypaBHeHue 5x° + 6x* + x* + 4 = 0 He UMeeT KOpHeil.

269. MosxeT JIM OTpUIaTeJIbHOe YHCJI0 OEITH KOpHeM ypaBHeHMs 12x° +
+ 7x® + 11x - 3 = 1217

270. Ecnn pebpo kKyba yBeJHMUYHUTHL HA 3 CM, TO €ro o0beM YBeJIHUHUTCH
Ha 513 cm®. Yemy paBuo pebpo ry6a?

271. IlepBoe yucno Ha 5 Gosbme BTOPOro, a ero Ky6 Ha 3185 Gonbore
Kyba BTOporo. Haiinute 3THM 4ucCIa.

272. PetunTe ypaBHEHHe:

a) y° — 6y = 0; ) 9x3 - 18x2 —x + 2 =0;
6) 6x* + 3,6x* = 0; e) y* — y® - 16y* + 16y = 0;
B) x° + 3x = 3,5x%; x)pP-p’=p-1;
r) 22 —0,1x = 0,3x%; 3) x* — x% = 3x® — 3x.

273. PemuTe ypaBHeHue:
a) 0,7x* — 2% = 0; r) 3x® — x% + 18x — 6 = 0;
6) 0,5x° — 72x = 0; n) 2x* — 18x%® = 5x3 — 45x;
B) x° + 4x = 5x%; e) 3y — 2y = 2y° - 3.

76 PELERI YpaBHEHUS 1 HepaBeHCTBA C OOHOW NepeMeHHOMN



274 PemmuTe YVpaBHeHMe:
a) x>+ 7x* -6 =0; 6) x2 + 4x2 - 5= 0.

_27§| HalgyuTe KoopAMHATHI TOUEK IlepeceyeHHd rpadpmuxka QyHKOUHA
y= x2 — 6x% + 11x — 6 ¢ ocamu KOOPIAWHAT.

276. Permute ypasHeHHe, MCIOJBL3yH BBEAEeHHE HOBOM IlepeMeHHOIi:
a) (2x° + 3)2 —12(2x2 + 3) + 11 = 0;
6) (12 — 2t)> — 3 = 2(t% — 2¢);
B) (% + x ~ 1)(x? + x + 2) = 40;
r) (2 +x-1)2x2+x-4)+2=0.
277. Peniure ypaBHEHME:
a) (x¥*+ 3~ 11(x* + 3) + 28 = 0;
6) (x — 4x)% + 9(x® — 4x) + 20 = 0;
B) (2% + x)(x%? + x — 5) = 84.

278. Perminte OMKBagpaTHOEe ypaBHEHHE:

a) x* — 5x% — 36 = 0; r) 4x* - 5x2 + 1 = 0;
6)y4—6y2+8=0; m) 9x* —9x% + 2 = 0;
B) t* + 10t® + 25 = 0; e) 16y* — 8y + 1 = 0.

279. Haiinnte KOpHU GUKBAAPATHOINO YpPaBHEHUA:
a) x' — 25x% + 144 = 0; r) t* — 2t - 3 = 0;
6) y* + 14y® + 48 = 0; o) 2x*—9x® + 4 = 0;
B) x?—4x*+4=0; e) 5y* — 5y° + 2 = 0.
280. HaliznTe KOOpAMHATHI TOYEK II€peCeYeHMHA C OCAMH KOOPAWHAT
rpadpuka PyHKIIMN:
a) y=x*— 5x% + 4; B) y = x* — 20x% + 100;
6) y = x* + 3x° — 10; r) y = 4x* + 16x°.

281.) Pagnoskure Ha MHOMKHMTENH TPEXUJeH:
a) x* — 47x* — 98; 6) x* — 85x% + 1764.
282, Pemnte ypaBHeHME:

a) (2 - 1)(x2 + 1) - 4(x* - 11) = 0;
6) 3x%(x — 1)(x + 1) — 10x* + 4 = 0.
283. PemuTe ypaBHeHUe:

a) x°+x*-6x>-6x2+5x +5=0;
6) x> —xt— 22+ 2x2 - 3x + 3=0.

'__28A, HaiinnTe KOpHM ypaBHEHUA:
a) y' — y®+ 8y = 8; 6) u” — u® = 64u - 64.
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285. PasnoxuTe Ha MHOMHUTENH KBAAPATHBIN TpEXUJIeH:
a) 3x* — 25x — 28; 6) 2x% + 13x — 7.

286. PeniniTe HEpaBeHCTBO:
a) 13(bx —1) - 15(4x + 2) < 0;
6) 6(7 - 0,2x) — 5(8 — 0,4x) > 0.

287. [IBa cBapmuka, paboras BMecTe, MOI'YT BHINOJHHUTH 38JaHUE 3a
30 4. 3a CKOJIBKO YaCcOB CMOJKET BBINOJIHHTE 3TO 3aJaHUE Ka<JaBLIH
CBApIOHMK, €CJIH HM3BECTHO, YTO IIEepBOMY Ha BEINOJIHEHUE Bceil pa-
60TEI moTpebyeTcHa BpemMeHH Ha 11 u Oosjbmoie, yemM BTOpPOMY?

13. [lpoOHble paunoHanbHbie ypaBHEHUs

B kaxxaomM u3 ypaBHEHUIT

xz"_1=xi1, —§=x+5, 2x—1=

_*
x+12

JieBassi ¥ mpaBafd YacTH IPEACTaBISIOT cofoil panMoHAJBLHEIE BEIPaXkKe-

HHA, npudeM nubo ofa BRIpAXKE€HHA ABISAIOTCA APOOHEIMU, MO0 OAHO

M3 HHUX sBJsieTCHA ApPOOHEBEIM, a APYroe — IeJEIM BEIpakeHuem. Takue

YPaBHEHHH, KAK Bhl 3HAETE, HA3KLIBAIOTCH OPOCHLIMU DAUUOHAJLbHbIMU

ypasHeHuamu. HanoMHUM, 4TO

I Y ST W G G SN (TR GND SV PG NN DS N5 SN SED SN SEN EID MDD SOV MM NI EEN AN IR S SRS A S ERM Ghr WD MAE AP S W00 SR Sv e e oy

I npo6HEIM panyOHAJNLHEIM YpaBHEHHEM HasklBaeTcs ypaBHeHue, |

obe YacTH KOTOpPOr0 SABJSAIOTCS PaIlMOHAJBHBIMH BhIpAKEHM- }

| MH, OpuyYeM XOTH OBl OfHO M3 HHMX — APOOHBIM BEIDAXKEHHEM. |

B ot v oo s Gue GO I P U P A SP R W S AP MR b S e SN S PO BN GUS S U S0 BN R S N S I GOSN S e wer sy e w ol

IIpu pemieHu# ApPOOHEIX palIOHAJIBHEIX YpaBHEHHI1, KAK BaM H3Be-
CTHO, OOBIUYHO IIOCTYIAaIOT CJIEAYIOIMUM oOpasom:

* HaXOAAT oOmMi1 3HAMeHaTenb Apobeil, BXOASAIMX B ypaBHEHHE;

* YMHOXAIOT 00e YacTH YpaBHEHUs Ha 3TOT 3HaAMEHaTellb;

* pemaroT HNOoJNydYHBIIIEeeCs ILeyoe ypaBHEHHE,

* HCKJIIOYAIOT M3 ero KOpHe# Te, KOoTophle oOpaljaloT B HYJNb OOImIHit
3HaMeHaTeNnb ApoOeil.

C mpocreiimuMy nmpuMepaMi pemeHs ApPoOHBIX panioOHANLHBEIX ypaB-
HEeHHMii BEI y)Xe BcTpedasmch. PaccMoTpum Gosiee CIIOKHBIE MPHMEPEHI.

Ilpumep 1. Pemum ypaBHEHHe
6 9x _ % 1)
L+8 (L+B8N9-P) -2 -72

P O6uit 3HameHaTenb apoOeii, BXOAAINUX B ypaBHEHHE, paBeH

x? — x% — 72. YMHOxUB 00e yacTH ypaBHEHHS Ha oOIuil 3HaMeHa-

Tenb apobeii, MONYIUM

I ELEERD YpasHeHMs U HEpaBEeHCTBaA C OQHOW nepemMeHHOMn



6x% ~ 54 + 9x = x°.
Orcrona
x3 - 6x2-9x + 54 =0. (2)

Pemum nonydyeHHoOe Iei0€e ypaBHEHHE, HCIOJIL3YA pasjiolKeHUe Jie-
BOM 4YaCTHU HA MHOMHUTEJIH.
HUmeem

(x® - 6x%) — (9x — 54) = 0,
x%(x — 6) — 9(x — 6) =0,
(x - 6)(x2-9)=0,
(x - 6)(x — 3)(x+3)=0.
3HaYuT, ypaBHeHUWe (2) MMeeT TP KOPHS;
x, =6, x3=38, xg3=-3.
Tenmepsr He0O6X0AMMO IPOBEPHUTH, He OOpaIaloT JH HaNJEHHBIE KOp-
HH B HyJb oOmuii 3HaMeHaTenb apobeil, BXxoaamux B ypaBHeHue (1).
Ecm x =6, 10 x*~ 22— 72+ 0; ecitt x = 3, T0o x* — x* — 72 = 0;

eci x =-3, 1o x* - x2 - 72 =0.
3uaunuT, ypaBHeHHE (1) MMeeT eIUMHCTBEHHBI¥ KOpeHb — 4YHcJio 6.
OtrseT: 6. <

IIpumep 2. PemuM ypasHeHUE

1 1 1 1
x—6 + x—-4 x+2 + x—-17.

P IlpusepeHne apobeil, BXOAAMMKX B ypaBHeHHe, K 00meMy 3Hame-
HATEeJI0 CBA3AHO C T'POMO3JAKHMH IpeoOpas’oBaHHAMH M He ITO3BO-
JIAeT JIeTKO HailTH KopHH ypaBHeHus. [loctynum mHade. Bocmosab-
3yeMCA TeM, 4YTO 3HaMeHaTeJH apobeil mpeacTaBaswT cobo#
OBYUJEHBI BHAa x + b, rme b — Hexoropoe uuncjyo. IIpeobpasyem
ypaBHEHHE TaK, YTOORl B JieBOil M mpaBoil ero yactaAx OmLIM 3amM-
CaHEI pPAa3HOCTH [ApobGel, M KaXAyHl H3 pasHoCTel 3aMEeHHUM

JIpoOBIo.

Ionyuum
1 1 1 _ 1
x—6 *x+2 x-17 x—-4’
x+2-x+6 x-4-x+7
(x-6)(x+2) (x-T)x—-4)’

8 _ 3

Z-4x-12 2 -11x+28"

Orcroga

8(x% — 11x + 28) = 3(x% — 4x - 12),
8x% — 88x + 224 = 3x% — 12x — 36,
5x2 — 76x + 260 = 0.
Penins 3TO0 ypaBHeHHe, HalifieM, 4YTO OHO MMeeT JBA KOPHS:
x, = 5,2 n x, = 10.
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Kaxgoe M3 3THX 4Mces He oOpamiaeT B HyJb 3HaMeHaTeJaH apobeii,
BXOAAIMHUX B HCXO0AHOe ypaBHeHHe. CiemoBaTeslbHO, HCXOIHOE
ypaBHEHHe HMeeT ABa KopHsa: 5,2 u 10.

OTrseT: 5,2 1 10, <

IIpumep 3. Peinmum ypaBHEeHHe
22 3x+2

x-2 1 2-x X. (3)

P YMHOMKHB 0Oe yacTH ypaBHEHHMA Ha X — 2, MOJYy4YHMM IeJioe ypaB-
HeHMe

2x% - 8x — 2 = x*(x - 2). 4)

Pa3jio’KMB Ha MHOXKHTENHM KBAADATHHIH TpexwieH 2x2 — 8x — 2,
MpEJCTABMM 3TO YpaBHEHHE B BHIE
(x - 2)(2x + 1) = 22(x — 2).

Orcropa

(x-2)-(x-2)2x+1)=0,

(x—-2)(x*-2x-1)=0,

x—2=0mm x2-2x—-1=0.
PemnB noJsiydeHHBIE ypaBHEHHSA, HaigeM, 4To ypaBHeHue (4)
HMMEeT TPH KOpHA: 2, 1 — \[5, 1+ \/5
OcTaeTca HpoBEpPHUTH, HE 00OpamialoT JJ¥ OHM B HYJb 3HAMEHATENbH
x—2. Ecin x =2, To x — 2 = 0; ecsin x=1—\[§, 0 x — 2 # 0
eCJIn x=1+‘f§, 0o x —2# 0.
3HAYHUT, YHCJIO 2 He HABJAETCA KOPHEM ypaBHeHus (3), a 4yHcja
1- \[5 ul-+ ‘fé AIBJIAIOTCA €ro KOPHAMH.

OTBeT: 1 —Jé, 1 +\[§. <

B oTaesnpHBIX caydYasX YAAE€TcA PEImHTh ApPoO0HOe panuoHAaJbHOE
ypaBHeHHe, HCIIOJIb3YA BBeJIcHHe HOBOII IIepeMeHHOIA.

IIpumep 4. Pemium ypaBHEHHE
1 7 1
+ + =
Z+x—2 2+ x — 20 4

= ().

» BeeneM HOBYIO ImepeMeHHYIO y = x> + x. Ionyuum

1 7
v-2 1T 5-2

+4=0.
Orcrona
4y — 80 + 28y — 56 + y® — 22y + 40 = 0,
v + 10y — 96 = 0.
PemuB nosiyueHHOe KBaIpATHOE ypaBHEHHe, HAWJAEM, UTO
y=6 um y=—16.
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VpasHeHue x° + x = 6 umeer nBa KOpHA: —3 M 2. YpaBHeHHe

x2+ x = —16 KopHeil He MMeeT.

Kaxxyoe u3 unucen —3 u 2 He oOpamaer B HyJIb 3HAMEHATENH JpPO-
6eil HMcXOOMHOro ypaBHEHUSH H, CJIe/lOBATEJIbHO, SABJSETCH €ro Kop-
HeM.

OTBeT: -3, 2. <

VHE)KHeHmI

288. IIpn KaKMX 3HAUYEHMAX G PABHO HYJIIO 3HaYeHHE JpoOun:
a® -9a a® + 2a* ) a® - 4a* + 44°

— % —e e B

a+a-12° a®+a+10’ a®-16

a)

289. Pemnute ypaBHeHHE:
5 -152~-2y+6

0; 6 0.
-9 ’ ) 9,11
290. PemuTe ypaBHEHHE:
2 __10 __ 50 ..
a) x-2 x+3 ,2,.-¢ ’
x+5 2x -5 30 - 12x
O %1157 g2 O
291. Ha¥isuTe KOpHU YpaBHEHHS:
)3x—2 2x+ 3 12x + 4
a - = ;
x=1 x+3 L 42x-3
6) 5x-—1_2x+2 63 O
x+7 x-3 P i4ax-21 ’
) x - 4 _ 16
B P+ax+4 x4 x3+2x2—4x—8'
292, IIpy KAaKHX 3HAYEHHSX a:
Gei a+1 a—-4 6 3a+3
a) cymma fgpobeit ——5 M ——_5 paBHA pobu Z-a_2’
6 6"30_5 6a-5 6 3a+2?
a3HOCTh apobeit Hu aBHa Apobu
)P AP -1 a—-a’ P AP a+a
293. HaliiuTe KOpHM YpaBHEHHA:
1 1 1 1
a) x-7 x-1 x-10 x-9’°
61 __1 __1 _ 1
)x+3 x+9 x+5 x+21°
294. PemuTe ypaBHEHHe:
1 1 1 1
8) s—gts—2=%7a Vx5
1 1 1 1
6) x+1+x+3_x+28+;'
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295. HaiimiTe KOOPAMHATHE TOYEK IepeceueHHs rpadukoB (HyHKITHIL:

9 24
A y=x*+x-9umy=- O6)y=x"+6x-4my=".
296. Ilpy xaxkux 3HaUyeHHAX Q:
. 5a+7 - 28a°
a) paBHEI 3HAYEHUS BLIpa)XeHUM 20a ua’;
0) ABJAOTCH NPOTHBOMNOJIOKHBIMH YHCJIAMH 3HAYEHHS BHIPDAYKEHHNH
2-18a%-a
297. PemiuTe ypaBHEHHe, MCIOJIb3yf BBEJICHHE HOBOIl NmepeMeHHOM:
12
a =x*-2x-1
) #-2x+3 ’
612 6 _ 5
P+ x-10 2+x-6 2+ x-11"
16 11 _ 9

P2 -2x x#-2x+3 £L-2x+1

298. HaiiinTe KOpHM ypaBHEHHS:

2 2 2
a) (iﬁj) +16[ +§] -17;  6) [if;) +18(i;?) =11.

pr—-y—wul
299) Pemiute ypaBHEHUE:

a) x° +%—-‘.1§( ——) 31 6) x* xiz—%(x+i)=8.

300] CymMMa [aHHOIO HOJIOKHUTENBHOTO YMCJa U YHCJIa, €My obpaTHoroO,
B 13 pa3 meHbUIe cyMMEI MX Ky6os. Haiigure sTO umcIIO.

301. Coxparure apobn:
12 - 5x — 2x° 3x% — 36x — 192
15-10x ° 6) X2 - 256 :
302. TTocTpoiiTe rpadvk QYHKIUU y = x° — 3. VKa)KUTE IPOMEKYTKH,

B KOTOPBIX (QYHKIMA NPHHHMAET: &) OJIOKUTEJbHBE 3HAYEHHS;
0) oTpHIlaTeNbHbLIE 3HAUEHHA.

a)

303. Ha crpoutennscTtBe paborann ase 6purazwi. Ilocse 5 nHeit cosme-
CTHOIl paboOTHI BTOPYIO OpHrajgy nepeBeJd Ha JApPYroi oOBEeKT.
OcTaBmyiocsa yacTh paboThI nepBada OpHUraja 3aKoHuYMa 3a 9 aHeil.
3a CKONBKO JAHeii morja Oml BEIDOJIHHUTH BCIO paboTy Kamkaas
Opuraza, paboras OTHENBHO, €CJIH HU3BECTHO, UTO BTOPOM OpHrajne
Ha BHINOJIHEHHKE Bcell paboTel norpeboBasiock Oul Ha 12 nHeili meHB-
e, 4eM OJHOI1 mepBoii O6purage?

MEL:ENL YpaBHEHWA U HEepaBeHCTBa C OQHON NEpPEMEHHON



KOHTpONbHbIEe BONPOCHI

Kakoe ypaBHeHWe C OOHOV nepeMeHHOn Ha3biBaeTca uenobiMm? Ipu-
BeauTe npumep.

Kak HaWTu cteneHb uenoro ypaBHeHUA?

Hante onpegenexnne 6ukBagpatHOro ypasHeHusa. O6vacHUTE, Kak
pewatotr 6ukBagpaTHOe ypaBHEHUeE.

Kakoe YpaBHEHUE Ha3biBaeTtCH ﬂ.pOﬁHblM anMOHaJ'IbeIM? Ha npuv-
1 x2 -7
+ =
x-1  x-3 7 ,2_4x43

OpobHble paunoHanbHble YpPaBHEHUS.

X MORY=A C OAHOW MEPEMEHHOV

14. PewieHve HepaBeHCTB BTOPON CTeneHu
C OAQHOW nepeMeHHONn

HepasencTBa BHOa

ax:+bx+c>0uax’+bx+c¢<0,

rie x — nepeMeHHas, @, b U ¢ — HexkoTophe yucia 1 a # (), Ha3kIBA-
IOT HEPpAa8eHCMEeaMu 6mopoil cmeneHu ¢ O0HOIL nepemeHHOil.
Penienne HepaBEHCTBa

ax’+bx+ce>0umaxl+bx+e<0

MOXXHO paccMaTpPHBATLE KAK HaXO0XIE€HHEe IIPDOMEXYTKOB, B KOTOPRIX

byHKIMA Y = ax® + bx + ¢ IpMHUMAaeT HOJOKUTeIbHEIE MJIH OTpHIA-
TeJbHEIE 3HauYeHHdA. [[JIA 3TOro AOCTATOYHO INPOAHAJIM3UPOBATH, KaK

pacmono:xeH rpaduK QYHKOHUH Yy = ax® + bx + ¢ B KOOpAMHATHOM ILIOC-

KOCTH: KyJla HalpaBJIECHLI BeTBHM NnapaboJikl — BBEPX HJIM BHH3, IIepece-

KaeT Ji1 nmapabosia oCh X U €CJIH MepeceKaeT, TO B KAKHX TOYKAaX.
PaccMmoTpUM IIpHMEDHI.

MEepe ypaBHEHUA o6bACHUTE, KaK pewlaioT

IIpumep 1. Permum HepaBencTBo 5x% + 9x — 2 < O.

» PaccmoTpuMm GyHKIuMIo y = 5x% + 9x — 2. I'padukrom sToit PyHK-
oMM ABJAeTcA mapabojia, BeTBM KOTOpPOIl HAIpaBJIEHEI BBEPX.
BrisicHMM, KaK pacnoJjio;KeHa 3Ta mapabojia OTHOCHTEJBHO OCH X.
st 3TOrO pemuM ypaBHEHHE

522+ 9x - 2=0.
JTo ypaBHEHHe HMeeT ABa KOPHSA:
1
xl = _2, x2 = go
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A
5

Puc. 51

rY

3HauuT, napaboya mepecexaeT och X B JABYX

1
TOYKAaX, abCIcCchl KOTOPHIX PaABHEI —2 H 5

Iloka)keM cxeMaTHYeCKH, KaK pPacHoOJIOMKeHa
napabosra B KOOPAMHATHON IINOCKOCTH
(puc. 51). U3 pucyHKa BHAHO, 4TO QYHKIUA
NIPUMHHAMAET OTpHLATENIbHBIE 3HAUEHHS, KOr-

1
aa x € (—2; g]. CnepoBaTesIbHO, MHOYXECTBOM

pemeHH# HepaseHCTBa 5x% + 9x — 2 < 0 sB-

. 1
JIAeTCSA 4YMCJIOBOM IPOMEXKYTOK (—2; g). <

3aMeTHM, UTO NPH PACCMOTPEHHOM cmocobe pemieHHA HepaBeHCTBa
Hac He HHTEpecoBajia BepinnHa mnapabonwi. Ba)kHo nume OBLIO 3HATH,
KY/Ia HampasJIeHEI BETBM NapaboJjikl — BBepX WJIH BHM3 M KaAKOBEI abc-
IIMCCHI TOYEK €e IMepecedeHHUs C OChbIo X.

IIpumep 2. Pemum HepaBeHCTBO 3x2 — 11x — 4 > 0.
p I'padur GyHKDMM y = 3x° — 11x — 4 — napaGoJsia, BETBH KOTOpOii

HanpaBJIEHEI BBEPX.

1771

_1‘0\/4
3

Puc. 52

RY

Jast Toro 4ToOml BHISICHUTBH, IEPECEKaeT JIH
napabosa ock X U B KAKHX TOYKAaX, PEOINM

ypaBHeHue 3x2 — 11x — 4 = 0. 910 ypasHe-

HHEe NMeeT KOpPpHH

1
X, ="3 Xg=4.

ITokakeM cxeMaTH4YeCKH, KK pacIlOJIOXKeHa
napabosa B KOOPAMHATHOH IIJIOCKOCTH
(puc. 52). U3 puCYHKa BHJHO, 4YTO AAaHHOE
HepaBeHCTBO BEpPHO, €CJIH X HPUHAAJIEXKUT

MIPOMEXKYTKY (—oo;—%) HJIN IIPOMEXKYTKY

(4; +°9), T. e. MHOXXECTBOM peIIeHHUI Hepa-

1
BEHCTBA ABNAETCH O0beAUHEHNEe [TPOMEKYTKOB (—oo; ~3 H (4; +00).

1
OTBeT MOXXHO 3amHcaTh TakK: (—oo; —-5) U (4; +o0). 4

IIpumep 3. Pemium HepaBeHCTBO —l:)c2 +2x—-4<0.

4

p Paccmorpum QyHKIHIO

y=—2x%+ 2x — 4.

4

Ee rpadbukom saBaserca napabosia, BeTBH KOTOPOM HampabBJ€HI

BHHA3.
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BriscHUM, Kak pacnoJjioxeH rpadHK oT- 77\
HOCHTEJILHO OoCH X. PemiuMm pias sToro

ypaBHenme —~x + 2x — 4 = 0.

4
3TO ypaBHeHHe HMeeT eIMHCTBEHHEIH
KopeHb X = 4. 3HauuT, mapabona ka-
caeTcs OCH X.
HN306pasuB cxemaTnuecKku mnapaboiy /
(puc. 53), Haiizem, uTo (YHKIHSA IpH-
HHMAaeT OTPHIATEJbHBEIE 3HAYEHHUS IIPH
JioboM x, Kpome 4. Puc. 53
OTBeT MOJKHO 3anHCcaTh TaK:
x — joboe umcio, He paBHoe 4. <

IIpumep 4. Pemmum HepaseHcTBO x> — 3x + 4 > 0.
» I'paduxom o¢ysrmum y = x> — 3x + 4

ABJIAETCH napaﬁo.na, BETBH ROTOpOﬁ

Ry

HaInpaBJIeHbl BBEPX. yh

Y106EI BEIACHHUTH, KaK PpAacIoJIoKeHa \

mapaboJia OTHOCUTEJILHO OCH X, pedIum

ypaBHeHMe xZ— 8x + 4 = 0. Haxogpum,

yro D=—-T7<0, T. e. 370 ypaBHEHHE

He HMeeT KOopHeil. 3HauuT, nmapabosa He 0 >

HMeeT OoOmMMX TOYEK C OChIO X.
IlokasaB cXeMaTHYeCKHM paclioJIosKeHHe
napaboJsl B KOOPAMHATHOM IIJIOCKOCTH
(puc. 54), HaiigeM, uTOo GYHKIHUSA IpH-
HHMaeT HOJIOXKUTEeJbHBIe 3HAUYCHUSA NPH  Puc. 54
Jiobom x.

OrBeT: x — moboe uucno. <

WUTak, na8a pemeHNs HepaBeHCTB BHJA

ax®+bx+c>0uma’+bx+ce<0
IOCTYNAaIOT CJeAyIoLINM obpasom:

r_—---------‘-------—---------——----_------‘

! 1) HaxXxogAT AUCKPHMHHAHT KBAApPaTHOI'O TPeX4JjeHa ax’+ bx +c¢

r---

2)

3)

M BEIICHAIOT, MMEET JIU TpPeXwJIeH KOpPHH;
€CJIM TpeX4JEeH MMeeT KOPHH, TO OTMe4YaloT MX Ha OCH X U
yepe3 OTMEUYEeHHEIE TOYKH IIPOBOJAAT CXeMaTHYecKH napabo-
J1y, BETBH KOTOPOI HanpaBJIeHBI BBEPX IpH a > () uiu BHU3
npu a < (; ecyqi TpexuJeH He MMeeT KOpHeil, To cxeMaTH-
YecKHM H300pakaiT napaGony, paclloJIO}KEeHHYIO B BepXHeM
TMOJIYILIOCKOCTH npu a > 0 uiau B HHXKHell npu a < 0;

HaXOOAT Ha OCH X INPOMEXYTKH, AJH KOTOPEIX TOYKHU Ia-
pabosbl pacIoJIoMKEHE]I BhIIIE OCH X (€CiIM pelnaroT HepaBeH-

cTBO ax? + bx + ¢ > 0) uau HMKe ocH X (eCJIM pemiaioT He-
paBeHcTBO ax® + bx + ¢ < 0).

§ 6. HepaBeHcTBa C OOHOI NepeMeHHON
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!_IE aXHEeHURA

304. Peinnte HepaBeHCTBO:

a) x2+ 2x - 48 < 0 n) 4x2 - 12x + 9 > 0;
6) 2x2 — Tx + 6 > 0; e) 25x% + 30x + 9 < 0;
B) —x% + 2x + 15 < 0; x) —10x% + 9x > 0;

r) —5x% + 11x — 6 > 0; 3) —2x% + Tx < 0.
305, HafiTe MHOMECTBO pelleHHii HepaBeHCTBA:

a) 2x2+3x-520; 6) -6x>+6x+36>0; B)-x>+5<0.
306. PemniTe HepaBEeHCTBO:

a) 2x2+ 13x — 7 > 0; I‘)—2x2—5x+18<0;

6) —9x% + 12x — 4 < 0; n) 3x% - 2x > 0;

B) 6x — 13x + 5 < 0; e) 8—x2<0.
307. HatiauTe, Npy KAKUX 3HAYECHHUAX X TpPEX4JIeH:

a) 2x% + Bx + 3 NpUHHUMaeT MOJOKUTEJbHEIe 3HAUYCHHS

1 1
6) —x% — 3% — 3g NPUHEMAET OTPUIATEJbHBIE 3HAYEHHS.

308. PeminTte HEepaBeHCTBO:

a) x < 16; B) 0,2x% > 1,8; n) 3x% < —2x;
6) x? > 8; r) —5x? < x; e) Tx < x2.
309. PewuriiTte HepaBeHCTBO:
a) 0,01x% < 1; B) 4x < —x%; n) 5x% > 2x;
6) 3% > 12; r) 3x% > o5 e) ~0,3x < 0,6x%.
310. I[Ipu kakux 3HaueHUHAX b ypaBHeHUe HMeeT JBa KOPHHA:
a) 3x° + bx + 3 =0; 6) x* + 2bx + 15 = 0?
311. Ilpy xaKkux 3HAYEHHUAX ¢ ypaBHEHHE He HMeeT KOpPHeil:
a) 2x% + tx + 18 = 0; 6) 4x% + 4tx + 9 = 0?

312, HaitfuTe MHOXXECTBO pemieHu# HepaBeHCTBA:
a) 3x2 +40x + 10 < -x® + 11x + 3;
6) 9x2 —x + 9 > 3x%2 + 18x — 6;
B) 2x% + 8x — 111 < (8x — 5)(2x + 6);
r) (6x + 1)(3x — 1) > (4x — 1)(x + 2).

313. PeminiTte HepaBeHCTBO:

a) 2x(3x — 1) > 4x%2 + 5x + 9;

6) (5x + T)(x — 2) < 21x* — 11x — 13.
314. Haiimure obnacTtes onpefeneHuss GyHKIIHH:

1
= \/12x - 3x2; 3 =
)y ) ¥ szz -12x + 18

86 WEL:ERI YpaBHEHNA N HEpaBeHCTBA C OAHOW NepeMeHHON



315. lokakuTe, uTO IpH JIOOOM 3HAUEHHM NEPEMEHHOM BEepHO HEPaBEH-

CTBO:

a) 7Tx2 — 10x + 7 > 0; r)%x2—8x+64>0;
6) —6y° + 11y — 10 < 0; m) -9 + 6y —1<0;
B) 4x2 + 12x + 9 » 0; e) 5x2+8x—-5<0.

316. Kakoe 13 ZaHHBIX BHpPaXKEHHH NPUHHEMAaET IOJIOMHUTEJILHOEe 3Haye-
HUe NpH JII000OM 3HAYEHHH Y?

1.y -2)(y—-3)—-4 2. 5-yyQ-y+4
3. B-y@A -y +10 4. (y -8y — 7 - 60

317. Jokaxurte, 4TO:
a) x2+ Tx + 1> -x%>+ 10x — 1 npu a1060M X3}
6) —2x% + 10x < 18 - 2x upu x # 3.

318. OgHa cTOpOHA NMPSAMOYTroJIBHHKA HA 7 c¢M GoJabme apyroi. Kakoi
MOXeT ORITh MEHBINASA CTOPOHA, €CJM IUIOmMAAL IPAMOYTOJbHMKA
He npesocxoauT 60 cm“?

319. [InnHa npAMOYroJbHHKA Ha 5 c¢M Oojplie mupuHb. Kakyio mu-
PUHY JOJIKEeH MMETh IPSAMOYTOJBLHHK, 9TOORI €ro IJIOmAaAb OnLila
Gonbmre 36 cm2?

320. Pemute cucTeMy HEpPaABCHCTB:

a) ¥ -2x-8<0, 5 3x2+x-2<0,
x2-9<0; x2+4x—12<0;
2x* ~18x + 6 < 0, 22> + 4x + 15 > 0,

6){ 1 JE
x°—4x > 0; x*—-9x+8<0;

5) x> —6x—-16> 0, & 22 +5x-8<0,
22+ 2x —120 < 0; 322+ x+11<0.

L.?:_Zﬂ VYKakuTe Bce IleJible 3HAUEHUA X, NPUHAAJIeXaIlie o6JacTu ompe-
peseHnA QYHKIMU:

8) Y = /25 — 22 + |J0x — x% — 14;

6) ¥ = {8x — 22~ 12 + /16 — 2.

[l

0
322. Odynxnuna sagaxHa popmysokt y = 3 He BHIIOIHSAA MOCTPOEHMS,

HaiiuTe KOOPAVMHATLI TOYEK IepecevdeHUs ee rpadmKa ¢ OCBHIO X; C
ockio y. HBiserca Jm aTa (PYHKIMA BO3pacTaromeil Mian yOrIBalomei?

323. PeinuTte ypaBHEHHE:
a) y* — 24y - 25 =0; 6) x* — 9x%2 + 18 = 0.
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324.CiuTok Maccoii 3 kr, cogepkamuii 80% osnoBa m 20% cBuHUA,
CIJIABMJIM C KYCKOM OJIOBA, HOCJIE YE€ro IPONEHTHOE COoAepIKaHHe
oJioBa B cJaUTKe cocTaBHiio 94% . CKonbKO oJi0oBa A0o0aBUJIH B CIH-
TOK?

15. PeweHne HepaBeHCTB METOAOM
MHTEepBasoB

Paccmorpum yHKIuio
f(x) = (x + 2)(x — 3)(x — 5).

O6nacTbio onpenesieHUss 3TOM (PYHKIHUM SABJISETCS MHOYKECTBO BCEX
yuces. Hynamu ¢yHKOuH caykaT uucaa —2, 3, 5. OHu pasbuBaioT 06-
JacThb onpejesieHHus GYHKIHUH HA NMPOMEXYTKH (—°; —2), (—2; 3), (3; 5)
u (5; +o0) (puc. 55, a).

BrisicHuM, KaKOBBHI 3HAKHM 3TOH QYHKUMY B KaXXJOM W3 YKA3AHHBIX
IIPOMEKYTKOB.

Bripaxxkenue (x + 2) (x — 3) (x — 5) npeacraBiasieTr coboii mpousBe-
JeHHe TpeX MHOXKHTeJNeil. 3HAK KaXJA0ro U3 3THX MHOXXHUTeJeil B
paccMaTpUBaeMEIX NPOMEXYTKAX YKasaH B TaOaune:

(-0 ~2) | (=2; 3) (3; 8) | (65 +0)
x+ 2 — + + +
x—3 - - + +
x—95 - — - +

OTcroaa sscHO, UTO:

eciu x € (—oo; —2), To f(x) < 0;

ecan x € (—2; 3), To f(x) > 0;

ecn x € (3; 5), To f(x) < 0

ecoim x € (5; +°0), To f(x) > O.

Mul BHAMM, YTO B KaXJIOM H3 HNPOMEXYTKOB (—o°; —2), (—-2; 3),
(3; 5), (5; +°°) pyHKUA coXpaHsAET 3HAK, a IPHU Iepexoje yepes TOoY-
KH —2, 3 U 5 ee 3HaK uaMeHseTcHa (puc. 55, 0).

a) 6)

W — + - “+
-2 3 5 -2 3 5

\

Puc. 55

88 ELEERD YpasHeHuss ¥ HepaBeHCTBa C O4HOW NepeMeHHOMn



Boobime nyctes GyHKUHMA 3amaHa (GopMyJioi
f(x) = (x — x))(x — x3) ... (x— x),
rae x — mnepeMeHHas, a X;, Xy, .., X, — He PaBHHIE IPYT APYTY UHC-
na. Yucna x;, x5, .., x, ABAATCA HyNAMH GyHKUHH. B KaxnoMm u3

IPOMEXYTKOB, Ha KOTOpEIE 06JIaCTh ompenesieHusl pa3buBaeTCss HYJISIMHU
$YHKOHY, 3HAK QYHKIMH COXPAHAETCH, & IIPU Iepexojie uepe3 HyJb ee
3HAK HU3MEHSETCH.

OTO CBOMCTBO HMCHOJBL3YETCH IJIS PellleHHs] HEPABEHCTB BHA

(x — x)(x — x3) ... (x—2x,)>0, )
(x = x)(x = x3) . (x = %,) <O,
roe x;, Xy, .., X, — HEe PaBHBIE APYT APYry YHCJIA.

IIpumep 1. Pertum HepaBeHCTBO (x + 6)(x + 1)(x — 4) < 0.

» O9TO HepaBEHCTBO ABJAETCH HepaBeHCTBoM BHza (1), TaKk Kak B Jie-
BOIl UacTH 3anmcaHo OpousBegeHue (x — x,)(x — x,)(x — x35), rae

x;==-6, x,=-1 u x3 = 4. Ina ero peinenus yA06HO BOCHOJL30-

BATBCA PACCMOTPEHHBLIM BEIIII€ CBOWCTBOM uYepeAOoBaHHUA 3HAKOB
¢yHKnuH. OTMETHM HAa KOOPAMHATHOM NpAMOIl HYJH (GYHKIHH

f(x)=(x+6)(x+ 1)(x—4)

(puc. 56, a). Haitnem 3HaKH 3TO¥M PYHKIHH B Ka)XJOM K3 IIpoMe-
JKYTKOB (—o0; —6), (—6; —1), (—1; 4) u (4; +o0). [Ina aToro pocra-
TOUHO 3HATh, KAKOH 3HAK MMeeT PYHKIHUS B OJHOM H3 3THX IIpO-
MEXYTKOB, H, DOOJb3YfCh CBONCTBOM Ye€peJOBaHHS 3IHAKOB,
OoIpeAeJyIUTh 3HAKH BO BCE€X OCTAaJbHBIX NpoMexyTKax. IIpm aTom
ya00HO HAUYMHATH ¢ KpaifHero crpasa npomexxyTka (4; +0°), Tak
KaK B HeM 3HaueHusd GYHKOUU f(x)=(x +6)(x + 1) (x — 4) 3a-
BE€JOMO NOJIOKUTENbHBI. JTO O0BACHAETCHA TE€M, UTO IPH 3HAUEHU-
fIX X, PaAcHOOJIO}KEHHEIX IpaBee BCEX HyJeH (YHKINH, KaXIBI U3
MHOMXHTeNel x + 6, x + 1 u x — 4 nonoxkureneH. HMcnonwsys
CBOMCTBO U€pPEAOBAHHUA 3HAKOB, ONPEAEIMM, ABHrasicb 10 KOOPAH-
HATHOU HIpsAMOM crnpaBa HAJEBO, 3HAKH JAaHHOU QYHKIOHHU B KaX-
JOM M3 OCTAJbHEIX IPOMEXKYTKOB (puc. 56, 6).

N3 puCcyHKa BHIHO, YTO MHO>X€CTBOM peIl€HHil HEePABEHCTBA SAB-
nseTcsa o0befHHEHHE IIPOMEXXYTKOB (—00; — 6) u (—1; 4).

OTrBeT: (—00; —6) U (-1; 4). <

PaccMoTpenHEIiT cnoco0 pellleHHsi HEPABEHCTB HA3LIBAIOT MeEmodom

UHmMepaanos.
HpHBeﬂeM IIpuUMepsl peIICHHus HEPABEHCTB METOAOM HHTEDBAJIOB.
a) 6)
NSNS = N +
6 -1 4 6 -1 4
Puc. 56
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-4 0 0,5 -4 0 0,5
Puc. 57

IIpumep 2. Pemnmum HepaBeHcTBOo X(0,5 — x)(x + 4) < O.
» IlpusBemem panHOe HepaBeHCTBO K Buay (1). Ilns aTtoro B aBydie-

He 0,5 — x BEHIHeceM 3a cKOOKYy MHOMKUTENb —1. ITonyuum
-x(x—-0,5)(x+4)<0,

x(x - 0,5)(x + 4) > 0.

Mu! monyuuJsm HepaBeHCTBO Bua (1), paBHOCHUJILHOE NAHHOMY.
OrMeTM HA KOOPAWHATHOM HOPAMON HYJH (PYHKIIUHU

f(x) = x(x — 0,5)(x + 4)
(puc. 57, a). IlokaxeM 3HAKOM <«ILIIOC», YTO B KpaifHeM cIpasa IIpo-
MeXyTKe QYHKIUA NPUHHUMAET MOJIOXKUTeNbHOe 3HAYE€HMWEe, a 3aTeM,
JBHUTASICH CIIPABA HAJIEBO, YKAKEM 3HAK (PJYHKIIMHM B KAKJIOM H3 IIPO-
MeXXyTKoB (puc. 57, 6). Ilomyuum, 4TO MHOXKECTBOM pelIleHHiT Hepa-
BeHCTBA siBJsAeTCA o0benrHeHNEe mpomesxkyTKoB (—4; 0) u (0,5; +00).
OrseT: (—4; 0) U (0,5; +o0). <

OTCIO/A

IIpumep 3. Pemntum HepaBeHcTBO (B5x + 1)(6 — x) 2 0.
» IlpuBeneM HepaBeHcTBO K BHAY (1). IInsa 3Toro B mepBOM AByUJIe-

He BEIHECEM 338 CKOOKHM MHOXKXHUTENb 5, a Bo BTopoM —1, moayumm
—E(x + %)(x -5)20.
PasgenuB 06e uacTu HepaBeHCTBA Ha —5, OyJeM UMETH
(x + %)(x - 5)< 0.
OTMeTHM HA KOOPAHMHATHON mpaMoil Hynu GyHKOUH
f (x) = (x + %)(x - 5),
T. €. TOYKHM —¢ U 3§, U YKaXKeM 3HAKH GyHKOHUHM B 0Opa3oBaBIIMXCS

npoMexxyTkax (puc. 58). Mul BUAMM, UTO MHOKECTBO pellleHuil He-
1
PaBEHCTBA COCTOUT U3 UHCEJ —F U 5 W 4MCeN, 3aKJIIOUEHHBIX MeXX-

AY HUMH, T. €. OpeACcTaBiIsgeT Cobol mpomMe-
- + _

JKYTOK [—LE]
—1 5~ T 579

Puc. 58 OrsBeT: [—%; 5]. <
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3aMeTHM, YTO ASHHOE HEPABEHCTBO MOYXHO PEIIHTh MHAa4de, MCIOJIb-
3yf CBOICTBA rpadpuKa KBaAPATHUYHONH (HYHKIUH.

x+2 < 0.

p Taxk xaxk mpu Bcex 3HAYEHUAX X, IPH KOTOPHIX ApOoOB

IIpumep 4. Permum HepaBeHCTBO

~+ 2 umMeeT

CMBICJI, €€ 3HAK COBIAJAET CO 3HAKOM IIpou3BezeHus (7 — x)(x + 2),
TO JAHHOE€ HEPABEHCTBO PABHOCHJIBbHO HEPABEHCTBY

(7T—x)(x +2)<0.
IlpuBeass HepaBeHCTBO

(T-x)(x+2)<0
K Buay (1) u ucmosne3yss MeTOojA WHTEPBAJIOB, HaljgeM, YTO MHOXKe-
CTBOM peIlleHHi HTOro HepaBe€HCTBAa, 4 3HAYUT, U MCXOZHOI'O Hepa-
T—-x
BEHCTBA T

(7; +0c0),
OTBeT: (—00; —=2) U (7; +00).

17-2
IIpumep 5. Peiilum HepaBeHCTBO T; 2 0.

17 - 2x
» 3maxk gpobu ~—4 COBO&jaeT CO 3HAKOM @POU3BEJEHUS

< 0 apnsierca o6beAHEHNE MPOMEKYTKOB (—2°; —2) U

(17 — 2x)(x — 4) Opu Bcex 3HAUYEHHAX X, OPH KOTOPHIX ApOOH
uMeeT cMuIci. IloaToMy AaHHOe HEPABEHCTBO PABHOCHUJILHO CHCTEMeE

(17 -2x)(x —4) 20,
x—4=0.

HepaBenctBo (17 — 2x)(x — 4) > 0 npuBegeM K BUIY
(x -8,5)(x—4)<0.

PemuB 3T0O HEepaBEHCTBO METOAOM HHTEPBAJIOB U HMCKJIIOUHUB M3
MHOXKECTBa €ro penreHuil uwucio 4, HaiigeM, YTO MHOXKECTBOM pe-
IIeHWil MCXOZHOTO HEPABEHCTBA SABJAETCA NpoMmexxyTok (4; 8,5].

OTseT: (4; 8,5]. <

!npax(l-leuml

325. Periute HepaBEHCTBO, HCIOJL3YsS METOJ HHTEPBAJIOB:
a) (x + 8)(x — 5) > 0; B) (x — 3,9)(x + 8,5) > 0;
6) (x — 14)(x +10) < 0; 1) (x + é)(x + %) <0.
326. Pemimre HepaBeHCTBO:

a) (x + 25)(x — 30) < 0; B) (x - %)(x - %) < 0;

6) (x + 6)(x — 6) > 0; r) (x + 0,1)(x + 6,3) =2 0.
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327. Peminte HepaBeHCTRO:
a) (x — 2)(x — 8)(x—12) > 0;
0) (x + T)(x+ 1)(x — 4) < 0;
B) x(x + 1)(x + 5)(x — 8) > 0.
328. HaitiuTe, npy KAKMX 3HAYEHHAX X:
a) npousBegenue (x + 48)(x — 37)(x — 42) DoNOKUTENBHO;
0) npoussegerHue (x + 0,7)(x — 2,8)(x — 9,2) orpuniarenvHo.
329. Pemmute HepaBeHCTBO:

a) (x + 9)(x - 2)(x — 15) < 0;
6) x(x — 5)(x + 6) > 0;
B) (x — 1)(x —4)(x — 8)(x —16) <O.

330. HaitauTe MHOKECTBO pellleHHii HepaBE€HCTBA:
a) 5(x — 13)(x + 24) < 0; B) (x + 12)(3 — x) > 0;

6) —(x + %)(x + %) = 0; r) (6 +x)3x-1)<0

331. Pemnte HEepaBeHCTBO:

a) 2(x — 18)(x — 19) > 0; B) (Tx + 21)(x — 8,5) < O;
6) —4(x + 0,9)(x — 3,2) < 0; r) (8 — x)(x - 0,3) > 0.

332. Haiizute obaacTh onpeneneHus (PyHKIAA:

a)y=+J5-x)(x+8); 6)y=q(x+12)(x - 1)(x-9).

333. Ilpn KaKux 3HAYEHHSIX X HMEET CMLICJI BhIpa’kKe€HHE:

a) \(2x + 5)(x — 17); 6) \x(x + 9)(2x — 8)?
334. Peruute HepaBeHCTRBO:

a) 22 <0; B)x2x16>0

6) Crgs <0 12l
335. Peinte HEPABEHCTBO:

a) J§c+271 <0; B) t;x:xl > 0;

6) 25 > 05 1) 7y <O.
336. Haﬁp;prre MHOXKECTBO pellleHH# HepaBeHCTBAa:

a) —2>0; 3)2—">0;

*3<0;  npiZco.

92 (W EL:EN YpaBHeHMs ' HepaBeHCTBA C OOHOK nepemMeHHOW



337. PemnuTe HepaBEHCTBO:

a)i;2>2; B) 7xx_1>5;

i<y, sy,
338. Periure HepaBeHCTEBO:

)22 <4 p) A2

oZls1; pZlsa

339. Hanuinute ypaBHEHHE NPAMOI, KOTOpasd:

a) OpOoXOAHUT uUepe3 HaYasmo KoopAwHAT U TouKy A (0,6; —2,4);
0) nepecexaeTr ocu KoopauHAT B Toukax B (0; 4) u C ( —2,5; 0).

340. Iea cocyzaa OBLIM HAIOJHEHBI PACTBOPAMH COJIM, ODPHYEeM B Tep-
BOM COCYIl€ COAepkajioch Ha 1 J1 MeHBbIIle pacTBOpa, 4YeM BO BTO-
pom. KoHneHTpanusa pacTBopa B mepBoM cocyhae coctasisuia 10%,
a Bo BTOopoM — 20% . Ilocse Toro Kax pacTBOPHI CJIMJIM B TPETHH
COCYJ, MONMYYHJIM HOBEIM PACTBOP, KOHIIEHTPAIIMA KOTOPOTO COCTAa-
Buja 16%. CxkoinbKo pacTBopa OBLJIO B Ka*KAOM cOCyA€e IEepBOHAa-
4anbHO?

KOHTpONnbHbIE BONPOCHI

/@ Ha npumepe HepaseHcTB 3x° + 5x - 2< 0 u x> + 2x + 6 > 0 paccka-
XMUTE, KaK MOXHO peLUUTb HEPaBEHCTBO BTOPOI CTENEHU, NCNONb3Ys
cBomcTBa rpadmka KsagpatUHHON PyHKUMN.

B Ha npumepe HepaseHcTBa (X — 5)(x + 7)(x + 9) < 0 pacckaxuTte, Kak
pelaloT HepaBeHCTBA METOAOM WMHTEpPBAsOB.

Hnn mex, xkmo xouem 3nHambd 6oaAbYE

16. HexkoTopble NpueMbl pelLlueHuUs
uenbiXx ypaBHEeHUN

Mu1 y)xke oTMeuasH, 4TO (OPMYJEI KOPHEH IlIeJhIX ypaBHEHHUH
TPeTheii U YeTBEepTOM cTeneHeil ¢ OFHOH NepeMeHHOH IPOMO3AKH U He-
VAOOHB!I sl OPaKTHYECKOTO UCIOJBL3OBAHWSA, a AJIA YPABHEHHUN HATOU
M OoJjiee BBHICOKHMX CTeneHeil (popMyJl KOpHeil BooOIlje He CYIeCTBYET.
Taxkue ypaBHeHMS ymaeTcsi MHOTAA DEIINTH, MCIOIb3yHd CIEUANbHBIE

IpUeMEI.
Ona Tex, KTo xouveT 3HaTb HBonblue l 93
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Ilpu pelueHuM LEJILIX ypaBHEHHII OLIBAeT IOJIE3HA TeopeMa O KOop-
He MHOro4jieHa, KOTOPYIO MBI IPpHMEM 06e3 AOKas3aTeJIbCTBA.

|TEOPEMA 1| O KOPHE MHOTrouJiIeHa

EcJIH UMCIO g SBJIAETCA KOPHEM MHOTOYIeHA
P(x)=ax"+ax" "'+ ..+a,_;,x+a, rae g, # 0,

TO 3TOT MHOIOWJIEH MOXXHO NPEACTABUTHL B BHAE IIPOU3BEAECHUS
(x — a) P,(x), rae P,(x) — MHorousneH n — 1-ii creneHwu.

3Ta TeopeMa INO3BOJIAET peEIlleHHEe 1eJIOro YPABHEHUSA 71-M CTEHEeHH,
JJIS KOTOPOTO H3BECTEH OAWH M3 KOPHEH, CBECTH K PEINeHHIO ypaBHe-
HuA n — 1-# cTeneHH, B YaCTHOCTH, OT YPABHEHHS TPETbeH CTEemEeHH Iie-
pe’iTH K KBRIPATHOMY.

Ecnu nesioe ypaBHeHHe ¢ OOHOM NepeMEHHOI, ¢ meabiMu Koag@uitu-
€HTaMH HMeeT IleJiblii KOPeHEb, TO €ro MOXKHO HAMTH, HCIOJBL3YA Teope-
MY O LIeJILIX KOPHSAX ILeJIOr0 YPABHEHHSA.

|TEOPEMA 2| O UEfbIX KOPHAX Uenoro ypaBHeHUs

Ecin ypaBHeHHe
-1 =
ax"+ax" '+ ..+a,_x+a,=0,

B KOTOPOM Bce KO3 OHIIMEeHTRI — IeJble quciia, TpuyeM cBobon-
HBIH 4YJIeH OTJINYEeH OT HYJfA, UMeeT LeJLH KOpeHb, TO 3TOT
KOPeHb ABJAETCH AEJINTeJIEM cBOBOIHOTO 4JIeHA.

I

® Ilycte x, — nennlii KopeHb naHHOrO ypaBHeHus. Toraa BepHo pa-

BEHCTBO
n n-—1 —
agXg +a1xg "+ .. ta,_;xo+a,=0.
Orcrona . 1
an = '—aoxo - alxo T oees a" - lxo,
— _ n-1 _ n—2 _ -
a, =x4(—agx, a,x; e = Qp_1).

Yucno, 3anmucaEHOe B 3TOM paBEHCTBe B CKOOKax, sIBNfeTCH Iie-
JIBIM, TAK KAK Xy 1 BCe KOPPHUOHUEHTEI —Qy, —Qq5 ..., —Q, _1 — L€~
Jible yHKciia. SHAYUT, OPU JejleHUH G, Ha X, DONy4YaeTcs Lejoe 4uc-
JIO, T. €. X, — AeJuTedb cBoGogHOrO uneHa, O

IlpuBenem npuMepHl pellIEeHUA LEJILIX YPABHEHHH € HCOOJB30BAHHEM
VKa3aHHBEIX TEOPEM.

OappE 13 mpmeMoOB pellleHHsi ypaBHeHus Buga P(x) = 0, roe P(x) —
MHOI'0O4JIeH TpeThe¥ mwim OoJiee BRICOKOI CTENEHH, COCTOHMT, KAK HM3BECT-
HO, B PA3JIO’KEHHH MHoroujgeHa P(x) Ha MHOXXHUTeJH.

ELEER] YpaBHeHMs n HepaseHCTBa C OOHOW nNepeMeHHOU



IIpumep 1. PemmuMm ypaBHeHUe
2 -8x2+13x-2=0.

p Ecaum sTO ypaBHeHHEe HMeET IleJblii KOpeHb, TO B CHJIY TEOpPeMbI 2
OH SIBJIAETCS JeJINTeJIeM YHcjia —2, T. €. paBeH OJHOMY M3 4YHCeJ
1, -1, 2, —2. IlpoBepka y0e)xjaaeT HaC, YTO KOPHEM YypaBHEHUSA
fABJISieTCA 4YHciIo 2. 3HAYHT, B CHJY TeopeMhl 1 MHoOrouJjieH
x® — 8x% + 183x — 2 mMokHO npexcraBuTh B BHAe (x — 2) F(x),
rae F(x) — mHOroujseH BTOpOi#l cTemeHH.
Jdnsa Toro 4ytobbl HaiTH MHoroujeH F(x), pasgenuM MHOro4YJieH

x3 — 8x% + 183x — 2 Ha aByuneH x — 2. JleneHEre MHOrOUYJIEHOB BhI-
OOJHUM «YTrOJIKOM»:

x® — 8x%2+13x — 2 | x—2
T ox® - 222 | x2—6x + 1
—6x% + 13x
T —6x% + 12x
_x-2
x— 2
0

3HAUYHUT, UCXOAHOEe ypaABHEHHE MOXKHO IPEJCTABUTH B BHIE
(x—2)(x*-6x+1)=0.
OTciona
x—-2=0ummm x2-6x+1=0.
IlepBoe ypaBHeHHEe HMeeT €IHHCTBEHHEIH KopeHb — uuciyo 2. Bro-
poe ypaBHEHHE HMeeT ABa KOpHA: 3 — J§ 7 3+ Jg .

UcxonHoe ypaBHEHHE MMEET TP KOpH#: 2, 3 -8, 3 +8. 4

Eme oxauHE npueM, KOTOPHIH HCHOOJNB3YyeTCSI NPH PelIeHHH IeJIhIX
VPaBHEHUH TpeThell U 6oJiee BLICOKHX CTeNeHeii, COCTOUT, KAK BhI 3Hae-
Te, BO BBEIeHHH HOBOH NEepEeMEHHOH.

IIpumep 2. Pemmum ypasBHEHUE
2007 (x* — 6x% + 9) + 2006(x2-3)-1=0.

» Hcnonbayem mofcTaHOBKY y = x2 — 3. IonyuuM KBagpaTHOE ypas-
HEHHEe

2007y + 2006y — 1 = 0.

IlpumeneHHe popMyJibl KOPHEH KBaZPATHOTO YPABHEHUS MPUBOSUT
3Jiech K r'poMO3fKHUM BbhiuncieHusM. Iloctynum mHave. IloneiTaem-
Cs HAWTH IleJLliI KOPpEeHb YPABHEHHUSA, €CJIH OH cyinectByer. Ilo Te-
opeme 2 OH fAIBJsIeTcH AeJinTeseM yuciaa —1, 1. e. paBeH 1 nam —1.
IloagcraBnsis B ypaBHeHue uucia 1 m -1, ybexxzaemcs, 4To Kop-
HeM ypaBHEHHs sBafAeTcA uucio —1. BrTopoit KopeHb KBazpar-

Ina Tex, KTo xou4eT 3HaTthk Gonbule
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HOTO ypaBHEHUS HaiigeM, HUcHnoab3yda Teopemy Buera. Tarx kax
1

1
Y1 " Yz = ~3007 4 Y1 = —1, TO y; = 5507

3 paBeHCTB
_ 1
-3=-1u=x*-3 5007

HaﬁﬂeM KOPDHH HCXOAHOro ypaBHeHI/IH:

=2, x; = \} 2007' X4 = \f 2007
OTBeT: *-\/_ \/_ \/32007, J 2007" g

MeTon BBe€HHUSI HOBOH NIepeMEeHHOI HAXOAUT INPHMMEHEeHWEe IPH pe-
IIEeHUH B038DAMMHLIX YPABHEHUIl.
BosBpaTHEIM ypaBHEHHWEM Ha3LIBAETCHA yYPaBHEHHE BHIA

aoxn + alxn—l + LX) + a"_.lx + an = 0’
B KOTOPOM KO3()(PHIIHEHTHl 4YJ€HOB YPABHEHUS, OAUHAKOBO OTCTOAILLUX
OT Hadaja M KOHIla, PaBHHL, T. €. @, =a, _, tae k=0, 1, 2, ..., n.

PaccMoTpuM OpHMEpP pellleHHUsT BO3BPATHOIO YDABHEHHS YE€TBEPTOI
CTeneHH.

IIpumep 3. Pemmum ypaBHEHHE
- 5x% + 6x2 —5x + 1 =0.

» Bocoosab3dyeMcs TeM, 4TO KO3(PPHUIMEHTH! YJIEHOB MHOI'OYJIEeHA, 3a-
IIHCAHHOIO B JIEBOH YacTH YpaBHEHHS, OAMHAKOBO YIAJ€HHEIX OT
Hayajla M KOHIla, PaBHEI MeXay coboii.

Pasgenus obe yacTH ypaBHEHHMS HA X2, HOJYYHM DABHOCHILHOE

eMy ypasBHEHHEe

5 1
—5x+6—;+;2—-=0.

CrpynnupyeM nepBHIif YJI€H C IOCJHEAHHWM M BTOPOil C U€TBEPTHIM,
IIpHYeM BO BTOPOIl CyMMe BHIHECEM MHOXKHTEJb —5 3a CKOOKH.

ITonyuum
2, 1 1), 6o
(x +:2—)—5(x+x)+6—-0.

1
BeeagemM HOBYIO mepeMeHHYIO: Yy = X + ot Toraa

12
— == 2
(x+x) y.

x2+2+-£2-=y2,

x2+%= 22

Orcrona

EL:ERL YpaBHeHMss n HepaBeHCTBA C OAHOW NEepeMeHHON
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BrImONTHUB DOACTAHOBKY, MOJYUYHUM
W -2)-5y+6=0,
yi-5y+4=0.
ITonyuyeHHoe KBajgpaTHOe ypaBHeHMe MMeeT JBa KOpHA: y; =1 mu

Yy, = 4.
3HaYuT,

x+%= 1 mmx+%=4.
Pemas 5Ty ypaBHeHHMsA, HailieM, 4TO NIEPBOE€ U3 HUX HE MMeeT Kop-
Heli, A BTOpOe HMeEeT JBA KOPHHA: X; = 2 — \/5 X, =2+ J§
3HAYHUT, HCXOJHOE BO3BPATHOE€ YpPABHEHHE WMeeT [BA KOPHS:

2-J3u2+43. ¢

HNeOrpa yzaeTcs pemiuTh ILEJIo€ YPABHEHHE, BOCIOJb30BABIIHUCH
CBOMCTBOM BO3PACTAHUA WJIH YOLIBAHUS (DYHKI[HUH.

IMpumep 4. Pemum ypasHeHume x° + x — 2 = 0.

» Ecnu naHHOE ypaBHEHHE UMEET IeJIbIi
KOpEeHb, TO B CHJIYy T€OpPEMEI 2 OH fB-
nserca genureneMm yucina —2. IIposep- yr y=x5
Ka ybexxzaeT Hac, 4YToO KOPHEM ypas-
HeHUs saBasieTrca uncio 1. Ilokaxkem,
YTO APYrUX KOPHEM 3TO YypaBHEHUE He
umeer. [IJis 3TOrO HpPeACTABHM €ro B
BUjge x° = —x + 2. OYyHKUA y = x° \
SAABJIAETCS BO3PACTAIOINEH, a PYHKIUA .
Yy =—x + 2 — yOuIBalomeii. 3HAYNT, x
ypaBHeHHe x° + x — 2 = 0 UMeeT eqUH-
CTBE€HHEIIT KOPE€Hb. 3TO XOpPOIIO BHAHO
Ha pUCyHKe 59, Ha KOTOpOM cXeMaTH-
YecKH H300pakeHBl rpadHKH (QYyHK-
muit y =x"m y=-x + 2.
HNrTak, ncxoaHoe ypaBHEHHE HMeeT
eIWHCTBEHHEIII KOopeHb — umcio 1. < Puc. 59

y=—x+2

Vnpﬂaxuel—ma

@ N3 paHHBIX YyHcen
1, -1, 2, -2, 3, -3, 4, 4, 7, -7
BEIOEpHUTE Te, KOTOPHIE SABJISAIOTCH KODHSAMH ypaBHEHHS
x* — 2% — 51x° + 49x + 98 = 0.

Kaxue u3 HUX MOMXHO HCKJIOYHTH Cpa3y, He MOACTABJAA HMX B
ypaBHEHHE?

Ona Tex, KTo xouet 3Hath Gonblie
4- 10, H. Makapeiues, 9 k1.



B42) Pemure ypaBEerme:

a) x° —4x*+ 3x + 2 =0; 6) x* + 2x® — 722 — 8x + 12 = 0.
S343. IIpn kakuX 3HAUYEHHAX p PABHEI 3HAYEHHS JBYYJICHOB:
a) p° - p®*u 8p — 12; 6) p° — 3pu p® + 17

B44] HailiiuTe KOOPAMHATH TOYeK NepecedeEMa rpaduxka (QyHEKIHM
y=x2+4x*+ x — 6 c 0OCAMH KOODAMEAT.

345, NaBecTHO, uTO rpaduk dpyEknuu y = x* — ax® — 10x% + 80x — 96
nepecexkaer ocb X B Touke (4; 0). Haligzute a 1 KoopauHATH ApY-
THX TO4YeK nepeceueHus rpaduka QPyHKIIHH C OCBIO X.

Pemure ypaBHEHWMe:
a) 718x*—717x* -1 = 0; 6) 206x* — 205x%2 -1 = 0.

3417) PemuTe ypaBEeEVe, HCHONb3ys BBeLEHHE HOBOH IEepeMeHHOI:
a) (x% + 8x)° — 4(x + 4)* = 256;
6) 2(x* — 6x)* — 120(x — 8)* = 8.
348) PemuTte yparHeHue:
a) x>+ 11x — 108 = 0; 6) x® + 6x + 44 = 0.
849, 3 narHEIX ypaBHeHHil BHIGEpPHTE TO, KOTOPOE MMEeeT OJ(HH U TOJNb-
KO OJMH LIeJIbli1 KOpeHb.
1. 2*-x+3=0 2. x*+x*-20=0
8. x'+5x2+4=0 4. *-5x+4=0
350, Permmure BO3BpaTHOe ypaBHEHHE
10x* — 77x° + 150x% — 77x + 10=0.

B51. TokamuTe, UTO €CIM UHUCIO M HBIAETCH KOPHEM YpaBHEHUSA
ax*+ bx® +cx®2+bx+a=0, rage a, b, ¢ — HEEKOTOPHLIE YHCIA,
npudeMm a # 0, To obpaTHOE €My HHCJIO TaKKe ABJISAETCHA KOpPHEM
9TOro ypaBHEHMA.

mijéﬂbﬂbie ynpaxHeHus k rnase I

K naparpaody S5
352. Permnute ypaBHEeHHe:

a) x° — x* = 0; 6) x® = 4x%; B) 0,56x° = 32x; r) 0,2x* = 42
353. HaiiguTe KOpHM ypaBHEHHUS:

a) (a — 2)(a + 2)(a® + 4) = 25a® — 16;

6) (x — 1)(x + 1)(x% + 1) = 62 — 1.

08 ELER] YpaBHeHUs U HepaBeHCTBa C OOHOW NepeMeHHOMn



354. Pemnmnte ypaBHeHUE:
a) x> —x*-4(x-1P°=0; B) 5x® — 19x% — 88x + 40 = 0;
6) 2y° + 2y — (y + 1) = 0; r) 6x°® — 81x° - 81x + 6 = 0.

355. Pemute ypaBHEHHE:

a) x>+ 2x% + 38x + 2 = 0; 6) x* +4x2—-3x—-6=0.
356. PemnTe ypaBHeHue X° = x ABYMA crnocobaMu: rpadUuecKVM M aHA-
JIUTHIECKHM.

357. C nomompio rpadMKOB BHISICHUTE, CKOJIBKO PEIIeHUH MOXKeT MUMEeTh
VPaBHeHMe Xx° + ax + b = 0 IpH pasIMYHHX 3HAYEHHAX a ¥ b.

358. Peniute ypaBHeHHe, HCHOJb3yA BBeAeHHEe HOBOH IepPeMeHHOI:
a) (x% + 6x)% ~ 5(x% + 6x) = 24;
6) (x% — 2x — 5)% — 2(x? — 2x — 5) = 3;
B) (2% + 8x — 25)%2 — 2(x®* + 8x — 25) = —T;
r) (y +2) - (y + 2)* = 12;
n) (x% + 2x)(x® + 2x + 2) = 8;
e) (x> - x - 16)(x% — x + 2) = 88;
xK) (2x° + Tx - 8)(2x2 + Tx —3) - 6 =0.
359] Pemure ypaBHEeHHe:
a)y -y +y=1; 6) y' + y® — 27y = 27.

360] Perure ypaBHEHMe:
a) 2x" + 28 + 2xt + 2* + 2x + 1 = 0
6) x' —2x% + 2x* —4x®* + x -2 =0.
361. HaiiguTe cyMMy KopHei OMKBaJpATHOIO ypPaBHEHMH:
a)x4—9x2+18=0; B) 4x* - 12x% + 1 = 0;
6) x* + 8x% - 10 = 0; r) 12yt - y2-1=0.

362] ApnseTca ym umco:
a) y3 + b kopmem 6ukBazpaTHOro ypasHemms x* — 6x2 + 3 = 0;

6) \/5 - \/E KopHeM GMKBaZpaTHOro ypassHenms x* — 10xZ + 23 = 0?

363] PasmoxkuTe Ha MHOMKHTENM TpeXwWIeH:

a) x* — 20x% + 64; r) x* — 3x%2 — 4;
6) x* — 17x% + 16; n) 9x* — 10x% + 1;
B) x* — 5x% — 36; e) 4x* — 17x% + 4.

364. PemmuTe ypaBHeHUe:
33 +124% - 27y-108

2) 2~ 16

AononuutensbHble ynpaxHeHvs K rnase |l l 99
4%

P65 -y-6 _ 0
y® - 36y

0; 6



365. IIpy KaKux 3HAYEHMAX X pasHoOCTh Apobeit "

1 o

x+ 20

pas-

x+ 2 x+4

HA pasHoOCTH apobeit u

x+ 8

366. Periute ypaBHeHMe, MCIOJIB3Ys BHIZEJIEHHe IIeJIOM 4acTH U3 Apobu:
2 -5x+3 2+5x+1 1 22 +6x+10 22— 6x+ 17

1
8 ——%—5 ~ " x+5 ~o O x+3  ~  =x-3 ~ 's-
367. HaiinnTe KOpHH ypaBHEHHSA:
2) 1 1 10 _,.
2-6x+8 *¥~2 P-4 ’
3 3 7
6 + = L]
) P“-x-6 xX+2 ,2_9
368, Pemute ypaBHeHHe
1 4 +21  42°-32%+14x-4
B-F+rx-1 L+ +x+1 -1
369] Haiinure KOpHM ypaBHEHHS:
Tx—4 S5x -3
2 _ ] 2 _
8) X" = g7 6) " = 37 —%-

370. Pemiute ypaBHeHHe, 0003HAYMB OJHO M3 cJlaraeéMbIX 4depe3 t, a
1

Apyroe uepes ;:

22 +1 x 1 A+2  8x-2

1
2) x x2+1=2§; ©) 3""'_2+.7cz+2_26'

371. Pemmiute ypaBHeHHE, HCIIOJIL3yHdA INOACTAHOBKY Y = x2:

x4 1— 422 2 +3 2 10
+ +4=0; + + = 0.
B2 3 -2 7470 O T sl a
372. Pemnute ypaBHenmMe:
2 2 2 2
+1 -2 x+3 x—95
a) (i—z) —16(fc+1) = 15; 6) (x-S) _9(x+3) = 8.
373, Pertute ypaBHeHHe, MCIOJB3Ys BBeJeHHe HOBOI IepeMeHHOI:
] 1\_ . 2 _ 9 _18 _
a) 2(x2+x2] (x+x)—2, 6) 9x"~ 18x + 5 — = 22.

374. 1532
O44. [Ipn KakuX 3HAYEHHSX d CyMMa 4YHCeJ a H 2 B ©7 basa MeHbIIe

CYMMEI HX KYy6oB?

375. Pemmure ypapHenwue:

a) x3+%=22(x+i); 0) x3—i3=19(x—l).
X X

x

BN YpaBHEHMA M HepaBeHCTBA C OOHOW NEePEMEHHON
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376.

377.

378.

K naparpadgy 6

Perurte HepaBeHCTBO:

a) x> — 5x — 50 < 0; r) 8p% + 2p > 21;

6) ~m2-8m + 9 > 0; o) 12x — 9 < 4x%;

B) 3y° + 4y — 4 > 0; e) —9x% < 1 — 6.

JlokasxuTe, 4TO ImpH JOOOM 3HAYEHHH X BEPHO HEPABEHCTBO:

a)2(x + 1} (x —3)> (x+ B)(x—-T);
6) 3(x + 5)(x — 7) < (x + 2)(x — 4).

HakipuTte objsacTh ompeneyieHus QYHKIIHH:

V16 — 24x + 92
6) y = x+ 2

579; Ilpn xkakux 3HaUYEeHHAX a ypaBHeHHe (a + 2)x2 +8x+a-4=0

MMeeT ABa KOpHA?

380] ITpn kakmx sHayesusx b ypapHenme (b— 1)x 2+ 6x +b—-3=0

He MMeeT KOpHeit?

381, IIpr KaKpx 3HAUEHHAX ¢ He MMeeT KODHeil ypaBHEHHeE:

a) x* - 12x* + ¢ = 0; 6) x* + cx? + 100 = 0?

382, IIpr Kakux 3HaueHUsx k ypasHenue x? — 13x% + k = 0 umeer:
84) YeTEIpE KOpHS; 6) ABa KOpHA?

883. Haitaute o6mme pemleHnss HepaBeHCTB x2+ 6x — 7< 0

384.

385.

386.

x2—2x - 15 < 0.

Pemure cucremy HepaBeHCTB:
a) |4x2 - 27x -7 >0, B) |Jx +1<0,
x> 0; 2x? — 18 > 0;
6) |-3x°+17x+ 6 <0, r) Jx—4>0,
x < 0; 3x2 - 15x < 0.
PelunTe cucTeMy HepaBEHCTB:

a) |[x¥*+x-6<0, 6) |22+ 4x—-5>0,
x>+ 2x+3>0; x-2x - 8<0.

Peninte BEepaBeHCTBO:
a) (x + 1,2)(6 — x)(x — 4) > 0;

oft -+t 1)<

B) (x + 0,6)(1,6 + x)(1,2 — x) > O;
r) (1,7 -x)(1,8 + x)(1,9 — x) < 0.

JdononHutenbHble ynpaxHeHus K rnase |

"
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387. Ilpn kakux 3HAYEHHAX X mpomsBegeHne (3x — 5)(x + 4)(2 — x):
a) paBHO HYJIIO; 6) IOJIOKHUTENIBLHO; B) OTpMIIATEJIBHO?

388. Perninte HepaBeHCTBO:

a) (18x — 36)(x — 7) > O; B) (x + 0,8)(4 — x)(x — 20) < 0O;
6) (x — 7,3)(9,8 - x) > 0; r) (10x + 3)(17 — x)(x — 5) =2 0.

389. Peniute HepaBeHCTBO, PA3JIOYKHEB €ro JIEBYIO YaCTh HA MHOXXHUTEJIN:
a) (x* — 16)(x + 17) > 0; r) x°> — 0,01x > 0;
6) (x — g)uz - 121) < 0; ) (x2 - 9)(x* - 1) > 0;
B) x° — 25x < 0; e) (¥ - 15x)(x% — 86) < 0.

390. Pemmute HepaBeHCTBO:

a) (% + 17)(x— 6)(x + 2) < 0; B) (x — 1)%(x — 24) < 0;
6) (2x%* + 1) x(x — 4) > 0; r) (x + 7)(x — 4)%*(x — 21) > 0.

391. Haiiante obnacte onpegeneBEnd PyHKIMH:

= 4 . 6 — 7
a) ¥ JBx —1)(6x+1)° ) ¥ JAlx + 2)(x-4) °
392, PaBHOCHJIBHEI JII HEPABEHCTBA:
-3
8) == > 0 u (x — 3)(x + 1) > O;
+5
6) —5 < 0 u (x + 5)(x — 8) < 02
393. PemmuTe HepaBeHCTBO:
x—8 x+1 2x - 4
a8) >34 > 05 B)3—x > 0; ) 3x+3 505
x+ 16 6-x 5x —1
6) =11 <0; )%=z <0; ) 22+3 > 0
394. PeninuTte HepaBeHCTBO:
6x + 2 3 - 2x
8) vz <9 B) 3x72 < L5
5 8 5x -4
6) ——— > 1; 1) ——8 > 15.

YpaBHEHUS N HEPABEHCTBA C OAHON NEpeMEHHO
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E:ERI YPABHEHUR U HEPABEHCTBA
C ABYMSA NEPEMEHHBIMU

VPABHEHUSI C 1IBYMS! NMEPEMEHHbLIMU
U UX CUCTEMBDI

/7. YpaBHeHue ¢ AByMSA nepemMeHHbIMU
n ero rpadpuk

Kaxxpoe M3 ypaBHEHHI
2x + 3y = 15, x% =4 -y, xy—6=0, 522+ > =9
fIBJIAETCA ypaBHEHHEM C ABYMS IepPEeMEeHHBIMH.

Ecax B ypaBHenue 5x2 + y? = 9 mozcraBuTe BMecTo X umcio 1,

8 BMECTO y 4YHMCJO 2, TO MOJYUHTCH BepHOe paBeHCTBO b+ 1% + 22 =9,
ITapa umnces (1; 2), B KOTOpOM HA& IEPBOM MECTE€ YKa38HO 3HAUEHHE
NnepeMeHHOH X, a Ha BTOpPOM — 3HauyeHHMe IepeMeHHO# y, SABJIfeTCHA
pellleHueM ypasHeHus 5x° + y? =9,
A, C
. PeIlleHHeM ypaBHEHHS € ABYMS II€PeMEHHBIMH HAa3bIBAE€TCH !
Iapa 3HAYEHHI MEePeMeHHBIX, OGDAIAIOIas 3TO ypaBHEHHE B |
BepHOE pPaBEeHCTEO. ~

- 1 - Ll ==y ™ N -, | — — » - b a o4

YpaBHEHHE Cc AByMA II€pEMEHHBIMH HMEET, KaK IpaBHJIO, OECKOHEeY-
HOe MHOKECTBO peIIeHUH.

IIBa ypaBHeHHMsI, HMEIOIE OJHO M TO e MHOYKeCTBO PeIleHHii, Ha-
3BIBAIOT PABHOCUJbHbIMU YPABHEHUAMU.

CreneHp I1eJIOro ypaBHEHHH C ABYMS NIEPEMEHHBLIMHM OIpeaelisieTcs
TakK »Xe, KaK M CTEIeHb IeJIOr0 YPaBHEHHUS C OXHOI mepemeHHoM. Eciu
JeBafd 4yacTh YpaBHEHHUA € ABYMS IIEPEMEHHBIMHM NPEACTaBAAET coboii
MHOro4JjieH CTaHAAPTHOro BHAa, a npaBas — 4yucjo 0, To cTeneHb
YpaBHeHNs CYHMTAIOT PaBHOH CTeNEeHH 3TOro MHorousjeHa. [lis Toro
4YTOOBI BBIACHHTL, KAKOBa CTeleHb YPaABHEHHSA C ABYMHA HOEPEMEHHBI-

§ 7. YpaBHeHus C OBYMS NEPEMEHHbBIMU U UX CUCTEMbI
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MU, €ro 3aMeHSIOT PABHOCHJIBHBIM ypaBHEHUEM, JIeBaf YACTh KOTOPO-
ro — MHOTOYJIEH CTaHIapTHOro BHJAa, a IpaBas — HyJb. Hampumep,
ypaBHeHne (x2 + y)? = x® — 1 paBHOCHMIBHO ypaBHeHmIO 2x°y+ y2 + 1 =0
M, 3HAYHUT, ABJAETCH ypaBHEHHMEM 4YeTBEPTOH CTeIeHW.

-~ . —— < - -——

I'papukoM ypaBHEeHNs C ABYMSA IEepeMEHHBIMH HA3LIBAETCH ,
MHOXKECTBO TOYEK KOOPAMHATHOM IIJIOCKOCTH, KOOPAHHATHI KO-
TOPLIX OOpallaloT ypaBHEHHE B BePHOE PABEHCTBO. I
)
e -

T T RT3 " - vl S =S

Bul 3Haete, 4TO rpadMKoOM JIMHENHOro ypaBHeHus ax +by=c, B
KotopoMm a# 0 nnum b# 0, apiaserca npsmas. BaM H3BeCTHBI TaKke
rpadMKH HEKOTOPBIX ypaBHEHHI BTOpol cteneHu. Hanpumep, rpadpu-

KOM ypaBHeHUS Yy = x° siBnsierca mapaboyia, rpadMKOM ypaBHeHHUS
xy = 12 — runep6bomna.

Ilokaxxem, 4YTO rpadmkKoM yYpaBHEHHUSHA
x* + y? = r?, rme r— mIPOM3BOJBLHOE MOJO-
JKUTENbHOE 4YHCJIO, ABJISETCHA OKPYKHOCTD
paguyca r ¢ IEHTPOM B HayaJje KOOPAUHAT
B . (puc. 60).

Ilycre TOuka B(x; y) — npoOH3BOJIBHAHA
TOYKA 3TOM OKPYXXHOCTH, He OpPHHAaJJIeXxXa-
iafg HM OJHOH M3 KOOPpAUHATHBIX ocek. Tor-
A O ¥ A& M3 IpAMOYroJbHOro TpeyroasHuxka AOB

E umeem AO? + AB? = BO?. Tak rak AO = |x],
AB=|y| u BO=r, to |x]* + |y|* = r*, unn,
OIIYyCTHB 3HAK MOAYJIfA, IOJYYHM
2+ yt=ri (1)
Puc. 60 Jlerko y0OeAuMTBCA, 4YTO e€cCJH TOUYKAa
OKPY?KHOCTH HAXOOUTCH Ha OAHOM M3 KOOpP-
AUHATHBIX OCel, TO €€ KOOPAMHATHI TAKJKe YIAOBJETBOPSHAIOT ypaBHe-
HMIO (1). Hanpumep, moactaBuB B ypaBHeHHe (1) KOOpAMHATEI TOYKH
C(0; —r), momyuum BepHoe paseHcTBo 02 + (—r)° = r.
MoxxHO A0OKa3aTb, YTO €CJIH TOYKA He MNPUHAJEKUT OKPYIKHOCTH,
KaK, HalrpuMep, Toyka D miau touxka E, TO ee KOOPOAUHATHI HE YOOB-
JIeTBOPHIOT ypaBHeHHIo (1).

UA

NAGHYTUA NbBOBWUY YHEBHILLEB (1821-1894) — pycckuit
MareMaTuk U MexaHuK, OCHOBaTenb 3HaMeHUTOoW neTepOypr-
CKOW MareMaTtmHeckoil wkonu. OCHOBHbIE ero Tpyabl OTHO-
CATCA K TEOpUU 4Yucen, MaremMatuyeckOMy aHanuiy, Teopuv
BEPOATHOCTEXN M OPYrUM BOMPOCaM MaremMaTtvkm U CMEXXHbIX
obnacren 3HaHUWN.

) EL:ERI] YpaBHeHUs 1 HEpaBEHCTBA C ABYMS NEPEMEHHbLIMIN



3uHauuT, paBeHCTBO X2+ y?= r? BepHO 17

TOTZla U TOJILKO TOrZa, KOrjJa TOYKa C KOOop-
NIAHATAMH X U Y IPUHAAJEXHUT OKPYMHHOC-
T pajByca r C¢ IIEHTPOM B HayaJyie KOOpAH-
Hat. Orcrooza ciaeayer, 4yTo rpadmKoM ypas-
HeHUs X° + y° = r° ABifeTCa OKPYKHOCTH
pazuyca r ¢ IEeHTPOM B Hauyalle KOOPAHHAT.
Ecnu KamAyro TOUKY STOM OKPYXBOCTH
nepeHecTH IapaJuleJIbHO OCHM X Ha a
eIUHHKI] BOpaBO npu a> 0 umiam Ha -a
eIUHNI[ BJIeBO IpH a <0 B mapajajeJbHO
ocu y Ha b eaumHun BBepx npu b> 0
nan Ha —b eamHun, BHM3 npu b < 0, TO
MOJIYYHUM OKPYXKHOCTHL TOIO Ke pajuyca C
. Puc. 61
neHTpom B Touke O (a; b) (puc. 61).
YpaBHEeHHEe J3TON OKPYM»MHOCTH IIPHMET
BHJ

(x— a)® + (y— b)? = rt.

I'paduku ypaBHEHHII ¢ ABYMSA II€pEeMEHHLIMH BeCbMa PasHOOOpPa3HbI.
HexoTopnle n3 HUX m300parkeHbI Ha PHUCYHKe 62.

a) [77% 6) 1773
1 4
(x2+y2)2 = 2(x2— y2) 1 7
= P .
Wy y
> — = >
0, 1 X 0 1 X
— ~ x3+y3—3xy=0]_|
\
Puc. 62
ana)KHeH_vm
395. fisnsercss su napa uyucen (—1; 3) pemennemM ypaBHeHHS:
a) x2-y+2=0; B) x% + y* = 10;
6) xy + y = 6; r) x2 — 2 + 8 =07
396. Haitaure Tp KaKuMX-HHUOYAbL pellleHUs ypPaABHEHHS:
a) x — 2y =8; B) x —xy=12;
6) x+ 0y =10; r) (x+yy—2)=0.

& 7. YpaBHeHns C OBYMS MEPEMEHHLIMUA N UX CUCTEMbI l 105



397. OnpezenuTte creneHb ypaBHEHMA:
a) x + 4xy = b; B) 8x°% — y? = 2x'(4x* - y);
6) x° + 8x%% = 1; r) (x—2y)? — x% = dy(y — x) + Hx.

398. ITokaxkute, yTo rpadmKoM ypaBHenns x° — y? = 0 aBiaseTcs napa
NPAMBIX =X H I = —X.

399. IlocTpoiiTe rpadhMK ypaBHEHHUS:

a) 3x+0y=12; r) y=1,5; x) |o = 2;
6) Ox +y=1; m (x—2)(y —3) = 0; 3) |yl = 8.
B) x = 5; e) (x+3)(y+1)=0;

400. CocTaBbTe ypaBHeHHe, rpaMKOM KOTOpPOro SBJSIeTCA Iapa nps-
MBIX, M300pa)xXeHHBIX HA pHCYHKe 63.

a) 77} 6) 779
2 2
I1
11 R 0 .
—10l | 2 X —2 1]-2 X
-1
B) [7] \ I‘) iy\
3
4
1 1
[ =8 ] -1 o[ [ 11l 2 x -1lol. 112 x
-1
-2
Puc. 63

BELERID YpaBHEeHUS M HepaBeHCTBA C OABYMS NEPEMEHHbIMU
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401.

CocTaBbTe ypaBHEHHME C ABYMA IIepeMeHHBIMHM, rpadHK KOTOPOro
H3o0pakeH Ha pHUCYHKe 64.

a) Y 6) [77)
2
}
1 1
-1.0/ 1112 x 8] 1]-1.0 x
-1 -1
B) YA r) [77)
- 2
' 4
1
%
-2 -1-0l 112 x (T3 1 1-10 [ 1ol gl ] x
_1 “1
—2
Puc. 64
402. ITocTpoiiTe rpaduK ypaBHEHHA:
a) xy=6; B) x>+ y? = 9;
6) y—0,5x% = 1; r) (x+1)2 + (y-1)% = 4.
403. Kakasa ¢urypa sasiserca rpadMKOM ypaBHEHUS:
a) (x-5)(y+6)=0; B)x*+(@¥y-1)*=0;
6) (x — 4)(x+ 2) = 0; r) (x— 5%+ (y+ 2% =17
404. 3anuimunTe ypaBHEHHE OKPYXKHOCTH C IIEHTPOM B HayaJjie KOOpPAH-

HaT, 3HadA, YTO OHA IPOXOAHT 4Yepe3 TOUKY.

a) A(-2; V5); 6) B(3; 4); 8) C(8; 0).

& 7. YpaBHeHus C ABYMS NEPEMEHHBIMU U UX CUCTEMbI
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405. Harmnninte ypaBHEHHE OKPY?KHOCTH, 3HAf, UTO €€ IEHTP HAXOJUT-
ca B TouKe K(2; —5) m oHa ImpoXoauT uepe3 TOUKY:
a) A(-1; -1); 6) B(-3; 7); B) C(1; —4).

406. ITokaxxuTe, uro rpaduKOM ypaBHEHHSA
X+ -6(x—-y)=17
ABJISIETCHA OKPYXKHOCTE.
2x + 2

Cxr Y _ (x—0,5y)% = 242

407. Yto sBnsierca rpahuKoM ypaBHEHHS y

BribepuTe BepHEBIII OTBET.

1. OKpy»KHOCTB
2. TTapabona

3. 'mnepbona

4. ITapa npsaMbIX

408, IIpu Kakux 3HAUeHHUAX m rpaduKoM ypaBHEHHUSA
(x— 4+ (y+m)=15
fIBJIAETCA OKPYYXHOCTH, IIEHTP KOTOPOI PpacloJIOdKeH B uYeTBepToil
KOOPIMHATHOM YeTBEPTH?

'409,) Ilpu Kakux 3HAYEHUAX I OKPYIKHOCTB (X — 5)2 + (y - 7)2 = r?:
a) KacaeTcd OCH X; 0) kacaetca ocu y?

410. CocTaBbTe ypaBHEHHE OKPYXXHOCTH C IIeHTPOM B Touke (3; 8),
3Had, YTO OHA KAacaeTcs:
a) ocu Xx; 6) ocu y.

411. Haiifute Bce Iesble PellieHHS ypABHEHUA:
a) xy=2; 6) x* — y* = 3.

r:
H
:412. Pewinte HepaBeHCTBO:
a) 25x% + 6x < 0; r) y° < 10y + 24;
| 6) x2 — 169 > 0; ) 15y° + 30 > 22y + T;
B) 4x% — 225 < 0; e) 3y — 7 < 26y + 70.
'413. Pemnnte cucreMy ypaBHeHHII cIIocOOOM IIOACTAHOBKH:

| ) {11x -9y =387,  6) [16x — 4y =5,
x=1+2y; 3x —y=2.
|

414. Peninte cucteMy ypaBHeHHII crmocof0M CJIOMKEHHA:
; a) [5x + 2y = 30, 6) [2x — y = 85,
3x + 4y = -3; 5x — 2y = 200.

i ELEERL] YpaBHEeHA 1 HepaBeHCTBA C ABYMS NepPeMEHHbIMI



18. MNpadunuyecknin cnocob pewueHusn
CUCTEeM ypasBHEHUA

B kypce anrebpel 7 Knacca MBI paccCMaTpPHBAJIH CHUCTEMBl YPABHEHUIA
IIEPBON CTEIIEHH C JIBYMSA INepeMeHHBIMU. Tenepp 3aiiMeMcH pelI€HHEM
CHUCTEM, COCTABJIEHHBIX M3 JIBYX YPaBHEHHI1 BTOPOI CTEIEHU WUJH U3 Of-
HOIO0 ypaBHEHUSA IIePBOM, a JPyroro BTOpPON CTEIleHH.

HanmoMHHMM, uTO mapa 3HaueHHU IIepeMeHHBLIX, ofOpaIllarIliasd Kai-
Jioe YpaBHEHHE CUCTEMBI YPABHEHHWH C ABYMS#A II€PEMEHHBIMH B BEPHOE
PABEeHCTBO, HA3BIBAETCH peuieHuem cucmemsi. Peitnte cuctemMy — 3Ha-

yuT HANTH BCe €e PElIeHWA WK JOKAa3aTh, UTO PELIeHUI HEeT.
Haursem ¢ rpadpuueckoro crnocoba peleHus.

F.;f. q"l;”'"' —_- T nE-x-—rE:PUTw :--1'.':*]
-3 - b r - ..ru . ’
Silg A LI Sl M A0 R It
b T [*.F:r"'lt*}_{t‘F_‘”' S a0s
R T D SRS SN0 Aln SOMES B8
it 2 L
- =—x*+2x+5 I

s ' R
3 }i i3 1
e Y
T x =
as 12
i I O
[ RS e]
',; J S
i gEE T
_1.—4: Y RS a1 ) .. - '.
T oA !
- .- f ;
_;___—5 f,}: —4 ] 1 ] !
-E-TT' ‘.i I_-_]_
A
= d%
s h
T ol
S A
g
o
{418
L~
Puc. 65
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Ilyete TpebyeTcsi PelIUTh CHCTEMY YPaBHEHHUM

x2+y2=25,
y=-x"+2x+5.

ITocTpouM B OxHOM cHCTeMe KOOpPAMHAT rpadHKH ypaBHEeHHH
X2+ f=25ny=-x2+2x+5

(puc. 65). KoopauHaTel J1060i1 TOUKHM OKPYXKHOCTH HABJIAIOTCS Ppelle-
HHEeM ypaBHeHUs x> + y? = 25, a KoopAWHATHI J1000i TOYKH mapao-
JIbl — pellleHHeM ypaBHEHHA Yy = —x° + 2x + 5. 3BHAUUT, KOOPIWHATHI
mo0oii TOUKH MDEepeceYeHHs OKPYIHOCTH H napabosibl yIOBJIETBOPSIOT
KaK MEePBOMY YPAaBHEHWIO CHCTEMLI, TAK M BTOPOMY, T. €. ABJIAIOTCH pe-
IeHWEM paccMaTpnBaeMod cucteMbl. Mcmosne3ys pHUCYHOK, HaXoguM
npubINKeHHble 3HAYEHUS KOOPAWHAT TOUYEK IIepeceueHus rpaduKoB:
A(—2,2; —-4,5), B(0; 5), C(2,2; 4,5), D(4; —3). CnenoBaTensHO, cHUCTE-
Ma ypaBHEHHU HNMeeT 4YeThbIpe peIleHUd:

0

93
-3.
IloncTaBuB HallleHHble 3HAYEHHHA X U Y B YPaBHEHUS CHCTEMEI,

MOXKHO y0OeAUThCsi, YTO BTOPOE W UETBEPTOE PEIIeHUs HABJISAIOTCHA TOU-
HBLIMH, a IIepBoe U TPeThe — NPHuOINIKEHHbIMH.

xl = "'2,2, yl = _4,5; x2 = 0, y2
xg = 2,2, Y3 = 4,5; x, =4, y,

ZZ

YnpaxHeHus

415. fIBnsiercss U penieHHWEM CHCTEMBI YPaBHEHHI
X2+ y2 = §,
6x + 5y = -4

napa umcen: a) (—2; 1); 6) (1; —2)?

416. Periure rpaguuecKy cCUCTEMY yDaBHEHMIl
{y - x* =0,
2x -y +3=0.
417. ITokakuTe ¢ NoMOIIbI0 rpadHMKOB, UTO CHCTEMa ypPaBHEHHUIA
x% + y2 = 29,
{y =x-6
MMEET UYETHIPDE PEIIeHHS, M HAHAUTE MX.

418. Pemnte rpaduuecKH CHCTEeMY ypPaBHEHHHN

x% + y? =100,
Y= %x2 - 10.

LEL:ERID YpaBHeHMs 1 HepaBeHCTBa C ABYMS MNepeMeHHbIMU



419. C nomomnpio rpadMKoB pelINTe CUCTEMY YPaABHEHUM:

a) Jxy = 6, 6) J(x -3+ (y-4)° =4,
2x - 8y = 6; y—-x2=0.

420. Peninte rpadpuuecku cucTeMY YPaBHEHWIA:

a) jx* + y® =16, 6) [xy = 8,
x+y+2=0; x+y+3=0.

421, U3006pa3uB cxemaTHuecKH rpa)yKk¥ ypaBHEHWIl, BLIACHHUTE, UMeeT
JIX pellleHus CHCTeMa YpPaBHEHHI M eCJIM MMEeT, TO CKOJBKO:

a) y=x3, B) y=x2+1,
xy = -12; xy = 3;
6) |y = 2%+ 8, r) |2® + =09,
y=-x*+12; (x —10)%2+ y% =16.
422, Pemnnte rpahryuecKy CHCTEMY ypPaBHEHUIA:
a) J(x - 4¥ + (y - 5)* =9, 6) Jy - x*=0,
Yy = Xx; x+ y=6.
423. Pemute rpadMyecKy CHCTEMY ypaBHEHHIH
x2-4=0,
¥ -9=0.

. ﬂ
1
1424. CoctaBbTe ypaBHEHHE, I'DAGHUKOM KOTOPOrO ABJIAETCH:

a) mapa npaMelx y=x+1un y=x—1;
, 6) napa6ona y=x> u npamas y= —2.
1425 Ilpu xakom SHAYEHHNH b napa umncen (18; 3) ABAsieTcs pelIeHUEM
CHCTEMB! YpaBHEHUH
{x—2y=4a
2x + y = 39?

426. Ilpy KaKuX 3HAYEHHAX 4 PEIIeHWEM CHCTeMbl ypaBHeHHH
x+y=a+l,
3x—-y=a-1

ABJIAETCHA IIapa IIOJOXKHUTEJIBHBEIX yucesn?

a-1 a+l1)°5a-5
npmmmae'r ODOJIO2KHUTeJIbHBIe 3HAUeHUd npn BCeX II;OIIYCTI/IMI)IX
1 3HaUYeHUuAx a.

& 7. YpaBHeHWA C ABYMSI NEPEMEHHLIMU N UX CUCTEMDI | 114
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[428. U3 nepeBHHN B ropoj, HaXOAAIIHNICA HA PACCTOSHMUH 72 KM, OTIpAa-

; Buica Besnocurnenucrt. Cnyera 15 MHUH HaBcTpeuy €My H3 ropona

l BbleXaJl HPYroM BEeJIOCHIIELHCT, IIPOE3XKAIOIIMM B Yac Ha 2 KM
6onbine nepsoro. Haiiinre, ¢ kakoil CKOPOCTBIO €XaJl KaMKIbl U3
HUX, €CJIH HU3BECTHO, UTO OHHM BCTPETUJINCH B CE€PEANHE IyTH.

19. PewweHne cuctem ypaBHeHWN
BTOPOW CTeneHu

PaccmoTrpuMm cHauaJsia cucTeMbl YPABHEHHUI ¢ JIByMs I€EpeMEHHbIMH,
COCTABJIEHHBbIE M3 OJHOIO YPABHEHHUS BTOPOH CTEIIEHM W OJHOIO ypaB-
HEHUSA IEPBOM cTeneHM. Takyio cMCTeMy Bcera MOXKHO PEIINTh CIIOCO-
OooMm noactaHOBKH. )i 3TOro mocTymnaroT CJIeAYIOIUM 00pas3oMm:

- - —_——_— - — - —_

1) BbIpa’kalOT M3 YpPaBHEHUSH IIepBOil CTeleHU OJHY IEPEMEH-
HYIO Uepe3 ApPYryio;

2) NOJACTaABJIAIOT IIOJIYYEHHOE BBIPpAKE€HHE B YpPaBHEHHE BTOPOM
CTEelleHH, B Pe3yJIbTaTe YEero IPUXOAAT K YPABHEHHIO C OJ-
HOM IlepeMeHHOMH;

3) pelIaloT MNOJYYHUBIIEeCcs YpaBHEHHE C OLHOM II€EPEMEHHOM;
4) HaXOAAT COOTBETCTBYIOII[ME 3HAUEHHA BTOPOM IIePEMEHHOH.

IIpumep 1. PemuM cucTeMy ypaBHEHHH
x* - 3xy - 2y° =2,
x+2y=1.
» BripasuM M3 BTOPOro ypaBHEHUS IIEPEMEHHYIO X uepes V:
x=1-2y.

IlogcTaBuM B IepBOe YpPaBHEHHWEe BMeCTO X BeIpaxKeHue 1 — 2y, mo-
JIydM ypaBHeHHE C IIepeMeHHOU y:

1-2y)*-3(1-2yy-2y°=2.
Ilocsie ynopoiiieBH#A IOJYYHM PaBHOCHJIBHOE YPaBHEHHE
8y’ — Ty—1=0.

o 1
PemnB ero, HailneMm, uTo y; = —g, Yy = 1.

CooTBeTcTByIOIIMe 3HAUEHUS X MOXKHO HalTH, NOACTABHUB HailJieH-
Hble 3HAUEHHUSHA [ B OJHO M3 YPaBHEHWI CHUCTEMbI, HAIlPUMEpP BO
BTOPOE ypaBHeHHe. ¥Yio0Hee, OJIHAKO, BOCIOJb30BaThCA (POpMyJIOH
x=1-—2y.

piEEERI YpaBHeEHMA M HepaBeHCTBA C ABYMA NepeMeHHbLIMU
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ITopcTaBuB B hopmyny x=1—-2y 3HaueHUe y1=—%, IOJIyYUM x1=1%.

IloncraBuB B popmyny x=1—-2y 3HaueHuEe y,=1, nomyunm x,=-1.
Hrak, cucteMa nMeeT Ba pelUeHUs:

1 1
Xy = IZ’ Nhh=—%g

8Hx2=-1, y2=1-

1 1
OTBeT MOXKHO 3ammcaTh Tak»<e B BHJE Nap: (IZ; -—g), (-1; 1). 4

Ecau cuctema coctouT M3 ABYX yPaBHEHUil BTOPOM CTemeHH C ABY-
MfA IepeMeHHbIMH, TO HAWTH €e pelieHuA oObiyHO ObIBaetr TpyaHo. B
OTZEeJbHBIX CJy4YasX TAKHME CHCTEeMbl YJAeTCA PEeIlIuThb, HCIOJIb3ysA CHO-
co6 MopCcTaHOBKYM HMJH CHOCO0 CIIOMKEeHHS.

IIpumep 2. Pemum cucteMy ypaBHEHHU

x? - y? =5,
xy = 6.

P BocnoabzoBaBmimck TeM, uTo X # (), BRIpasMM M3 BTOPOro ypasBHe-
HHUA IIEpeMEHHYIO J Uepe3 X:
6

xc

6
IlopcTaBUM B IepBOoe ypaBHEHNE BMECTO U BhIPaKeHHeE —- llomy-
YMM YpaBHEHUe

PenrusB ero, Haiimem, 4TO
x, = -3, x5 = 3.
Ilo dopmyne y=% HaXOJUM COOTBETCTBYIOII[ME 3HAYEHHS l:
Y= -2, y= 2.
3HAYHUT, CHCTEMAa HUMeeT JIBa pellleHHA:
x, =3, Yy =-2u x,=3, Yy, = 2.
OtBeT: (—3; —-2), (3; 2). <

YnpaxHeHusa
429. PemmuTte croco6oM MOJCTAHOBKH CHCTEMY ypaBHEHMIl:
a){yz—x=—1, B) {xy+x=—4,
x=y+ 3; X —y=6;
6) ly=x -1, r (x+y=9,
{x2 - 2y = 26; {yz + x =29,

& 7. YpaBHeHn C AByMS NepPeMEHHbIMU U UX CUCTEMbI
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430. Peninte cucteMy ypaBHEHHiI, HMCIIOIb3YA cOoco0 IIONCTAHOBKH:

a) |[x =3 -y, B){x2+y=14,
y® — x =39; y—x=28;
6) [y =1+ x, r){x+y=4,
x+y2=.-]_; y+xy=6.
431. Penntnte cucreMy ypaBHEHHI:
a){x—y=3, B) [x+y=-1,
Xy = -2; »+yt=1;
0) [x+y=2,5, r) (x —y=2,
xy = 1,5; x* -yt =117.
432. Peninte cucreMy ypaBHEHUI:
a){x+y=8, B) |x*-y?=8,
xy = —20; X —y=4;
6) [x -y =0,8, r) j2¥+ y* =5,
xy = 2,4; x+y=-3.
433. Peninte cucteMy YpaBHEHHI:
a) ly — 2x =2, r) |3x%+ 22 =11,
5x2—y=1; x+ 2y = 3;
6) jx — 22 =2, ) |x2% + ¥ =100,
3x+y="7T; 3x = 4y;
B) [x% — 8y = 52, e) |2x% — * = 32,
y—x=14; 2x —y =8.
434. Pemnute cucTeMy YPaBHEHWII:
a){2xy—y=7, r) [x-y-4=0,
x =0y =2; x* + y® = 8,5;
6) |2x* — xy = 83, n) Jx%+ 4y =10,
4x -y =17; x -2y = -5;
B){x2+2y=18, e) [x -2y +1=0,
3x = 2y; 5xy + y? = 16.

435. Peuinte cHUCTEMY YpPaBHEHHI:

a) |2x + 4y = 5(x — y), 6) |lu—v==6(u+v)
xz—y2=6; u® - ¥ = 6.
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436. Pentnte cuCTeMYy YpPaBHEHWIi:

a) |6(y — x) - 50 = y, 6) |Jp+5t=2(p+1),
y— xy = 24; pt—t=10.

437. PemuTe cUCTEMYy ypaBHEHHIA:
a)rx—ny+3r=Hm, 6)¥x#lﬂy+un=9,
y-x=1; x—y=11.
438, PemnTe cHCTEMy ypaBHEHWIA:
a{ﬁ—4=0, m{f—5x+6=m
xy = 6; ¥ -6y +5=0.
439. Pemnte cuctemy ypaBHEeHUI
{y=05ﬁ—2,
y—x=2
cHauvaja rpadpuyeckuM crnocofoM, a 3aTeM aHAJIUTHUYECKHM.

440. Pemute cuctemy ypaBHEHHH rpadHuecKH ¥ aHAJTHTHUYECKH:

a) |]x*+ y* =16, 6) Jy=x">+1,
x—y=4; x+ 2y = 5.
441. PemnTe cucTeMy ypaBHEHHIl:
a) jx®+xy - y* =11, 6) Jx* + xy -3y =9,
x -2y =1; 3x + 2y = -1.

442. Pemnte cucteMy ypaBHEHWIi:

a) {xz + y? + 3xy = -1,

0) lu+2v =4,
x+ 2y = 0;

u? +uv - v =-5.

443. Peinnte cucTeMy ypaBHEHMWIA:

a) (x -y =5, B) [8x +y =1,
11 , 1 _ 1, 11 . 1 o k.
ChilrlL x +y =%
(x + y =6, (1 _1_1

6)41_1_1. Dy "z %
L; 3#-4"’ L:k‘:_2y=2.

444. He BLINOJHASA IOCTPOEHUSN:

a) onpejfenuTe, nepeceKkaeT M napabosa y = x? — 8x + 16 mpamymo
2x - 3y=0 u ecaiu Ra, TO B KAKHX TOUKAX;
0) HaliiuTe, B KAaAKHX TOUKAaX IepeceKaloTcH

(x— 52+ (y—4)> = 65 u npamaa 8x—y+ 6 = 0.

OKPYXHOCThH

§ 7. YpaBHenua C ABYMA NEpPeMeHHbLIMM U UX CUCTEMbI
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445. [TlokaxuTte, 4TO NpaAMadg X — Y = 4 uMeeT OAHY OOIIYIO TOYKY C IIa-
pabonoit y=x% — 5x + 5, U HaiiiuTe KOOPAWHATHI 3TOH TOUKH.

446. lokaxkuTe, uTo napabona y=2x? — 5x+ 1 u npamas 2x+y+3 = 0
He IIepeceKalTcCH.

447. Pemnte criocoboM HOJICTAHOBKH CHCTEMY YPABHEHHIA:

a) jx* + 2 =12, 6) |2x% — y* = 34,
xy = —6; xy = 20.
448. PeniuTe cUCTEMY YpPaBHEHHIi, HMCIOJb3ysA crocob ClIOMeHud:
a) |x% - 2y% = 14, 6) |x* + y? = 61, B) {xy + x = 56,
x% + 2% =18; -y =11 xy + y = 54.

449. He BRINIONHAA IOCTPOEHUSA, HaWIUTe KOOPAVHATHI TOUEK IIepeceye-
HUA:

a) oxkpyxHocTH x° + y° = 36 m mapaGoasl y = x° + 6;
6) oxpyxsocteit x2 + y? =16 u (x — 2)% + y% = 36.

450. Ilpn xakux sHaueHMAX k mapaboia y=x>+1 un npamasa y= kx
HUMEIOT TOJBKO OOHY OOMI[yIO TOYKY?

451. OxpysxHOCTh (X — 4)° + (y — 6)2 = 25 u mpAMasa y = kx uUMeIOT 06-
myo Touky M (1; 2). Haiiiure kKoopauHATHI Apyroi obmeit Tou-

KH, €CJIH TaKad TOYKa CYIeCTBYET.
1452. ITocTponB cxeMaTHYeCcKH rpadMKu ypaBHEHHI, BbIACHHUTE, CKOJIb-

' KO pellleHUi MMeeT CHCTeMa YyPaBHEHWIA:
a) {y = x°, 6) {xy = 10, B) |x* + y* = 36,
| y = 15x; y=x; y=x"+3.

[453. Perninte HepaBeHCTBO:

i a) 0,2x(x-1) - x(0,2x + 0,5) < 0,6x — 4;
6) 1,2x(3 —x) + 0,4x(3x—- 1) < x+ 1,1.

'454. Ilpn Kakux 3HA4YEHUAX X:

| ]
a) TpexulleH —x° — 2x + 168 IpHHMMAET IOJOMKUTEIbHbLIE 3HAYE-
HUSA;
6) TpexusneH 15x% + x — 2 DpUHUMAaET OTPULIATE/bHEIE 3HAYCHUS;

x+ 14
P B) npobnb 35, NPUHHMaeT OTPHLATENbHbIE 3HAUEHUS;

6 - bx
x+ 25

r) npobsb IIPUHUMAET IOJIOXKHUTeJbHbIe 3HAUEHUNA?
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20. PewweHne 3apay ¢ nNnoMoLUbIO
CUCTEM ypaBHEHUW BTOPOM CTENneHu

3anmaua. Ilepumerp npamoyronbHHKa paBeH 80 cm. Ecim ocHOBaHUE
IPAMOYrojJbHAKA yBeJWYUTh Ha 8 C¢M, a BbICOTY — Ha 2 €M, TO
mjonagb MPAMOYToJbHHUKA YBEIHMUHTCA B NOJTopa pasa. KaxkoBwl
CTOPOHbI NPAMOYTOJBHUKA?

P IlycTh OCHOBaHMe NPAMOYTOJLHHKA PAaBHO X CM, & BBICOTA PaBHA Y CM.
Tak kak nepumeTp npAMoyrojbHWKa paBeH 80 cm, TO

2x + 2y = 80.
Ilnomaab IPAMOYTONBHUKA paBHa xy cm>. Ilocie yBenuueHus cTo-
POH OCHOBaHHe NpsiMoyroJbHHKa Oyner paBHoO (x + 8) cm, BbICOTa

GymeT paBHa (y + 2) cM, a mIomags 6yner passa (x + 8)(y + 2) evm?.
Ilo ycnoBHIO 3azaumn ILIOIAAbh IPSAMOYrOJbHHKA YBEJIWYUTCS B
IOJITOpPa pasa, T. €.

(x+ 8)(y+ 2) = 1,5xy.
HUTrak, nmMeem cucreMy ypaBHeHHN

2x + 2y = 80,
(x + 8)(y + 2) = 1,5xy.

PemnB ee, Hainem, uto
x, =28, y;, =12 unu x, = 24, y, = 16.

3azaua mMeeT ABa penreHus. CTOPOHB! IIPAMOYroJibHHKA PaBHBI
2cemMmu 12 ecvm i 24 em u 16 em. <

YnpaxHeHus

455. Cymma aByx umces paBHa 12, a ux npousBeneHune paBHo 35. Han-
IUTe 3TH UHCJAa.

456. Onso uwncyio Ha 7 6osblle Pyroro, a UX NpousBesieHHe paBHO —12.
Ha¥aute 3atu uuncia.

457. [lnarosaJp NpAMOyrojlbHHKA paBHa 10 c¢M, a ero nmepmMeTrp paBeH
28 cm. HalimuTe CcTOpPOHBI IIPAMOYTOJIbBHUKA.

458. OnHa M3 CTOPOH INPAMOYIOJBLHHWKA
Ha 14 cm Oosbine apyroi. Haii-
JIUTEe CTOPOHBI I PAMOYIOJbHHKA,
€CJI ero AMAaroHaJib paBHa 26 cm.

459. IIpaMOYTroOJbHBIN YYacTOK 3eMJH

e 2
naomanbio 2400 wm® obOHeceH
H3ropoZibl0, AJHHA KOTOPOM paB-
Ha 200 m. Halizimte pJauHY B NIU-
PUHY 3TOTO ydacTKa.
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460. IlepumeTp MPAMOYrOJBHOIO TPEYrOJbHUKA PaBeH 84 cm, a ero rm-
notenysa paBHa 37 cMm. Haiigure mioinagb 3TOro TpeyrojbHHKA.

461. I3 HeKOTOPOro HOYHKTA BHIILIM OKHOBPEMEeHHO ABa oTpsiza. Oxun
HaIpaBMJICS Ha ceBep, a JApPyroii — Ha BocTOoK. Cnyctsi 4 4 pac-
CTOSTHME MEeXJAY OTpsAAaMH OBLIO paBHO 24 KM, IIpUYeM HOEPBBIN
oTpsx npomes Ha 4,8 kM Gosabiie, yem BTOpoii. C Kakoil CKo-
POCTBIO IIIEeJI KaXXABIN OoTPSAA?

462. OT BepIIMHBEI OPAMOTO YIJla IO ero CTOPOHAM HAYMHAIOT OAHOBpe-
MEeHHO ABMraThcH aBa Tesa. Yepe3 15 ¢ paccTrosinMe Mexxay HUMH
ctano paBHO 3 M. C KakKoil CKOPOCTBbIO ABHUTaJOCh KaXxaoe TeJo,
eCcJIM M3BECTHO, UTO IepBoe IpOoILIo 3a 6 ¢ Takoe »e pacCcTosHUe,
KaKoe BTOpoe mpouuio 3a 8 c?

463. Ha ka>xkz0ii 13 CTOpPOH IPSMOYTOJIbHUKA HOCTPOEH KBa/JpaT. CymmMma
Iwromazeii KBaapatoB paBHa 122 cm“. HaliguTe CTOpPOHEI ,IpsAMO-
VIOJIbHUKA, €CJIM M3BECTHO, YTO ero IJomaznb paBHa 30 cm®.

464. Ilomasb IPAMOYroOJbHOIO TPEeyroJbHHUKa paBHa 24 cm?,

norenys3a paBHa 10 cm. KakoBml KaTeThl TpeyroJbHUKa?

a ero ru-

465. I'mnoTeHy3a IpPAMOYroJbHOrO TpeyrojibHHMKa paBHa 13 cm. Eciam
OAUH M3 €ro KaTeTOB yBeJINYUTh Ha 4 CcM, TO I'MIIOTEHY3a yBeJH-
yuTcHa Ha 2 cM. Haiiaure KaTeThl TpeyroJbHHMKA.

466. [IBa sxckaBaTOopa, paboTas oxHOBpe-
MEHHO, BREINOJIHAIOT HEKOTOPHIH 00beM
3eMJIAHEIX pabor 3a 3 4 45 mun. OpuH
9KCKaBaTOp, paboTassi OTAENIbHO, MOXKET
BBIIIOJIHUTHL 3TOT oO0beM paboT Ha 4 4
6ricTpee, yeM apyroii. CKOIbKO BpeMe-
HM TpeOyeTCA KaXXZAOMY SKCKaBaTOpPY B
OTAENbHOCTH AJISI BREINMOJHEHMS TOTO ¥Ke
o6beMa 3eMIAHEIX pabor?

467. Onue xombaiiHep MoXkeT y6paTh ypoKail HINeHHIIEI C yyacTKa Ha
24 4 OnicTpee, uem apyroii. [Ipu coBMecTHOIl ke paboTe OHM 3a-
KOHYaT yOOpKy ypoxkas 3a 35 u. CKosbKO BpeMeHM mnoTpebyercs
Ka)XJoMy KomOaiiHepy, 4To6GEl offHOMY yOpaTh ypoxkamn?

468. OnHa 13 KOPOXKHEIX Opuraz MoxxeT 3aacdaJlbTHPOBaTh HEKOTOPBIX
y4acTOK ROporu Ha 4 4 OmICTpee, YeM Apyrasi. 3a CKOJIBKO YacOB
MOXKeT 3aacaibTHPOBATh yYacTOK Kaixkaasa Opuraza, ecim U3BeCT-
HO, 4TO 32 24 4 cOBMeCTHOI paGoTHI OHM 3aacGaJbTHUPOBAJIH & Ta-
KHUX Y4aCTKOB?

469. ITonoxkuB B 6aHK HEKOTOPYIO CYMMY AeHer, BKJAAYUK MOT HOJy-
yuTh yepes roa Ha 400 p. 6onbme. OcTaBuB 3TH AeHBI'M B OaHKe
elle Ha IO, OH CHSJI CO CBOEro ciYeTa BCIO CyMMY, KOTOpasi COC-
TaBusla 5832 p. Kaxkasi cymma paeHer Omlila moJjiodkeHa B OaHK M
CKOJIbKO IPOIIEHTOB I'OJOBBIX HAUYUCIAJ OaHK?
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470.

471.

472.

473.

474.

475.

476.

477.

478.

I'pys maccoit 30 Kr npou3BOANUT LaBjieHWe Ha omopy. Ecnu maccy
rpys3a yMEeHBbIINTh Ha 2 KI, a ILJIOIaJAb OIOpPH YMEHBIIHNTHL Ha
1 sxm°, TO Macca, DpuxoAfAIafdcd Ha Ka)XXAblil KBagpaTHBIHA
JeIlMMeTp OHoOpHl, yBeanuuTca Ha 1 kr. Haiiaure nmaomazns
OIOPHI.

PanuoHanu3aTophl 1exa BHEAPHJIM B NPOHU3BOACTBO YCOBEPIIIEH-
CTBOBaHHHIA THI fetanu. OnpefesinTe Maccy AeTaJH HOBOTO M CTa-
poOro THUIIOB, €CJIM HM3BEeCTHO, YTO HAeTajJb HoBoro tuma Ha 0,2 Kr
Jlerye xeTajJy CTaAporo THma, npudyeM M3 22 KI MeTala CTaJH he-
JlaThb HeTaJiell HOBOrO THIA Ha JABe Oojibllle, YeM hejajH neTaseil
cTaporo tumna M3 24 Kr MeraJsia.

N3 nyHKTOB A M B, paccToAHHE MeXAY KOTOPEIMH paBHO 40 KM,
BHIIILJIM OZHOBPEMEHHO HaBCTpedy APYr APYry ABa Imeliexona. de-
pes 4 4 UM ocTajoch OPOMTH A0 BCcTpedM 4 KM. Ecam OBl U3 MyHK-
Ta A memiexop BHIIMEJS Ha 1 4 paHbIlle, TO BCTPe4Ya HPOM3OILIa ORI
Ha cepennHe nyTH. C Kakoil CKOPOCTBIO IIeJl KaKABIHA memexoxn?

W3 nyaxkta M B nyHKT N, pacCTOSHHME MeXAY KOTOPRIMH PaBHO
18 KM, BRIIILIM OZHOBpeMEHHO nBa TypucTa. OKMH M3 HUX OPHOBLI
B NYyHKT N Ha 54 MMH mnosxke, yeM apyroii. Haiigure cxopocTb
KayXxOoro TypMCTa, €CJIM M3BEeCTHO, YTO CKOPOCTb OJHOI'O M3 HHX
Ha 1 KM/4 MeHbIlle, Y4eM CKOPOCThb APYIOTO.

W3 maceneHHmiXx NyHKTOB M m N, yaaleHHBHIX [pyr oT Apyra Ha
50 KM, BEIEXAJH OFHOBPEMEHHO ABa MOTOLIMKJIMCTA U BCTPETHJIHCH
yepe3d 30 muH. Haiignte CKOpPOCTh KasKAOro MOTOIMKJIMCTA, €CJIH
M3BECTHO, YTO OAMH M3 HUX ONpHUORLI B NyHKT M Ha 25 MHH paHb-
IIe, YeM ZpPyrou B nyHKT N.

Iloce Toro xKaxk cmemasm 12 r oxHOM KMAKocTH ¢ 14 r xppyroi
HKUAKOCTH GonbIeit IUIOTHOCTH, MOJYYHMJM CMeCh, IUIOTHOCTD
KoTopoit pasHa 1,3 r/cm®. KakoBa IJIOTHOCTD KasK Ao mnnhrcoc'm,
€CJIM HM3BECTHO, YTO ILIOTHOCTHL OofHOM M3 HMX Ha 0,2 r/cm” 60sb-
Ille IJIOTHOCTH APYroii?

U3 Kycka oJsioBa Maccoil 356 r 1 KycKa MeaM Maccoi 438 I che-
jaay ciiaB. VI3BeCTHO, YTO IJIOTHOCTH Oj0Ba Ha 1,6 r/cmM® Gosb-
mie mjoTHocT mexnu. Haiinnre 06beM KaXA0ro Kycka Merasia, ec-
au o6beM Kycka onoBa Ha 20 cM® MeHbme o6beMa KycKa MeIM.

K pacTtBOpYy, coxepxxkaiemy 50 r cosm, gobasuim 150 r Bogrl. Iloc-
Jie 3TOr0 ero KOHIEeHTpaluusa yMeHbIIuiIach Ha 7,5% . CKOIbKO BO-
Ibl COJEPIKaJ pacTBOpP M KakoBa OmlLiia ero KOHIeHTpanua?

B KaKMX KOOpPAMHATHEREIX YeTBEPTAX HET HH OXHOM TOYKHM rpadu-
Ka (QyHKIUN:

a) y= —3,5x° — 2,6; 6) y= x* — 12x + 347

§ 7. YpaBHeHunsi C OBYMS NEPEMEHHBIMM N X CUCTEMBI
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479. Pemnte cucteMy ypaBHEHHIA:
a){3x+y+4=0, 6){y+3x=2,

x® -yt =2; x? — xy = 3,36.

480. He BrImoNHAA MOCTPOEHUA, HAMANTE KOOPAVMHATHI TOYEK Tiepeceye-
HUS:
a) napa6onbl y= x* — 8x+ 3 u mpamoit 2x—y— 1 = 0;
6) oxpyxkHocTH x° + y®> = 100 u npamoit x + y= 14.

481. PemTe HepaBeHCTBO:

a) x2 - 6x< 0; 6) 8x + x% > 0; B) x2 < 4; r) 22 > 6.

KOHTpONbHbIE BONPOCHI

Il YTO Ha3bIBAETCS pelleHneM ypaBHEHUs C OBYMS NepemMeHHbIMN?
Al 41O Ha3biBaeTcs rpadpukoM ypasHeHusi C ABYMSI NEPEMEHHBIMNT

L@ OObAcHUTE Ha NpuMepe, Kak pewalnT CUCTEMY OBYX ypaBHEHUIA C
OBYMSI NepeMeHHbIMW, COCTaB/IEHHYI0 U3 OOHOM0 ypPaBHEHUS BTOPOW
CTeneHn U OQHOro ypaBHEHUs1 NEPBON CTENEHWN.

HEPABEHCTBA C ABYMA NEPEMEHHbLIMU
U uXx CUCTEMbDI

21. HepaBeHCTBa C ABYMSA MNepeMeHHbIMU

PaccMoTpUM HepaBeHCTBO 2x2 ~ y < 6. IIpu x= 2, y= 5 ar0 Hepa-

BeHCTBO ofpalrjaerci B BepHOe YHMCJIOBOe HepaBeHCTBO 2 - 22 — 5 < 6.
TI'oBopsaT, uTo mapa (2; 5) ABIsieTCs pellleHHeM 3TOTO HEpPaBEHCTBA.

TR ) e wm L] S S SN | MR D O SN SN PR AMD SuE M0 hA R Y APR BEL NN HEN PRN TEE VN BNN SER SN EDK MR R G W
PemmenneM HepPaBeHCTBa C ABYMSA I€PEMEHHEIMHM Ha3EIBAETCS
napa 3Ha4YeHHH 3THX IEepeMeHHEIX, ofbpamniamlas RaHHOE
HEepaBeHCTBO B BEPHOE YMCJIOBOE HEPaBEHCTBO.
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PaccmoTpumM, Kak u3obpakxaeTcsi Ha KOOPAMHATHOH ILJIOCKOCTH MHO-
KECTBO peIlleHUiI HepaBeHCTBA C ABYMS IIepeMcHHBIMH.

CHayaJsia BBIICHMM, K&K HaHTU MHOYKECTBO PELIeHUWil JIMHEMHOTO He-
paBeHCTBa C ABYMSI IIEPEMEHHLIMM, T. €. HEpPaABEHCTBa Buza ax +by < c
iy ax + by > ¢, rae X U Yy — nepemMeHHRle, a, b U ¢ — HEKOTOpPhIe YUCJIA,
npuyeM XOTHa Okl OZUH U3 KO3(M(PHUIMEHTOB @ UJIN b OTINYEH OT HYJIS.
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PaccmoTpuM, HanpuMep, HepaBeHCTBO X + 2y > 4 u 3aMeHHMM €ro
paBHOCHUJIbHBEIM HepaBeHCTBOM Yy > —0,5x + 2. BribepeM npomnsBOJIBHO
3HayeHHe X, HAaIpMMep X = 2, ¥ HAWJeM COOTBETCTBYIOIIlEE €MY 3Haue-
Hue BuIpaxkeHus —0,5x + 2. IMonyuum —-0,5- -2 + 2 = 1. Ilapa umucen
(2; 1) aBnsieTcs pelneHneM ypaBHeHMs y = —0,5x + 2, Tak KaK ee KoOOp-
AUHATEl YZOBJIETBOPSHIOT 3TOMY ypaBHeHHIO. JIoOmle mapml uHces BHAA
(2; y), roe y> 1, nanpumep naput (2; 1,8), (2; 4), (2; 100) u T. 5., AB-
JAIOTCH PelleHUusIMHU paccCMaTPHBaeMOr'o HepaBeHCTBA. MHBI HaIIJIH
JIUIIIb HEKOTOpPble pellleHUsi HepaBeHCTBa y > —0,5x + 2. UTob6ml HaiiTn
BCE PeIlleHMs AaHHOI'O HEpaBeHCTBa, OyAeM pacCcy>XJAaTh aHaJOTHYHO.

IlycTts x, — HIpPOM3BOJILHO BHIOpaHHOE 3HaYeHMe x. Brruuciamm coor-

BETCTByMOIllee eMy 3HaueHue Bboipakenns —0,5x+ 2. Iloanyuum
-0,5 - x5 + 2. Ilapa umcen (x,; y,), rae y, = —0,5x, + 2, saBnaerca pe-
meHueM ypasBHenus y = —0,5x + 2. Torpa mapm uuncen (x,; y), THAe
y> —0,6xy + 2 (1. e. y> y,), ¥ TOJIBKO 3TH Napkl, 00pa3yOT MHOKECTBO

peleHu JaHHOTO HepPaBeHCTBA.
Teneps BRISCHMM, YTO NpPeACTABJIS-
eT cO60M MHO’KEeCTBO TOYEK, KOOpPAHHA- y

ThEl KOTOPBEIX HABJSIOTCH PpenIieHUSIMH t lK

HepaBeHcTBa x + 2y > 4. Jlna aToro ~ 3 '

noctpouM mnpsmyrw y= —0,5x + 2, or- ~] 1t

MEeTHMM Ha HeH IIPOM3BOJILHYIO TOYKY yol- - ' M

M (x¢; Yo) ¥ IIpOBeZieM 4Yepe3 Hee HpA- of T ~

MYIO, HePOeHAUKYJSPHYIO OCH X 1 : “ “~

(puc. 66). KoopauHaThl Touku M ynos- + -
JEeTBOPSIOT ypaBHeHMIO y= —-0,5x+ 2 ~1 0 1%2 3 4 ~ X
(Tak Kaxk Touxka M HpHHANJNEXUT ITOMH !

NpsAMOii), a KOOPAUHATEI J1060i1 TOUKHU '

K (xy; y), TnE Y > Yo, T. €. TOUKH, pac- Puc. 66

IOJIO>KEHHOM BHIIIIE TOYKM M, yAoBJeT-
BOPAIOT HepaBeHCTBY Yy > —0,6x + 2.

3HA4YNUT, HEPABEHCTBOM X + 2y > 4 3aJaeTCA MHO>KECTBO TOYEK KOOop-
AUHATHON IIJIOCKOCTH, PACIIOJIOXKEHHEIX BHIINIe npamoit y= —0,5x + 2,
T. €. OTKpHITasA IMOJIYIUIOCKOCTh (IOJYILJIOCKOCTh 6€3 IpaHMYHOM IIPAMOIA)
(cM. puc. 66). YTo6rl nokasaTb, uyro npsamas y = —0,5x + 2 He npuHaze-
JKHUT IOJIYILJIOCKOCTH, OHA Ha PHUCYHKe M3o0paKeHa 1UTPMXOBOM JIMHMEI.

MoxkHo cnenath Takoil BeiBox. Ilpsmas x + 2y = 4 pas6buBaeT MHO-
¥eCTBO He MPUHAJJIeKalUuX el TOUeK KOOPAUHATHOM MJIOCKOCTH HAa ABe
obnacTtH: 06J18CTh, PACIIOJIOXXEHHYIO BBILIIe AAHHOM NMpaMoil, ® o6JacThb,
PacriosioakeHHYIO HU)Ke AaHHOM npaMoi. KoopauHaThl ToUeK mepBOit 06-
JacTH YZAOBJIETBOPSIOT HepaBeHCTBY X + 2y > 4, a KOOpAMHATHI TOYEK
BTOpOoN oGJsiacTH YZAOBJIETBOPHIOT HEPABEHCTBY X + 2y < 4,

Mpb!I BHISCHMJIM Ha YACTHOM IIPMMeEpE, YTO MNpeAcTaBiseT co60il MHO-
¥EeCTBO TOYEK KOODAMHATHOM ILTOCKOCTH, YAOBJETBOPHIOIINX HEpaBeH-
CTBam ax + by < ¢ u ax+ by > ¢, B caydae, xorga b# 0.

PaccMoTpuM mpuMepsl HepaBEeHCTB C ABYMSA NepeMEeHHBIMM BTOPO
CTerieHn.

§ 8. HepaseHcTBa C OBYMS MEPEMEHHBIMU U UX CUCTEMbI

121



IIpumep 1. U306pasum Ha KOOPAMHAT- AY
HOM IJIOCKOCTH MHOXKECTBO pellie- i

HUil HepaBeHCTBa y > (x — 2)°. 1
» IlocTpoum rpaduK ypaBHEHHS
y= (x — 2)°. OrMeTuM Ha mapa6oJie

[PV VL T —

DHIOT HepaBeHCTBY Yy > (x — 2)%.
3HAYNUT, PpeIleHUusIMHM JaHHOTO
HEpPaBeHCTBa SABJIAIOTCH KOOpAHHAa-
THl TOYEK, NPUHAAJIEKAIUX Napa- p,c 67
Ooje y = (x — 2)2, M KOOPAMHATEI
TOYEK, PACIIOJIO}KEeHHRIX BLIIIE ee.
MHO>XeCcTBO peIlleHHii 3TOro He-
paBeHCTBa nN300pakeHO Ha PUCYH-
Ke 67. <

4.

y = (x — 2)° IPOM3BOJBHYIO TOUKY
M(xy; yo) ¥ T1pOBeneM dYepe3s
5Ty TOYKY MEePHEeHAUKYJIAP K
ocn x (puc. 67). KoopauHaTe! TOU- Yol - - - - M
KM M yAOBJIETBOPSIOT YPaBHEHUIO 1 |
y= (x— 2)?, a KOOpAMHATEI TOYKH 1 :

: > - ' : —— >
K (xy; y), TRE Y > Yo YLAOBIIETBO g ez -

|

IIpumep 2. U306pa3sum Ha KOOPAWHAT-
HOI IIJIOCKOCTH MHOXK€CTBO pellle-

Hui1 HepaBeHcTBa x° + y? < 16.

» HepaBenctsy x° + y® < 16 ynos-
JIETBOPSIIOT T€ M TOJBLKO Te Iaphl
yncesn (3HaueHMil X M y), cyMMa
KBaJpaTOB KOTODHIX He IIPeBOC-
xonut 16. I'papukoM ypaBHeHMS p,- 68

x*+ y? = 16 sABIAEeTCHE OKPYK-

HOCTb C LEHTPOM B Hayaje KOOPAMHAT W pPaJuycoM, paBHBIM 4.
JTa OKpPY’>KHOCTb pa3buBaeT KOOPAHMHATHYIO IJIOCKOCTH Ha ABe 06-
JJACTH: MHOXKeCTBO TO4YeK, PacHoJIOXKEHHBIX BHYTPHM Kpyra, U1 MHO-
’KEeCTBO TOYEK, PpacIoJIOKEeHHHEIX BHe Kpyra. llepBas o6jsacTthb
(puc. 68) BmecTe C OKPY»KHOCTBIO fBJISETCS MHOXKECTBOM TOYEK,

KOODAMHATH KOTOPBIX YOBJIETBOPSIIOT HEPABEHCTBY X2 + y2 < 16,
a KOOpPAHHATHI TOYEK BTOpPOM 06J1aCTH yAOBJIETBOPHIOT HEPABEHCTBY

2+ y2>16. 4

IIpumep 3. BrsacHUM, KaKoe MHO>XeCTBO TOUEK 3afaeTcsi HEpPaBEH-
CTBOM xy > 6.

» I'paduxom ypaBHeHUsn xy = 6 sBisilerca rumep6osia. 3TOT rpadpuk
pas3buBaeT KOOPAMHATHYIO IJIOCKOCTb Ha TpM objsactm A, B n C

N ELERI YpasHeHns 1 HepaeeHCTBa C ABYMS NEepeMeHHbIMUN
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(puc. 69). Obnacts A pacno-

JIO}K€Ha BHIIIle BETBH rumnepo6o- yA
Jbl, JIeKallleil B MepBOil KOOP- I
AUHATHOM 4YeTBEPTH, 0OOJACTh 'k A
B — Mex 1y BeTBAMH rumnep6o- 61" ’
Jabl, obnacte C — HUIKE BeTBU 4t !
runepGosbl,  JleXKaueit B Yol- A M
TpeTbeil KOOPAM