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Beengenue

1 Ilpernver crepeomerpmnu

IIxonpHME Kypc TreoMeTpHM:A COCTOUT M3
ABYX uyacTeid: NJIAHUMETPUHU U CcTepeoMeTpuUM. B mianm-
MEeTPpHH H3yYalTCH CBOMCTBA TreoMeTpWYECKHX GQUTryp
Ha miaockocTu. CTepeoMeTpusa — 3TO pasje’ FreoMeTpPHH,
B KOTODOM HM3Yy4alTCHA CcBOHcTBa (PUIYpP B NPOCTPAHCT-
Be. CJIOBO «CTEpeOMETDUA» NPOUCXOZUT OT IPeUYECKHUX
CJIOB <«CTepeoc» — 00BbeMHBIH, NPOCTPaHCTBEHHBINA wu
«METpPeo» — HM3MepATh.

IlpocrefiinnMy u, MOMKHO CKasaTbk, OCHOBHBI-
MU QHTIypaAMH B IPOCTPAHCTBE ABJIAKTCA TOUKH, NMPAMBIE
n naockoctu. Hapazxy ¢ stumu ¢purypamu mul 6ygeMm pac-
CMaTpUBATh TeOMeTPHYECKHEe TeJia M UX MMOBEpPXHOCTH.
IIpencraBieHNe O TEOMETPUUYECKHUX TEJaX AAIOT OKPYIKA-
IOIMMe HAC IpeaMeThl. Tax, HAIpUMep, KPMCTAJJILI MMe-
0T (GOpMY reoMeTpHUUECKHX TeJ, MOBEPXHOCTH KOTOPBIX
COCTABJIEHB M3 MHOI'OYIOJBHHMKOB. TaKWe MOBEPXHOCTH
HAa3LIBAIOTCS MHOrorpaHHMkamMu. OJHUM U3 HpocTedmux
MHOTOTDAHHHUKOB ABJAETCA Kyb (puc. 1, a). Kanin muj-
KOCTH B HEBECOMOCTH NpuHHMAaiT (GOpMy TeoMeTpuue-
CKOro TeJa, HasnlBaemoro miapom (puc. 1, 6). Takyio xe
tbopmy nmeer bpyrbonbHBIN MAu. KoHcepBHasA 6aHKA MMe-
eT HOpMy reOMETPUUECKOr0 TeJia, HA3EIBAEMOTO IFHJIMH/-
pom (pumc. 1, 8).

B orauume ot peaapHBIX OpPEAMETOB TIeO-
METpPHYECKHEe Teja, KaKk H BCAKHE TIeOMeTpHYecKHe
GuUrypel, SBIAIOTCA BOOOpaxaeMbIMH O0BeKTaMH. Mbl
NpeAcTaBIAEeM TreoMeTpPuUYecKOe Tej0 KaK YacTh IIpo-
CTpaHCTBa, OTAEJEHHYIO OT OCTANBHOM YacTH IPOCTPAH-
CTBa IIOBEPXHOCTHIO — rpaHHIe#H sToro rtenaa. Tak, Ha-
nmpHUMep, P'PaHUIIA HIapa ecTh cdepa, a TPAHUIIA ITHUIWH]-
Pa COCTOMT H3 ABYX KPYros — OCHOBaHMH HMIMHADA U
OOKOBOII ITIOBEPXHOCTH.

1% 3
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WN3yuas cBoiicTBa reoMeTpHMYECKHX GUryp — .
BooOpa’kaeMeIX OO'BEKTOB, MBI IOJIYUAeM IpPeJCTaBIeHUE
0 reOMETPHYECKHX CBOMCTBAX peajbHEIX NpeaAMeToB (HX
¢opMe, B3ANMHOM pPACIHOJOXKEHUM M T. A.) H MOIKeM NC-
TOJL30BAThL 3TH CBOMCTBA B NPAKTUYECKON AeATEIBLHOCTH.
B aroM cocToHMT mnpakTuuecKoe (IPHKIATHOE) 3HAUYEHHE
reomerpuu. I'eomerpusi, B YACTHOCTHU CTEPEOMETPHUS, IINHK-
POKO HCHOJB3YeTCA B CTPOHUTEJBHOM XHejle, apXHUTeKTyPpe,
MAaIIAHOCTPOEHUH, I'e0l€3NH, BO MHOTHX JAPYTUX 00JaCTAX
HAYKH U TeXHUKMH.

IIpn wu3y4YeHMH TPOCTPaHCTBEHHEBIX (uUryp,
B YACTHOCTH IeOMETPHUYECKMX TeJl, IOJb3YIOTCH UX n300pa-
JKeHUAMHU Ha ueprexe, Kak nmpaBumiao, m300parkeHHEM IIPO-
CTPAHCTBEHHON (QUTryphl CAYXKHT ee NPOEKIUA Ha Ty WUJIN
WHYIO ILTOCKOocTh. OoHA ¥ Ta e Purypa AonycKaeT pasiand-
Hble u3obpasennsa. OGeIYHO BHIOMpaeTcA TO M3 HHX, KOTO-
poe co3zaeT IMpaBHMJIbHOE MpeacTaBiIeHHe 0 dopme PUrypHI
¥ HanboJiee ya06HO NJIA mcciefoBaHUS ee cBoiicTB. Ha pu-
cyHKax 2, a, 6 n3o0paKenbl ABa MHOTOTPDAHHUKA — MapaJi-
Jejienunen ¥ NuUpaMuja, a Ha pucyHke 2, 8 — Komye. Ilpu
3TOM HEBHAWMBIE YACTH 3THX GUryp muso0pakeHsl LWITPHUXO-
BBIMM JUHHAMU. IIpaBusia H300paKeHUA NPOCTPAHCTBEH-
HBIX (HUryp mpuUBeAeHHI B IpWIOKeHuu 1.

B Teuenme nByx Jer MBI OygeM H3ydaTh B3a-
HMHO€ PacHoJIOMKeHHE MPAMBIX 1 IIJIOCKOCTEH, MHOrOrpaH-
MUKW, BEeKTOPHI U MeToJ KOOPAMHAT B IIPOCTPAHCTBE,
<KpyrJjble» TreoMeTpHYecKHe TejJa — NUJIUHAP, KOHYC,
HIap U paccMOTpuM Bompoc 06 ofbemax Te.

2 AKCHOMBI ¢TepeoMeTpUH

B naanuMeTpHHM OCHOBHBIMU durypamMum 6ulIH
TOUKHM M IpAMEBIe. B crepeoMeTpum HapAgy C HEMH pac-
CMATpPHBAETCA ellle OJHA OCHOBHASA (pUTypa — ILIOCKOCTD.
IlpegcTaBaenue o0 MJIOCKOCTH JAeT TJIAJKAA IIOBEPXHOCTH
€TOJIa WIU CTeHBI. IIJIOCKOCTh KAaK TeOMeTPUYECKYIo Gury-
Py ciemyeT mpeAcTaBaAThH cebe mpocTHparliercsa Heorpa-
HHUYEHHO BO BCE CTOPOHBI,

Kax u paHee, TOukM OyzeM 0003HAUYATh MPO-
NUCHEIMH JAaTHHCKUMN O6yxBamu A, B, C u T. A., a np4a-
Mble — CTPOYHBLIMH JIATUHCKHMMH OGyKBaMHu @, b, ¢ U T. I.
WJIH ABYMA OPONUCHEIMH JIaTHHCKUMH OykBamu AB, CD
u T. A. [lnockocru 6ymem o603HAYATh TPeYECKUMHU OYKBa-
MHA O, B, YH T. 5. Ha pucyHKax IJOCKOCTH HM300paskaloTcH
B BHAe mapaJjuienorpamma (puc. 3, a) A B BAAe IIPOU3-
BOJBHOU obsactu (puc. 3, 0).

a)

Hapanne:lenunep,

ITupamuza

Konye
Puc. 2




flcEo, uYTO B KaXJOH ILIOCKOCTH JIEMAT
KaKpe-TO TOYKH IIPOCTPAHCTBA, HO HE BCe TOUKH IIPO-
CTPAHCTEA JIEXKAT B OTHOM U TOI1 »Ke mnockocTu. Ha pucyn-
ke 3, 0 Toukun A u B nexar B nrockoctu B (1wockoeTs f
OPOXOLHUT Uepe3 3TH TOUYKH), a TOUKKM M, N, P He nexar
B 9TOH miIockoctu. KopoTko aro sanuceiBalor Tak: A € B,
BeB, Me¢fB, NeB, PeB.

OcHOBHEIE CBOMCTBa TOYEK, MPAMBIX 1 IIJIOCKO-
CTeil, KaCaIuecad X B3AMMHOIO PACHOJIOMKEHUsI, BEIPAsKe-
HBI B aKCHOMax. Beda cucTeMa aKCHOM CTE€pPEOMETDPHH COCTO-
HT U3 PAA aKcuoM, GoJiblIas Y4acTh KOTOPBIX HAM 3HAKOMA
0 Kypcy miaaHuMeTpuu. IIOJHEIA CIIMCOK AKCUOM 1 HEKO-
TOPbIe CAEACTBUA M3 HUX NPHBEASHH B NPHIOXKEHHH 2,
3aech MBI chOPMYIAPYEM JIMIIb TPHU AKCHOMEI 0 B3aUMHOM
DPACHIOJNIOKEHUH TOUEK, OPAMEBIX M IIJIOCKOCTEH B MPOCTPAaH-
ctBe. Hmxe oHm obosmauennl A;, A,, A,.

A]

o .

.n S e L ey s w#“,}«nﬁf‘dﬁiﬂm

lIepe:s moﬁme TP TOYKH, He nemamne HAa OJHOH MpPAMOM,

IPOXOAUT NMJIOCKOCTH, H NPHTOM TOJIBKO OJHA.

Hnarocrpamuedt Kk aToii akcmome MOXKeT Ciay-
JKHUTb MOZeNb, H300pakeHHada Ha pucyHke 4. ILiockocTs,
OpOXoAAmYyI0 4epesd TouKK A, B u C, He Jexalllue Ha OX-
HOJ IpAMO#, MHOrZA HAa3LIBAIOT MOcKocThio ABC.

OTMeTHM, YTO eciaM B3ATH HE TPU, A UEThIpe
MPOU3BOJLHEIE TOUKH, TO HEPE3 HUX MOKET He IIPOXOAUTH
HH OJHA& IJIOCKOCTE. MIHAYe roBOpA, YeThIPE TOYKH MOLYT
He JeXaTh B OOHOH nmiaocKocTtru. Ka)KAbIll 3HAKOM ¢ TaKHM
HAIJIAAHBEIM HOATBEDPXAEHHEM 3TOre GaxTa: ecaM HOKKH
CTyJa He OAMHAKOBBlE IO AJWHE, TO CTYJ CTOMT HA TPex
HOMKKax, T. €. OONMPAEeTCHd HAa TPM <«TOUKH», 4 KOHeI| UeT-
BepTOM HOMKEKH (UeTBeprasd «TOUKA») HE JEKUT B ILIOCKO-
CTH 1O0JId, a BUCHT B BO3AyXe.

A,

g

HUnnrocrpanus ®  akcwo-
Me Aj: IIIaCTHHKA HOATep-
SKMBAETCA TPeMsA TOYKAMU
A, BuC, He NeKallMMK Ha
opHCH npaMO#

Puc. 4

ECJIH JABe TOYKH l'[pﬂMO](I JIeJKAT B ﬂJTOCKOCT![, TO BCe TOY-

KN HPHMOH. JIEKAT B ITOH ILIOCKOCTH .

W o
3nece W B JajbHEMAlNeM, [OBOPA «[Be TOUKH» («XBe MOpAMEBIE»,
«TPU IIOCKOCTH» M T. A.), GyfeM CUMTaTh, YTO 3TH TOUYKHU (Ips-

Mtle, MJOCKOCTU) PasJWYHEL.
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B TakomM cnydae TOBOPAT, UTO mOpAMad
JEeMHT B ILNIOCKOCTH WJIH INIOCKOCTH IPOXOIHT dUepe3
npamyo (puc. 5, a).

CBolicTBO, BRIpAKEHHOE B aKCHOME A,, HCIIOJNb-
3yeTcAd ANA INPOBEPKH <«POBHOCTH» UYEPTEXHOM JIHHENKH.
C 5TO# 1espio JUHEHKRY NPHKJIAABIBAIOT KpaeM K MJIOCKOM
IIOBEPXHOCTH CT0JIa. Eciu Kpail JUHEeHKH POBHLIN (IpAMO-
JUHENHEIT), TO OH BCEMM CBOMMH TOYKAMM TIpUIEraeT
K [OBEPXHOCTH cTojia. EcauM Kpa#l HEpOBHLIN, TO B Ka-
KHX-TO MECTaX MeAy HHMM M IIOBEPXHOCTHIO cToJja obpa-
3yercs IIPOCBET.

W3 axkcuombl A, ciaefyeT, 4TO ecjJIU IpAMasa He
JeKHUT B JAHHOM IJIOCKOCTH, TO OHA MMeeT ¢ Hel He Oojee
oxHOM o6mmeii Touku. Ecau npAMas U IIJIOCKOCTH MMEIOT
TOJBKO OZHY OOIIVIO TOYKY, TO TOBOPAT, UTO OHH Iepece-
Kalorca (puc. 5, 0).

o

/é/
A
a)

[Ipsamasa AB neskuT B ILIO-
CKOCTH

\a
[
>\

IIpaMass @ ¥ IJIOCKOCTBL O
mepeceKawTes B Touke M

R e

ECJIH lIBe IIJIOCKOCTH UMEKT 0611Iy10 Tomcy, TO OHH UMEHT
0o0LIyI0 NMpAMYIO, Ha KOTOPOM JeKaT BCce o0IHMe TOUYKH

3THX IJIOCKOCTeM.

B TakoM cayuae TrOBOPSAT, YTO NJIOCKOCTH Ie-
pecekalorca nmo npamoiu (puc. 5, 8). Harnaguoi maamoct-
" panmueit axcuOMbI Aj; SBJISETCA NepeceueHue JBYX CMeX-
HBIX CTE€H, CTEHbI M TMOTOJKA KJIACCHOH KOMHATHI.

IIpexae ueM mepeiliTH K IEPBLIM CJELCTBUIM
U3 JaHHBIX AKCHUOM, OTMETHUM OJHO BaXKHOE 00CTOATEID-
CTBO, KOTOPHLIM OyZeM IOJIb3OBATHECH B JaJibHeHWImem.
B npocrpascTBe cymecTByeT 6€CKOHEUHO MHOT'O IJIOCKO-
cTeill, M B KaXKJOMH IIJIOCKOCTH CIPABEeAJHBE BCe AKCUOMEI
¥ TeOpeMHl NJIaHUMeTpUH. Bojiee Toro, mpusHaKy paBeH-
CTBa M TOJOOMA TPEeYyroJbHUKOB, M3BEeCTHBIe M3 Kypca
NIAHUMETPUN, CHOPABEAJHMBLI M JAJNS TPEYrOJIbHUKOB,
PaCIIOJIOAKEHHEIX B Pas3HBIX IJIOCKOCTAX (CM. IIPHJIOMKeE-
HHe 2).

3 Hexoropsl¢ CICICTBMS M3 AKCUOM

Teopema
WRRL A

ILnockocru o u [ mepece-
KaloTcA o NMpAMOH a

Puc. 5

‘Iepes npaAMY 1 He .nemamylo Ha Heil 'ro'my OPpOXOaHUT

IJIOCKOCTh, H NPHTOM TOJBKO OJZHA.

6
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JOKa3aTeLCTBO

PaccMoTpuM IpAMYIO @ ¥ HE JIEKAIYIO HA Hel
Touky M (puc. 6). [JokaxeM, 4TO yepes OPAMYIO d B TOY-
Ky M upoxoguT mirockocts. OTMeTHM HA NIPAMOM a ABe
ToukM P 1 Q. Touku M, P 1 @) He JIexxaT Ha OZHON IIpd-
MOil, IOBTOMY COIJIACHO aKCHOMeE A, uepe3 3TH TOYKH IIPO-
XOJUT HEKOTOPadA IUIOCKOCTH O. TaK Kak [Be TOYKH IpPA-
Moit a (P 1 Q) JeRAaT B IJIOCKOCTH (O, TO IO aKcuoMe A,
ILIOCKOCTh O IPOXOAUT Yepesd HPAMYIO d.

EnvHCTBEHHOCTSL TIJIOCKOCTH, IPOXONAIICH Ue-
pe3 IpaAMYIO @ ¥ TOURY M, ciexyeT U3 TOro, 4ro Jarobas
IJIOCKOCTb, NPOXOAANAd UYepe3 NIPAMYI0O & H TOYKYy M,
npoxoxur uepe3d Touku M, P u Q. CrenosaTeinsHo, 3Ta
IJIOCKOCTh COBIAZAET C IMJOCKOCTBIO O, TAK KaK IO aKCHO-
Me A, uepe3 Touku M, P u @ IpOXognAT TOJBKO OJHA ILIOC-
kocTb. TeopeMa JokasaHa.

Teopema
o oS

SRR R

¥ SRR T

; AR e
Yepes aBe IepeceKaromuecs npﬂMHe IMPOXOJUT ILIOC-
KOCTh, M IIPHTOM TOJIBKO OZHA.

Hoxa3areabcTBO

PaccmoTrpuMm npsiMble a u b, mepeceKaroninecs
B Touke M (puc. 7), m JDoKayKeM, UTO Uepe3 HTH NpAMBIE
MPOXOAUT IJIOCKOCTH, M IPUTOM TOJLKO OJHA.

OrmeTuM Ha TIpAMON b Kaxkyw-HUOYAb TOY-
icy N, oTauyHyI0 OT TOukKM M, M paccCMOTPHM ILIOC -
KOCTH O, IPOXOLAINYIO Yepe3 ToUKy N u mpamywo a. Tak
KaK JBe TOUKM IIPAMOI b JIesKaT B MIOCKOCTH O, TO MO aK-
cuoMe A, NJNOCKOCTEL O MPOXOAUT Yepes npamyio b, Urax,
IIJIOCKOCTH (0 IIPDOXOAUT uepe3d npamiie a u b. Eguncraen-
HOCTH TaKO# IJOCKOCTH CJIeLyeT H3 TOro, YTo Jmoldasa
IIJIOCKOCTL, IIPOXOAAINAA dUYepes NpAMEE a U b, mpo-
xognt uepes Touxy N. CiegoBaTeibHO, OHA COBIALAET
€ IJIOCKOCTBIO O, TOCKOJIBKY 4Yepe3 TOUKY N U NpAMYIO a
IPOXOAHUT TOJBKO OAHA IJIOCKOCTH. Teopema ZOKasaHa.

Bonpocewr u sagauu

-

Prne. 7

1 Ilo pucyEKy 8 Ha30BUTe: 4) WIJOCKOCTH, B KOTODHIX JEMKAT IIPSAMLBIe
PE, MK, DB, AB, EC; 6) Toukn nepecedenusa upsamoit DK ¢ miuocko-
creio ABC, mpawmoii CE ¢ nmockocrero ADB; B) TOYKH, Jiexaiiue
B maockoctax ADB u DBC; r) npsiMble, IO KOTODPLIM IIepeceKaloTcs
miaockocty ABC u DCB, ABD u CDA, PDC u ABC.

2 TIlo pucyaky 9 HasoBuTe: a) TOUKH, JesKaluue B miaockocrax DCC,
u BQC; 6) mIOCKOCTH, B KOTOPHIX JIEMKHUT ripaMas AA,; B) TOYKH Ie-
peceuenuss npamoii MK c maockocTeio ABD, npameix DK n BP

7
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10

11

12
13
14
15

¢ niaockoctbio A,B,C,; r) npamble, II0 KOTO--
pPEIM mepeceKalTcsa mnockocetu AA B, u ACD,
PB,C, u ABC; 1) TOYKHM NepeceueHAs NpdA-
Meix MK u DC, B,C, n BP, C,M u DC.
Bepuo sm, uro: a) a00LIe TPH TOUKH JIEKAT
B OJHOH ILIOCKOCTH; 0) J100BIe YeThIpe TOYKH
JIe;KAT B OOHOH IJIOCKOCTH; B) JIOOBIE YeThIpe
TOUKH HE JIeKaT B OAHOM IJOCKOCTH; I') uepes
JF00BIE€ TPH TOYUKM HPOXOAHUT ILJIOCKOCTh, M IPH-
TOM TOJBKO OfnHA?

Touxku A, B, C u D He nexar B OAHOU IUIOCKO- py. g
cTH. a) MoryT J¥ KaKue-TO TP M3 HUX JIEKATDh
Ha oxHOIi mpamoii? 6) Moryr au npsmble AB
u CD mepeceratscsi? Orser obocHyliTe.
Hokaskure, 4TO Yepes Tpu HAaHHBIE TOUKH, Jie-
JKallfe Ha TPAMOM, MPOXOLUT MJIOCKOCTD.
CKOJBKO CYIIECTBYET TAKUX ILIOCKOCTEH?
Tpu gaHHBIE TOYKHM COEOWHEHBl IIONAPHO OT-
peskamMu. J[OKaXuTe, 4TO BCe OTPE3KH JIEIKAT
B OJHOHM IIJIOCKOCTH.

IIBe npamule nepecekamoTcd B Touxke M. Io- A !
Kasmure, UTO BCE MNpAMEIE, He HPOXOIAILIe D

yepes TouKy M U Tmepecekarwlnue gaHHBIE Puc. 9

MpAMEIE, JIEXKAT B OGHOI MJIOCKOCTH. Jlexar

JH B OAHOH IJIOCKOCTH BCe IPAMbLIE, IPOXOAAIIHEe yepes TOUYKy M?
Bepno nm yrBep:KAeHHMe: &) €CJAM JBe TOYKH OKDPYKHOCTH JeKaT
B IIJIOCKOCTH, TO 1 BCA OKPY’KHOCTE JIEMKHUT B 3TOH IJIoCKOCTH; 6) ecau
TPH TOYKH OKPYKHOCTH JIEXKAT B ILIOCKOCTH, TO U BCA OKPY3KHOCTD JIe-
HHUAT B 3TOM IJIOCKOCTH?

IBe cMe)xHBIe BEepIIMHEI M TOUKA MepecedeHHA IuaroHajeil mapaJ-
JejorpaMma JiekaT B ILIOCKOCTH «. JlexxaT Ju ZBe Apyrue BepIITUHEI
napajigejgorpamma B mIockocty o? OrBeT obocHyiiTe.

BepHo su, uTO mpsMaf JEXKHUT B IJIOCKOCTH OAHHOTO TPEYTOJBHUKA,
€Cc/Ii OHA: 4) IepecexkaeT ABe CTOPOHLI TPEYTOJbHHKA; 0) OPOXomuT
4yepe3 OAHY M3 BEPIIUH TPEYroJabHUKA?

JaHe mpAMAas ¥ TOUKA, He JIe)KAInad Ha 3Toi mpamoii. [okamure, 9ro
BCE IIPAMbi€, IPOXOJAIIHe YePe3 JaHHYIO TOUYKY M NepeceKalomiue JaH-
HYI0 TIPAMYIO, JeKaT B OAHON ILITOCKOCTH.

Touxku A, B, C, D ue nexxarT B oaHOH miockocTu. IlepecekarwTca Jd
IJIOCKOCTH, IIPOXofAllie 4depesd TouKn A, B, C u A, B, D?

MoryT nu ABe NJOCKOCTH HMeTh: a) TOJbBKO OZHY OOMIYI0 TOUKY;
6) TOMBKO ABe 00IMe TOYKM; B) TOJBKO OJHY OOILYIO IPAMYIO?
Tpu npsambie IPOXONAT Yepes OLZHY TOYKY. Uepe3 KaiKJAble JBe U3 HHUX
npoBeJieHa IJIOCKOCTh. CKOJIBKO BCEro MPOBEIEeHO IJIOCKOCTei?

Tpu npaMbie DonapHo mepecekaorcda. Jlokakute, uro oHE JubO JeKaT
B OJHOH TNJOCKOCTH, JUOO0 MMEWT OOMIYI0 TOUYKY.




I'nmasa I

ITapanneapbHOCTs MPAMBIX
M ILIOCKOCTeH

IIapannensHOCTH IPAMBIX,
NIPSIMOM U IIJIOCKOCTH

4 ilapasuienbHble NMpHMBIE B I[POCTPANCTBE
BBe,lIeM MMOHATHE NapaJlyieJIbHBIX NPAMBIX B IIPOCTPAHCTEBE.

Onpenenenue

,HBe npAMbI€ B IPOCTPAHCTBE HA3bIBAKTCA IIapaJuieJdbHBIMH, €CJIN OHHU
JeXXaT B OJHOH ILJIOCKOCTH ¥ He InepeceKawTrcsd.

ITapanneapHOCTh ONPAMEIX a M b 0003HauYaeTcs
tak: a | b. Ha pucynre 10 npsmble ¢ u b mapasienbHEI,
a IpAMbBIE @ U ¢, ¢ U d He IapaJuUleNbHEI,

Joka)keM TeopeMy O HapajjieJIbHBIX MPAMBIX,

Teopema

Yepes a100y10 TOYKY IPOCTPAHCTBA, He JEKAIIYIO HA JaH-
HO#i NpAMOii, NIPOXOAUT NpPAMAaf, NMapajjiejibHAS KAaHHOI,
H NMPUTOM TOJBKO OHA.

JoKa3areaIbCTBO

Paccmorpum npamMyio @ m Touky M, He jexka- d
Iy Ha 9To# npamoii (puc. 11). Yepes npaMyo a u TOUKY
M OpoOXOoOHT HAOCKOCTh, M IPUTOM TOJBKO omHa (1. 3). o
O6o3HaumMM 3Ty IJIOCKOCTh OykBo# «. Ilpsawvas, nmpoxozs-
maa uepes TOUKy M mapaniesbHO IPAMOM @, NOJMKHA Je- b
JKaTh B OJHOM MIOCKOCTH C TOYKOH M u mpsaMo# a, T. e.
JOMKHA JEeXaTh B IJIOCKocTH 0. HO B maockocTu ¢, Kak
M3BECTHO U3 Kypca ILIaHUMETPHUU, 4yeped TOUKy M mpoxo-
JUT OpAMad, NapanjesbHas MPAMON @, B IPUTOM TOJBKO
oxua. Ha pucynke 11 sra mpamas o6o3naueHa GYKBOH b.
HUrax, b — egvHCcTBEHHAA npAMasd, IPOXOAANIad depes
Touky M mapaineabHO mpaMoil a. Teopema JokasaHa.

B nanpHeiimeM HaM MOHAZOOATCS TaK:Ke IIO-
HATHA HapaTJIeJbHBIX OTPE3KOB, apajjesbHBIX OTPE3KA M b a
¥ TpAMOM, IMapajlie bHBIX Jyueii. [IBa oTpeska Ha3bIBAIOT- /?
cAd mapanjiefLHBIMH, €CJIM OHY JIeKAT Ha IIapasliejbHBIX
IPAMEIX, AHAJOIMYHO OIpeAeNseTcA HapalleIbHOCTh OT-
pe3Ka ¥ npsaMoH, a TaKiKe mapajjleJbHOCTb ABYX Jy4YeH.  Puc. 11

Puc. 10

Tapa i e 1oHOC D NPy
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Ha pucynke 12 orpesku CD u EF napannensts (CD | EF),
a orpe3xu AB n CD He nmapaJuieJbHBI, oTpe3ok AB mapaJ-
Jexed npamoit a (AB | a).

S5 [IlapateabHOCTh TpeX NPAMBIX
HorayxeM JIeMMy O IEpeCeYeHUN NJIOCKOCTH
napajle/bHBIMHA IIPAMBIMHA, HEOOXOAMMYIO IJIs NaJbHeH-
IIero H3JOXKEeHUH.

Jlemma

Puc. 12

Ecan oxma H3 ABYX HapajliejIbHHIX NPAMBIX IlePeceKaeT IaHHYIO
ILIOCKOCTh, TO M ApPYras npaMas Iepeceraer 3Ty IIOCKOCTS.

V¥ Hoxa3aTejbCTBO

Paccmorpum napannesnbHEIE IIpAMBIE @ H b,
OJHAa U3 KOTOPHIX — IIPAMAA a — IePeceKkaeT HJIOCKOCTH O
B Touke M (puc. 13, a). Joxaxkem, 4ro npamas b Takxke
IepeceKaeT IIJIOCKOCTH (!, T. €. UMEeT ¢ Hel TOJbKO OXHY
001 yI0 TOYKY.

O6o3paunm GykBoil 3 IJTOCKOCTb, B KOTOpOil
JexaT mapajjesbublie npAMbie a 1 b. Tak Kak nBe pasany-
Hbl€ ILIOCKOCTH O U B umenT 06mIyI0 TOUKYy M, TO 1O aK-
cuoMe A; OHM NepeceKalTCA MO0 HEeKOTOpPOoH IpAMoOil p
(puc. 13, 6). OTa npaMas JeXUT B IJIOCKOCTH 1 mepece-
KaeT npAMYyio a (B Touke M), I03TOMY OHa IlepeceKaeT IIa-
paJUlebHYI0 el npsaMyio b B Hexoropoil Touxe N. Ilps-
Mas p JIeKUT TaKKe B IJIOCKOCTH O, mo3ToMy N — TOUYKa
npocroctT . CraepnomarennHo, N — 006miaa TourKa npd-
Mo b ¥ mnockocTH O.

HoramxeM Temeps, 4ro IpaMaa b He ©uMeeT APY-
rux oOIIMX TOUEK C IJIOCKOCTBIO (!, KpoMme Touku N. 3rto
u 6ygeT O3HAYATH, UTO [pAMAasg b IepeceKaeTr IJIOCKOCTH O.
JeiicTBHTENBLHO, ecaiM ObI IpAMAa b UMea erle OgHY O0UIYIO
TOYKY € IJIOCKOCTBI0 ¢, TO OHA IIEJIMKOM JieKasaa Okl
B MJOCKOCTH O ¥, 3HAYUT, ObLya GBI 06mIeit TpAMOI IIJIIOCKO-
creit o 1 B, T. e. coBnazasa 6wl ¢ mpsimoit p. Ho aTo HEBO3-
MOKHO, TAK KAaK II0 YCJIOBHIO IpAMEIE 4 U b mapalie/ILHEL,
a IpsAMBbIE @ U p NepeceKalTcd. JleMMa JoKasaHa. A

M3 kypca niaHUMeTpHH H3BECTHO, UTO €CJIH
TPH HIPAMEIE JIeXKAT B OAHOM IIJIOCKOCTH M JABE M3 HUX IIa-
paJUIeJIbHEL TPETheH IIPAMOMH, TO 3TH JLBe HPAMBIE IIApa-
JeJbHBI. AHAJOrMYHOE YTBEep)KIcHUE MMEeT MEeCTO M I
TpeX OPAMBIX B mpocTpanctse. CdhopMmyampyem M JOKa-
JKeM 3TO VTBep>KIeHHE.

10
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Puc. 13

Hlapa o tetbniomm . pseatioy
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Teopema .
HPLAG LR | R D SRS A e e v b S o P b e
Ecan nse npsmme napaJjIeJIibHbl TpeTheil NpaMoii, To OHHI
napajaniejbHbI.

JdoxasareiabcTBO
IIycts a | ¢ u b || c. Joxaxewm, uro a || b. Onsa
3TOTO HYKHO JOKa3aTh, UTO OpAMEIe a U b: 1) nexaT B oJ-
HOH IJIOCKOCTH B 2) He HmepPeceKalnTcd.
1) Ormerum KakKvIO-HMOGynb Touky K Ha nps-
Mot b u o6o3HAUMM OYKBOH O NMJIOCKOCTH, HIPOXOAIIYIO
yepeg mpamyio a u Touky K (puc. 14). Hokaxkem, 4To
npamad b JeXHUT B 3TOH INIOCKOCTH. JleficTBMTEIBHO, eCIH /
JONYCTUTh, UTO IIPaMAA b IepecekaeTr IJIOCKOCTL O, TO 110
JeMMe O IEePECEYeHHM ILIOCKOCTH IapajlieJbHBIMUA [pPA-

MBLIMU OpAMAas ¢ TAK¥Ke NepeceKraeT IIOCKOCTh o.. Ho Tar a

KaK IpAMLIE @ M ¢ HapajlIe/ibHbl, TO U OpAMAad @ Iepece- /

KaeT IJIOCKOCTE O, YTO HEBO3MOKHO, N60 NpAMAS 4 JIEHKUT /K/

B ILIOCKOCTH O, &
2) Ilpamsele @ 1 b He mepecekawTCd, TAK Kaxk Puc. 14

B IPOTHBHOM CJIy4ae uepe3 TOUKY KX IepeceueHus mpoXo-

aunu 6b1 gBe npamsie (a u b), mapasiesbHLIE IpAMO C,
YTO HEeBO3MOKHO. TeopeMa JoKasaHa.

6 Ilapaie.IbHOCTH HPSIMOH M TIOCKOCTH

Ecnv aBe TouKuW npaMoil JeKaT B JaHHOH
ILJIOCKOCTH, TO COIVIACHO aKcmoMe A, BcA HpAMas JIEKHT
B 3TO# miaockocTH. OTCiofla CIEAYeT, YTO BO3MOMKHBI TPH
clydas B3AHMHOIO PACIOJIOKEeHHUS MPAMONR H ILIOCKOCTH
B IPOCTPAHCTBE!

a) MpAMAN JEKHUT B INIOCKoCTH (CcM. puc. 5, a);

0) npsMas M ILUIOCKOCTh MMEIOT TOJBKO OJHY
o6HIyo TOYKY, T. €. mepecerkarwTed (cM. pHuc. 5, 6);

B) HpaAMasd M IJIOCKOCTh He MMEIOT HH OJHOM
o0meil TOUKH.

Omnpenenenue

IIpsMmaa ¥ OJIOCKOCTL HA3BIBATCHA NAPaAeIbHEIMH, €CJIH OHW He
HMeEIOT O0IIAX TOoYeK.

IlapannensHOCT, IPAMON @ U IJIOCKOCTH O
obosuauaercs Tax: a || . HarnsigHoe mpefcTaBienue o mps-
MOH, mapajuiebEOH IJIOCKOCTH, JA0T HATAHYTHIE TPOJIIeH-
OycHbIE WIM TpaMBalHble [POBOJA — OHH NapaJjiesbHbI
IJIOCKOCTH 3eMJau. [Ipyroil mpumep jnaeT JIMHUSA Iepecede-
HUSA CTEHHl M IIOTOJIKA — 5TA JHHUA NapajjeibHa IJIOCKO-
¢t noaa (pme. 15, g). 3ameruM, YTO B ILJIOCKOCTH MOJa

Hapa 1o bHoe s Rpgsinty
1 1 U HA0CKOCMedl



HUMeeTCA NMpAMad, napajiieJibHAadA 9TOM JHHUU., TaKOH mps-
MOH SABJIAETCHA, HanpuMep, JUHHUA IepecedyeHrd MoJa ¢ Toit
JKe caMO¥ CTeHOI.

Ha pucynxe 15, a yKazaHHLIe OpAMBIE
obosHavensl G6yxkBaMu a u b. OKasbiBaeTcs, UTO €CJIH
B TJIOCKOCTH O. MMeeTcA IpaMmas b, mapaaaenbHasa Ipd-
MOil a, He Jexameid B ILJIOCKOCTH O, TO MpAMad a@ WU ILIOC-
KOCTh O IapaJiiejibHH (puc. 15, 6).

OdpyruMu ciroBaMu, HAJIMYME B ILIOCKOCTH O
npaMoi b, mapansesibHON LPAMON 4, ABJASETCA INPH3HA-
KOM, II0 KOTOPOMY MOYKHO CeJIaTh BEIBOZ O IAPAaJJIelIbHO-
CTH IPAMOM a M ImIocKocTu ¢. CdhopmMynupyeM aTO yTBEp-
JIeHNe B BULE TEOPEMEL. a)

Teopema
i T BT CTEESE T he LAY g R R o e e ¥

Ecan npamasd, He Jdexamiad B JAHHOH IINIOCKOCTH, HaPaJi-
JeJbHa KaKOH-HHOYIh MPAMOI, JeKalmeH B 9TOH MIOCKO-

CTH, TO OHA MapalllIeILHA JaHHOH ILJIOCKOCTH.

JoKa3aTe’IbcTBO

PaccMoTpuM OJIOCKOCTE O ¥ [OBe HapaJUIeNb-
Hble IpAMBIe @ U b, PacHoOJIO}KeHHBIE TAK, UTO NpaAMas b
JIeEKHUT B IJIOCKOCTH (, a IpAMas @ He JIeXKUT B 3TOH ILJIo- !
ckocTH (puc. 15, 6). Hokaxkem, uTto a || o. /e
) Homyctum, uto aro He Tak. Torma npaMasa a /
mepeceKaeT IJIOCKOCTE (L, a 3HAUUT, I10 JIeMMe O mepecede-
HUY NJIOCKOCTHU NIapajiebHbBIMU IPAMBIMY IpAMasa b Tak-
JKe IepeceKaeT NJIOCKOCTE . HO 9TO HeBO3MOMKHO, Tak
KakK npaMas b JexxdT B IJIoCKocTH O WATak, mpAMas a He
nepeceKaeT ILIOCKOCTB O, II03TOMY OHA TapaJjijaelbHa aTo#
njaockocTu. TeopemMa AOKasaHa.

JokaskeM ellfe ABa YTBEePKJAEHUSA, KOTOpLIE
YaCcTO HCIOJIB3YIOTCSA IPH PelleHHH 3amad.

1°. Ecau ILIOCKOCTH MPOXOAMT depe3 JaHHYIO
NpAMYIO, NapajLieJbHYI0 IPYroi NJIOCKOCTHM, U TepeceKa-
€T 3TY ILIOCKOCTh, TO JAHHUA NepecedeHHs IIOCKOCTEeH na- S
paieIbHA JAHHOH IPAMOI. Joar

Ilyers uepes maHHyIO OPAMYIO @, Hapaslelb-
HYI0 ILJIOCKOCTH (!, IPOXOAUT ILJIOCKOCTE [3, lepeceKaionias (B
IJIOCKOCTH ¢ 1o mpaMoit b (puc. 16). Hoxaxem, uro b || a.
HeicTBUTENBEHO, 3TU IDPAMEIE JeKAT B OAHOM IIJIOCKOCTH
(B mrockocTH () M He IEPECeKalOTCA: Belb B IPOTUBHOM
ciayuae Nmpsmad @ nepecexasna 6bl IJIOCKOCTE O, YTO HEBO3-
MOXHO, MOCKOJBbKY IO YCJIOBHIO a || o. Puc. 16

. S st e
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MBIX TApaJiieJIbHA JaHHOM TJIOCKOCTH, TO APYras npsamMas
aubo Takke mapaajienpHa JAHHOHM MiaockKocTH, aAubo Jge-
SKMT B 3TOH TJIOCKOCTH.

npAMBIe, IPUYEM MPAMAaA @ NAPaJieJbHA ILIOCKOCTH Ol.
Torga npamas ¢ He IepeceKaeT ILIOCKOCThb (., M, CHEeIOBa-
TeJHHO, II0 JieMMe O [ePeCeuYeHWM IIJIOCKOCTH IiapaJji-
JNeJLHEIME HOPAMBIMHM OpsaAMasa b Taxae He Iepecexaer

20, Ecam ogHa M3 ABYX HapajileJbHEIX IPA-

B camom geae, OoycTh @ U b — nmapaJjuienbHBIE

niaockocTs . IloaTomy npsimada b auGo mapaiijgeiabHa MJIOC-  Pue. 17
KOCTH O, Jub0 JIeXKUT B 9TOH ILJIOCKOCTH.

16

17

18

19

20

21

22

23
24
25

26

Bonpochi 1 3ajadu

ITapannensHble IpAMBIE @ U b JieKaT B maockocTu O. Jlokarkure, YTO
npaAMan ¢, NEePeceKalomaa npamMele d U b, TAKXKe JIeKHUT B IIJIOCKOCTH O,
Ha pucynke 17 touku M, N, @ u P — cepeaunni orpe3xos DB, DC,
AC u AB. Halinute nepumerp ueThIpexyroabHuka MNQP, ecnu
AD =12 cm, BC = 14 cm.

Touka C nexuT Ha oTpe3ke AB. Uepes TOUKY A IIpOBefieHA NJIOCKOCTS,
a depe3 Touky B u C — mapajjienbHble MPAMEIE, II€PeceKaloue Ty
IJIOCKOCTh COOTBETCTBEHHO B Toukax B; m C,. Haliaure niuny orpes-
ka CC,, ecam: a) Touxa C — cepeauHa orpesxa AB u BB, =T cm;
0) AC:CB=3:2 u BB, =20cwm.

Croponrnt AB u BC napajnenorpamma ABCD mepeceKaloT IJIOCKOCTD (.
Joxraxure, uro npaMeie AD n DC Tak:ke mepeceKaloT ILJIOCKOCTH Q.
Cpenusasa JUHWS TpaleliuMm JeXUT B IUIocKocTH O. Ilepeceraror Jiu
IpSAMEIE, COAEPIKANLINE €€ OCHOBAHUS, IIJIOCKOCTE 0?7 OTBeT 0bocHyiiTE.
Tpeyronvauku ABC u ABD e nexar B ogHOH mwrockocTu. Jokaxure,
uyTo mi00as nmpaMand, napaniaeinbHas orpesky CD, mepecexaeT IIOCKO-
CTH JaHHBIX TPEYTrOJbHHUKOB,

Touxky A u B jiexaT B IJIOCKOCTH O, 4 Touka C He JI&XKUT B 3TOH MJIOC-
xocrH. JoKa)KUTe, 4YTO ONpAMad, NPOXOAALIAA Yepesd CepeJuHLI 0Tpes-
kKoB AC um BC, napaiiejbHa IJIOCKOCTH O.

Touka M He JIeXKUT B ILJIOCKOCTH npAMoyroiabEuKa ABCD. Hoxamure,
uyro npaMaa CD napaijiensHa 1jockoctu ABM.

Touxa M He JEKUT B MIOCKOCTH Tpaneunu ABCD ¢ ocHoBanuem AD.
Jdokaxure, uto npamas AD mnapanneibHa miockoctu BMC.
JdokakuTe, UTO €CaM ZAHHAA IpAMafd NapajjielbHa NPAMOH, 10 KOTO-
Po¥l epeceKaloTCA NBE IJIOCKOCTH, M HE JIEKHUT B 3TUX IIJIIOCKOCTAX, TO
OHA TapajjielbHA 3THM ILIOCKOCTSM.

Cropona AC rTpeyroasHuka ABC mnapajinejbHa IMJIOCKOCTH O, a CTODO-
HBl AB n BC mepecekaloTcd ¢ 9T0H NJIOCKOCTRIO B Touxkax M u N. Jo-
Kaxure, 4To TpeyroabHUKU ABC m MBN nmono0HEI.

Flapas codonnocnie AnaIblg
13 HLTOCROCHICL



27

28

29

30

a1

32

Touxka C geXHT Ha oTpe3ke AB, IIpHueM
AB : BC=4:3. Orpesork CD, parusiii 12 cm,
napaJjjeljieH MJIOCKOCTH O, NPOXoAdAlleil depes
rouky B. Jlokaxknare, uto mpamaa AD mepece-
KaeT ILJIOCKOCTh O B HeKOTopoii Touke E, u
HalauTe oTpe3oK BE,

Ha croporax AB m AC rtpeyroanumra ABC
B3ATEI COOTBETCTBEHHO TOUKHM D n II;ZD'rarzc,

uTO JAuHAa oTpe3dka DE paBHa S cM 4 3

ITnockocTs o npoxozut dyepe3d Toukum B u C
¥ napajiesnbHa orpesry DE. Haifinnte nauny
orpeska BC. Puc. 18

B rpanenmuu ABCD ocuoBaime BC paBHO

12 cm. Touka M He J€XKHUT B ILIOCKOCTH Tpa-

nenuu, a Touka K — cepegmHa orpeska BM.

Jorkaxure, yTo miIockocTs ADK nepecekaer orpesox MC B HeKOTODOH
Touke H, u HafiguTe oTpe3oxk KH.

Ocunosanne AB tpaneuunn ABCD mapanieJbHO IJIOCKOCTH O, a Bep-
muHa C JeXuT B aTOM ILIocKocTH. JloKa)kuTe, 4yro: a) ocHoBaHue CD
TPalenuyd JEeXKHUT B INIOCKOCTH 0 0) cpemHAA JAHHHAA TpameHuH
napajjieibHa IJIOCKOCTH Ol

IInockocTes o mapamieasHa ctopode BC tpeyroapuuka ABC m mpoxo-
AUT 4epe3 cepedrny cTopoubl AB. JloKamuTe, 4TO IJIOCKOCTD O IPOXO0-
IUT TakXe uyepe3 cepequHy CTOpPOHH AC.

Ilnockocru o u B mepecekaloTea no npsamoit AB. IIpamas g mapaJienb-
HAa KakK IJIOCKOCTH ¢, TAK U IUIOCKOCTH f. JloKakuTte, UTO IpAMEBIE A
u AB napajisieiabHBI.

Pemenne

Yepes TouKy A mposefeM’ npaMyio AM, mapallennLHYI0 NpAMOH a
(puc. 18). Tak Kak IpAMas a HapajiejbHa ILIOCKOCTAM O U B, TO Ip#A-
Mad AM JIeXKHT Kak B ILIOCKOCTH O, TAK M B ITocKocTH P (um. 6,
yreepxaerne 2°). Takum obpasom, AM — mpAMas, IO KOTOPO# mepe-
CeKawTcd IUIOCKOCTH ¢ i 3, T. e. OHa coBmazaer ¢ npamvoi AB., Caeno-
BaTenbHO, AB | a.

Jdoxaxure, 4TO €CAH TPH ILIOCKOCTH, HE IIPOXOLALINE Yepe3 OAHY NIpd-
MVIO, TIOAPHO IIEpECeKAaloTCA, TO IPAMbBIE, IT0 KOTOPLIM OHH IepeceKa-
[oTcsa, Jaub0 mapaJsjenbHbl, JU00 MMEIT OBLIYI0 TOUKY.

* BhIpameHHA «IPOBEEM IIPAMYIO», «IPOBELEM ILIOCKOCTh», PagyMe-
eTcd, He HYJKHO NOHUMAaTh B GYKBAJIBHOM CMbIcje (HH NPAMYIO, HU
TIAOCKOCTb B IIPDOCTPAHCTBE MBI He IIPOBOAMM). TH CJIOBa O3HAdYa-
0T, YTO YKa3aHHAA IPAMAaA WIW IJIOCKOCTH BBOOATCA B PacCMOT-
peHue.

Jlapacrre nsoe s Bpdaig:
14 Lo HA0CR0 I U



B3aumHOe pacnosiorkeHne NMPAMBIX
B IIPOCTPAaHCTBE.
Yron mexagy ABYMA HNPAMBIMU

7 CrpeimuBaionpecs npaMbie

Ecnu ABe nNpsaMEIe TepecexarTcsa WIH mapa-
JeJIBHHIL, TO OHM JIEXKAT B OAHO# miockocTu. OnHAKO B Ipo-
CTPaHCTBe JB€ IpPsAMBle MOTYT GLITHL PacCIONOMKEHHl TAaK,
4YTO OHH He JIeJKaT B OLHOM MJIOCKOCTH, T. €. He CYUIECTBY-
€T TaKOH IIJIOCKOCTH, KOTOpas MIPOXOAUT dYepe3d obe 3TH
npamble. IcHO, UYTO TaKle NPAMBIEC HE TIEPECEKAIOTCS U He
napa’sliesibHbI.

Onpenenenne

JBe mpsAMbBle HA3BIBAITCA CKPENIMBAIIIMMMCSH, €CJU OHH HE JIeMKAT
B OJHOH ILJIOCKOCTM.

Punc. 19

HarnagHoe mpencraBieHne 0 CKpeOiuBalo-
IIKUXCHA OpAMBIX JAIOT JBe JOPOTH, OJHA M3 KOTOPLIX MpoO-
XOJAUT TI0 3cTakage, a Apyrasg — IOX 3cTakafoi (puc. 19).

JokaxeM TeopeMy, KOTOpasi BBIDayKaeT IIpPH-
3HAK CKPEIIUBAIOIINXCH IPAMEIX.

Teopema

BB AR MRS RS < TR NIRRT SRR A R
Ecnu ogHa M3 ABYX MPAMBIX JIEKUT B HEKOTOPOH MAOCKO-
CTH, a Apyras nNpaMas epeceKaer 3Ty ILIOCKOCTh B TOUKeE,
He Jekalieil Ha NepBoil NpaMoii, To 3TH NpAMbIe CKpelH-
Barouuecs.

JloKa3aTeIbCTBO

PaccmoTpuMm npamyio AB, Jnexaniyio B MI0OC-
KOCTH O, 1 npaMmyio CD, mepecekaloniyio 3Ty IJIOCKOCTh
B Touke C, He axeskameil Ha npamoit AB (puc. 20). Ioka- D
skeM, uTo AB m CD — cKpemuBamoInuecsa IpaMble, T. €.
OHM He JIeXXaT B OXHOH mJjiockocTH. HeiicTBuTrentro, ecan

JONYCTUThb, 4TO npaMile AB n CD jexaT B HEKOTOpPOH B \C
IJIOCKOCTH 3, TO miaockocTs § 6yZeT IPOXOJUTE Yepes Ips- Y
My10 AB u Tourky C ¥ IIG3TOMY COBIAJET C IJIOCKOCTHIO (L. A '
Ho »ro HeBo3MOMKHO, Tak Kark mnupsaMmas CD He JeXuT o

B maockocTn o. Teopema mokaszaHa.
WTak, BO3MOMKHEI TPH CAYyYAs B3aHMHOTO pac-
IMOJOKEeHUA ABYX NPAMBIX B HPOCTPAHCTBE: Puc. 20
a) nmpsAMbie ImepeceKaloTcs, T. €. HMEIOT TOJb-
Ko ogHy obmyn Touky (puc. 21, a);

Hapa.ae vHocnin npunaio X
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ITepeceraomuecs npaMbie IlapanrenbHble HpAMEIe

CrpeniuBaoiuecsa NpPAMbIe

Puec. 21

6) npsaMble mapaniieJbHEI, T. €. JeyKaT B OZHOH
ILJIOCKOCTH M He mepecexaloTcs (puc. 21, 6);

B) MpAMBIe CKPEUIHBAIOTCHA, T. €. HE JIEKAT
B OZHOH miaockoctH (pmc. 21, 8).

HokaskeM ellle OAHY TEOPEMY O CKDEIMBAIO-
IIUXCH TIPAMBIX.

Teopema

B T L PR bR e 2y ORI A TR o0 v
‘{epea RaDRJIYIO H3 ABYX CRpemnBamnmxca HpﬂMHX Hopo-
XO0OHUT ILNIOCKOCTD, IlapajiaeiibHAA I[perlfl I[pﬂMOK, H IIpu-
TOM TOJBKO OIHA.

JoxazaTeancTBO

PaccMoTrpuM ckpelguBaiuecsa npameie AB
u CD (puc. 22). HJoraxem, uTo yepe3 npamyio AB mpoxo- fo
AILT ILIOCKOCTL, IapaJjJeabHada npamoun CD, m Taxasa i
HJIOCKOCTb TOJBKO OJHA. :

ITpoBenem uepes Touky A npamyio AE, mapan- $C A B
JeabHyI0 npamod CD, n 0603HaYnM OYKBOH O HJIOCKOCTE, . \‘\
npoxoaAmy uepes npamble AB m AE. Taxk Kak oOps-
Mafg CD He JeXHT B IJIOCKOCTH ¢ M HapajieJbHa OpA-
Mot AE, nexkaineidl B 5TOM IIJIOCKOCTH, TO mpsamaa CD
NapajyieabHa ILTOCKOCTH OL. —

flcHO, YTO LJIOCKOCTH O — €AUHCTBEHHAS IIJIOC-
KOCTL, IIPOXOAAINASA uepe3s IpAMyH AB M mapajielbHaf
npamo# CD. B camoM gene, adobas gpyras miocKoCTs, Ipo-
xogdmiaa 4epe3 npamyo AB, nepecexaerca ¢ npamoit AE,
a 3HAUUT, ITepeceKaeTcd U ¢ IapajleAbHOHN el npamoii CD.
Teopema nokasana.

HaraanHoi mimrocTpanuel aToH TeopeMel CJIy-
sKaT ABe AOPOru, OfHa M3 KOTOPHIX MPOXOTUT IO 3cTaKajie,
a gpyras — noj scrakazod (cm. puc. 19). Hmxuas gopo-
Ta JIeKUT B IJIOCKOCTH 3eMJHU, ITapaIeJnHoll aopore Ha
acTakaze. flcHo, YTO M Yepes mOpOry Ha acTaKae IpPOXoO-
JINT ILTOCKOCTH, NapauleJibHAfl NJIOCKOCTH 3eMJIN, a 3Ha-
uuT, NapajyenbHas HUMKHEH Jopore.

o
R

Puc. 22

/.’J/Ju,: (R MR EFFARTAR A PR
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8 ¥rumpl ¢ coHanpaBJIeHHBIMY CTOPOHAMH

CorsacHo omHOM u3 akcuoM (CM. HpPHJIOHKeE-
Hue 2) m06as OpAMAA a, JeXKallasd B IJIOCKOCTH, Pa3iesis-
eT 3Ty NJAOCKOCTh Ha JBE YACTH, HA3LIBAEMbIE IMOJIYILIOCKO-
cramu (puc. 23). Ilpavasa a masbiBaeTca rpaHHIER Kasx-
ZOH M3 PTHX IOJYIJIOcKocTel. JIoObie ABe€ TOYKM OLHOM
¥ TOH K€ MOJYILIOCKOCTH JIeXKAaT 0 OZHY CTOPOHY OT HIpd-
MoOii a, a molble JBe TOUKHM PA3HEIX HNOJYIIOCKOCTeH — II0
pasHbie CTOPOHEI OT 3TO# mpsiMoii (cMm. puc. 23).

[Ba nyua OA u OA,, He neKale HA OJHOH
npPAMON, HA3HIBAIOTCA COHANPABJIEHHBIMH, €CJIM OHH [a-
paJielbHLI M JIEKAT B OJHOHM TMOJYIJIOCKOCTH C TpPaHU-
et 00,. Jlyuu OA u O,A,, nexallue Ha OZHON IPAMOIL,
HA3LIBAIOTCA COHANPABJIEHHBIMH, €CJIU OHW COBIAZAIOT
HJIM OJHMH M3 HHUX COAep:KUT apyroii. Ha pucyake 24 ayun
OA u OA,, a takke nyua A,B, u O,B, coHanpasieHbl,
a nyuu OA u O, A,, OA u O;4,, O,A, u OB, He ABAAOTCH
COHATIPABICHHEIMH (00BsCHUTE nouemy). JlokarkeM Teope-
My o6 yriax ¢ cOHANpaBJIEHHBIMM CTOPOHAMN!.

Teopema

Puc. 24
St AIUFELASTYE B SIS P

Ecmm CTOPOHBI ABYX YIJIOB COOTBETCTBEHHO COHAIIpaBlie-
HBbI, TO TaAaKM¢ YIJIbl PAaBHbI.

Joka3zaTeasCTBO

OrpaHMYUMCS PaCCMOTPEHHEM caydas, KO-
raa yrasl O u O; ¢ COOTBETCTBEHHO COHANPABIEHHBIMU
CTOPOHAMY JI€XAT B PAa3HBIX IJIOCKOCTAX, M JOKAYMKEM,
yro L0 = £0;.

OrmeTuM Ha cropoHax yria O xKakue-HuOyZb
TOYKHM A ¥ B ¥ 0TJIONKMM Ha COOTBETCTBEHHBIX CTOPOHAX
yria O, orpesku 0,4, = OA u O,B, = OB (puc. 25). Tax
xak ayun OA u O; A, coHanpasnesbl u OA =0,A,, TO OIy-
uyurca napanierorpaMm OAA O, u, CIeJ0BaTeJBHO,
AA, | 00, u AA, = 00,. Ananormuno moayuaem: BB, | 00,
u BB, = 00,. Otcoaa cieayer, uro AA, || BB, m AA, = BB,,
a, sHauut, ABB; A, — napainenorpamm u AB = A,B,.

CpasHuM Teneps Tpeyroapuuku AOB u A,0,B;.
OHHN paBHB! [0 TPEeM CTOPOHAM, ¥ MO3TOMy L0 = £O,.
Teopema aorazana.

V 3ameuanne

ITpn moxasaTenscTBe MBI HEABHO BOCIIOJIB30BA-
JIUCH TeM, 4To oTpe3ku AB u A,B, He mepeceKaoTcd (B IPO-
THBHOM CJIyuyae NapajjIejioTPpaMMOM OKasanach Obl ury-
pa AB,BA,, a He ABB,A,). JokaxeMm ato. [lomycTum, 4To
otpesku AB u A,B, mepecekaroresa. Torga mnockocru AOB
u A,0, B, nepecekaloTcs IO HEKOTOpoii npsamMoii a. IIocKkoabKy
OA 1llOlAl, m0 OA| A,0,B,, nosromy al|OA (ecMm. m. 6). pye 25

17 e



Ananoruaso a | OB. Ho aToro He MoeT ObITb, TaK KaK depes
Touyky O IpoXoAMT OZHA IPAMAA, MapajjeibHas IPAMOH a.
CrenopaTenbHo, OTpesku AB u A,B, He mepecekamrca. A

9 ¥Yron mexay mMpAMbIMH

JI100ple Be Iepecexalouiueca IPSAMBIE JIeKaT
B OGHOH mIOCKOCTH @A 00pasylor 4YeTblpe HEPa3BEPHYTHIX
yraa. Ecay m3BecTeH OZMH M3 9TUX YIJIOB, TO MOYKHO Hail-
TH ¥ gpyrue Tpu yriaa (puc. 26). Ilyers oo — TOT U3 yrios,
KOTODEIH He NMPEBOCXOTUT JIOGOT0 U3 TPEX OCTANLHBIX YrI-
aos. Torza ropopAT, 9TO YroJ MeXAY IMepeceKalIuMHucH
npaMeiMu pasen o, Ouepugno, 0° < o < 90°,

BeezneM Temeps nMOHATHE YIJia MEXXKIY CKPEIIIN-
BAOIUMuCA OpaMeiMu, IIyers AB u CD — fgBe CcKpelu-
pawmuecsa npAamele (puc. 27, a). Uepes TPOU3BROABHYIO
Touky M, npoBegeM npsimbie A, B; u C,D;, COOTBETCTBEHHO
napajiensusie npaMeiM AB u CD (puc. 27, 6).

Ecnu yron mexnay npameimu A, B, u C,D, pa-
BeH (@, TO OyzeM roBOpHThb, UTO YroJl MeKIy CKPeHiHBaI0-
mumMuca OpavMeiMu AB u CD pazen ¢.

Hokaxem, UTO YTOJ MEXAY CHKPEIIHBAIOIIN-
MHCA TPSAMBIMM He 3aBHUCHT OT BbiGopa Toukum M.
HeiicTBUTENIBLHO, BO3bMEM JIIOOYIO ADPYIYI0 TOUKY M, u
npoBezieM uepe3 Hee npsmele A,B, u C,D,, COOTBETCTBEHHO
napaaneastsle npaMeiMm AB u CD (cMm. puc. 27, 6). Tax
Kak A,B, || A;B,, C.D, | C.D, (o6bacauTe mOYEMy), TO CTO-
POHBI yIJIOB ¢ BepmuHaMu M, m M, nomapHo coHaIpaB-
JNeHHl (Ha puc. 27, 6 TakuMu yraamu asisores LZAM,C, n
LAMC,, LAM D, u ZAM,D, u 1. £.). ITosTOMy 3TH yT-
JBI COOTBETCTBEHHO paBHEI. OTCIOZA CJERyeT, 4YTO Yroia
Mexay npaMmeiMu A,B, u C,D, Taxkxe paBeH .

B kauectBe TOukm M, MOMHO B3ATH JI00YIO
TOYKY Ha OJHOM M3 CKpeluBalUuXca npamsix. Ha pu-
cyake 27, 6 na opsamoii CD oTmeueHa Touka M m uepe3
Hee npoBefeHa npsaMaa A'B’, nmapamnienvHaa AB. Yroxn
Mexcay npameiMu A'B’ u CD rakxe paBeH (.

Bonpocsl u 3agaum

34 Touka D He NeXXHUT B HNJIOCKOCTH TPEYTroJIbHU-
kKa ABC, rouxkn M, N u P — cepeAuHEI OTpE3-
koB DA, DB n DC coorBercTBenHo, ToukKa K
JAeKUT Ha oTrpeske BN. BhiACHHTE B3aHMHOE
pacnojioxxkenue npaMeIx: a) ND u AB; 6) PK
u BC; B) MN u AB; r) MP un AC; n) KN
u AC; e) MD u BC.

35 Uepes Touxky M, He JeKalllylo Ha IpAMOH a,
IIpOBeJieHEl ABe HIpAMLIC, He MMeIne o6mux

18
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Hapuaaerernocms npsiyusix
u naockocenel
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TOYeK ¢ mpAMoi a. JlokaXuTe, YTO MO KpakHell Mepe OAHA M3 3THX
OpPAMEIX U TpAMad d ABJIAIOTCA CKPEUIMBAIOIIMMUCT OPAMBIMH.
IIpamasg ¢ mepecekaeT OPIMYIO @ M He IepeceKaeT NpAMYIo b, mapaJieis-
HYIO Ipamoi a. Joramure, 4To b 1 ¢ — CKpeLMBAOIHeCs IPAMEIE.
IIpamasa m nepecekaetr cropoBy AB tpeyronsanka ABC. KakoBo B3a-
MMHOE PacnoJoXKeHMe HpAMBIX m u BC, ecnu: a) npaMas m JEXKHUT
B miaockoctT ABC u He mMeeT o0mux Todek ¢ orpeakom AC; 6) mps-
Madg m He JeXHAT B IocKocTH ABC?

Yepes Bepmuny A pomba ABCD nposezeHa npaMas ¢, Hapajielb-
Hag auaroHaau BD, a uepea BepmuBRy C — upsmasa b, He Jjekamasgd
B mjockocTH pomb6a. [Moxkamure, uro: a) npsaMbe ¢ ¥ CD nepeceka-
oTed; 0) ¢ H b — cKpemuBainecsa OpPAMBIE.

Hokaxute, uro ecam AB u CD ckpemnppamueca npameie, o AD n BC
TaKsKe CKPEeIHuBAaIoNnecs NpsMEIe,

Ha ckpemuBaomuxca IPAMbBIX @ U b 0OTMEYeHBI COOTBETCTBEHHO TOUKH
M u N. Yepes npamyio a ¥ Touky N IIpoBejileHa IJIOCKOCTh (I, 4 uepes
npaMyio b u Touky M — miockocTs . a) JlexxuT am upAmas b B mwioc-
Koctu 0.? 6) Ilepecexarorca am maockocts o u B? Ilpu monosxuTelNb-
HOM OTBETEe YKaYKHUTe MPAMYIO, MO0 KOTOPOM OHM NIEePeceKaioTcs.
MookeT U KaskJad U3 ABYX CKPEIUBAIOIMXCS IPAMEIX OLITh IApAas-
JenbHa Tperkeii mpamoii? Oreer oGocHyiire.

Janwr mapannemorpamm ABCD u tpanenusa ABEK c ocuoBanuem EK, He
nexxaniue B OOAHON ILTOCKOCTH. a) BrificHUTe B3aNMHOE PACIIOJIOMKEHIe
npameix CD u EK. 0) HaiiauTe mepumeTp Tpamemuu, €CIWM HM3BECTHO,
YTO B HEE MOIKHO BIUCAThH OKPY:KHOCTE 1 AB = 22,5 cMm, EK = 27,5 cM.
JokaxxuTe, UYTO cepeMHE] CTOPOH HPOCTPAHCTBEHHOTO UETHIPEXYTOJb-
HYKA" SBAAIOTCH BEPIIMHAMH NapajierorpaMmma.

IIpameie OB u CD napaniensurie, a OA u CD — cxpelusamouinecs
npameie. Ha#iaure yrom wmexay npameimu OA um CD, ecuwm:
a) LAOB =40° 6) LAOB =135° B) LAOB =90°.

IIpamasi a napananeasHa cropoHe BC napannenorpamma ABCD u ue je-
KUT B IUIOCKOCTH napaJjjesiorpamma. Jokasxkure, uro a u CD — ckpe-
IUBAIONIMECA MPAMbIe, U HAHIHTE YroJ MeXAYy HUMH, €CJu ONWH H3
YIJIOB mapajLiejorpamMma paseH: a) 50°; 6) 121°,

IIpsamas m napannenvHa auaroHanu BD pom6a ABCD u He neXuT
B maockocTu pomba. Jlokaxkure, uro: a) m U AC -— CKpeluBalomnecs
nNpAMBIE — 1 HaHAWUTE Yrod MexxAy Humu; 6) m u AD — crpernmusalo-
IUecs OpAMbie — ¥ HAHAWATE Yron MeKAy HuMH, ecau yron ABC pa-
BeH 128°.

B mpocrpancTBeHHOM 4eThIpexyroasHuke ABCD cropoust AB u CD
paBubl. Horakure, uro npambie AB u CD o6pasyloT paBHBIE YTJIH
¢ npAMoO¥, IMpOXoAAIIeH uepes cepeAuHbl oTpeskos BC u AD.

*
qumpexyroannx Ha3bIBAETCA NPOCTPAHCTBEHHBIM, €CJAU €I0
BeDIIUHDbI HE J1exXaT B OLHOU MJIOCKOCTH.



ITapanieapHOCTb MIOCKOCTERH

10 Vapaareasnee mrockoctu
Mui sHaem, uto ecom gBe maockocT: HMeIOT
06IIyI0 TOYKY, TO OHH [I€peceKarTca II0 NpAMOH (aKcuo-
Ma A;). Orcroga crepyer, 4TO OBe ILIOCKOCTH JauG0O nepece-
KawTcda no mpamoit (puc. 28, a), aubo mHe nepeceraiorcs,
T. €. He MMEIOT HH OXHO# 00Imell ToYrH (puc. 28, 0).

Ounpenenenue

IIBG ILUIOCKOCTY HA3LIBAIOTCH HapaijieJbHBIMHU, eCJIU OHHA HE mnmepecera-

0TCA.

Hpe,qc'raBneHHe O IapajjeJbHBIX IIJIOCKOCTIX
AT IIOJ A IIOTOJIOK KOMHAaTBI, ABe IIPOTHBOIIOJIOM HEIE
CTE€HBI, IIOBEPXHOCThL CTOJA M OJOCKOCTEL ITOJIA.

IMapannensuocts naockocreit o m B o6osna-

qaercs Tak: « | B. Paccmorpum mpusmak IapaiaeJbHOCTH
ABYX IJIOCKOCTEM.

Teopema

S

Ecau nBe nepecexaromue

CA NPAMBIE OTH

g s,

O IJIOCKOCTH Co-

OTBETCTBEHHO NaPaJLICNLHBI IBYM IIPSIMBIM APYToM mioc-

KOCTH, TO 3TH IIJIOCKOCTH nmapajieJgbHbI.

MoxazaTeancrro

Paccmorpum gBe miockoer:m o u B (puc. 29).
B mnockoctn o nemar TepecexamIueca B Touke M mps-
Mble @ U b, a B mIOCKoCTH [ — npsaMmele a, u by, Ipudem
alla, m b b, Hokamem, uro o | p. IIpexcne Beero orme-
THM, 1TO II0 NPU3HAKY APAJIIESBHOCTH IPAMON U ILIOCKO-
crualBublp.

a) 0)

Ilnockoern o u B mepecexarorcs Ilrockoern o u B mapanmensunr
Puc. 28
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JlomycTum, 4To ILIOCKOCTH O M [ He mapaJ-
Jenbubl, Torna oHu mepeceKkaloTesI IO HEKOTOPOH IIPAMOH C.
MBI moayumau, UTO IJIOCKOCTH Of IIPOXOAUT dYepes NOps-
MY @, Napa/UIeJbHYI0 ILIOCKOCTH [, ¥ mepeceKaer IJIOC-
Kocrh B mo mpamoit ¢. Otcooza ciexyer (mo csofictsy 1°,
n. 6), 4uTo HpAMEBIEe @ ¥ ¢ HMapaJjelbHEL.

Ho miockocTh O IPOXOJUT TaKiKe yepes Nps-
My®0 b, nmapannenbHyo miaockoctu B. ITostomy b | c. Ta-
KuM o6pasoM, uepes Touky M nOpoxonsT ABe IIpAMEBIE G
u b, mapannensHble npamMoi c¢. Ho aTo HeBo3MOKHO, Tak
KaK IO TeopeMe O MapayiledbHbIX MPAMBIX Yepes TOuKy M
MIPOXOAUT TOJBKO OJHA MPAMasi, IapajlieldbHad IIPaAMOi c.
3HaunuT, Halle AONYyIIeHWEe HEBEepHO H, CJIeJOBATEJIbLHO,
o || B. Teopema moxasama.

11 CBoitcTsa MAapaJelibHbIX TLIOCKOCTeH

Paccmorpum aBa cBoiicTBA IapasaesbHBIX
IIJIOCKOCTEH.

1°. Ecau aBe mapaJjuienabHble ILIOCKOCTH mepe-
ceveHsl TPpeThel, TO IHHHHN MX IepPecevyeHus MapaJjlieJIbHbI.

HaraaguelM [MoATBEp:KAeHMEeM 3TOro (axTa
CAY/KAT JUHUU NePeceYeHUud NOoJa M IIOTOMKA CO CTeHOH
KOMHATBI — 39TH JUHHUM HapajijielbHbI.

Ina gokaszaTeJbCTBa NSAHHOrO CBOMCTBa pac-
CMOTPHUM OpSIMbIe @ U b, IO KOTOPLIM NapaJljiejbHbIe [IJI0C-
KOCTH O ¥ [} mepecexarorcs ¢ MJIoCKocThio Y (puc. 30). Ho-
KaykeM, YTO IIpAMbIe ¢ U b HmapaijeJbHBI. JTH IPAMbBIE
JIeKaT B OZHOH IJIOCKOCTH (B ILJIOCKOCTH Y) M He Iepece-
kawoTcAa. B camMmom gene, ecau ObI npAMble a 1 b mepeceka-
JIHCH, TO IJIOCKOCTH O U [3 mMenu GH OOIIYIO TOUKY, UYTO
HEBO3MOKHO, TAK KaK 5TH ILJIOCKOCTH NapajijlesbHEL.

HNrak, upameie a 1 b jgeKaT B OJHOH MJIOCKO-
CTH U He TIepeceKalnTcd, T. €. IPsSAMble a ¥ b mapajiebHEL.

2°, OTpesku mapaJuleILHBIX NMPAMBIX, 3aKIIIO-
YeHHBbIE MEXAY NapajliIeJbHBIMHM INIOCKOCTAMH, pPaBHBI.

IIlna moxasaTesibCTBA BTOTO CBOMCTBA PaccMOT-
puM orpesky AB v CD aByxX mapajlelIbHBIX NPSAMBIX, 3a-
KJIOUeHHBIe MEKJY HapaJIeJbHBIMH IJOCKOCTAMH O H P
(puc. 31). Hokaxkem, uto AB = CD. IliocKoCTE Yy, IIPOXO-
IAmAasa Yepes napajieibuble npameie AB u CD, nepeceka-
eTCA ¢ IJIOCKOCTAMHM O ¥ [ o mapajieiabHbIM npamMsM AC
u BD (cBoiicrBo 1°). Taxum 06pa3oM, B UeThIPEXYTOMbLHU-
Ke ABDC mOpOTHBOIOJOMKHLEIE CTOPOHBI IIOIAPHO OapaJ-
nenbHbI, T.e. ABDC — mapannemrorpamm. Ho B mapan-
JIeJorpaMMe MPOTUBOMOJI0KHBIE CTOPOHEI PABHBI, [I03TOMY
orpesru AB u CD paBHBEI.

Puc. 30

_—
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Bonpocsr u 3agmaun

VYrauTe MOZENN NapaieJbHbIX IIJIOCKOCTEH Ha NpeaMeTax KJIacCHOH
o6CTaHOBKHY.

IIpamasa m mepecekaeT IIJOCKOCTSL ¢ B Touke B, CymecTsyeT I naoc-
KOCTEh, IPOXOASAIAA Uepe3 NIPAMYIO /M ¥ IapajjielbHad IJIOCKOCTH o2
IlnockocTn o ¥  mapa/llesbHBI, IPAMAA M JEKHT B IIJIOCKOCTH (L.
JokakuTe, UTO MpAMas M NapajiejbHa ILIOCKOCTH fB.

JloKanATe, 4TO IJIOCKOCTH O B P mapaJuieIbHEl, €CJIH ABe IepeceKar-
uIuecs IPSAMBIE M U 7N IUIOCKOCTH O ITapasliesibHbl IJIOCKOCTH f.
JlBe ¢TOPOHBI TPeyrOJLHHMKA HapajelbHBl IUIOCKoCcTH o. oxamure,
YTO M TPeThd CTOPOHA NapaJlielbHa IJIOCKOCTH O.

Tpu orpeska A,A,, BB, u C,C,, He ysexxainye B OAHOH IIJOCKOCTH, AMe-
0T 00IyI0 cepegury. JJoramunuTe, 4ro miockocte A,B,C, u 4,B,C, na-
PAJLIEJILHEL.

Tourka B He JNexuT B miuockocTu TpeyroabEurka ADC, touku M, N
u P — cepemguEbl oTpeskoB BA, BC u BD cOOTBETCTBEHHO.

a) Howxasxure, uro miaockoctu MNP n ADC napasnjieabHBbI.

6) Haiigure maomaab tpeyroabHuKa MNP, ecan miomanb TpeyroJb-
HuKa ADC paBHa 48 cm’.

JokaxuTe, YTO eCJAH IpAMAasa a4 HEePECEKaeT ILJIOCKOCTh O, TO OHA Iie-
pecexkaeT TaK)Ke JIO0YH0 IJIOCKOCTbH, DapaUIebHYIO JaHHOHA IIJIOCKO-
CTH O

Peirenue

PaccMoTpuM HOpOM3BOJBHYIO IIJIOCKOCTL [, HAPalIeNBHYIO ILJIOCKO-
ctv o. Yepes rakyio-HuOyas Touxky B miaockocTu [ mpoBegeM mops-
My b, napaisienpHYIO NPAMOM a.

Tak kax npAMasa g epeceKaeT INIOCKOCTD O, TO OpAMaa b Tak:Ke Iepe-
cexaeT 3Ty mJaockocTs. CiegoBaTensHO, npsiMas b nepecekaer mJjoc-
KocTh B (a me smexxuT B Heil), IlosToMy npamMas a TakKe mepeceKaer
IJIOCKOCTH f.

IInockocTy ¢ U  napanserbHpl, A — TOYKA HIIOCKOCTH . JoKa)kuTe,
yro JgiodaA npaMasg, NPOXOAALIas 4Yepes3 TOUKY A H NapajjiejabHasd
IJIOCKOCTH [}, JIQXKUT B TIIOCKOCTH OL.

IIpaman a mapanaeiabHa OZHOH M3 ABYX MApajjIeJbHBIX IJIOCKOCTEM.
JokaskuTe, YTO NpAMad @ Tub0 mapaJjiejibHa APYTroi mIoCKoCTH, JUb0
JeXHUT B Hei.

JoKakuTe, 4TO €CAN MNOCKOCTDH Y NepPeceraeT OTHY U3 IMapaeNbHBIX
ILTOCKOCTEH o M 3, TO OHa mepecekaeT W APYTYIO ILIOCKOCTb.
Pemenune

IIycTh IIJIOCKOCTE Y MepeceKaeT IJIOCKOCTE O 110 IpaAMoi a. [lorakem,
YTO MJIOCKOCTH Y [IepeceKaeT TaKixke MiIockocTh 3. IIpoBegem B miocko-
CTH Y uUpaAMy0 b, nepecekaroniyio npamyio a. IIpamas b nepecekaer
ILIOCKOCTD O, [IO3TOMY OHa IepeceKaeT M HNapajlejbHYKW e mioc-
kocTb P (3agaua 55). CaemoBaTeNBHO, U IJIOCKOCTE ¥, B KOTOPOI JIEXKHT
npamasi b, mepeceKaeTr IJIOCKOCTL [J.

Hapaaieidsuoenis npabx
22 u naacKocmed
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Mokamure, 4TO 4Yepes TOYKY A, He Jexa-
IMVIO B IJOCKOCTH ¢, IPOXOAHUT IIJIOCKOCTD,

napaJjjienpHas MJIOCKOCTH O, B IPUTOM TOJb- B, o/
1
Pemrenne '/

IIpoBezeM B MJIOCKOCTH O, JBe TepeceKarolmie-
cA upaMbie @ 1 b, a yepe3 TOUKY A IpoBeleM
npAMble @, ¥ b;, COOTBETCTBEHHO MADAJJIEIE-
Hble npAMbBIM a u b. Pacemorpum miaoc-
KOCTE 3, mpoxXoAsAlyo 4epes OpaAMblE 4, U b,.
Hnockocts B — HexoMmadA, TaK KAk OHa IPO-
XOOHUT Yepe3 TOUKY A ¥ II0 Npu3HaKy mapaj-
JeIBHOCTH JABYX IUIOCKOCTell mapajjensHa Puc. 32

ILTIOCKOCTH Of.

Hoxa:xkeM Temephb, uTO [P — eIMHCTBEHHAs IJAOCKOCTb, IPOXOAAINAA
uepes AAHHYIO TOUKY A M mapanjiejibHad IJIOCKOCTH O.. B camom perne,
miobas Opyras ILIOCKOCTh, IPOXOAINAsA 4Yepes TOYKY A, mepeceKaer
IJIOCKOCThL [, MMO3TOMY HepeceKkaeT U MApajeibHYH € TI0CKOCThH O
(3amaua 58).

IIse mirockocTH O ¥ 3 mapajieabHBI ILJIOCKOCTH Y. [loKaskuTe, 4TO
IIOCKOCTH O ¥ [ mapajiefbHbI.

Jladbl IBe mepeceKarm(Hecd NpaAMble ¢ U b u Touka A, He Jexa-
IDaA B IJIOCKOCTU STHUX NPAMEIX. JOKa)KuTe, UTO Uepes TOUKY A Ipo-
XOOUT IUIOCKOCTH, MAPAJJIENILHAA IPAMEIM ¢ M b, ¥ IPUTOM TOJbKO
ONHA.

JIJsf MPOBEPKH TOPU3OHTANHBHOCTH YCTAHOBKH JUCKA YIJIOMEPHBIX HH-
CTPYMEHTOB MOJIb3YIOTCSA JBYMSI YPOBHAMH, PACIOJOMEHHLIMH B ILIO-
CKOCTH JMCKAa Ha NepeceKaloiquxcd IpAMBIX. [loueMy YPOBHHM HeEJb3s
pacmoJiaraTh Ha IapajliebHBIX IPAMEIX?

TMapannensubie mIocKocTH O ¥ P mepecexaror cropony AB yrma BAC
COOTBETCTBEHHO B Toukax A, u A, a cropony AC 3Toro yr-
Jla — COOTBETCTBeHHO B TouKax B, u B,. Hafinute: a) AA, u AB,, ecnu
AA,=24A=12 cm, AB, =5 cm; 0) A,B, nu AA,, ecau A,B, =18 cm,
AA, = 24 cm, AA, gAlAZ.

Tpu npsmele, IPOXOJAIINE YePe3 OJHY TOUKY U He JieXalllue B OJHON
MJIOCKOCTH, IEPECEKAIOT OJHY M3 NAPaJIJIeJbHBIX IJIIOCKOCTeH B TOUKAX
A,, B, u C,, a 1pyryo — B TOuKax A,, B, u C,. [lokaxuTe, 4TO Tpe-
yroasauKu A,B,C, n A,B,C, noaobHbI,

HapannensHble oTpe3ku A A,, BB, u C,C, 3aKNI0UeHE MeXXIy mapaJ-
JIJIBHBIMHA IJIOCKOCTAME ¢ E [ (puc. 32).

a) OmnpegenmTe BUX 4eTHIPEXYTrOAbHUKOR A, B, B, A,, B,C,C,B, nA,C,C, A,.
0) Hoxkamure, uto NAA,B,C, = AAB,C,.
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Terpasap u nmapannenenunesn

12 "ferpasap

Onma u3 riaB Hauero Kypca GyZeT IOCBAIeHA
MHOT'OIDAHHUKAM — IIOBEPXHOCTAM TEOMETDPHYECKUX Tel,
COCTaBJICHHBIM M3 MHOTOYTOJIBHUKOB. Ho ele g0 mogpoGHO-
ro M3y4eHWUsI MHOI'OIDAHHUKOB MBI IIO3HAKOMHUMCS C JBYMS
U3 HUX — TeTpasfipoM M NapajuiejenuiesoM. JTO HacT
HAM BO3MOXXHOCTB IIPOMJLIIOCTPUPOBATL HOHSTUS, CBA3AH-
Hble CO B3AUMHBIM DACIIONOMeHNEM MPAMEIX H IJOCKOCTEeH,
Ha IpHMepe JBYX BaKHEIX MeOMETDHUYECKHX TeJl.

[Ipexcie deM BBeCTH NMOHATHUA TETPAdApA U Iia-
patelenunesa, BCOOMHAM, YTO Mbl NOHHMMAJUA IOJ MHO-
TOYrOJIbBHUKOM B IJIAaHUMeTPHM. MHOrOyroJIbHUK MBI pac-
CMaTpUBaJIX JUGO KaK 3aMKHYTYH JHHHIO 6es camomepe-
CeYeHM, COCTABIEHHYI0 M3 OTPe3KoB (puc. 33, a), aubo
KaK 4YacThb ILJMIOCKOCTH, OTPAHWYEHHYIO 3TOH JIMHUeEH,
BKIIOYasA ee camy (puc. 33, 6). IIpm paccMoTpeHHH TO-
BEPXHOCTelf ¥ Tes B IPOCTpPaHCTBe OyZeM IIOJIb30OBATHCS
BTOPBIM TOJIKOBAHHEM MHOTOYTOJIbHHKA. IIpM TakoOM TOJI-
KOBaHMH J060# MHOTOYroJbHUK B IPOCTPAHCTBE IIpPej-
cTaBjasfeT cob0l IJIOCKYI0 MOBEPXHOCTE,

) IlepeiineM Teleps K OMpeneeHNIO TETPASLPA.

PaccMoTpum nponsBosbHEIN TpeyroabHUK ABC
U TOYRY D, He NeXKAaIyi0 B ILUIOCKOCTH 3TOTO TPEYTOAbHH-
ka. CoenuHuB TOuKy D OTpeskaMu C BepIIHHAMHU Tpe-
yronpHuKa ABC, monyumm Tpeyroasuurun DAB, DBC
n DCA. IloBepxHOCTb, COCTABJEHHAS W3 YETHIPEX Tpe-
yroneEUKOB ABC, DAB, DBC u DCA, HaseiBaeTca TeTpa-
agpom u obGosHauaerca tax: DABC (puc. 34).

TpeyronbHMKH, U3 KOTOPEIX COCTOMT TETPASAP,
HasbIBAIOTCA TPAHAMM, UX CTOPDOHHL — pefpamu, a BepIIH-
Hbl — BepmIMHaMu Terpasapa. Terpaszap umeer uernipe
rpaHy, MecTs pebep m uerbIpe BepuInHbL. [IBa pebpa TeTpa-
3Apa, He MMeIue ObIMX BepIIMH, HA3HIBAIOTCA MPOTHBO-
noyoxkaeiMM. Ha prcyHKe 34 OpOTHBONONO:KHBIMH ABJA-
forcst peGpa AD u BC, BD u AC, CD u AB. UHoraa BeIgens-
IOT OAHY K3 IpaHell TeTpasZApa H HA3LIBAIOT €6 OCHOBAHUEM,
a TpU Apyrre — GOKOBBIMH TPaHAMH,

TeTpasap msobpaskaercs oObLIYHO TAK, KAK IIO-
KaB3aHO Ha puCYHKax 34 u 35, 7. €. B BuJe BHIMIYKJIOTO WX
HEBBLINYKJIOT0 YeTHIPEXYroJbHUKA ¢ AuaroHaasmu. [Ipu
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E D

a)

Muoroyroasaunk ABCDE —
¢urypa, cocraBieHHas u3
OTPe3KOB

/
6)

Muoroyronseuk ABCDE —
4acTh IJIOCKOCTH, OTPaHH-
yenHas Junueii ABCDE

Pue. 33

B
Puc. 34
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9TOM INTPUXOBHIMHU JUHHAMU H300DAXKAIOTCA HEBUIUMBIE
pe6pa. Ha pucyuke 34 HeBNAUMEIM ABIAETCA TOJABKO ped-
po AC, a Ha pucynke 35 — peb6pa EK, KF u KL.

13 Hapaaenenmmne

PaccMoTpuM [OBa paBHBIX IApaiesorpaMma
ABCD un A,B,C,D,, pacnojIO)XeHHBIX B TapaJJeJbHBIX
IJIOCKOCTAX TAK, 4TO OTpesku AA,, BB,, CC, n DD, na-
pamnenbHH (puc. 36, a). YeTblpeXyroJlbHUKH

ABB,A,, BCC,B,, CDD,C,, DAA,D, (1)

TaK)e ABJAIOTCA HapaiaejlorpaMMaMu, TaK KaK KaABIH
13 HAX WMeeT II0MapHoO NapajjelbHble IPOTUBOMOJI0MXKHBIe
CTOPOHBI, HAIPUMEDP, B UETLIPeXyTONLHUKe ABB,A, cTOpO-
Hboi AA; v BB; nmapaJjiieiabHbl 110 YCJAOBHUIO, a CTOPOHBI AB
u A,B, — no cBo#CTBY JIMHUN IlepeceueHus ABYX IapaJ-
JeJIBHEIX ILIOCKOCTeH TpeThelt (cBoiicteo 19, m. 11). Ilosepx-
HOCTb, COCTaBJEHHAA U3 ABYX PaBHBLIX IIapaJlIeJOTPaMMOB
ABCD n A,B,C,D, n ueTsIpex napajnejorpammor (1), ua-
3LIBAETCS TapajjIelenuIesoM ¥ 0003HAUaeTCsa TakK:
ABCDA,B,C.,D,.

IIapannesorpaMMbl, M3 KOTOPHIX COCTAaBJIEH
napajajesenunesi, Ha3LIBAIOTCA TPAHAMM, HX CTOPOHEI —
pedpaM#u, a BeDIIMHBI IapaJeIoTPaAMMOB — BepPIHIMHAMH
napajnenenunena. Ilapajnesnenumes, uMeeT UIeCTh rpa-
Heli, ABeHAaAUATHL pebep M BoceMb BepmiuH. [IBe rpamm ma-
palnenenunena, wmMepinue oOmee pebpo, HASHIBAIOTCA
CMEKHBIMH, a He MMelniue o6mux pedep — HPOTHBOIO-
aoxaeiMu. Ha pucyEke 36, 0 TPOTHROHOJIOMHLIMU SBJA-
orea rpanu ABCD wu A,B,C,D,, ABB/A, n DCC,D,,
ADD A, n BCC,B,. [Ise BepHINHEI, He IIPUHALIEKAIIHNE
OfHO¥ IpaHH, HA3LIBAIOTCH NPOTHBOMONONKHBIMM. OTpe-
30K, COENUHAIIINY NPOTUBONOJOKHLIE BEDUINHBI, HA3bI-
BaeTCd NMAFOHAIBI0 Napajuienemuiena. Haxxkawsii napan-
JleenivIlef, BMeeT 4YeThkipe AuaroHanu. Ha pucyuke 36, 6
IVaroHaJAMM sABAAloTCA orpeskn AC,, BD,, CA, n DB,.

YacTo BBELACNAIOT KaKMe-HUOYIb OB IIPOTHBO-
[TOJIOZKHEIE T'PAHM M HASBLIBAIOT UX OCHOBAHMAMM, a OCTAJb-
HBle TPaHU — OOKOBBIMH TIDaHAMH MapajjieJieUIeIa.
Pe6pa napanienmenumniena, He IpPUHAAJEKAININE OCHOBA-
HUsIM, HaspBalOTCH OoKoBbIMH pebfpavu. Tak, eciu B Ka-
gecTBe OCHOBaHWil BbIOpaThk rpanu ABCD u A,B,C.D,, TO
60KOBEIMY I'paHAMH OyayT mapajjieiorpammer (1), a 6oko-
BeIMU Debpamm — orpesxku AA,, BB,, CC, u DD,.

Ilapannenenunes usobpamaercsa OOBIYHO TaK,
KaK MoKasaHo Ha pucyHke 36, 6. [Tpu atom usobpaskeHusaMu  Puc. 36

A

ITapannenenunes
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rpafeil ABAAIOTCA IIapaIeIOrPaMMbl; HEBUIHUMBIe peGpa D, C,
¥ Jpyrue HeBUAMMBIE OTPE3KH, HANPHUMep IUATOHAJH, A M
n300pa’KarTCA IUTPHXOBBIMHM JIHHHAMHU . !

PacecMoTpumM ABa CBOMCTBa IapaJijelielrniiesa.

10, ITpoTHBOMOJIOXKHBIE TPAHH MapaJijiejenu- C
nega NAPANIeNALHBI ' M PABHEL A B

HoxaykeM, HanpuMep, NapajlIeIbHOCTL ¥ pa-
BeHCTBO rpaneii ABBA, u DCC,D, napanierenunena a)
ABCDA,B,C,D, (puc. 37, a). Tak xak ABCD u ADD,A, —
napastenorpaMmel, To AB | DC u AA, || DD,. Takum o6pa-
30M, aBe IepeceKalomuecs npameie AB u AA, ogHOH rpa-
HU COOTBETCTBEHHO HAPAJIJIeJbHBEI JBYM I€pPeCeKaIOIIUMCA
npamMeiM CD u DD, apyro#i rpamu. OTcioga 0 NpH3HAKY
TapajyeJbHOCTH IIJIOCKOCTEH cieayer, uTo rpamu ABB.A;
u DCC,D, napanieyibHEI.

HoxakeM Tellepb PABEHCTBO 3THUX r'paHei. Tak
KaK BCe TpaHM HapajlyejieluIlefa — IIapaJjielorpaMMBI,
10 AB = DC u AA, = DD,. Ilo 3Toii e NpHYMHE CTOPOHBI
yrioB A,AB u D, DC coOTBEeTCTBEHHO COHAIIPABJIEHLI, H,
3HAYUT, 9TH YIVIBl paBHBl. Takum o6pasoM, JBe CMeM{HEIE
CTOPOHBI H YToJI MeXIy HUMH mapajiienorpamma ABB.A,
COOTBETCTBEHHO PABHEI JBYM CME)HEIM CTOPOHAM M YIJIY D C
MexIy HEUMM mapainaenorpamma DCCD,, moaToMy 9TH nHa- L !
panneyorpaMMsl PaBHEL

20, maromanu mapaJuiejenumnesa NepeceKka-
I0TCA B OJHOH TOYKE M JeIATCA 3TOH TOYKOH IomoJaM.

Yro6bl OOKa3aTh 3TO CBOMCTBO, PacCMOTPHUM
yeTwIpeXyronsHuk A,D,CB, anaronanu xoroporo A,C nu DB
ABAAIOTCA fuaroHaiamu napaienenunena ABCDA,B,C,D,
(cv. puc. 37, a). Taxk xax A, D, | BC u A, D, = BC (o6sac-
HuTe moueMy), To A, D,CB — mapanneisorpamm. IlosaTomMy
guarouaau A;C u D,B nepecekawTcss B HEKOTOPOi Touke O
M BTOHM TOYKOM NeJATCA IMOIoJiaM.

Hasee paccMoTpuM ueTwsIpexyroiasHuKk AD,C,B
(puc. 37, 6). O Takxke ABIAETCA NapajlaeaorpaMmMom (Zo-
KaXKuTe 3TO), ¥, CJIeJOBaTeJbHO, ero nuarodanun AC, u DB
TepeceKaloTcsa U TOUYKOU ITepeceueHNs ReasATCA IMONOJIaM.
Ho cepexunoit quaronanru DB asaserca touka O. Takum

*
Bosaee moapo6Ho 06 msobparkeHHMM NPOCTPAHCTBEHHBIX (HUryp Ha
ILIOCKOCTH, B YACTHOCTH Napa/inenenunena, pacCKasaHO B IPHJIO-
sxenuu 1.

*k
JlBe IpaEM TNapaljesIeNUNela Ha3LIBAIOTCA NapaljieIbHbIMHU, €CJIN
UX IDIOCKOCTH NAapasljielbHEL.
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obpasom, aumaronanu A,C, D,B nu AC, mepecekamTca B TOY-
Ke O U JenATcA 9TOH TOUKOH IMOIIOJaM.

Haxonen, paccMaTpuBas YeTHIPeXYTOJIBHUK
A,B,CD (puc. 37, 8), TOYHO TaK ’Ke yCTaHABJIUBaeM, UTO
¥ uYeTBepTad guaroHanb DB, nmapaiejenuuefa ITPOXOIUT
yeped TOYKy O U JeJUTCA €10 IONOJAaM.

14 3amaum Ha MOCTpOEHMe CeueHMIt

Ina perreHMA MHOTMX reOMETPHYECKMX 3a7ad,
CBfIBAHHBLIX C TeTPA3APOM H IapasLlelenUNefoM, [NOJEe3HO
YMETh CTPOHTH HAa DPHCYHKe HX CeUYeHHA pPasJHYHBIMH
MJIOCKOCTAMH. YTOYHHM, YTO IIOHMMAETCS MOJA CEeYeHHEeM
TeTpasapa WM napainexenuriena. HasoseM cekyineit
IJIOCKOCTBIO TeTpasipa (mapasieleniuneza) Jo6y0 ILIoC-
KOCTb, II0 00e CTOPOHEI OT KOTOPO¥ MMEIOTCA TOUYKHU JaHHO-
ro rerpasgpa (mapasaneiaenunena). Cexymada HDJIOCKOCTH
TepeceKaeT IpaHW TeTpasfipa (mapajielenunena) mo OT-
pesxaM. MHOTOYrOJLHUK, CTOPOHAMH KOTOPOTO SIBJISIOTCH
3TH OTPE3SKH, HashIBAaeTCA cedeHHEeM TeTpasapa (mapaJie-
gdenunena). Tak Kak TeTpasap MMeeT UeThIpe I'paHM, TO
€T'0 CeUYeHUSIMH MOT'YT ORITh TOJBKO TPEYTOJBHUKY U UYEeThI-
pexyroabHuku (puc. 38). Ilapannenemunes mumeer LIeCTh
rpateii. Ero cedeHUAMH MOryT OBITH TPEYI'OJIbLHUKH, YEThI-
pexyroasHUKYM (puc. 39, a), maTuyroabHuKu (puc. 39, 6)
¥ mecTUYroabHUKH (puc. 39, 8).

] IIpn mocTpoeHUM ceuyeHMH mapasieNenuIena
Ha PHCYHKe CJeAyeT YYHMTHIBATHL TOT (PaKT, UTO €CIH Ce-
Kymiasd IUIOCKOCTh IIepeceKaeT IBe IIPOTHBOIIOJIOKHBIE
TPAHH II0 KAKHM-TO OTPe3KaM, TO 3TH OTpe3sKH Iapa-
nennuul (csoitcrso 19, m. 11). Tak, Ha pucynke 39, 6 ce-
Kyllafd IJOCKOCTb IIEPECEKAEeT XABE IPOTUBOIOJIOMKHEIE
rpaEd (JeBYIO W IpaBy) mo orpeskam AB mn CD, a nBe
JPyrHe IIPOTHBOMOJOXKHEIE TpaHd (MepegHIO U  3a]-
Hiolo) — mo oTpeskam AE u BC, mnosromy AB | CD
u AE || BC. Tlo Toit e mpuuMHe Ha DHCyHKe 39, 8
AB || ED, AF | CD, BC | EF. OT™MeTuM TaKKe, 4TO AIf
TIOCTPOCHNA CEYEeHUA NOCTATOUHO ITOCTPOUTH TOYKHU IIepe-
CeYeHHs CEeKyIeH IJOCKOCTH ¢ pebpaMmu Terpaszpa (ma-
pajienenuinesa), MOCJe UYero OCTAETCA IIPOBECTH OTpes-
KU, COeAMHAIONIME KaKIble JTBe MOCTPOCHHBIE TOYKH, .JIe-
JKaliue B OOJHOHM M TOH iKe TpaHH.

PaccMOTpUM IpUMepHI IOCTPOEHHS pasIuy-
HBIX CeueHWH TeTpasapa # Napaiesenunens.

3amaua 1

Ha pebpax AB, BD u CD Tterpasapa ABCD or-
meuensl Touku M, N u P (puc. 40, a). IlocTpouTs ceuerue
TeTpasgpa Iaockocrbio MNP,
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Pemenue :

Tlocrpoum cHayama npAMYyO, 10 KOTOPO#H maoc-
KoCTL MNP mnepecekaerca C ILIOCKOCThIO rpand ABC. Tou-
Ka M sBjgderca oOmiel TOYKOH 9THX ILIOCKocTred. [asa mo-
CTPOeHHS emle OXHOI1 O0IIei TOUKYM IPOJOIKIM oTpe3xu NP
u BC po ux mepeceuenus B Touke E (puc. 40, 0), xoropasa
u OymeT BTOpoil 0O0Ieir ToukoM miaockocreit MNP u ABC.
CjiemoBaTeNIbHO, 3TH ILIOCKOCTH IIEPECEKAIOTCA II0 TIp#A-
Mot ME. Ilpamas ME mepeceraer pebpo AC B HeKOTODOH
touke @. Yernipexyronpaux MNPE — HMcCKOMOe cedeHUeE,

Ecnn unpameie NP wu BC napanneibHbL
(puc. 40, 8), ro npamas NP napannensbua rpaau ABC, noaro-
My IrockocTs MNP mepeceKaer 3Ty rpaHb mo npsimoit ME’,
napasarensuoi npamoi NP, Touka @, KaKk H B IepBOM CJIY-
yae, eCTh TOYKA IepeceueHus pebpa AC c mpamoit ME’.

3agaua 2

Touka M nexxur Ha 00KOBOM rpanu ADB Ter-
paanpa DABC (puc. 41, a). IlocTpouTs ceueHne TeTpasapa
ILJIOCKOCTBIO, MPOXOAsAINed dYepes TOUYKY M mnapaiieabpHO
ocHOoBanuwo ABC.

Pemrenue

Tak Kak cexyImas ILIOCKOCTh IapaljejbHa
niaockoctd ABC, TO oHa napajjenbHa upameiM AB, BC
u CA. CrexgoBaTelIbHO, CeKyINaa MIOCKOCTE lIepecexkaer 60-
KOBBI€ TPDaHU TeTPasipa 110 IPAMLIM, HapajljieJIbHBIM CTO-
.poHam Tpeyroasauka ABC (1. 6, yreepaxaenne 1°). Orcro-
Ja BEBITEKAET CJELYIOUIHH CIIOCO0 MHMOCTPOEHHA HCKOMOTO
ceuenufA. IIposenem uepes TouKy M HpaAmMYylo, Iapajiellb-
HYIO OTpe3sKy AB, u obosnauuM OykBaMu P U @ TOUKH
nepeceyeHus sToi npAmoii ¢ 6oxoBeiMU pebpamu DA u DB
(puc. 41, 6). 3arem uepes TOUKY P npoBeaeM NpAMYI0, Ia-
pamnensRyo oTpe3ky AC, u obosmauuM OYKBOH R TOUKY
mepecedeHMA o9TOH npamod c¢ pebpom DC. Tpeyroab-
EMK PQ@QR — ucKoMoOe ceueHHe.

3amaua 3

Ha pebpax napannenenunena fa#bl TPH TOY-
xu A, B u C. IlocTtponTth ceueHHe IapajliesellnIIea
miockocThio ABC.

Pemenue

ITocTpoenne UCKOMOTO CeUeHUA 3aBHUCHT OT TO-
To, Ha Kakux pebpax mapaJjiejenuiena JesKaT TOUYKU A, B
u C. PaccMOTpHUM HEKOTOpBIe YACTHBIE cayuau. Ecau Tod-
ku A, B u C nexar Ha pebpax, BBIXOLAIMKUX U3 OTHOM Bep-
mmHb (cM. puc. 39, a), Hy»KHO mposecT oTpesku AB, BC
u CA, ¥ DONyYHUTCA HCKOMOE CeUeHUe — TPeyroJb-
UK ABC. Ecnu Touku A, B u C pacroyioykeHbl TakK, Kax
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MOKAa3aHo Ha pHUCYyHKe 39, 6, To cHayajga HYKHO IIPOBECTH
orpesxku AB u BC, a 3areM yepe3d TOUKY A IPOBeCTH IIPA-
Myl0, napaJjiaensayio BC, a uepes Touky C — mpamyio,
napamaenbuyio AB. [lepecedenus 3TUX nNpAMBIX ¢ pebpa-
MH HHJKHeH rpaiu zaioT Touxku E u D. Ocraercsa npose-
CTH OoTpe3oK ED, B HCKOMOE CedeHMe — INATHYTOJBHUK
ABCDE — mocTpoeHO.

Bonee TpyaHBIH cayuail, Korga OaHHBIE TOY-
ki A, B u C pacnoJyiokeHBI TaK, KaK IMOKA3aHO HA PUCYH-
Ke 39, 6. B srom cayuae MmoikHO moctynurh Tak. CHavana
MOCTPOUM IPAMYIO, II0 KOTOPOii CeKyIllad MJIOCKOCTE Nepe-
CEeKaeTcd C IIOCKOCTHIO HUMKHEro ocHoBaHusA. [IiA 3TOro
npoBefeM NpsSMylo AB U NpoAOJKAM HU}KHee peGpo, Jie-
sKamiee B TOH sXe rpaHu, uro u npamas AB, Ko nepeceue-
HHUA ¢ 3Tof mpamoi B Touke M. Jlanee uepes Touky M
NpOBelleM NPAMYIO, NapajieabHy¥o npamoir BC. 9ro
U eCTh IpAMas, M0 KOTOPOH ceKyllad IJIOCKOCTE IIepece-
KaeTcAa ¢ MJIOCKOCTHIO HUKHEr0o OCHOBAHHSA. JTa mpsaMasd
nepecexaercd ¢ pedpaMy HHIKHEro OCHOBAHHUA B TOUKax E
u F. 3arem uepes Touxky E mpoBeieM npAMyo0, HapaJ-
JeapHyl0 npamoii AB, m moayumm Touky D. Haxomer,
poBoAuM OTpeskHM AF um CD, U HCKOMOE CeueHHe —
mectuyroasuuk ABCDEF — mocTpoeHo.

3a1auu

66 HaszoruTe BCe maphl CKpelIuBammuxca (T. €. IPUHAAJIEKAIIUX CKpe-
IUBAKIIAMCA OPAMBIM) pebep TeTpasgpa ABCD. CKOJBKO TaKHUX IIap
pebGep mMeeT Terpas’ap?

67 B rerpasape DABC npano: LADB = 54°, ZBDC = 72°, LCDA = 90°,
DA = 20 cm, BD = 18 cm, DC = 21 cm. Haiignre: a) pebpa ocHOBaHMA
ABC panHOro Terpasapa; 0) miomaim Bcex (GOKOBBIX I'paHeill.

68 Tourku M u N — cepenunsl pebep AB u AC rerpasgpa ABCD. Iloka-
JKMTE, 4TO npamas MN napaianensHa niockoctu BCD.

69 Uepes cepenunnl pebep AB m BC Terpasgpa SABC mpoBeieHa ILIOC-
KOCTh mapajinenbHo pedpy SB. Jloxkaxure, uro 3Ta IMJIOCKOCTH Iepece-
kaer rpaHu SAB u SBC 10 nmapajjiejbHLIM IIPAMBIM.

70 [Hoxakure, 4TO NJOCKOCTb, HPOXOAALIAs Uepes cepefuHbl pebep AB,
AC u AD rerpasapa ABCD, mapamnenbHa miockoctu BCD.

71 W3zobpasute Terpasgp DABC u Ha pebpax DB, DC u BC oTMeTBTE COOT-
BercTBeHHO Touku M, N u K. ITocrpoiiTe TOUKY IlepecedyeHusi: a) Nps-
Mol MN u nnockoctu ABC; 6) mpamoii KN m maockoctu ABD.

72 MHsobpasure Terpasap DABC u IOCTPOHTE ceueHHe 3TOr0 TeTpasipa
ILIOCKOCTRIO, NPOXOmANIed 4Yepesd TOUKY M mapajielbHO ILJIOCKOCTH
rpasu ABC, ecnu: a) Touka M sdABasercs cepeaunoit pebpa AD;
6) Touxka M ne;xur BHyTpH rpanu ABD.

73 B rerpasape ABCD rouku M, N u P asasiorca cepenunamu pebep AB,
BCuCD, AC =10 cm, BD = 12 cm. [oxaxKuTe, 4T0 maockocts MNP
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npoxonur 4Yepes cepeauny K peGpa AD,
U HaiiuTe IepUMETD UeTHIPEXYTrOJbLHUKA,
MOJYYEeHHOr0 IpH IlepecedeHUH TeTpaszpa
¢ mJIOCKocThi0 MNP,

Yepes TOuRy IepecedeHHMsA MeIHAH TIpaHu
BCD rerpasapa ABCD mposefeHa ILIO-
CKOCTBh, NapajieabHas rpanu ABC. a) Io-
Ka)XuTe, 4TO CeYeHHe TeTpasipa 3Toi Iio-
CKOCTBIO €CTh TPEYTOJbHHK, IIOAO0HEIH TPe-
yroabHUKYy ABC. 6) HaiiguTe oTHOIIEHUe
nJomazgei ceueHud U Tpeyrodbuuka ABC.  Puc. 42

W3o6pasurte rerpasap KLMN. a) IlocTpoi-

Te ceueHue STOT0 TeTpasjpa ILIOCKOCTBIO, Hpoxojdaineil uyepes peb-
po KL u cepeauny A pebpa MN. 6) Hoxasure, 4YTO MJIOCKOCTL, TPOXO-
nAamasn uyepes cepeaunnl E, O u F orpeskos LM, MA n MK, napan-
JeabHa niockocTy LKA. Hadigure naomans Tpeyroasuuka EOF, ecou
miomazns Tpeyronsaunka LKA pasrna 24 cmZ.

Hau napannenenunes ABCDA B,C,D,. Hoxaxkure, uto AC || A,C,
u BD || B,D,.

Cymma Bcex pebGep mapannesenunena ABCDA,B,C,D, paBua 120 cm.
AB 4 BC 5

BC 5’ BB, 6
Ha pucynke 42 nzo6paken napaiienenunes ABCDA,B,C,D,, Ha pe0-
pax KOTOPOTQ oTMedeHBI TOUKH M, N, M, u N, Tak, utro AM =CN =
=AM, =C,N,. Joraxure, ywro MBNDM,B,N,D, — napajiiejlenures.
WN3zobpasnrte mapannenenunes ABCDA,B,C,D, u nocrpoiite ero ceue-
HUe: a) maockocThio ABC,; 6) miaockocteio ACC,. Joraxure, 4To Io-
CTPOEHHEIE CEeYeHUS ABJAIOTCA IIapajjieIoTPaMMaMM.

N3zobpasure mapannenenunes ABCDA,B,C,D, u mocrpoiiTe ero ceue-
Hua mnockocTamu ABC, u DCB,, a Take OTPe30K, 110 KOTOPOMY 3TH
CeueHHUA IMEePeceKaloTCH.

Hzobpasnre napannenenunes ABCDA;B,C,D, n orMerbre Touku M
u N coorBercTBeHHO Ha pebpax BB, m CC,. IlocTpo#Te TOUYKY
nepeceuenusa: a) npamoit MN c¢ miockocTbio ABC; 0) npamoit AM
¢ miIockocteio A,B,C,.

WN3obpasure napannenenunen ABCDA,B,C,D, u orMeTbTe BHYTpEH-
HI0I0 TOUuKy M rpanu AA,B,B. IlocTpoiiTe ceyeHre napajjeleluiens,
npoxoasiiee yeped To4Ky M mapasiesibHO: a) ILIOCKOCTH OCHOBAHUA
ABCD; 6) rparu BB,C,C; B) nmockoctu BDD,.

Hzobpasure mapannenenunes ABCDA,B,C,D, u nmocrpoiiTe ero ceue-
HHe ILIOCKOCTBIO, IpoXoaAlneit depesa: a) peb6po CC, u TOUKY mepecede-
HUA auaroHayed rpanu AA,D,D; 6) TOUKY IepeceueHHs AUaroHajei
rpasn ABCD mnapaaneasso miaockocrtu AB,C,.

WN3o6pasure nmapannenenunes ABCDA,B,C,D, u moctpoiiTe ero ceue-
HIe IUIOCKOCTBLIO, NPOXOAANIEH uepes Touku B,, D, m cepeguny peb-
pa CD. [lokaskuTe, YTO HMOCTPOEHHOE CeUeHHe — TpaIellis.

Filoema o oo il
30 AR TN R SR

Haiignre Kaxxgoe pebpo mapajielenunena, €cjiu



85

87

10
11
12
13
14

Hsobpasure napannenenunen ABCDA,B,C,D, n nmocrpoiiTe ero ceue-
Hue mjockocteio BKL, rae Touka K — cepeamHa peGpa AA,, a Tou-
ka L — cepepuna pebpa CC,. [lokaxuTe, YTO IIOCTPOEHHOE CeUeHUe —
IapanseJIorpaMM.

Hzobpasute mapannenenunes ABCDA,B,C,D; un moctpoiiTe ero ceueHue
IUIOCKOCTBIO, MPOXOASAINeN yepe3 AuaroHaab AC OCHOBAHUS Mapajijenb-
HO awmaroHanu BD,. JlokaxkuTe, YTO €CJIU OCHOBaHUE IlapaJjuieleruIie-
aa — pom6 u yrabsl ABB; u CBB, npaMble, TO MOCTPOEHHOE cEeYeHHE —
paBHOOEIPEHHBIH TPEYTOJbHHK.

zobpasute napannenenunexr ABCDA,B,C,D;, u mocTpoiiTe ero ceue-
HHe naockocThi0 MNK, rae Touku M, N u K neXaT COOTBETCTBEHHO
Ha pebGpax: a) BB,, AA,, AD; 6) CC,, AD, BB,.

Bonpocs!l K raase |

BepHo JH yTBep)KAeHME: eCJU JBe NPAMEIC He MMEIOT O6IIUX TOUeK, TO
OHHK IapaylelbHEI?

Touka M He jJexkuT Ha npamod a. CKOAbKO OpAMBIX, HE NEpeceKkaio-
KX IPAMYIO &, IPOXOJUT uepe3d TOUKY M? CKOJIBKO U3 3TUX IPAMBIX
napajjieJlbHel mpaMoi a?

IIpaMble a ¥ ¢ napajjieJbHbl, a OpAMbBIe @ u b nepecekatorca. Moryr
JU upsaMBle b U ¢ OBITHL HapasJelIbHBIMU?

IpsaMasa a mapanyejbHa IIJIOCKOCTH (. BepHO JI, YTO 3Ta IpSAMAas:
a) He IepeceKaeT HW OJHY NPAMYIO, JIEKAIIYI0 B ILIOCKOCTH O

6) mapannensHa n000H DpAMOIE, Jexxanieil B IJIOCKOCTH (O}

B) mapajjejbHa HEeKOTODOH NMpAMOii, Jexalleil B MJIOCKOCTH o.?
IIpamaa a napanienpHa mIocKocTH O. CKONBKO MPAMEIX, JeMKaALINX
B ILIOCKOCTH 0, TapaJliesibHbl IpsamMon a? IlapanjiesbHBI JIU APYT APY-
Iy 9TH UpAMEIe, JieKalllie B IIJIOCKOCTH O?

Ilpamana a mepeceKaeT IIJIOCKOCTH O. JIeKHUT JiM B IJIOCKOCTH O XOTh
ofHA NIpAMAad, NMapajejbHad a?

OpHa U3 ABYX MapaslIelbHBIX IPAMBIX IapajjejbHa HEKOTOPOH IJIOC-
KocTH. BepHO Ju yTBep)KIeHHeE, UTO U BTOpad NpAMad mapajjeilbHa
aToi 1yocKocTu?

BepHo g1 yTBep:KIcHUE: eCJH ABe IIPAMble IapajjielbHBl HEKOTOPOi
ILIOCKOCTH, TO OHM IapallleJbHBI APYT Apyry?

JIBe IpAMEIe MapajlejibHEI HEKOTOPOI IocKocT. Moryr Ji 3Ty nps-
MbIe: a) nepeceKaTscd; 6) GBITH CKPeIUBAIOIIIMMUCA?

MoryT /Am CHEpelMBaIOIIMecs LpsaMble ¢ u b OBITH Hapa/IEIbHEIMU
npamon c?

BoxoBEIe CTOPOHBI TpalmellVy MapajJefbHbl ILIoCcKoCTH o. I[Tapaniens-
HBbI JH ILIOCKOCTh O M IJOCKOCTh Tpamemun?

JBe CTOpPOHEI IapajjiejorpaMMa NapajfeJbHbl IJIOCKOCTH . Ilapas-
JIEJIBHBL JIY ILJIOCKOCTE O U INIOCKOCTH Iltapajiienorpamma?

MoryT nu GbITH PaBHH ABa HeNApaleJLHHEX OTPE3Ka, 3aKJIIOUEeHHLIE
MeEAY HapajieJbEBRIMH NJIOCKOCTAMH?

CyiecTByeT M TETPasAp, ¥ KOTOPOro IATh YIVIOB rpaHeid mpsaMble?

[Tapaaacannoerio npioiia
3 1 U NIOCKOCINE
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CymiecTByer JH mapajuiefieddIes, y KOTQpPOro: a) TOJbKO OJHAa
I'PaHb — MPAMOYTOJBLHHUK; 6) TOJABKO ABE CMeXKHBIE I'PAHM — POMOKI;
B) Bce YIVIbI I'paHeil OCTPHIe; I') BCE YIVIBI I'paHell HIPAMEBIE; I) YUCIO
BCEX OCTPLIX YIJIOB rpaHed He PABHO YMCIY BCeX TYIBIX yIJI0B rpaHeii?
Kaxne MHOrOYroJpHHKKN MOTYT HOJYYUTLCA B CEYEHHM: a) TETPasapa;
6) mapanmenemmnnena?

/lonooHUTE IRHBIE 3aTAUA

ITapannenbueie npaMeie AC u BD nepeceKkaroT IIJIOCKOCTh O B TOUKaX A
u B. Touku C u D nexxar 1o ogHy CTOPOHY OT ILiaockocTH o, AC = 8 ¢m,
BD =6 cu, AB=4 cm. a) [Jokaxute, uto npamada CD mnepecerkaer
IUIOCKOCTh O B HeKoTopoit Touxke FE. 6) Hadiaure orpesox BE.
Touku A, B, C u D He nexaT B ogHOM mjaockoctu. MeauaHsl TPEyrojib-
HHUKOB ABC u CBD mepeceKaioTCsI COOTBETCTBEHHO B TouKax M, n M,.
Hoxayknre, 4To oTpe3sku AD u M, M, napajijennHEL.

Bepmuasl A 1 B Tpanenuu ABCD jeXaT B ILIIOCKOCTH O, a BepuInHel C
u D He jJexaT B 3T0¥ nuockoctu. Kak pacnoaosxena npsmas CD oTHO-
CUTEJHHO IJOCKOCTH (L, €CJH OTpe3oK AB sABasercA: a) OCHOBAHHEM
Tpanenuu; 6) GoKoBOH CTOpPOHOH Tpamemuu?

Yepes Kakay10 U3 JBYX MapasiiejbHbIX MPAMEIX a4 U b U TouRy M, He
JIeXauryo B IIJIOCKOCTH 9TUX IPSAMBIX, MPOBeNeHa IIJIOCKOCTh. [Joxa-
SKHTEe, YTO 9TH IJOCKOCTH TepeceKalTcd IO IIPAMOH, ImapaslenbHOMH
OpAMBIM @ U b.

IlnockocTs O M TpsMas @ TapadiedbHB OpaAMoi b. JloxkaskuTe, UTO
IpamMas g aubo mapajJeabHa ILJIOCKOCTH (f, JHO0 JIEKHUT B HeEH.
Ipamete a u b nmapanneasusl. Yepes Touky M npamoll a IpoBeleHa
upsamas MN, oTardHaA OT NIPAMOI ¢ U He IepeceKalollas IpAMYyIo b.
Kaxopo BzamMHoe pacrioyoxeHue npameix MN u b?

Jaubl ABe CKPEIIMBAIOLHECHA IpAMEBIE M TOuYKa B, He Jekamasa Ha
3TUX NPAMBIX. IlepeceKaioTcA JH IIJIOCKOCTH, KaKJafd M3 KOTOPHIX
IPOXOANT Uepes OXHY M3 INpAMbIX WM Touky B? OreeT oGocHyiiTe.
Ilpamaa a mapanienpHa ILTOCKOCTH . JOKaykHuTe, YTO €CJaM ILJIO-
CKOCTB [} mepecexaer npAMYIO d, TO OHA IEePECEKaeT K ILIOCKOCTH O.
JokraxkuTe, 4TO OTPE3KHU IApaJIICIbHLIX MPAMEIX, 3aKJIIUEHHLIE MEX-
Ly IIOCKOCTBHIO U Mapa/lienbHON el mpsMoil, paBHBI.

HJoxaxxkuTe, 4TO ABa Yria ¢ COOTBETCTBEHHO IapaJljIeIbHBIMH CTODPOHA-
mu gufo paBHBI, TG0 MX cymma paBHa 180°.

IIpamaa a napaJjenbHa ILIOCKOCTH o. CyImecTByeT JH IJOCKOCTh,
IpOXOoZAIas uepe3d NpAMYIO & ¥ mapajuielsHasa miockoctu o? Ecian
CYIIeCTBYeT, TO CKOJBKO TAaKMUX ILIoCKocTeii? OTBer oGocHYIiTe.
JloKaxXuTe, YTO TPH LapasieJbHEIE IJIOCKOCTH OTCEeKAalT Ha JIOOEIX
JABYX IePECEeKal0MuX 3TH TJIOCKOCTH HPAMEIX IPOMOPIMOHAJBHEIE OT-
DE3KH.

Jlanel JBe cKpelnuBamouuecs IpPAIMele u Touka A. JJoxaxure, 4To ue-
pe3 TOYKY A NPOXOAUT, M IPHUTOM TOJLKO OJHA, MIOCKOCTH, KOTODAs
aubo mapajiesnbHa JaHHBIM NPAMEIM, Ju00 IPOXOAHT Yepes OLHY U3
HHAX W IDapajieJbHa APYTOMH.

Thanac oo cid o
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2 —J1. C. Araracan

Jokamure, 4TO OTPE3KH, COEAMHSAIONINE CEePeJHHBI IIPOTHBOIOJIOM-
HbIX pefep TeTpasfapa, IepeceKaloTcsa U TOUKOH IepeceueHUsa AeldaTca
IomoJam.

JoKaskuTe, YTO MIOCKOCTh O, IPOXOASAIAA Yepe3 cepeAuHbI ABYX pe-
0ep OCHOBAHHUS TeTpa’kApa M BEPIINHY, He IPUHAAIENKAIIYID OCHOBa-
HUIO, IapajjesibHa TpeTheMy pebpy ocHoBaHusa. Haiiaure nepumerp u
ILTOmMAAb CeUYeHUS TeTPasApa ILJIOCKOCTBIO O, ecJIM OJWHEI BceX pebep
TeTpasapa paeHbl 20 cm,

Ha pe6pax DA, DB n DC rerpasgpa DABC ormeuensl Touku M, N u P
Tak, uro DM : MA=DN : NB=DP:PC. [NoxaxXure, 4TO IJOCKO-
ctu MNP wu ABC mnapaninenbHbl. HaWxuTe INOMAAb TPEYTOJbHHU-
ka MNP, ecam mniomagbs Tpeyroabauka ABC para 10 cm® u
DM : MA=2:1.

HN3o0pasuTte Terpasap ABCD u orMmerbre TOUKy M Ha pebpe AB. Ilo-
CTPOIiTE CeueHHe TeTpasapa IJIOCKOCTBIO, MPOXOAsIlell Yepes TOUKY M
napanaenbHo npameum AC u BD.

WNzo6pasure Terpasap DABC u orMmerbTe TOukuM M um N na pebpax BD
u CD u sayTpennon Touky K rpanm ABC. IlocTpoiiTe ceueHne Terpa-
sapa miaockocteio MNK.

HN3obpasute Terpasap DABC, ormerbTe ToOuKy K Ha pebpe DC u tou-
ku M u N rpaneit ABC u ACD. IlocTpoiiTe ceuenre TeTpasapa IJIOCKO-
cteio MNK.

HN3zo6pasure Terpasap ABCD u orMersTe TOuKy M Ha pedpe AB. Ilo-
CTPOIiTe CeUeHMe TeTPasApa MIOCKOCTHIO, IPOXOAAIIeil yepes TOUKy M
napanneygsHo rpauu BDC.

B rerpasppe DABC GucceKTPHUCEHL TPeX YIVIOB NpH BepliuHe D mepece-
raioT orpesku BC, CA u AB cOOTBETCTBEHHO B TOuKax A,, B, u C,. o-
KaKuTe, 4To oTpesku AA,, BB, u CC, nepecekaiTcsi B OLHO TOUKe.
JBe III0CKOCTH, Ka)XJad U3 KOTOPBIX COAEPKUT ABa O0KOBBIX pebpa
napaJliiesielluie a, He NPHHAAJIEKAUINX OJHOM I'paHM, MepeceKaloTcs
mo npAmoi a. okaskure, UTO NpAMad @ mapaijielbHa G0KOBHIM peb-
paM mapajulenenunena 1 IepeceKaeT BCe ero AUaroHAJH.
Hokaxurte, uTo B napajienenunene ABCDA,B,C,D, ninocrocts A, DB
napaJjiaenbHa miaockoctu D,CB,.

Hoxaxure, YTO AMaTOHAJIb MapasiejienuIe/la MeHbIle CYMMBI TPpeX pe-
6ep, UMeIINX OO0HNIYI0 BEPHIUHY.

JlokaxuTe, 4TO cyMMa KBaApaTOB UeTHIPEX JHArOHAJelH mapaJijiesienu-
meja paBHa CyMMe KBaJpaToB ABeHAAIATU ero pebep.

Ilo Kakoii NpsMOH mepeceKarwTcsi IJIOCKocTH ceuenuii A, BCD,
u BDD,B, napannenennunexa ABCDA,B,C,D,?

Hsobpasute mapamaenennnens ABCDA B,C,D, n ormetnsTe Ha pebpe AB
rouxky M. IlocTpoiiTe ceueHre napajejenunena HJAOCKOCTHIO, IIPOXO0-
nAamleil uepes Touky M mnapannenbHo niaockoctu ACC,.

Touxa M gexur Ha pebpe BC napamnenenunena ABCDA,B,C,D,. Ilo-
cTpoiiTe ceueHHe 3TOTO Iapajjejielniena IJIOCKOCTEIO, IIPOXoasnieit
yepe3 Touky M mnapayienbpEo maockoctu BDC,.

33 Hapa e abioems npayny
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I'nmasa II

IleprieHAUKYJIAPHOCTh IPAMBIX

M ILIOCKOCTEeH

A IIJIOCKOCTHU

§

IlepneHAMKYIAPHOCTD TIPAMOM

15 IleprnieHaUKyIAPHBIE NIPAMEBIE

B NPOCTPAHCTBE

JBe npaAMbIe B IPOCTPAHCTBE HA3BIBAIOTCA HEP-
NeHIHKYJIAPHBIMYE (B3aMMHO INEPHEeHAWKYIAPHBIMU), €CJIU
yros mexzy HUMH pasen 90°. IlepneHAuKyJaapHOCTHL OPA-
MbIX @ ¥ b o6o3Hauaerca Tak: a | b. IlepnenguKyaapHEIe
NpAMEBle MOTYT INEPECEeKaThCA M MOTYT ObITh CKPEIMBAIO-
mumucs. Ha pucynke 43 nepuneHIMKYJISpHBIE IIpAMEIE @
u b nmepecexkarorcd, a IEePHEHAMKYJISAPHLIE NPAMBIE @ H C
CcKpemuBaloiecs. JokaxeM JieMMY O IIePIeHIUKYIAPHO-
CTH [ABYX NapajljiesIbHBIX IPAMBIX K TpeTheil mpsaMoii.

Jlemma

Puc. 43

Ecnm onaa u3 AByX napaJjijiejIbHbIX NIPAMBIX NepHeHTUKYIsIPHA K TPeTh-
el mMpAMOoH, TO M Apyraa NpAMas NePpHeHIUKYIAPHA K 3TOMH IPAMOIA.

V Jlokxa3aTeiabCTBO

Ilyerb a || b u a L c. lokaxem, uro b L c. Ye-
pes IPOM3BOJIBHYIO TOYKY M IIpoCTpaHCTBA, HE JIEKALIYIO
Ha JAaHHBIX OPAMBIX, OIpoBeJeM npsimeie MA u MC, napaJ-
JIeILHBIE COOTBETCTBEHHO IPAMBIM a4 u ¢ (puc. 44). Tak
Kak a L ¢, To LZAMC = 90°.

Ilo ycaosumo b || a, a mo mocrpoerumn a | MA,
nostomy b | MA. Utak, npsMble b 1 ¢ napajiejbHBl COOT-
BETCTBEHHO NpAMEIM MA un MC, yroa Mexay KOTOPBIMHU
paBeH 90°. 3To 03HAUAET, UTO YIroJ MEXJY IPAMBIMU b U ¢
Takxe pasexn 90°, T.e. b L c. Jlemma nmokasama. A

a

JF—

Puc. 44

16 IMapasiespHble NpaMbIe, TIEPICHIAKYIAPHbIC

K ILTIOCKOCTH

Omnpegenenne

IIpsamasa Ha3eIiBaeTCA MEPHEHANKYJIAPHON K INIOCKOCTH, €CJIU OHa Ilep-
NMeHAUKYIAPHA K JIO00H IpaAMOil, Jyesxaleili B 9TOH IJIOCKOCTH.
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IlepneruKyAAPHOCTS NIPAMOHA @ ¥ IJIOCKOCTH O
obosgavaercsa Tak: a L o. F'oBopAT TaKKe, 4TO MJIOCKOCTH O
NepueHIuKyJIApHa K IPAMOM 4.

Ecnu npsivas a neprneHAUKYJIAPHA K ILJIOCKO-
CTH O, TO OHa IIepeceKaeT 3Ty IIJIOCKOCTb. B camom gene,
ecau OBl IIpAMAasg a He IlepeceKaJja IJIOCKOCTH O, TO OHA
HIn neskana Obl B 9TOM IIOCKOCTH, MAH Onlia Obl mapaJ-
nensHa eii. Ho Torga B IJI0CKOCTH O UMENUCH OLI IPAMEE,
He IePIeHAMKVIAPHBIE K IPAMOH a, HalpUMep IPAMEIe,
mapajieJbHbIe €, YTO IPOTHBOPEYHT ONpPeAeIeHHUIO IIep-
NeHAWKYAAPHOCTH NPAMOH M NJIOCKOCTH. 3HAYUT, NpS-
Masa @ IepeceKaeT IJIOCKOCTh Ol

Ha pucyrake 45 usobpasxeHa npamasd a, nep-
NEeHANKYNAPHAA K IIJIOCKOCTH Ol.

Okpysxarias Hac OOCTAHOBKA [gaeT MHOrO
MPHMEPOB, WIIIOCTPUDPYIONIAX IePIeHIHKYIAPHOCTEL HPs-

Mol ¥ maockocTH. HemokocuBmmuiica Tenerpa@HbBIi cTOMO
CTOHUT IIPAMO, T. €. NEPIeHANKYJIAPHO K ILIOCKOCTH 3€M-
au. Tak e pacIoJIOXKeHBl KOJOHHEI 3JaHHs IO OTHOIIe-
HHUI0 K NJIOCKOCTH (PyHAAMEHTa, JIMHUM HepecedeHud cTeH Puc. 45
MO OTHOMIEHWIO K TMJOCKOCTH TOJa M T. J.

JdokaxeM IBe TeopeMbl, B KOTODHIX YCTAHAaB-
JIABAETCS CBA3L MEXKJAY HApajl/IeJBHOCTHLIO NMPAMBIX ¥ KX
MepIeHINKYIAPHOCTHIO K ILIOCKOCTH.

Teopema

SN

Tl B AETARIP RN 345 -3 T2 VP St 2P
Ecau ogna u3 ;myx lIapaJI.TleJILHbIX NpAMBIX HEpPIeH/ M-
KyJfipHA K IIOCKOCTH, TO H APyras NpaMasd NeplneHIuKy-
JAPHA K 3TOH NIOCKOCTH.

gt

JHoxazareanLeTBO

PaccmorprM aBe napasnieibHbIe IPAMEBIE @ U @,
U IUIOCKOCTh O, TaKyI0, uTo ¢ L . Joxaxem, utou a, L a.

IIpoBegemM Kakyo-HHMOYAL HNPAMYIO X B ILIOC-

koctu o (puc. 46). Tak kak a L o, To a L x. ITo nemme /
0 INePHeHEJUKYJIAPHOCTH ABYX IapajyieJbHBIX IIPAMBIX |

Ky/AsipHA K JIO00H NpPAMOM, JeKalleil B IJOCKOCTH o,

k TpeThell a, L x. TakuM o6pa3oM, nNpsamas @, HepHoeH H- // / /
/ o,

T. . a; L o. Teopema poxasaHa.
HokaxkeM oOpaTHYIO TEOpEMY. Puc. 46

Teopema

w0l e . e

B LA R e s e N N et T m B A

ECJI]I ABe IIpAMBI€ MNEPHNEeHIHUKYAAPHBI K IIJNIOCKOCTH, TO
OHM TaApaJINeJbHBI.

Heprendury asaprocins
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V¥ oxasaTeabCTBO

PacemoTpum npsamele a u b, mepHeHAUKYJIAD-
HbIe K ILIOCKOCTH O (puc. 47, a). JJokaxem, 4To a || b.

Yepes kakyoo-HHGYynbL TOUKy M npsmMoit b mpo-
BeJleM NPAMYIO b,, NapaiensHyo npamoi a. Ilo npeasiny-
mei Teopeme b, L o. [Jokaskem, uro upamas b, coBnajgaer
¢ mpamoii b. Tem camrim Gyzer noxasano, uro a | b. Jony-
CTHM, YTO npamele b u b, He copnagator. Toraa B miockocru f,
copeprkamieit mpsmele b u b,, uepes TouKy M IpPOXOAAT JBe
IpsMEIe, MEPIEeHAVKYIAPHEIE K IPAMOMI ¢, IO KOTOPOH Ie-
peceKaoTcA ILJIOCKOCTH O u [ (pmc. 47, 6). Ho aTo HeBo3-
MOJKHO, CJIeXOBaTeabHO, a | b. Teopema mokasama. A

17 IIpusHak NepneHIUKYIAPHOCTH NPSIAMOIL
U IUIOCKOCTH

Kax npoBepuTsb, nepnengukynrapHa Ju SaHHAS
IpAMas K JAHHOH IIJIOCKOCTH? JTOT BOIPOC MMEET MIPAKTH-
YeCKoe 3HAYeHMe, HaIIpUMep, IIPH YCTAHOBKE MAUT, KOJOHH
3MaHU M T. I., KOTOPHle HY;KHO IOCTABHTL IOPAMO, T. €.
IEePIEeHIUKYISAPHO K TOH ILIOCKOCTH, Ha KOTODYIO OHH CTa-
BATCA. OKa3bIBAETCA, YUTO AJIS 3TOTO HET HAJOGHOCTH IIPOBeE-
pPATH NePIEHJUKYAAPHOCTD II0 OTHOIIEHHUIO K JIOG0H IIps-
MOH, KaK O TOM TI'OBOPHTCS B ONpeJeICHHUH, & AOCTATOUHO 6)
IPOBEPUTH NEPNEHINKYIADHOCTD JUMIb K ABYM HE€PECEKAI-  Ppe. 47
MUMCSA MPAMBIM, JeKAOIHM B IJIOCKOCTH. OTO BBITEKAET U3
- CAeRYIOIIeH TeOpeMbl, BEIPAKAIOINEH NMPHU3HAK HepIeHIUuRY-
JIAPHOCTH IIPAMON ¥ ILTOCKOCTIH.

Teopema

Ecnu npsaMas mepneHAMKYJAPHA K ABYM MepeceKalolmum-
CA NPAMBIM, JI€KAIUM B IIJIOCKOCTH, TO OHA IePIeHINKY-
JApHA K 3TOH ILIOCKOCTH.

Joka3aTeanCTRO

PaceMoTpuM npaAMy0 ¢, KOTOpad NepIeHIH-
KyJApHA K OPAMBIM D U ¢, JIEKAIAM B IJIOCKOCTH (L U Iie-
pecexalomumca B Touke O (puc. 48, a). JoxasxkeMm, uTo
a L o. Jlna aToro Hy»KHO AOKAa3aTh, 4TO NPAMAd @ IepIeH-
JUKYJIADHA K IIPOM3BOJBLHOH mpAMO# m IIOCKOCTH O

PaccmoTpuM cHauvasna ciayuail, Korma mps-
Masg a npoxogur depes Tourky O (puc. 48, 6). Ilposemem
uepe3 TOUKy O npamyio [, napanjienbEyo0 IpAMOil m (ecan
npsaMmas m DpoXoguT deped Touky O, To B kadecTBe [ BO3b-
MeM camMy npamyro m). OrMeTHM Ha OpAMoil a TOYKH A
u B rak, uto6sl Touka O 6wLi1a cepeiumHO# oTpe3Ka AB,
U NIPOBEJieM B ILTOCKOCTH O NPAMYIO, HEPECEKAIOIIYIO [Ips-
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MBIe p, ¢ U | cooTBeTcTBEHHO B TouKax P, @ u L. Byzem
CYMTATH OJA ONPEAEJEHHOCTH, YTO TOUKA @ JEKUT MeXIy
Toukamu P u L (puc. 48, 6).

Tax Kaxk npaAMBIe p U ¢ — CePeJUHHEIE Iep-
NeHAUKYAAPEL K OoTpe3sky AB, To AP = BP u AQ = BQ.
Cnegosatenpno, A APQ = A BPQ no tpem cropouam. llo-
aromy £LAPQ = ZBPQ.

CpaBEuM TpeyronbHUKU APL u BPL. OHu paBHBI
o ABYM CTOpPOHAM ¥ yray mexay aumu (AP = BP, PL — o6-
miaa cropona, LAPL = £ZBPL), nostomy AL = BL. Ho ato
03HAYaeT, YTO TpeyroabHnk ABL paBHOOSIpEHHbIN U €ro MeAu-
ana LO sBnsietcs BbicoToi, 1. €. [ L a. Tak kak | mu!l L a, 10
m 1 a (mo reMMe 0 IePHeHANKYIAPHOCTH ABYX Iapasuie/IbHBIX
TIPAMBIX K TpeTheil). UTak, IpAMas a HeplIeHInKyJadpHa K JIio-
0oif mpAMOH M IIIOCKOCTH O, T. €. a L C.

PaccvorpuMm Temeph caydail, Korga UpAMmasi a
He mpoxoauT uepe3 Touky O. IIposemem uepes Touky O
IpAMYI0 4;, OapaanejbHyO nOpamoii a. lIo ynomMsaHyTol
JeMMe a, L pua, L g, mosTOMY II0 [OKA3aHHOMY B II€PBOM
ciaydae a, L a. Orcoga (no nepBoii Teopeme 1. 16) creny-
eT, uro a 1 o. Teopema pokasana.

Bocnosne3dyeMcs IPU3HAKOM IIE€PHEHIUKYAAD-
HOCTH TNPAMOHl M NNOCKOCTH JJA pelleHUs CIefVIOo-
mei 3afzaum.

3anmaua

Hoxa3aTk, 4To uepe3 J0O6YI0O TOUKY IIPOCTPaH-
CTBA MPOXOAUT IJOCKOCThb, IEPHeHAUKYJAPHAA K JaH-
HOH nmpAMOH.

Pemenue

O6Go3HaYUM JAaHHYIO IpAMYI0 OYKBOi a, a mpo-
U3BOJLHYI0 TOUKY IpocTpaHCcTBa — 6yKBO#l M. foraskeM,
YTO CYINECTBYET IJIOCKOCTh, IIPOXOLAIAA 4Yepes Toury M
1 NepIeHJuKYJIApHAA K NIPAMOH a.

TIpoBemeM uepe3s OpPAMYIO a ABE IJIOCKOCTH O
u B Tak, urober M € o (puc. 49)*. B miockocT: o yepes
TOUKy M T1TpoBeJeM NPAMYI0 p, NEepPHeHAUKYJISPHYIO
K TPAMO @, a B IIOCKOCTH [} Yepes TOUKY IepecedeHus
OPAMBIX P U @ HPOBeAeM IIPAMYIO ¢, NePIeHAUKYJIAPHYIO
K OpaMoi a. PacCMOTPHUM IIMOCKOCTE 7Y, MPOXOAANUIYVIO Ye-
pe3 mpsaMble p H ¢. IITOCKOCTD Y ABAAETCH MCKOMOM, TaK
KaK OpAMas a NepleHIUKYJAIpHA K ABYM IepeceKalonM-
¢ NPAMBIM P U ¢ 2TOH IJIOCKOCTH.

l P

Puc. 48

Puc. 49

* Ty
Ha pucynke 49 usobpasen ToT caydai, korjga Touka M He JeXHUT
Ha mpamo# a. OfHaKO NpWBeAEHHOE DelleHVe 3aJaYW MPUTOLHO
W JJIA TOTO cayuas, KOraa Touka M JIieXuT Ha npsaMoil a.
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3ameuaHHe

Mo HO J0Ka3aTh, 4YT0 Y — €ANUHCTBEHHAs ILJI0C-
KOCTb, IIDOXOJAIIAA Yepe3 TOUKy M U nepreHIAHKyJIApHAd
K npamo#t a (samaua 133).

18 Teopema o mpsaAMON, NEePHEHIHKYISIPHOU
K ILNIOCKOCTH
Teopema

N T e

Yepes a06y10 TOUKY IPOCTPAHCTBA IPOXOAMT mpsaMas,
NepHeHNKYJIAPHAA K JAHHOH IIOCKOCTH, I IPUTOM TOJb-
KO OJHa.

V¥ Jloxa3aTeJbCTBO

JdaHHyI0 IJI0CKOCTHL 0003HAYMM O, & IIPOU3-
BOJBHYI0O TOUKY INpocTpaHcTBa — OyKBOH M. Hokxakem,
yro: 1) uepes Touky M TPOXOAUT IIpAMAas, NEPIEHIU-
KyJAsApHad K IIOCKOCTH O; 2) Taxkasd npAMad TOJbKO OJHA.

1) IIpoBeseM B IJIOCKOCTH (O IPOM3BOJBHYIO
NpAMYK @ M PACCMOTPHM ILJIOCKOCTH [, IPOXOIAIIYIO Ue-
pes Touky M u mepleHJuKYJAAPHYIO K npamoi a (puc. 50).
O6oznaunM GYKBOHA b npaMylo, 10 KOTOpO#l IlepeceKaTcst
mIocKocT! ¢ u 3. B miockoctu B yepes Touky M mpoBezem
NpAMYH ¢, OepIHeHAUKYJIAPHYI K npamoi b, Ilpsamas c
U eCTh UCKOMas mpAMasi. B camom jese, OHA NepIEeHAUKY-
- JIApPHA K IUIOCKOCTH (, TAK KaK HNePIeHAUKYIAADHA K ABYM  pyc. 50
NepeceKamonMcs IPSIMEIM 9T0H miockoctu (¢ L b no mo-
crpoenno u ¢ 1 a, Tak xak B 1 a).

2) IlpeanoJiokKum, 4TO Yepes TOYKy M mpoxo-
IUT ellle oxHa npsMad (0603HaYNM ee dyepes ¢,), NepIeH -
KyJaApHad K IJIocKocTH o. Torza (mo oOpaTHO# TeopeMe
n. 16) ¢, || ¢, 9To HEeBO3MOXKHO, TAK KaK HPAMBIE C; U C
nepecekalorca B Touke M. Taxum obpasom, uepesd ToOu-
Ky M DIPOXOAWT TOJBKO OJHA IpAMAfA, NEePIeHIUKYIAPHAS
K IUIOCKocTH . Teopema aokasaHa. A

3agauu

116 [Hau napannenenunesn ABCDA,B,C,D,. [orasxkure, 4To:
a) DC 1 B,C, u AB 1. A,D,, eciu £LBAD = 90°;
6) AB L CC, u DD, L A|B,, eciin AB 1 DD,.

117 B rerpasgpe ABCD BC | AD. Jloramxure, uro AD 1L MN, rue M
n N — cepenunnl pebep AB m AC.

118 Tourku A, M u O nexaT Ha NPAMOH, NEPNEHINKYIAPHON K ILIOCKOCTH Cl,
a roukn O, B, C u D jmexxar B naockocTu 0. Kakue U3 ciaenymoIiinx
YIJIOB ABAATCA npameimu: LAOB, LMOC, £ DAM, £ DOA, ZBMO?

Hepnenduky. asaprocims
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119

120

121

122

123

124

125

126

127
128

129

130

IIpamaa OA mepneHAVKYIApHa K miaockoctn OBC, n Touxka O ABIAeT-
cq cepenuHoit orpesxka AD. Jlokaxure, uto: a) AB = DB; 6) AB = AC,
ecaiu OB =0C; B) OB =0C, ecaun AB = AC.

Yepes Touky O nepeceueHrA AuaroHajJeil KBaapaTa, CTOPDOHA KOTOPOTO
paBHa a, uposefeHa npsamas OK, mepneHAMKYJIAPHAA K ILJIOCKOCTH
kBaaparta. Haligure paccrosHue OoT TOUKM K 10 BepmiuH KBaapara,
ecnu OK = b.

B Tpeyromsuuke ABC pano: ZC = 90°, AC = 6 c¢cm, BC = 8 ¢cm, CM — wme-
anaHa. Uepes sepmuny C nposegena npamaa CK, nepuedauryaapHas
K miockocTu TpeyronsHuka ABC, npuuem CK = 12 cm. Hatigure KM.
IIpamas CD nepneHJUKYJISApHA K MJIOCKOCTH NPABHILHOrO TPEYIOJh-
unka ABC. Yepes uenrp O aroro TpeyrojpHHKA npoBefena nmpamaa OK,
napaenbHas npsamoit CD. WUssecrHo, uto AB  16+/3 cm, OK = 12 cw,
CD = 16 cm. Hadignre pacctoanuda oT Touek D u K go Bepmiun A u B
TPEYTOIbHUKA.

[oxraskuTe, 4YTO €CAHU JBE IJIOCKOCTH O U B IepHeHAUuKYJIAPHL! K NIPA-
MO# a, TO OHH MapalleJbHEI.

Pemenue

IIpoBesemM kakyo-HUOYOb NPAMYIO, Dapajlie/JbHYI0 IPAMOMR @, TaK, YTO0bI
OHA TIepeceKasa IUIOCKOCTH O U 3 B pa3nuunbix Toukax A u B. Ilo nepsoit
TeopeMe m. 16 miaockocTy O ¥ [} mepHeHIUKYASpPHBI K npsamoil AB.
Ecau gonycTuTs, 4TO ILJIOCKOCTH O U 3 He TapaLiefibHBI, T. €. UMEKOT
X0Td Obl 0gHy 00ILIYIO TOUKY M, TO HOJyYuM Tpeyroiabauk ABM ¢ aBy-
MJ OPAMBIMH YIJIAMH TpH BepinuHaX A B B, uTo HeBosMoskHO. Ciaeno-
BaTeJLHO, O || B.

Ipamaa PQ mapanajelbHa IJI0CKOCTH (. Yepes Touku P m @ mpose-
JeHbl IPSAMEBIe, NMePHeHARKYJIAPHEIE K INIOCKOCTH O, KOTOpEIE IIepece-
KaIOT 9Ty ILICCKOCTE COOTBETCTBEHHO B TOuKax P, m @,. Hoxaxure,
yro PQ = P.Q,.

Yepes Touku P u Q npamoit PQ npoBeeHs] IPAMEIE, IePOeHIUKYIAAD-
HblEe K IUIOCKOCTH (. M IIePeceKalolIne ee COOTBETCTBEHHO B TOUKax P,
u Q,. Haiizure P,Q,, eciz PQ = 15 em, PP, = 21,5 cm, QQ, = 33,5 cMm.
IIpamas MB nepneHAZUKYJApPHA K cTOpoHaM AB u BC TpeyrojabHHKS
ABC. Onpegenure Buja Tpeyroabuuka MBD, rge D — npomnsBosbHaAs
Touka npamon AC.

B tpeyrontauke ABC cymma yriaoB A n B pasrHa 90°. Ilpamaa BD nep-
neHgUKyAapHa K niaockoctn ABC. Iokaskute, uto CD 1 AC.

Yepes Touky O mepeceueHus AuaroHajgeil mapasnnenorpamma ABCD
npoBejeHa npamad OM rtak, uro MA = MC, MB = MD. Jlokaxure,
uTo npAMas OM nepneHIWKYJASPHA K IJIOCKOCTH IIapaJliejlorpaMMa.
IIpamaga AM 1nepHeHIUKYJAsIDHA K IJIOCKOCTH KBazgpara ABCD,
AVAarOoHAJH KOTOpPOro Iepeceraiorcas B Touke (. [Hokamurte, UTO:
a) nmpamasa BD mepneHAuKyJsApHA K maockoctu AMO; 6) MO L BD.
Yepes Bepmiuny B kBaapara ABCD npoBenena npamasa BM. U3BecTHO,
uro LMBA = /LMBC=90° MB=m, AB=n. Hainure paccroaHus
or ToukM M mo: a) BeplimH KBaapaTa; 6) npamelix AC m BD.

{lepnenduryisprocrie
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132

133

134

135
136

137

B rerpasape ABCD touxa M — cepepuna - pebpa BC, AB = AC,
DB = DC. Jlokamure, 4T0 IJIOCKOCTh TpeyroibHNKa ADM nepueHAu-
Kynapua K npamoit BC.

JlokaxnuTe, YTO ecJM OAHA M3 ABYX NapajielIbHBIX IJIOCKOCTEH mep-
HeHAMKYJAPHA K NpAMOH, TO M Apyras ILJIOCKOCTh IePIeHINKYJISIpPHA
K 9TOH HOpAMOH.

JlokaxknuTe, 4yTo 4epes JIOOYI0 TOYKY IIPOCTPAHCTBA HPOXOANUT TOJJLKO
0Ha TIJIOCKOCTH, NEPHeHAWKYJIADHAA K JaHHOH NpAMOI.

Pemenue

CornacHo sazaue n. 17 depes ganHyro TOUKY M OPOXOIHT ILJIOCKOCTH (X,
NepIeHAUKYJIsIpHas K AaHHOH npamMod a. IlpeamonosKuM, 4UTO depes
TOUKY M IPOXOJHUT ellje OJHA IJIOCKOCTD (;, IePHeHANKYIAPHAS K BTOH
npamoit. Torga mIOCKOCTH O W O, IapajieabHb (cM. 3agauy 123). Ho
3TO HeBO3MOYKHO, TaK KaK 9TH ILIOCKOCTH UMEIOT o0uryio rouky M. Cae-
JOBaTeJbHO, HaIlle NMPEeANoJoKeHNe HeBEepHO, U ueped TOUKYy M Ipoxo-
JUT TOJBKO OJHA IIOCKOCTh, MEPIEHINKYJIAPHAA K IPAMOH d.
JokasknTe, UTO BCe IPSMBbIe, MPOXOXAINHe Uepes MAHHYIO TOUKy M
IPAMOH g ¥ HepHneHIUKYJAApHbIE K 9TOH NpAMOH, JeKaT B IJOCKOCTH,
IpPOoXoAAIlell uepes TOUKY M W IepOeHIANKYJIAPHONE K npAMoil a.
IIpamaa ¢ nepneHAWKYJAAPHA K ILJIOCKOCTH O H NEePHNEeHAUKYJAAPHA
K npamoii b, He mexkaineil B 3Toi IJIOCKocTH. Jlokaskute, uTo b | o.
Joraxxknre, uTo ecau Touka X paBHOYZAJNIEHA OT KOHIIOB JaHHOTO OT-
pesxa AB, To OHa JE€RKHUT B ILIOCKOCTH, NPOXOAAINel uepes cepelUHy
oTpe3xka AB U mepueHIUKYNApHON K mpamoii AB.

JoxaxnTe, UTO Uepes KAKIAYIO M3 ABYX B3aNMHO IEePHEeHIUKYJIAPHBIX
CKPeIUBAMINXCH IPAMEIX IPOXOAHUT IJIOCKOCTh, II€PIEHINKYIAPHAA
K Opyro#t mpsamoi.

IlepneHAVKyAsIp M1 HAKJIOHHBIE.
Yroa Mexxay OpAMOM MU ILJIOCKOCTBIO

19 Paccrosimue oT TOUKM J0 ILITTOCKOCTH

JEKAINYI0 B 9TOM IJIOCKOCTH. [IpoBemeM deped TOUKY A A
npaAMYyIo, HepHeHIUKYIAPHYIO K IJIOCKOCTH O, B 0GO3Ha-
uynm OyKBo# H TOUKY IepeceueHus 5TOI OpaAMoOH ¢ mjoc-
kKocTeio O (puc. 51). Orpe3ok AH Ha3bIBAETCA NEpPIIeHIH-
KYJIApOM, NPOBEAEHHBIM H3 TOUKM A K IIOCKOCTH O, H
a touxa H — ocHoBanmem mnepnengueyaapa. Ormerum M !
B ILJIOCKOCTH O KaKyHI-HUOyIbs Touky M, oTauunyio ot H,
n nposeneM oTpe3oKk AM. OH HaseIBaeTcd HAKJIOHHOM,
NpOBeJeHHOH U3 TOYKM A K NMJIOCKOCTH O, a Touka M —
ocHoBanHeM HakJoHHOM. Orpesox HM wuHaspiBaeTcs NPoO- Py, 51

PaccMOTPUM IJIOCKOCTB O M TOURY A, He
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eKlMell HAKJAOHHOM Ha IIocKocTh O. CpaBHHUM IepIieH-
IuKyaap AH u HakJIOHAYI0 AM: B IPpAMOYIOJIBHOM Tpe-
yroacHuke AMH cropona AH — garer, a cropoHa AM —
runorenysa, mostTomy AH < AM. HUrak, nepneHAUKYIAD,
NpoBeAeHHBIH M3 JTAHHOH TOYKH K ILJIOCKOCTH, MEHBIIE
mo6Goil HAKIOHHON, NPOBEJEHHOH M3 TOH Ke TOUKH
K 3TOH IIIOCKOCTH.

CnemosaTeJbHO, U3 BCEX PACCTOAHHH OT TOY-
K¥ A 0 pa3IUYHBIX TOUEK TJIOCKOCTH (. HAMMEHLIINM $fB-
JderTcsa paccTosHUe A0 Touku H. ITO paccTosHue, T. €.
AJIVHA €PNEeHANKYIApa, IPOBEAEHHOr0 U3 TOUKN A K TLIOC-
KOCTH O, HA3BIBAETCH PacCCTOSHUEM OT TOYKM A g0 mjoc-
kocra o. Koraa MBI roBOpMM, UTO HEKOTODPBLIM TpeAMET,
HAIpUMeEp JaMIIOUKa VINYHOro GoHapa, HAXOZUTCA Ha Ta-
KOH-TO BEICOTE, CKa)XeM 6 M OT 3eM.uii, TO UMEEM B BHUIY,
YTO PACCTOAHIE OT JAMIIOUKH [0 MOBEPXHOCTH 3eMJIN U3-
MepsieTca IO MePIeHAUKYIAPY, IPOBeAeHHOMY OT JIAMIIOU-
KM K IJIOCKoCTH 3emuu (pumc. 52).

3aMeuaHus

1. Ecam nBe mjoCKOCTH mapaJjiesibHEI, TO BCE
TOUKYM OJHOH INJIOCKOCTHM DPABHOYAAJIEHBI OT JPYroi ILjIOC-
kocTu., B caMoM Jiesle, pacCMOTPHM IepHEeHAUKYIAPEL AA,
u MM,, npoBeneHHBIe U3 ABYX HPOU3BOJBLHBIX TOYEK A
u M IJI0CKOCTH Of K mapajienbHOi eif mnockoctu B. Tak
Kak A4, L Bu MM, L B, T0 A4, | MM,. Orcroga caexyer,
uro MM, = AA, (ceoiictso 2°, m. 11), T. e. paccTosHHE OT
Ja060# Toukn M IJIOCKOCTH O [0 IJIOCKOCTH [3 PaBHO AJH-
He orpeska AA,. OueBHMIHO, BCE TOYKH IIJIOCKOCTH [} HAaXO-
IATCA HA TAKOM JKe PACCTOAHWH OT ILJIOCKOCTH .

PaccToanne oT npoM3BOJIbHOM TOYKM OJHOM M3
IapaJjuieJIbHBIX IIJIOCKOCTEH 70 APYroil mJIOCKOCTH HAa3bIBA-
€TCS PacCTOSTHUEM MeKIy NAaPaiIeIbHEIMH MIOCKOCTIMHU.

Kax yme oTMeuansochs, NMpUMEpOM IapaJlieib-
HBIX INIOCKOCTEH CJYJKAT IJIOCKOCTH II0JIA M IIOTOMKa KOM-
HaTel. Bce TOYKYM TIOTOJIKA HAXOOATCA Ha OJWHAKOBOM Dac-
CTOSTHMH OT II0JIa. ITO PACCTOSTHYUE H €CTh BLICOTA KOMHATEE.

2. Ecau npamas mapajjejsHa ILJIOCKOCTH, TO
BCE€ TOYKH IIPAMOM pPaBHOYBAJIEHBI OT 3TOH IJIOCKOCTH (3a-
Zaua 144). B atoM caydae pacCTOsiHME OT HPOHU3BOJLHOM
TOYKY NOPAMON [J0 IJOCKOCTH HAa3bIBAETCHA PACCTOAHHUEM
MEKAY NMPAMON M mapajieJIbHON eil MIOCKOCTHIO.

3. Eciyu jgBe mpAMbBle CKpemuBaIOlIMecH, TO,
KakK OLIIO ZOKA3AHO B H. 7, Yepe3 KAKAYIO U3 HUX TIPOXO-
IWT ILIOCKOCTD, NapajjenbHasd APYroi NpAMONA, U IPUTOM
TOJBKO OHHA. PaccTogHue MeXXAYy OZHOU W3 CKpeluBaio-
IMUXCA MPAMEIX M IIOCKOCTBIO, MPOXOAAINeidl dyepe3 Apy-
Y0 IPAMYI0 IapaaieIbHO IIepBOil, HA3LIBAETCS PaccTOos-
HHEM MEKIY CKPeIiHBAIOIIMMHUCHK NPAMBIMH,
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20 Teopema 0 Tpex nepHeHAUKY.JIAPAX
Teopema

e T

A

St A b S

Hpaman, nponenem{aa B IJIOCKOCTH 4epe3 OCHOBaHMe Ha-
KJIOHHOH NMepueHAHKYAAPHO K ee NPOSKIHM Ha 9Ty NJI0C-
KOCTh, NMEPIEHIHKYJIAPHA H K CaMOH HAKJIOHHOM.

Jloka3areabcTBO

OGpaTuMca K PHCYHKY 53, Ha KOTOPOM OTpe-
30k AH — mepneHAUKyJaAp K IJOCKocTH O, AM — Ha-
KJIOHHAafA, 4 — TIpAMasi, OpOBeJeHHasA B ILIOCKOCTH O Uepes
TouKy M IepHeHAUKYJIAPHO K npoeKiuu HM HaKJIOHHOH.
Jokaskem, urto a L AM.

Paccmorpum ninockocts AMH. Ilpavmasa a niep-
NeHAUKYJIAPHA K 5TOH IIJIOCKOCTH, TAK KaK OHA HEepIeHIU-
KyJApHA K ABYM IepeceKalonmuMcAa npameiM AH u MH, ie-
xarmuM B nmnockoeT AMH (a L HM 1o ycnosuio 1 a | AH,
Tak Kak AH L ). Orcroma caenyer, 4To IpAMad @ Iep-
NeHAVKYJApHa K JJIO000M NpsaMoi, Jealmeil B IJIOCKO-
ctu AMH, B yactHocTu a L AM. Teopema gokaszaHa.

Jra TeopeMa HA3BIBAETCA TEOPEMOM O Tpex
NepueHInuKyIapax, TaK KaK B HEH TOBODHUTCA O CBASH
MexXAy TpeMs mepneHiukyaspamut AH, HM u AM.

CnopasepsiuBa Takke o0paTHad TeopeMa: ImpA-
Mas, NMpPoBeJeHHAA B ILJIOCKOCTH 4Yepe3 OCHOBAHME HA-
KJIOHHOH NEePHEeHAUKYJIAPHO K Hel, mnepueHauKyIspHAa
H K ee npoexkuun. [lo aHaoruu ¢ ZOKa3aTelbCTBOM NpA-
MOM TEOPEMEI, UCMONL3YS PUCYHOK 53, TOKAXKUTE dTY TEO0-
peMy caMocToATeJBHO (3amaya 153).

21 Yron Me:ay npsAMO# H ILIOCKOCTBIO

B n. 19 6p110 mamo omnpeneseHue IIPOEKITAH
HAaK/JOHHOM Ha NIJIOCKOCTE. BBeJeM Temeph NMOHATHE IIPO-
eKnuM® TpPOM3BONLHON ¢urypsl. IIpoexkmmeii Toukm Ha
INIOCKOCTb HAa3blBa€TCA OCHOBAHWE NepNeHAUKYJaApa,
IPOBEAEHHOT0 M3 3TOA TOYKHM K IJIOCKOCTH, €CJIH TOUYKa
He JIeXHUT B IIJIOCKOCTH, M CaMa TOYKA, ECJIH OHA JIEHKHT
B nnocxkoctu. Ha pucynke 54 Touxka M, — npoekuus
Touk M Ha OJIOCKOCTB O, a N — NIPOoeKIusa caMOH TOY-
ku N Ha Ty Ke miockocThb (N € o).

O6osunaunmM OyxBoit F Karyw-uudyas Gurypy
B mpocTpadcTBe. Eciu MBI MOCTPOMM IPOEKIIMM BCEX TO-

Puec. 53

M,
o

Puc. 54

* o
B ZaHHOM NYyHKTE DPeYb UAET O IMPAMOYTOJBHOM (MM OPTOrOHAJL-
HO#) mpoekuun durypnl. Bojee ofinee MoHATHE mHapaJiaeJbHOMN
HpoeKuud (PUryprl paccMaTpUBaeTCs B IPUJIOKEHHH 1.
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4eK 3TOM GUTrypH Ha HJAHHYIO IIOCKOCTh, TO IOJYINM Gu-
rypy F,, KoTopas HaselBaeTcs mpoeruueil ¢purypsi F Ha
naHHYI0 WIockocTh. Ha pucynke 54 tpeyroabHukx F, —
IIpoeKnus TpeyrojibHuka F Ha miIocKocTs O.

JokaxkeMm Telepsb, 4YTO NpoeKNNed NPAMOH
Ha ILIOCKOCTh, HE MEPNMEHAMKYJAAPHYIO K 3TOH NMPAMOI,
ABJAAETCA NMpAMad,

JanHyio mjiockoeTh 0003HAaYUM OYKBOH O,
a MPOM3BOJIBHYIO IPAMYIO, He MePHEeHAUKYIAPHYIO K IIJIOC-
Koct: o, — OykBO# a (puc. 55). U3 xaxko#-HuOygs TOU-
ku M npsiMoil a mpoBejeM neprneHIuKyaap MH k minocko-  Puc. 55
CTH O B PACCMOTPHUM ILJIOCKOCTH 3, IPOXOAANIYIO 4epes a
u MH. Ilnockoctu o 1 3 mepeceraroTcs IO HEKOTOPOH HIpA-
Mo a,. JlokaskeM, 4TO 3Ta IpAMad U ABJAETCH IIPOEKIIHEH
TIPAMON @ Ha ILJIOCKOCTHL (f. B camoM nene, BOBBMEM IIPOM3-
BOJIBHYI0 TOYKY M, IPAMOW @ ¥ IpoBefeM B TLIOCKOCTH P
npamyo M,H,, napaanexbuyio npamoit MH (H, — Touka
nepeceuenuss npaMux M, H, u a,). Ilo nepBoil Teopeme
n. 16 M, H, L o, u, 3HauuT, Touka H, ABAAeTCA IPOeKnuei
TOYKKM M, Ha IJIOCKOCTE . MBI AOKA3aH, YTO IIPOEKIUs
MIPOM3BOJILHON TOYKH IIPAMON @ JIEXKHT Ha NPAMOH a,. AHa-
JIOTHYHO TOKA3BIBAETCHA, UTO Ji06aA TOUKA NMPAMOH a, ABJIA-
eTcd MpoeKIueit HEeKOTOPOH TouKHM mnpsaMmoi a. Cienora-
TEJNbHO, @; — IPOEKIUA IIPAMOH @ Ha NJOCKOCTb C.

M3 noka3aHHOro YTBEPXKAEHUA CcJIenyeT, UTO
npoexmueit orpesxa AB, He TepNeHIUKYJASPHOIO K ILIO-
CKOCTH, ABJAETCA OTPEe30K, KOHLAMU KOTODPOTO CJOy2KaT
npoeknun touek A u B. Ilostomy onpefeneHre MpPoeKIUH
HaKJIOHHOHK (. 19) IOJHOCTBRIO cOrJlacyeTrcss ¢ OOIHM
omnpejeleHreM IpoeKnuu ¢Gurypnl. Vcnooas3ysa NOHATHE
[IPOEKIMY IIPAMOIT Ha NJIOCKOCTb, AaJUM ONpefeseHIe yria
MEXKIY NPAMOM M NJIOCKOCTHIO.

Onpenenenue

¥YriaoM MeXxay NpAMoOll M IJIOCKOCTBLIO, IIepeceKalolieil 3Ty NPAMYIO
U He NEepIeHANKYJIAPHON K Hell, Ha3bEIBAETCS YroJ MeXXJy IPAMOIl U ee
NpoeKIMed Ha IIOCKOCTD.

MoxkHO fOKa3aTh, UTO YTON Py MEKIY JaHHOH M
npamoit AM u njockocTeio o (pHEc. 56) aBjasgeTcsa Hau-
MEHBIINM M3 BCEX YIJIOB (), KOTOpHIEe HaHHAA IpsaMad 06- /
pasyeT ¢ OPAMBIMI, IPOBEJEHHLIME B IIJIOCKOCTH O Uyepes \AA(P /
Tourky A (3amaua 162). 0 /
Ecau npsamas nepneHIUKYIAPHA K IJIOCKOCTH, o J’ L /
TO ee NPOEKIMEH Ha 3TY IJIOCKOCTEL ABJIAETCA TOUKA Iepe-
ceueHUA STOH IPAMOH C MJIOCKOCThIO. B TakoM ciayuae /

YroJI MeXKAy NpsaMoil U IIocKocThIo cuuTaeTca paBHBIM 30°. pye. 56

[epnendury.sproems
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Ecnu pamnasa npamMadA IapaJiieibHa ILJIOCKO-
CTH, TO €€ IPOeKOHell Ha HJIOCKOCTh fABJIAETCA NpaMad,
napajijielbHas HAaHHOH. B 3TOM cJayuae IOHATHe yria
MeXAY IPpAMON ¥ IJIOCKOCTBIO MBI He BBoguM. (MHOTZA JO-
rOBapMBAIOTCA CUUTATH, YTO YroJ MEXAY IapaiaesIbHBIMH
IpAMOH M IJIOCKOCTBIO paBeH 0°.)

V¥ 3ameuaHne

Hapsaay ¢ paccMOTpeHHOH B 3TOM NYHKTE IIps-
MOYTOJBHOI TpoeKIMed K IapajjeJbHOl IIpoeKHueil,
peub 0 KOTOpPOH IOHAeT B IPUJIOKEHHUHN 1, HHOrAA MCIIOJIb-
3yeTcA LeHTpaabHas npoeknud. OHa olpegenseTca Tak.
PaccMoTpUM IIPOM3BOJIBHYIO MJOCKOCTH O M KAKYI0-HUOYAb
Touky O, He Jnexxamyio B aToil miaockoctu. Ilyere P —
ILIOCKOCTh, MPoXogAaInas depes Touky O u mapajjienbHasd
mwiaockocT . IleHTpanbpHoil npoexumer (¢ meHTpom O)
ToukM M, He JeKalel B ILJIOCKOCTH 3, HA ILIOCKOCTHL O
HaswIBaeTCA TOYKAa M, mepecevenus npamoit OM c miroc-
KocTeio O. IleHTpadpHOi HpoeKIHMeidl (HUIrypsl Ha ILIOC-
KOCTb (. HazblBaeTCA MHOKECTBO HEeHTDAJBHBIX MPOeKIIHi
Ha TIJIOCKOCTL 0L BCE€X TOYUeK STOH (PUI'YpHI, He JIeXKAIIUX
B wiaockoctu B. IIpumepoM HeHTpanbHON TpOEKIUN DUTy-

pbl saBiideTcs: ee ¢Gororpadrueckuii CHUMOK. A

138

139

140

141

142

143

Sanauu

M3 mekoTopoit TOYKHW HPOBeAEHBI K JAHHOA IJIOCKOCTH NEPHIEHAUKY-
JAp ¥ HAKJOHHAA, Yroj MeXJy KOTOpDHIMHK paBeH ¢. a) Haiigmte nHa-
KJIOHHYIO 1 ee HPOEeKIHMIO Ha JaHHVIO IJOCKOCTD, €CJAN NePUeHANKYIAD
paBeHd d. 6) HaliguTe NepleHAUKYIAD W [NPOEKIUI0 HAKJIOHHOH, €CaIu
HaKJOHHAA paBHa m.

W3 HeKOTOPOIl TOUKY IPOBEZIeHE! K IIJIOCKOCTH ABE HAKJOHHBIE. JlOKaKmI-
TE, 4TO: 4) €CJIHM HAKJOHHBIC PaBHEI, TO PABHLI M HMX IpOeKIuu; 6) ecau
TIPOEKIIUYM HAKJOHHBIX PaBHBI, TO PABHBI ¥ HAKJIOHHBIE; B) €CJIM HAKJIOH-
HBIe He PaBHBI, TO OOJBILAs HAKJIOHHAA MMEET OOMBILYI0 IIPOEKIIMIO.
M3 Tourku A, He TPUHAAJEKAIIEH MIOCKOCTH (!, ITPOBEJeHLI K 3TOH
IIOCKOCTH HepIeHAUKYAAp AO u IBe paBHble HakJOHHbBIe AB u AC.
HasecTHO, uto LZOAB = £BAC = 60°, AO = 1,5 cm. Halifure paccrosa-
HHe MEeXXIy OCHOBAHMAMU HAKJOHHBIX.

OnuH KoHEI[ JAHHOTO OTPEe3Ka JEKWUT B IJIOCKOCTH O, a APYyrod Haxo-
INTCA OT Hee Ha paccTodgHuu 6 cm. Haiizure paccrosHue OT cepeluHBI
JAHHOTO OTDEe3Ka IO MJIOCKOCTH Cl.

KoHIIEI OTpeska OTCTOAT OT ILJIOCKOCTH O HA paccTofAHuAxX 1 cm u 4 cM.
Haiisnre paccTodHNEe OT CepeMHBLI OTpPe3Ka A0 IJIOCKOCTH (.
Paccrogune or Toukm M [0 KakIOodl #3 BepIIMH IPABUIBHOTO Tpe-
yronsHuka ABC paBHO 4 cm. HaiignTe paccTosnue or Touru M po
mwaockoctu ABC, ecoim AB = 6 cm.

Hepnendurgaspdocry
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145

146

147

148

149

150

151

152

153

Ilpamana a mapajjienpHa IJIOCKOCTH O. JloKaKHTe, YTO BCe TOUKHU IIpA-
MO @ PaBHOYJAJIeHEI OT IJOCKOCTH (L.

Pemenue

Yepes Kakyno-AUOYAbL TOUKY NPIMOM @ IPOEEAeM IIJIIOCKOCTL [}, mapai-
JeJbHYIO IIocKocTH O (3axaua 59). IIpsimasi a jexur B IIOCKOCTH J3,
TAK KaK B IIPOTHBHOM Cjydae OHA IEePEeCeKaeT IJIOCKOCTh [, a sHauwr,
nepecekaer ¥ IJIOCKOCTEL O (3amaua 53), uTOo HEBO3MOXKHO. Bce Toukwm
IJIOCKOCTH [ pPaBHOYZAJEHBI OT IVIOCKOCTH (L, [IO3TOMY M BCE TOYKH
opAMOil a, Jexallell B IJIOCKOCTH [J, PABHOYJAJNEHEI OT IIJIOCKOCTH (L,
yTO U TPebOBAJIOCH HOKA3ATh.

Yepes BepmIinHy A DpsaMOYTOJIBHOTO TpeyroabHuKa ABC ¢ nupambiM yr-
noM C nposeneHa npamas AD, MepneHANKYIAPHAA K IJIOGCKOCTH Tpe-
yroabEUKa. a) [Hoxaxkure, uro TpeyroabHUK CBD npaMoOyroJbHBIN.
6) Haitgure BD, ecnu BC =a, DC = b,

Ipawvas g nepecekaer IJIOCKOCTh Ol B Touke M 1 He NEePHEHAUKYIAPHA
K 3TOH maockocTH. JJokaskuTe, 4YTO B IMJIOCKOCTH O 4Yeped TOURYy M
MPOXOJUT NPAMAA, MePIEHAUKYNAPHAA K OPAMOH @, ¥ IPUTOM TOJBKO
oxHA.

W3 Touxku M npope/leH NepneHIAUKYAAp MB K NIOCKOCTH IPAMO-
yroabEuka ABCD. Joxasxkure, 4TO TpeyroavHuku AMD u MCD
OpPAMOYTOJIbHEIE.

IIpamana AK nepneHZUKYASpPHA K IIJIOCKOCTHM HPABMILHOI'O TPEYroJb-
Huka ABC, a rouxa M — cepemuna cropoust BC. Jloraskmre, 4YTO
MK 1 BC.

OTpezox AD mepleHANKYIAPeH K ILJIOCKOCTH PaBHOGEAPEHHOrO TPEeyroJb-
unxka ABC. UaBectno, uto AB=AC =5 cm, BC =6 cm, AD =12 cm.
HaiiguTe paccToslusa OT KOHIOB oTpe3xa AD mo npamoii BC.

Uepes BepminHy A npamoyrojabHuka ABCD npoBefena npamasa AK,
HepNeHAHKYIAPHAS K ILUIOCKOCTH IPAMOYronbHUKA. M3BeCTHO, uTOo
KD=6cvm, KB=TcMm, KC=9 cm. Haligure: a) paccTossame OT TOU-
ku K 1o miockoctu npamMoyronbHuka ABCD; 6) pacCTOssHMe MeXIy
npavmeiMu AK u CD,

IIpamaa CD mepneHAMKYJAApHA K ILJIocKOoCTH TpeyroabuHuka ABC. Jo-
Ka)XuTe, 4TO: a) TpeyrodbHUK ABC siBldgeTcA NpoeKmueil TpeyroibHU-
ka ABD Ha nunockoctb ABC; 6) eciu CH — BpICOTa TpeyroJIbHUKA
ABC, to DH — BuicoTa TpeyroabHuka ABD.

Yepes Bepmiuny B kBagpata ABCD nposegena npsamada BF, meprneHnu-
KyJagapHas K ero miockoctu., Haiigure paccToaHusA oT Touku F 10 npd-
MBIX, COJAEpIKaIlUX CTOPOHBI M AHATOHAJN KBaapara, ecau BF = 8 oM,
AB =4 am.

Mokasure, 4YTO OpAMaA @&, NPOBEJEHHAA B IJIOCKOCTH O, Yepe3 OCHOBA-
Hue M HakJoHHON AM NepneHAWKYISAPHO K Hell, HepHeHAUKYJIADHA
K ee npoexnun HM (cMm. puc. 53).

Pemenue

IIpamas a nepueHIWKYAAPHA K Ijockoctu AMH, rak KakK oHa Iiep-
NeHJUKYIAPEA K JBYM TeDECEeKAIOMMMCA HPAMBIM ITOH IJIOCKOCTH

Hepuenduwy. sipnornie
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155

156

157

159

160

161

162

(¢ LAM 1o ycsosmio u g L AH, Ttak xax AH | o). Orciona caeayer,
4TO IPAMAA a NEPUeHAUKYNAPHA K 060k NpAMOM, Jexameit B mroc-
Koctw AMH, B uacrtaocTu g | HM, 4uro u tpeGosamocs A0Ka3aTh.
Ilpamaa BD HEePICHANKYIAPHA K IJIOCKOCTH TpeyroasHuka ABC. Uz-
BECTHO, uT0 BD =9 cm, AC =10 cM, BC = BA =13 cm. Haiinure:
4) paccrosiHMe OT Touku D Ro mpamoi AC; 6) mromane TPEeyroJLHYU-
Ka ACD,

Yepes Bepummny 1IpAMOro yria C paBHOGeIDPEHHOTO IPAMOYTOJABHOTO
Tpeyronbruka ABC nposegena npamas CM, NEePIHEeHAVKYIAPHAA K ero
Inaockocr. Hafinure pacerosmme o TOYKM M no npsmoiit AB, eciau
AC=4cM, a CM =27 cm.

Oz us karteroB IPAMOYTONBHOIO TPEyroabpHuKa ABC paser m,
4 OCTPEIX YroJi, npuiexanruii k STOMY KaTeTy, paseH ¢. Yepes Bepriu-
Hy mpamoro yrina C mnpomenena npamaa CD, IepHeHANKYIAPHAS
K ILJIOCKOCTH 3TOr0 TpeyroapHura, CD = 7. Haiinure paccrosmme or
TOYKHA D 1o mpamoii AB.

IIpsmas OK IePUEHANKYJIAPHA K ILIOCKOCTH pomba ABCD, puaronanm
KOTOpOTO nepecekarTca B Touke (). a) Hokaswure, uto PacecTosIHUA o
TOYKM K 10 Bcex mpamurx, COAEPAMUX CTOPOHBI POMGa, paBHEL
6) Hafigure aro baccrosume, eciu OK = 4,5 am, AC = 6 oM, BD = 8 mm.
Yepes Bepmruny B pom6a ABCD nposegena upamas BM, HepneHuKy-
JIApHaA K ero miuockocru. Hafiaure baccrosinue or Toukn M zo mps-
MBIX, COREDPXKAIINX CTOPOHBI pomba, eciu AB = 25 cM, £ BAD = 60°,
BM = 12,5 cm.

IIpamass BM LIEPUeHAUKYNSAPHA K IJIOCKOCTH NPAMOYIOJIbHUKA
ABCD. okaxwure, uTo IIpAMas, 10 KOTOPOH IEPECEeKATCS TLIGCKOCTH
ADM un BCM, TIePHEHAUKYNAPHA K ILTOCKOCTH ABM.

Kornsr orpeska AB nemar Ha IBYX NAPaJIeNbHEIX IJIOCKOCTAX, pac-
CTOSIHVIE MEXIY KOTOPEIMYM PaBHO d, npudem d < AB. [lokasure, uyro
[IpoeKOuM oTpe3ka AB Ha 5TH MIOCKOCTH pasuel. Hafizure stu npoex-
uuu, ecniu AB=13 cm, d = 5 cwm.

JIya BA He NeXKHUT B mIOCKOCTH HepassepryToro yraa CBD. Ilokaxn-
T€, 94T0 ecin LABC = LABD, npuyem LABC < 90°, to OpoeKmuel ay-
4a BA ma miockocts CBD seaseres Guccextpuca yria CBD.,
Ipamas MA npoxogur Uepe3 TOYKy A III0CKOCTH O, 1 o6Gpasyer ¢ sTOM
TUIOCKOCTRIO yrost ¢ # 90°. lokasuTe, uTo Po ABJIAETCA HAMMEHBIUIUM
U3 BCEX YrioB, KOTOpEIe npsiMaa MA obpasy-

€T C NPAMBIMH, NDOBEJEHHBLIMHU B ILIOCKOCTH M

0. 4epe3 TOYKy 4. (
Pemenue /
O6oanauum OykBoit H ocHOBarme NIeprueHuKy-

J/IApa, NPOBEAEHHOrO M3 Touku M K ILIOCKO- P 4 ®o <p/ /
CTH O, ¥ PACCMOTPUM HPOU3RONBHYIO OpAMYIO p T~ 53 H/

B IJIOCKOCTH 0., MDPOXOAAILYI0 wepes TOUKy A o N

U OTIHYHYIO OT upamoit AH. Vrox MeXAy Ips-
MeIME AM u p o6osHaumm depes ¢ (puc. 57)  pu. 57

1]!,U-'J‘(":'.’)-'t’\'.[/.ldlx’)',xu i
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¥ JOKa)keM, 4To ¢ > ¢p. U3 Touknm M npoBeneM mnepneHAuUKyaap MN
K npamoi p. Ecnin rouxa N coBmagaer ¢ TOUKOH A, To ¢ = 90° u moaTto-
My @ > ¢p. PaccmorpuM cnyuaii, korga Toukn A 1 N He coBmagalor (cm.
puc. 57). Orpesok AM — ofmiasgs TUIOTEHY3a MIPAMOYTOJbHBIX

TpeyronsHUKOB ANM u AHM, nostomy sin ¢ = X’S’, sin @y = %J—MH— Tak

Kak MN > MH (MN — naknaoHHasa, MH — nepneHIUKYIAp), TO K3
3THX ABYX PaBEHCTB CleAyeT, YTO sin ¢ > sin @, u moaroMy @ > @q.
163 Haxuaonnas AM, mpoBefieHHAs M3 TOUKY A K JaHHOI IJIOCKOCTH, PaBHA d.
Yemy paBHA DPOEKITHA 5TOW HAKJIOHHON HA IIJIOCKOCThH, €CIM YTOJ MEXK-
oy upamoil AM u ma”HHOM IJIOCKOCTRIO paBeH: a) 45°; 6) 60°; B) 30°?
164 Ilox yrsioMm ¢ K mIOCKOCTH O NpoBedeHa HakiouuHad. Halinute ¢, ecan
M3BECTHO, YTO NPOEKIIA HaKJOHHOH BABOE MeHBIIIe CAMOH HAKJIOHHOH,
165 N3 Ttoury A, yIaNeHHOH OT IIOCKOCTH Y Ha pacCTOAHUe d, NPOBeAEeHBI
K 3T0# miIocKocTu HakJIoHHBIe AB 1 AC mox yriom 30° K ILJIOCKOCTH.
Hx npoexnmuym Ha ILIOCKOCTB Y oOpasyoor yroa B 120°, Hawigure BC.

IIByrpaHHBIA yTOJI.
IlepnneHAUKYJIAPHOCTD ILJIOCKOCTEM

§

22 ByrpaHHbI# yroJ

Yriom Ha ILJIOCKOCTH MBI Ha3biBaeM (HUTYDY,
06pa30BaHAYIO JBYMS JIYUAMHU, HCXOJANIUMHE U3 OTHOH TOU-
KH. B crepeoMeTpun HapALY ¢ TAKUMH YIVIAMH pacCMaTpH-
BaeTCs ellle ONWH BHJ YIJOB — MABYTrPaHHBbIE yriabl. UTo6nI
BBECTH IIOHSATHE ABYI'PAHHOIO YIJa, HATIOMHUM, UYTO Ji06asa
npAMasd, IPOBEJeHHAS B JAHHOM IJIOCKOCTH, pasfefseT 3Ty
IJIOCKOCTh Ha ABe moaymaockocTu (puc. 58, a). Ilpeacra-
BUM cebe, YTO MBI IIEPETHYJHU ILJIOCKOCTE II0 IPAMOH a Tak,
UTO JBe IOJYIJIOCKOCTH C I'pAHUIIEH a4 OKAa3ajJHCh YiKe He
JeXKAIUMKU B 0ZHON mnockoctu (puc. 58, 6). Ilonyuennas  IIpaMas ¢ paspenser mioc-
dUrypa m ecTb IBYIDAHHBIA YTOJI. KOCTE Ha ABE HOIYIIOCKO-

Takum 06pa3oM, MOXKHO JaTh TaKOe ompejene- C o
HUe ABYIPAHHOTO YIJa: JABYI'PAHHBIM YIJIOM HA3BIBAETCHA
¢urypa, o6pa3oBaHHaA NPAMOH ¢ M ABYMA NOJYILIOCKO-
CTAMM ¢ o0IIeil rpaHuneil a4, He NIPMHAJJIEKAIMNMHA OTHOM
naocrkoctd. IlonynmockocTu, of6pasyiomue JBYTPAHHBIN
yroj, HasbIBalOTCH €ro rpaHAMH. ¥ ABYIPDAHHOro yria ABe
TPaHH, OTCIOJIA W Ha3BaHUWe — JABYIpaHHBIM yronu. Ilpa-
Mas a — ofIasa rpaHKIa NOAYINJIOCKOCTeH — Has3biBaeTcs
peépoM ABYIrpaHHOTO yrJa,

Jisyrparassiii yroa ¢ peGpom AB, Ha pasHBIX “6)
rpaHAX KOTOPOTO oTMeueHEI Touku C u D, HAsHBAIOT JRy- ABYTPaHHbI yron
rpasasiM yraom CABD. Puc. 58

Hepnenduryaspnocnio
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B ofbineHHON XM3HM MBI 98CTO BCTpPEYaeMCH

C mpeiMeTaMM, MMeIOMUMH (OpMy ABYTpaHHOTO yria.

Takmmu mpegMeTaMM ABIAAIOTCS IBYCKATHBIE KPBIIIH 34Aa-
HHU#l, NOJYPacKpPBITAA IamKa, CTeHA KOMHATEI COBMECTHO
C IIOJIOM M T. [I.

Mgz1 3HAEM, 9TO YTJBl HA IOCKOCTH (06BIUHEBIE
YIJIE) U3MEPATCA B I'paaycax. A Kak H3MEPAIOTCA [BY-
rpaHHBIe yIabl? OTO JejaeTcs caeayomuM obpasom. OTmMe-
THM Ha pebpe ABYIPAHHOIO yIja KaKyo-HUOYAL TOUKY
K B KaXXJ0H rpaH’ u3 3TOH TOYKH IPOBEAEM Jyd IepHeHgH-
KyaapHO K pebpy. O6pasoBaHHBIN 3THMH Jy4aMu YroJ Ha-
3bIBaeTCSA JUHEHHBIM yrJIOM JAByrpaHsoro yriaa. Ha pucys-
Ke 59, a yron AOB — nuHe#HLIA yroJ ABYyTrpaHHOTO yIJa
¢ pebpom CD. Tak kak OA L CD u OB 1 CD, To mwjioc-
xKoctb AOB nepneHIUKyIApHA K npamoit CD. TakuM obpa-
30M, IIOCKOCTE JMHEWHOTrO yrJja IepNeHAuKYAAPHA K pel-
py asyrpaxHoro yria. OueBuaHO, ZBYIDAHHEIA YIOJ KHMeeT
feckoHeUHOE MHOXKECTBO JIMHEHHEIX yrios (puc. 59, 6).

HokaxxeM, dYTO Bce JHHEHHbIe YIJbI IBY-
TPAHHOTO yIJa paBHBI Zpyr apyry. Paccmorpum nBa jauHel-
HeIX yria AOB u A,0,B, (em. puc. 59, 6). Jlyuu OA u 0,4,
JICXKAT B O[IHOM TDAaHM M NEePUeHIVKYJIAPHHI K npamo# 00,
[I03TOMY OHM COHampasijeHbI. TOUHO Tak e COHAIpABIEHE
ayuu OB u O, B,. ITosromy £A,0,B; = ZAOB (xax yrisl
C COHANpaBJE€HHBIMHA CTOPOHAMH).

T'paxycHoii mMepoii AByrpaHHOro yria HasbIBa-
-eTCA TpajycHaA Mepa ero JuHeHHOro yria. Ha pHcyH-
ke 60, a rpagycHas Mepa IBYrpaHHOrO yria pasHa 45°.
OOBIYHO TOBOPAT KOPOTKO: «[ByrpaHHEIH yroa paBeH 45°%».

JIBYTDaHHEBIH yroJ Ha3LIBAETCH MPAMLIM (OCT-
PEIM, TyneIM), ecam oH paseH 90° (menbpme 90°, Goib-
me 90°). JIpyrpaHHBI# yroi, U300pasKeHHBLIH HA PUCYH-
ke 60, 6, nmpawmoii, Ha pucynke 60, a — ocTphlii, a Ha
pucynke 60, 8 — Tymoit.

Puc. 60
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Puc. 61 Puc. 62

23 lipusHar nepnesIHKyIsSIPHOCTH

JABYX ILTOCKOCTEM

IIBe mnepecexkamolueci IJIOCKOCTH 00pasyooT
yeThipe ABYTrpPadHbIX yria ¢ obmmum pebGpom (puc. 61, a).
Eciau ogvH M3 9THX ABYTPAHHBIX YIJIOB PaBeH ¢, TO APyrue
TPHU yrja PaBHBI cooTBeTcTBeHHO 180° — @, ¢ u 180° — @.
B uactHOCTH, ecann omuH mM3 yraoB mpamoi (¢ = 90°), To
K OCTaJIbHLIE TPU yria npsamble. Ecim ¢ — TOT U3 4YeThI-
pex YIJIOB, KOTOPHIHA He MPEBOCXOAUT KaXKAOTO H3 OCTANb-
HBIX, TO TOBODAT, YTO Yroa MeXAY IepPeceKaromuMuca
ILIOCKOCTAMH paeeH ¢. Ouesuano, 0° < ¢ < 90°.

Onpenenenne

HBe nepecexkamwmyeca IIJIOCKOCTH Ha3bIBAIOTCH NePNeHINKYJIAPHBIMH

(B3aMMHO HEePHeHAMKYIAPHLIMH), €CAM YToJ MEXIy HumMu pabBen 90°
(puc. 61, 06).

IIpumepoM B3aMMHO IePHEHIUKYIAPHBIX IIJIO-
CKOCTeil CJIYMKAT ILTOCKOCTH CTeHbl M I10JIa KOMHATHI. SICHO,
YTO Bce 4eThlpe ABYTPAHHBIX yIvia, 00pa3oBaHHBIE B3AMMHO
IePHeHANKYIAPHBIMHI IJIOCKOCTAMY, IIPSMEIE.

PacecMoTpUM NpPH3HAK HepPHeHIUKYATPHOCTH
JIBYX ILJIOCKOCTEMH.

Teopema

Ecan o,zma H3 IBYX wIocKocTeil NPOXOXUT qepea npﬂmym,
NePNeHIUKYIAPHYIO K JPYroif NI0CKOCTH, TO TaAKHe ILI0C-
KOCTH NepHeHAHKYIApPHbBI.

JdoxazaTeJabecTBO

PaccMoTpuM mjIocKocTH o ©# [ Takue, UTO
ILTIOCKOCTh O. IPOXOZUT Uepe3 npamyio AB, nepneHaukry-
JAPHYIO ¥ IUIOCKOCTH [ M Mepecexkaionryrcsa ¢ el B TOY-

Hepniendunyiapuocron
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ke A (puc. 62). TokaxxkeM, uro o 1 P. IlnmockocTn o 1 B me-

pecekaloTcd 1Mo HEKOTOpoH npamoit AC, npuuem AB L AC,
TaK Kak 10 ycaoBuio AB | B, T. e. npamasa AB nepnedau-
KyndpHa K o060l mpaMoi, Jexalnell B maIocKocTu f.

Ilposeaem B muockoctu P upsamyio AD, mep-
neHaukyaapuyw K upamor AC. Torpa yron BAD — au-
HeWHBI# yroJ JBYTPaHHOTO Yyriaa, o0pasoBaHHOrO IIpH
nepecevenun maockocteit oo u B. Ho £ BAD = 90° (tak Kax
AB 1 B). CnepoBarenbHO, yroa MesxAy IJIOCKOCTAMU ¢ u fB
paeen 90°, r. e. o | B. Teopema moxasama.

Caencrsue

IInockocTs, NepHeHAUKYIAPHAS K NIPAMOI, IO KOTOPOIi IepecerarnTcs
IBe JaHHbI¢ ILIOCKOCTH, NePHeHIUKYNAPHA K KayKI0H U3 3THX NI0CKO-

creit (puc. 63).

24 lIpsamoyroabHbI NapasuieIensie)n

ITapanymenenunes HasLIBAETCA IPAMOYIOIb-
HBLIM, €CJIM er0 GOKOBBIe pedpa MepHeHAUKYIAPHBI K OCHO-
BaHHI0, & OCHOBaHUA NpeICcTaBAAKT c000i MpAMOYro/ibHU-
Ku. PopMy IpPAMOYTOJBLHOTO Napajjesyelunesa HMeT
MHOTHE NIpeSMeTH: KOpoOKu, AINKY, KOMHATEL U T. K. Ha
pucyHKe 64 m306paskeH MpAMOYTOJIbHBIN HapasijelenHe)
ABCDA,B,C,D,. Ero 0CHOBAHHAMM CJIYXAT IIPAMOYIOJE-
auku ABCD n A,B,C,D,, a 6okoBeie peSpa AA,, BB,, CC,
u DD, nepneHAUKYJIAPHBI K OCHOBaHuAM, OTciona cJaemy-
er, uT0 AA, 1 AB, T. e. 60KOBas rpanst AA,B;B — npsamo-
yroapHUK. To yKe caMoe MOJKHO CKasaTbhb M 00 OCTaJIbHBIX
60x0BBIX rpaHax. Takum o6pasoM, MBI OOOCHOBAHU CIEeXY-
10Ijee CBOMCTBO IIPAMOYIOJBHOI'O Mapajiesenunesna;

1°. B npaMoyroJsHOM NapaJiiejienunene Bce
HIeCTh rpaHed — MPAMOYTOJBHHKH,

IlonynmocKocT, B KOTOPBIX PACIIOJIOXKEHBI
CMEJKHBIE TPaHU Iapajjleflenuliefa, o0pasyioT ABYIpaH-
HElE€ YIJIBI, KOTOPBhIe HA3BLIBAIOTCA ABYIPDAHHBIMM YrJaMH
TmapaaJesenunena.

IoxaxXuTe caMOCTOATENBHO, UTO:

2°, Bce aByrpaHHBIE YIVIBI HPAMOYTOJIBHOTO
HapaJjuieienunena — npAaMsIe.

Temeps pacCMOTPHM OJHO U3 CaMBIX 3ameua-
TeJBHBIX CBOHCTB NPAMOYTOJLHOIO IapaJjesieluiiena.

Jamue Tpex pedep, IMEOIUX OOIIVI0 BEepIIH-
HY, HA30BEM H3MEPEeHWAMM HODPAMOYFOJBLHOTO Hapajiee-
nunega. Hampumep, y napannenenumneza, n3o0paskeHHOT0
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Ha pUcyHKe 64, B KaueCcTBe M3MeDEHMIT MOMHO B3ATH IJIH-
Hbl pebep AB, AD u AA,.

B oOwitenHO# ImpakTHMKe, roBOpA O pasMepax
KOMHAaTBl, MMelomeidl GopMy NpsAMOyroabHOro mnapaiie-
JlenuIIeia, BMECTO CJI0BA «M3MEDPEHHUS» UCHOIbL3YIOT O0BIY-
HO CJIOB& «[JJMHa», «IHUPHHA» M «BBICOTa» KOMHATHI. flc-
HO, 4TO AJWHA, ITMPHHA M BBICOTA KOMHATHI — 3TO M €CTh
ee M3MepeHu.

IIpexxne uem chopMyJIUpOBATH CBOMCTEO mHa-
paJUiesielNNesa, CBASAHHOE C er0 M3MePEeHHAMU, BCIO-
MHUM, 9TO B NPAMOYrOJBHUKE KBAJPAT AWATOHAIH pPaBeH
CyMME€ KBaApaTOB CMEKHBIX CTOPOH.

JIMHBI CMEXKHBIX CTOPOH MOXXHO HA3BAThH W3-
MePeHUSMHU NPAMOYrOJBHUKA, U IOITOMY KBaApaT JHATO-
HAJY OPAMOYIOJBHUKA PaBeH CyMMe KBaJApPaToB ABYX €ro
uamepenuid. OKaspiBaeTCsa, aHAJNOTHMYHEIM CBOHMCTBOM OG-
agaeT M IPSIMOYTOJIbHBIR Iapajieienues.

Teopema

i A

Kpagpar auaroHaau npsamoyroJbHOr0 Iapajuieenuiena

PaBeH cymMMe KBaJpPaTOB TPEX ero U3MepeHMii.

JokazarenncrBo

OGparumcs k pHcyHKY 64, Ha KoTOpoM wm30-
6paxen napawrenenunes ABCDA,B,C,D,, 1 1oKaMeM, 94T

AC? AB? AD? AAZ.

Tax kax pe6po CC, mepHEHAUKYIAPHO K OCHO-
.Ba"u0 ABCD, To yron ACC, npsmoii. I3 npaMoyroapHoro
Tpeyronbauka ACC, no reopeme IIudaropa monyuaem

ACE  AC? cCcCt.

Ho AC — pumaronanas npamoyronstkuxa ABCD,
noaromy AC? = AB® + AD?. Kpowme roro, CC, = AA,. Crego-
BarenbHo, AC? = AB®? + AD®? + AA2. Teopema noKazana.

Caencreue

JAnaroHaJ M NPAMOYroJbLHOrO Napajjielenunesa PaBHBL

IIpsmoyronereiil napanienenunesi, y KoTopo-
ro Bce TpPU HM3MEPeHHsA paBHBI, HA3bIBaeTCa Kyb6om. Bce
rpanu Kyb6a — pasHBIe ADPYr APYry KBaipaThl.

25% TpexrpaHUbIA Yo
Paccmorpum Tpu ayua ¢ o6mum Havasom O —
OA, OB u OC, He nexamue B OJHON MJIOCKOCTH. Purypa,
cocroawasn us yrios AOB, BOC, COA u ux BHYTPEeHHHX 00-
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JmacTel, Ha3bIBaeTcA TpexrpaHHbim yraom OABC, a yrasaH-

HBIE YIJVIBI — IIJOCKHMMH YIJIAMH 3TOI'0 TPEeXrpaHHOro yr.na.'

JokasxkeM, 4TO KAMKABIM IIOCKMHA yroJ Tpex-
TPaHHOTO YIia MeHbIle CYMMBbI ABYX APYrHX IJIOCKHMX yI-
aoB. Paccmorpum rpexrpaHHbiil yroa OABC u AjiA onpeje-
sennoct Oygem cumTarh, uro ZBOC > LAOC > LAOB.
HocraTtouHo pokasaTs, uTo LBOC < LZAOB + LAOC (06B-
AcunTe mnodemy). Beam <ZBOC = LZAOB, 710 crpaseniu-
BOCTb 3TOT'O0 HePaBEeHCTBA OUEBHIHA. B IPOTWBHOM cJIydae
(£BOC > LAQOB) nocTynIum Tax.

Ha nyuye BC mBpifepeM TouKy M Takx, 4TOOHI
yron MOB okazancs paBaEbniM yray AOB (puc. 65, a). Ilo-
ckoabky £BOC > ZAOB, 1o Touka M 6Gyxer JeKaTh M-
ay roukamu B u C. Tanee, Ha ayue OA OTJOXKUM OTDEIOK
ON = OM. Tpeyroapauxku BON u BOM paBHEL IO [IEPBOMY
IPHU3HAKY PABEHCTBA TPEYrOJbLHUKOR, noaromy BN = BM.

B rtpeyroabauke BCN wumeem: BM + MC =
= BC < BN + NC = BM + NC, orxyna Haxogum: MC < NC.

Paszoruwem asyrpannsrii yroa ¢ pedbpom OC rax,
uTo6pl TOUKKM M, N, O u C oKazanucsk JexRaliuMi B OfAHOMI
TJIOCKOCTHA, K IpoBegeM Ouccexktpucy OD TpeyroJsHU-
ka MON (puc. 65, 6). IlockoapKy Tpeyronsauk MON —
paBHOGepeHHDBIH, TO 0Tpe3ok OD ABAAETCs ero MeIuaHon
u BbIcoTO#H: MD = DN, OD | MN. Takum o6pasoMm, mps-
maAa OD npoxoiuT 4Yepes cepeauHY CTOpPOoHbBI MN Tpe-
yroasHUKa MNC 1 nepneHAMKYIApPHA K 3TOH CTOpOHE.
CrnegoBaTenbHo, OHA IepeceKaeT OOJILIIYIO U3 ¢TOpoH MC
u NC (mpoxaxxkute aT0), T.e. cropoRy NC. Iloatomy
ZMOC < ZNOC. O6paruMmcsa Tenepb K pucyHRY 65, a.
Mgsr Bugum, 4TO

ZBOC = ZMOB + £MOC =
= ZLAOB + ZMOC < LAOB + ZNOC = LAOB + LAOC,

yTo A TpeﬁOBaJIOCL AOKa3aThb.

26% MHOrorpaHHsIii yroJ

PaccMoTpuM ¢GUrypy, COCTABIEHHYIO M3 YIJIOB
AOA,, A,04,, ..., A JOA, 1 ux BHyTPeHHUX obJsacTeil Tax,
4yTOo ¢cMekHBIe YyIabl (T. e. yrabsl A,0A, u A,04,, ..., A,04,
u A,04,) He JexaT B OOHOH IJIOCKOCTH, a4 HECMEXKHBIe
yriael (¢ MX BHYTPEHHHUMH O0JACTAMH) HE MMeEIOT O0IIuX
Touex. Takaa durypa Ha3bIBaeTCsd MHOTOTPAHHBIM YIJIOM
OAA, ... A,, yribl, 43 KOTOPHIX COCTABJIEH STOT MHOIOrpaH-
HBIN YTOJI, — TLIOCKMMH yraamu, gyuu OA;, OA,, ..., OA, —
pe6pamu, a Touka O — BepMIMHOM 3TOI0 MHOTOIPDAHHOTO
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yraa. lIpumMepoM MHOrOrpaHHOTO yrJja SABASETCA TPeX-
rPaHHBIHA YTOJI.

MHororpauHsblii yroJ Ha3bIBaeTCHd BBIMYKJIIBIM,
€CJH OH JIEKHUT II0 OHY CTOPOHY OT IJIOCKOCTH KaKAOTo
M3 CBOMX IIJIOCKHMX VIJOB. B 4YacTHOCTH, TpeXT'PaHHBINA
yroJg — BLIOYKJABIN (0OBACHHTE MMOUEMY).

JdoraxeM, 4TO OaA Jd000r0 BEINYKJOrO MHO-
rorpaHHOTO YIJIa CYIeCTBYeT ILJIOCKOCTh, NepeceKaromas
Bce ero pebpa. Paccmorpum pebpa OA;, m OA, MHOTrOTpaH-
HoTO yraa OA A, ... A,. HHockogbKy naHHBI MHOTOrpaH-
HBIH YroJ — BBIDYKJBIM, TO TOYUKHU A,, ..., A, Jexxar Mo
OJHY CTOpPOHY OT mjaockocTn (OAA,.

IIpoBemem cpexuiolo auunio BC TpeyrojibHH-
ka OA,A, (puc. 66) u BeiOepem u3 pebGep OA;, ..., OA, TO
pebpo OA;, aiA KOTOPOro BeJmdnHa gByrpansoro yria OBCA,
HMeeT HauMMeHblllee 3HadeHMe (HA DPUCYHKE I'pPaHM 3TOro
ABYTDAHHOI'O yIjla 3aKkpalieHnl). PaccMOTpHUM MIOJYILIOC-
KocTb ¢ rpaHuues BC, genanyro gByrpanusiii yroan OBCA,
Ha JBa OBYTDAHHBIX yIJia (HA PHUCYHKe 3Ta MOJYILJIOCKOCTh
He u3olpasxkeHa). Bce BepmuHH A, ..., A, JeXKaT 00 OJHY
CTOPOHY OT ILJIOCKOCTM (!, COOEPJKaIle 3Ty IIOJYILIOC-
KOCTh, a TouKa O — IO APYIYI0 CTOPOHY OT ILTOCKOCTH O
(obbsacHUTEe nouemy). CrenoBaTesnbHO, TMJAOCKOCTHL O T€pe-
cexaeT Bce pebpa OA,, ..., OA,. YTBepKAeHNE TOKA3aHO.

) BrinykJjible MHOTOrpaHHBIE YIJBL 006J1a7a10T
elrie OJHHM BA’KHBIM CBOMCTBOM.

TeopeMa

£t o 4’“,;;:«»#",

CyMMa INIOCKHUX YIJIOB BI:IHYKJIOI‘O MHOI‘OI‘paHHOI’O yraa

menbme 360°.

HokaszareabeTBO

PaccMoTpuM BBITIYKJIBIET MHOMOTPaHHBIM yroi
¢ BepmuHOi O 1 NpoBeEM ILJIOCKOCTD, IIEePECEKANIIYIO Bee
ero peGpa B HEKOTODHIX TOUKaxX A,, As, ..., 4, (puc. 67).
fcHO, 4TO MHOTOYTONEEUK A A, ... A, — BEINYKABIHA. IMeem

LAOA, + LALOA; + ... + LA OA, =
=(180° - LOA.A, — ZOAA) + (180° — LOA,A; — LOAA) + ...
«. +(180° - ZOA, A, — ZOAA) =
=180°.n - (LOA, A, + LOA,A,) — (LOA,A, + LOAA;) — ...
—(LOAA, |+ LOALA).
Ho cymma IBYX OJIOCKHUX YIJIOB TPEXI'PAHHOTO
yriaa 60Jbiie TPETHEro IIOCKOro yria (cM. n. 25), mostomy
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ZOAA, + LOAL Ay > LAA A, ...,
ZOAA, ,+ L0AA, > LA, A, A,.

CJIe].IOBaTeJILHO, HCKOMAasdA CYyMMa MEHEBIIIe, YeM

180° - n — (LA, A A, + ZAAA, + ... + LA, AA)=

166

167

168

169

170

171

172

173

174

175
176

=180°-n - 180° - (n ~ 2) = 360°.

Teopema mokxasaHa.

Saiaun

HenepneHuKyJIApHBIE IIOCKOCTH O M 3 mepecekaioTes mo mpamoii MN.
B miiockoets P U3 Toukn A mpoBeAEH NepHeHAUKYAAD AB K npamMoit MN
M U3 TOM »Xe TOUKU A IIpoBefeH IMepheHAUKYIAp AC K IJIOCKOCTH O.
Hoxamxkure, uro ZABC — jauHelHBEIN yroJ gsyrpaasoro yriaa AMNC.
B rerpasape DABC Bce peGpa pasHEI, Touka M — cepenmua pebpa AC.
Noxamure, uro ~ DM B — auHeWHBIE yroa gsyrpauHoro yria BACD.
JlByrpaHHslit yrosg paBed ¢. Ha oxHOH rpadHy 3TOTO yria JEMHKHUT TOUKA,
yaaleHHada Ha paccTosHue d OT IJIOCKOCTH aApyro#l rpamu. Hadigure
paccTosaHue 0T 3T0H TOYKHK OO0 pebpa ABYrpamHOro yriaa.

Jlaubpl ABa OBYTrpaHHBIX yrJja, V KOTOPBIX OJHA I'PaHb o6maa:‘ a nIBe
IPyrHe TPaHU ABJISIOTCA PA3JTUYHBIMH MOJYILIOCKOCTAMM OZHOH IIIoC-
Koctu., Jorkaxmre, 4TO CyMMa STHX ABYIDAHHEIX YrJjoB pasHa 180°.
U3 pepmmmabt B TpeyroasHuka ABC, cropona AC KOTOPOTO JEXHT
B MJIOCKOCTH O, MPOBEAEeH K 5TOH IIJIOCKOCTH MMEepHeHAuKyIsap BB;.
HaiianTe paccTossHMa OT TOUKH B 10 npaMoi AC u 10 ILIOCKOCTH O,
eciu AB = 2 ¢M, £ BAC = 150° u aeyrpannslit yroa BACB, paBen 45°.
I'mmoTeHys3a HPAMOYTOJLHOTO PABHOOEAPEHHOTrO TPEYTOJBLHAKA JIEKUT
B IIJIOCKOCTH O, 4 KaTeT HAKJOHEH K 3TOoH IJocKocTHa mox yraoMm 30°.
Haiigure yron Mekny ILTOCKOCTBIO (0 M ILIOCKOCTBIO TPEYTOJABHUKA.
Karer AC npsaMOyrojbHOTO TpeyroiasHuka ABC ¢ npAMuIM yriaoMm C Je-
JKHT B IIJIOCKOCTH O, a YToJl MeXKAY mIockocTamu o u ABC pasen 60°.
Haiigure paccroanme or Touku B mo miockoctm o, ecau AC =5 cwm,
AB =13 cm.

Pe6po CD Terpasapa ABCD nepueHamKyasipHo K miaockocra ABC,
AB = BC =AC =6, BD=3+7. Haiigure oByrpanusle yrawl DACB,
DABC, BDCA.

Haiiaure aByrpamusiii yron ABCD rerpasgpa ABCD, ecnu yrast DAB,
DAC u ACB upsameie, AC = CB =5, DB =54/5.

JlorakuTe, YT eCnNK Bce pebpa TeTpaspapa PaBHbLI, TO BCE €r0 ABYrpaH-
HBIe YIVIBI TakXe paBHBI. Haiigure 3Tm yIJIHL.

Yepes cropony AD pom6a ABCD mnpoBeneHa miaockocts ADM Tak, 4To
IsyrpaHubii yron BADM pasen 60°. Hakngure cropony pomGa, ecam
Z BAD = 45° u paccrosuue oT Touku B po mnockoctu ADM paBHO 4\/'5.

Heoprew iy rapeioens.
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185

,I[ozcamm*e, YTO IJIOCKOCTh, NEPHEHAWKYJIADPHAA K NDPAMOMN, IO KOTO-
poil mepeceKaTcA ABe AaHHLIE IMJOCKOCTH, NEPHEHIHUKYIAPHA K Kax-
IO M3 3THX INJIOCKOCTeiA.

IlnockoeT O ¥ [ B3aMMHO MEPHEHIMKYJISAPHBI M IEPECEeKaloTcsa II0
upamoi c. [okaxkure, uro aobas npaMas ILIOCKOCTHA O, IepHeHAUKY-
JAPHASA K IOPAMOH ¢, NEPIeHAMKYJApHA K ILIOCKocTH [.

Pemenue ‘
IIpoBeseM B IJIOCKOCTH . IIPOU3BOJBHYI IpAMYyio AC, mepneHAUKY-
napHyio K npamoit ¢, C € ¢. loxkaxem, uro CA L B.

B mnockoctu f wepes rouxy C nposeaeM npamywo CB, mepnenauKyasap-
Hyio k npamoii ¢. Tak kak CA L cu CB 1 ¢, To LZACB — nuHeHHBIH
YTOoJ OZHOrO U3 NBYTPAHHBIX YIJIOB, 00pa3OBaHHBIX ILJIOCKOCTAMM O M
B. Ilo ycnoeuio samaum o L B, mosromy ZACB — mpamoii, T. e.
CA 1 CB. Takum of6pasom, npamasa CA NepueHIUKYJAAPHA K JIBYM Ie-
pecexaomuMcs IpaAMEIM ¢ 1 CB 1mwrockocru B, mosromy CA L B.
IlnockocTn o 1 § B3aMMHO TIEPIEHAUKYAADHBI. Yepes HEKOTOPYIO TOY-
Ky TJIOCKOCTH O IPOBEAEHA NpAMAsi, ePIeHIUKYAIpHAs K IIocKocTH f.
Jlokaxxute, 4TO 3Ta OpAMAA JEHKHUT B ILJIOCKOCTH L.

JokaxkuTte, YTO MJIOCKOCThL ¥ He JIEXKAIaA B Heil npaMad, IepHeHIu-
KYJAPHBIE K OOHOH W TOH *Ke IJIOCKOCTH, MapajijieIbHEL.

TInockoctn o 1 [ mepecekatores no opsamoit a. Y3 Toukn M npoBeAeHBI
nepneHIuKyAApsl MA u MB cOOTBETCTBEHHO K ILIOCKOCTAM o u . IIps-
Mad a nepeceKkaeT miIocKocTb AMB B rouke C. Hokaxure, uto MC L a.
IlnockocTy O U B B3aMMHO NEPIEHAUKYJIAPHBI M IEPECEKAIOTCS IO
npamoii a. Us touxkm M mnpoBeneHbl nepueHAMKyaapsl MA n MB
K 8THM miIockKocTaM. IIpamas a mepecekaeT ILIOCKOCTL AMB B Tou-
ke C. a) JlokaxuTte, 4To 4eTHIPeXyroabHUK ACBM sBisieTca npamo-
yroapEUKOM. 0) HaliguTte paccroanue or Toukd M mo npamoii a, eciu
AM =m, BM =n.

IIrockocTu O m [ mepecexarTcsa IO IPAMOH 4 M IEepHEHIUKYISPHLI
K maockKoctd Y. JlokaskuTe, 4TO IpAMAad @ NEePHEHIUKYIAPHA K ILIOC-
KOCTH Y.

Qbmasn cropona AB rpeyronsaukos ABC u ABD pasua 10 cm. ILnocko-
CTH 5THX TPEYroJIbHWKOB B3aMMHO IrepneH uKyaapubsl. Hatinute CD,
eCJIi TPeyroJbHUKU: a) PaBHOCTODPOHHHE; §) IPAMOYTOJbLHBEIE PaBHO-
OexpeHHBle ¢ I'UIIOTEHY30H AB.

IIpavana a He MEPHEeHAUKYJISAPHA K ILJIOCKOCTH . J[oKaxuTe, UTO CY-
mIECTBYeT IJIOCKOCTH, NPOXOAAIIAf 4depe3 NPAMYIO d U IIepHeHIuKY-
JAPHAA K IIJIOCKOCTH Ol

Pemenne

Yepes npon3BOJIbHYIO TOYKY M 1pamoii ¢ npoBeeM IPAMYIO P, mep-
NEeHJUKYJAIPHYI0 K JIOCKOCTHU (f, U PACCMOTPHUM ILIOCKOCTH 3, IMPOXO-
IAYIO Yepe3 OpAMbie ¢ ¥ p. IInocKocTs B sBAAETCA MCKOMOM, Tak
KaK OHa IPOXOJUT UYepes MPAMYIO a4 M [0 IPW3HAKY NMEepPHeHIUKYIAD-
HOCTH JBYX IIJIOCKOCTEH TEPIeHAMKYJIAPHA K IJIOCKOCTH O.
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Hokarkure, UTO CYIIECTBYET, H IIPHTOM TOJIbKQ OJHA, IPAMAsi, Iepece-
Kaioias JBe JaHHbIe CKPEHIMBAOINNAecHA IPAMLIEe @ U b 1 IepIeHguKY-
napHad K KaKJOoM U3 HUuX.

Pemienue

PaccMoTpuM ILI0CKOCTE Of, IPOXOAAILYIO YEPEe3 NPAMYIO 4 YU Napalieib-
Hylo npamoil b. Uepes npsamble @ u b IIpoBefeM HJIOCKOCTH B u y Tak,
yrobel B Lo u Y1 o (3agaua 185). MToxaskure CaMOCTOATENBHO, YTO
IpaMaa p, 10 KOTOPOA IMEepPeCeKaloTCs ILUIOCKOCTH P u Y, MCKoMasd.
HokaxeM, 4YTO p — eAMHCTBEHHadA MNOpPAMAad,
YAOBJIETBOPAKIIAA YCAOBUIO 3aaaun. IIpeano-
JOXHMM, 4YTO CYIIECTBYIOT ABe mHpaAMbie A,B,;
u A,B,, nepecekamlinue JaHHBIE CKPEIIABaIO-
mueca NpAMbIE @ U b U HepIeHAUKYJISIPHBIE
K Kamgofd ua uux (puc. 68). IIpameie A,B,
u A,B, IEepOeHAUKYJSADHBI K ILJIOCKOCTH
(o0bACHHMTEe moOYeMy), IIO9TOMY OHHU Napai-
sgensHBL. OTCIOZA CIEAYeT, UTO CKPEI[HBAIOLIHe-
cHd IpsMble a B b JeXar B OJHOHM IJIOCKOCTH,
YTO IPOTHBODEUYHT OLPEAENIeHUI0 CKPEelInBal0-
IIUXCA HOPAMBIX.

Haiizure nuaronajp IpAMOYTOJLHOTO TTapadjefiennnea, €caIu ero
uaMepeHusa paBHbl: a) 1, 1, 2; 6) 8, 9, 12; B) V39, 7, 9.
Pebpo ryba paBHo a. Haiigure amaroxHanr xyba.

Haiigure paccrosnure or BepUIMHEL Ky0Ga M0 ILJIOCKOCTH JOOOM rpaHu,
B KOTOpOI He JEXKHUT 3T4 BEePIIMHA, ecJii: a) AUAaroHaj s I'paHu Kyda
paBHa m; ©) amaroHanab Kyba pasBHa d.

Hau xy6 ABCDA,B,C,D,. Haiiaure cleayionine IByrpaHHbIe YIJIbL
a) ABB,C; 6) ADD,B; B) ABB,K, rie K — cepenuna pebpa A,D,.
Haur xy6 ABCDA,B,C,D,. Hokaxnre, uro nmockoctu ABC, n A, B,D
HEePHeHINKYIAPHEL.

HaiiguTe TaHreHC yria Mex[y AUATOHAJLIO Ky6a K ILIOCKOCTBIO OGHOIH
U3 ero rpaseH.

B npsmoyronpuom napannenenunease ABCDA.B,C,D, zavo: DB =d,
AC=m, AB=n. Halizure paccrosHme wmexay: a) mpsamoii A,C,
¥ miaockocThio ABC; 6) mmockoctamu ABB, n DCC,; B) upamoit DD,
u mnockocTeio ACC,.

Pebpo xy6a paBHO a. HaiiguTe paccTodHNe MeXIY CKPEIUBAIOINMMU-
¢ [OPAMBIMU, COJep)XalmuMH: a) aAuaroHans Kyba um pebpo KyOa;
0) zumaroHasb Kyba M AuMarcHaJ b rpaHH Ky0a.

HaiiguTe H3Meperusa IIpAMOYTroJILHOTO napasienenunena ABCDA,B,C,D,,
ecnu AC, =12 em u auarowans BD, cocTaBiaseT ¢ IIOCKOCTBIO T'PaHH
AA,D,\D yron B 30°, a ¢ pe6bpom DD, — yrox B 45°,

HNzobpasure kyd6 ABCDA,B,C,D, n nocTpoiiTe ero cedeHue IIOCKOCTHIO,
IpoxoasAlei yepes: a) pebpo AA, ¥ NMEPHEHAUKYJIAPHOM K ILJIOCKOCTH

-Bl B, b

Puc. 68

BB,D;; 6) pebpo AB u nepneHIukynapuoil ® muockoctu CDA,.

56 Heprewsusurapaeeens

FYNOWLEN W IO e e el



10

197
198

199

200

201

Boupocsl k raxase 1

BepHO 1H yTBep:KIAeHUE: €CJIM JBE NIPAMbIE B IPOCTPAHCTBE IEPIEHIN-
KYJAPHBI K TpeThell IpAMOM, TO 3TH IPAMBIE TapayieabHEbl? BepHO Jn
ATO VTBEDPKAEHUE IIPH YCIOBUU, UYTO BCe TPM IPAMBIE JIeXKaT B OXHOI
IUIOCKOCTH?

Ilapannenbubie MpAMBIE b U ¢ JE€HKAT B MIOCKOCTH (!, a IpAMAas d mep-
MeHIUKYISpHa K mpsamoit b. BepHo jm yTBep)kAeHUe: a) upsMad a
NepIeHAHKYNAPHA K IPAMOH ¢; 6) IpAMasd @ IepeceKaeT MIOCKOCTb O?
Ilpamasa a mepHneHJIUKYJASPHA K IUIOCKOCTH O, a IpAMafg b He IepHeH-
IUKYJAPHA K 9T0M mIocKocTr, MoryT Jam npamseie @ 1 b OBITH mapad-
JIeTBHBIMU?

TIpamaa a mapaiienbHa IJIOCKOCTU O, 4 NpAMad b meprneHZUKYJIAPHA
K 3TOH nmaocxocT. BepHO jin YTBEpsKAEeHHME, UTO IPAMBIe a U b B3auM-
HO TEePIeHIHKYJIAPHBI?

Ilpamaa a mapaniensHa NJIOCKOCTH O, a OpAMas b mepnesAMKyJIApPHA
K aro#i nmockocru. CylmecTByeT JH upsAMad, IepONeHAUKYIADHAA
K TIpSAMBIM a u b?

BepHo 1M yTEEpKAeHNE, UTO BCE NPAMLIe, TEPHOCHAUKYIAPHLIE K JaH-
HOM IJOCKOCTH H IEePeCEKAIoINe AaHHYI0 NMPAMYIO, JieXaT B OFHON
IJIOCKOCTH ?

MoryT au ABe TIJIOCKOCTH, KaKAas N3 KOTOPBIX IEpIeHJUKYJIApHaA
K TpeTbel NJIOCKOCTH, OBLITH: a) NapalJeJbHBIMH [JIOCKOCTIMU;
0) NepHeHAMKYIAPHLIMHM IIJIOCKOCTAMM?

MoxxHO 1 yepes TOUKY NPOCTPAHCTBA MPOBECTH TPHU IIJIOCKOCTH, KaXK-
Able ABe M3 KOTOPEIX B3aMMHO HEPIEeHAHKYISAPHEI? -
IuaroHans KBagpaTa NepHeHIUKYAAPHA K HEKOTOPOH nockocrn. Kax
pacmoJio)KeHa Apyras AUWaroHaJAb KBaJpaTa TI0 OTHOWIEHWIO K BTOH
ILJIoCKOCTHA?

CKONpKO JBYT'PAHHEIX YIVIOB HMeEET: a) TerpasAp; 6) mapanneienuunen?

JIOI I0.THUTe/ILHBIE 3a/TauH

OTtpesox BM nepneHAUKYJAspeH K IJIOCKOCTH IpaMoyroabHuka ABCD.
Horasxkure, uro npamas CD nepneHAUKYJASpHA K Imaockoctu MBC.
Touxa A JeKHUT B IJIOCKOCTH O, a TOYKa B yrajieHa OT 9TO# IJIOCKOCTH
Ha paccrosuue 9 cm. Touxa M genur orpe3oxk AB B orHomeHuu 4 : 5,
cumrada oT Toukn A. Hafigure paccTroanne oT TOYKK M 0 IJIOCKOCTH O.
Touxa S paBHOyZajleHA OT BepIIWH IPAMOYTOJBHOIO TPEYTOJbHHUEKA
¥ He JIEXXUT B IJIOCKOCTH 3TOTO TPeyroibHMKa. [loKaskmuTe, 4YTO HpHA-
Maa SM, roe M — cepeluHA I'MIOTEHY3L, NePIEHAUKYIAPHA K ILJIOC-
KOCTH TPEYTroJIbHUKA.

OokaxkuTte, uTo J100ad TOUKA IPAMOI, KOTOpAs IIPOXOAUT Yepe3 IEeHTpP
OKPY’KHOCTH, OIIMCAHHON OKOJI0 MHOTOYTOJILHHKA, M IIEPIeHANKYJIAD-
Ha K ILJIOCKOCTH MHOTOVroJLHUKA, PABHOYAAJEHA OT BEpIIMH 5TOr0
MHOTOYTOJLHEKA.

Haiizure yros MeXIy CKpeLIUBAMOILIMMHCA NpaMbiMu AB u PQ, ecan
TouKHA P H @ paBHOYJZAJEHBI OT KOHIOB oTpeska AB.
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TouKka yzadeHa OT KaXA0H U3 BEPIIWH NIPAMOYTOJAbHOI0 TPEYTOJbHUKA
Ha paccrosHue 10 cM. Ha KaKoM paccTOSHHUU OT ILJIOCKOCTH TPEyroJib-
HHMKA HAXOANTCS 9TA TOYKA, €C/IM MeAUudHa, IPOBeieHHAd K IMIOTEeHY-
3e, paBHa 5 cm?

Yepes medrp O oKpyKHOCTH, BIHCAHHON B TpeyrojabHuK ABC, mpose-
geua upamad OK, nepueHIUKYAApHAs K IJIOCKOCTH TPEYTOJBLHUKA.
Haiigure paccroamme oT ToOuku K g0 CTOPOH TpPeYroJLHHUKA, €CJIH
AB=BC=10cm, AC=12 c™m, OK = 4 cM.

IIpsamasa OM nepneHAUKYIAPHA K INIOCKOCTH MPABUJIBHOIO TPEYTOJNb-
Huka ABC W mpoxoguT uepes meHTp O 3Toro rpeyrojbpHuKa, OM = a,
£ZMCO = ¢. Haiigure: a) paccrodanme or TOUKH M 10 KaXKZo# U3 Bep-
miuH Tpeyroabauka ABC 1 no npameix AB, BC u CA; 6) AJUHY OKPYXK-
HOCTH, OIMMCAHHOM OKOJIO Tpeyroabauka ABC; B) miIomaib TpeyrojabHU-
Ka ABC.

Yepes Bepiinuy C npaMoro yria OpaMOYIOJBHOrO TpeyroabHuka ABC
npoeefena npamMasg CD, neprneHAUKYIAPHAS K MJIOCKOCTH 3TOrO Tpe-
yroabHuka. Hafigute maomans TpeyronbHuKa ABD, ecnu CA = 3 oM,
CB=2pgm, CD=1 gm.

CTopoHBI TPEyroJbHUKA paBHEI 17 cM, 15 cm m 8 cm. Yepes Bepiuu-
HY A MeHBIIIET0 yIJa TPeyroJBHWKA NpoBeaeHa mpamaa AM, nepreH-
JAUKYNApPHAA K ero miaockoctTu. OnpenennTe pacecTOAHHE OT TOUKH M
OO IPAMOM, COep)Kalleii MEHbINYIO CTOPOHY TPEYTOJBHUKA, €CJIH H3-
BeCcTHO, uto AM = 20 cm.

B Ttpeyroxbnuxe ABC mano: AB = BC =13 cm, AC = 10 cm. Touxka M
yaanena or upaMeix AB, BC u AC Ha 8% cm. Haligure paccrossHue oT

rouku M mo niaockoctu ABC, ecsu ee NpOeKIUA Ha 3TY IJIOCKOCTD Jie-
SKUT BHYTPHU TPEyrOJbHHKA.

M3 touxn K, ymaJeHHOH OT IJIOCKOCTH O Ha 9 cM, IpoBefleHEbl K ILJIOC-
KOCTH ¢ HaKJOHHBIe KL m KM, obpasyiomue MexxAy cobOM IpaMoOH
YroJj, a € IJIOCKOCTBhIO 00 — yribkl B 45° 1 30° coorBercTBerHo. Haiinu-
Te orpe3zoxk LM.

¥Yrael MmexKAy paBHbiMu @ oTpeakamm AB n AC
U IJIOCKOCTBIO (1, IPOXOASIeii uepes TOUKY A, paB-
HBI cooTBeTcTBeHHO 40° M 50°. CpaBHuUTE paccTosn-
HHA oT ToueK B m C jo mjaockocTu O.

Ha pucyure 69 aeyrpaumbie yrasl HABP u PABQ
paBHEI. [[oKasKUTe, YTO KAaMIAA TOUYKA ILJIOCKOCTH
ABP pasHoynanesa ot mjaockocreit ABH n ABQ.
[In1ockocTn IIpAaBHUJABHOrO TpeyroasHuKa KDM
u kBagpata KMNP B3aMMHO IIepPHeHIMKYJIADHE.
Haignre DN, ecaim KM = a.

Tourka C sBagerca mpoeknued Touxkm D Ha 1aoc-
KocTh TpeyrojbHuKa ABC. Jloka)kute, 4TO ILJIO-

maasL TpeyroasHuka ABD pasHa , Tae
cos a Puc. 69
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S — nnomans TpeyronbHuka ABC, a 00 — yroJ MeKOy IOCKOCTAMH
ABC u ABD.

IIpaBunsesie TpeyroasHUKE ABC u DBC paclioyioskeHbl Tak, UTO Bep-
mrHa D npoeKTHpyeTcesa B LeHTp Tpeyroabauka ABC. Beruucaure yrona
MEXY IJIOCKOCTAMM 3THX TPEYroJbHUKOB.

IIpoeknueit npamoyroabanka ABCD Ha MI0CKOCTH O ABJASETCA KBaj-
paT ABC,D,. Beruucanre yroJa ¢ MeXRIY MJIOCKOCTBI O U IIOCKOCTBHIO
npamoyroabEuka ABCD, eciu AB : BC=1: 2.

Iapannenbuspie npameie AB u CD nexxar B pasHBIX I'PaHAX ABYTPAaHHO-
ro yria, pasHoro 60°. Touxkm A ¥ D ynpajaeHBl oT pebpa ABYrpaHHOTO
yrja COOTBeTCTBEHHO Ha 8 cMm u 6,5 cm. Haiiaiure paccrosHue Mexny
npameiMu AB u CD.

Touku A m B nexar Ha pebpe JaHHOTO ABYrPAHHOTO yIJja, PaBHOTO
120°. Orpesxu AC u BD mpoBefeHLL B PASHBIX MPAHAX U IEPICHINKY-
JAPHBI K pebpy AByrpaHHoro yriya. Haiiaure otpesoxk CD, ecan
AB=AC=BD=a.

Cymma nmomazeil Tpex rpameil NMpAMOYTOJLHOTO Iapajjeenunena,
HMeIOIIuX OOLIYIO BepIIUHY, pasHa 404 am?%, a ero pebpa mpomopriuo-
HaJbHBI uncaaMm 3, 7 u 8. Haiiaure guaroHans napajieienuuesa.



I'masa III
Muororpanauku

IlonatTme muororpanramka. lIpusma

27 Tlousrtue MHOIOrpaAHHMKA

B rnase I MBI paccMOTpEIN TETPAsAp M IapaJi-
JleJIeNUIIel: TETPas[p — MOBEPXHOCThL, COCTABJIIEHHAA U3
YeThIpeX TPeyroabHUKOB (puc. 70, a), mapaanenenunesn —
MOBEePXHOCTh, COCTABJIEHHANA M3 LIECTH IapaejIoTpaMMOB
(puc. 70, 6). Kaxaasa us aTHX MOBEPXHOCTEH OrpaHUYHBA-
eT HeKOTOpOoe TeOMEeTPUUYECKOE TeJNo, OTAENAET 3TO TEJIO OT
OCTaJBbHON YacTH NIPOCTPAHCTBA.

IloBepxHOCTE, COCTABNEHHYI0O M3 MHOI'OYIOJb-
HAKOB W OrPAHAYHUBAIOIIYI0O HEKOTODPOEe TeOMeTPHYeCKOe
TeJio, 6yaeM Ha3LIBATH MHOTOTDAHHOM ITOBEPXHOCTHIO WJIHN
MHOTOTPAaHHMKOM. Terpasxp um napajjiesenununej — IIPH-
Mepbl MHOTOrPaHHUKOB. Ha pucyHke 71 mM300pa’keH erre
OZWH MHOTOTPAHHMK — OKTasap. OH cocTaBjieH U3 BOCHMU
TpeyroiabHUKOB. Tejo, orpaHHYeHHOE MHOI'OrDAHHUKOM,
.4aCTO TaK)Ke HABEIBAIOT MHOTOTPaHHHUKOM.

MEHoroyroJbpHNKH, H3 KOTOPBIX COCTaBJIeH MHO-
TOrpaHHUK, HA3LIBAIOTCA ero rpanamu”’. I'paHamu TeTpa-
3ipa M OKTasjipa MABAAOTCA TpeyroabHuku (puc. 70, a Hapannenenuner,
u 71), rpaHaMu napaJijiesieUNefa — OapajleJIorPaMMbl  Pye. 70
(puc. 70, 6). Cropomsl rpaHell HaswIBAWOTCA pebpaMu,
a KOHIB! pefep — BepHIMHAMM MHOrorpaHHuka. OTpes’ok,
COeINHAIINNA ABe BEPIIMHLI, HE NPHUHAAJEKAIIUE OJHOM
rpaHH, HA3LIBAETCH AHATOHAJNBIO MHOrOrpaunuka. Ilmoc-
KOCTb, II0 00e CTOPOHBI OT KOTOPOH MMEIOTCA TOYKHM MHOTO-
rPaHHUKA, HABLIBAETCH CeKyuled ILJIOCKOCTBIO, a obmas
YacTh MHOMOTPAHHHKA U CEKYIIEH IIJIOCKOCTH — CeYeHHeM
MHOTOTPaHHUKA.

MuororpaHHuKM GHIBalOT BBIMYKJIbIE M HEBBI-
nykJbie. MHOrorpaHHMK Ha3bIBAETCHA BBIMYKJBIM, €CJIU OH
pacIojyoXkeH MO OLHY CTODOHY OT ILJIOCKOCTH KAaMKJIOH ero
rpauau. Terpasap, mapaiiejenunes ¥ OKTasAp — BEIIYK-  Puc. 71

TeTpasaap

OkTasnp

*
Hpn 3TOM IIpeAarnoJaaraercda, 4YTO HHUKaAKWE J[JB€ CoCeAHHue I'paHu
MHOI'OTPAHHHKAa He JIe)XaT B OJHOH ILJIOCKOCTH.
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Jble MHOrorpanHEWKH. Ha pucyHKe (2 u300pakKeH HEBBI-
OYKJABI MHOTOTDAHHHUK.

fcHo, YTO BCe rpaHM BBIOYKJOTO MHOI'OT'pPaH-
HUKa ABJAKTCA BHIOYKJIBIMH MHOroyroJbHuKamu. OrTme-
THM TAKXe, UTO B BHIMYKJIOM MHOTOrpaHHHEKE CyMMa Bcex
IVIOCKMX YIJIOB IIPH KAMKAOH ero BepuInHe MeHbme 360°
(cMm. m. 26). Pucysok 73 mosicHAeT 8TO yTBEDP:KAeHNE: MHO-
rOTpaHHHUE «pa3pes3aH» BHOJb pefep M BCce €ro rpaHu ¢ 00-
mieil BepmuHO# A pa3BepHYTHI TaK, YTO OKAa3aJUCh pacmo-
JOMEHHBIMM B OJHOH IJocKocTH O. Buaxo, 4To cymma
BCeX TJIOCKUX YIJIOB IIPW BepIIUHe A, T. €. ¢ + @y + 03,
MeHbIne 360°.

28% I'eomerpuuecKoe TeJio

MEI OTMETHIH, UTO MHOTOIDAHHUK Or'DAHUYHU-
BaeT HEKOTODOE reOMETPHYECKOEe TeJ0. ¥ TOUHUM [OHATHE
reOMeTPHYEeCKOT0 TeJa.

Touxa M HasbIBaeTCA rPAHWYHOH TOUYKOU HaH-
HO# ¢urypsl F, eciii cpeiu CKOJb YIOAHO OJIHU3KUX K Hell
ToueK (BKJIOUAA €€ caMy) eCcTh TOUKH, KaK IpHHAJJexa-
e ¢uUrype, TaK M He NpHHAAJeXKAI[He ei. MHOMKecTBO
BCEX FPAHUYHBIX TOYEK (PUIyphI HA3LIBAETCA €€ TPAHHLEH.
Tak, HampuMep, I'paHUIlel mapa ABaAeTcs chepa.

Touka GUTryphl, He ABAAIOIIAACA I'DAHHUYHOM,
HaspIBaeTCs BHYTpPeHHel Toukoil ¢urypel. HKampaas
BHYTPEHHASA TOUKA UI'YPHI XapaKTepU3yeTcd TEM, UTO
BCe MJOCTATOYHO OaM3KMe K HeM TOYKH IIPOCTPAHCTBA
TaK)Ke mpuHaAiexaT durype. Tak, mobada Touka mapa,
He jexkamad Ha cepe — ero rpaHulle, ABJIAeTCA BHYT-
peHHeHN TOUKOM Iapa.

durypa Ha3bIBAeTCS OTPAHMUYEHHOM, €CIH ee
MOXKHO 3aKJKYUTh B KaKyio-HuOyas chepy. OueBmano,
map, TEeTPasip, napajlielienuies — orpaHndeHHble Qury-
PbI, & IpPAMAas M IJIOCKOCTh — HEOIDAHWUYEHHEIE.

durypa Ha3bIBaeTCS CBA3HOM, eciau JO0OBIe
ABe ee TOYKHM MOKHO COSIHHHUTHL HEIPEepPhIBHOU MUHUEH,
meJMKOM TpHHagJAexalnel manuoil ¢urype. Ilpumepamu
CBASHBEIX (uryp saABasiorcsa terpasgp (cm. pwme. 70, a),
napannenenunes (cm. puc. 70, 6), oxrasgp (cMm. puc. 71),
IJIOCKOCTh. Purypa, cocrosimad N3 JBYX NDapajjIeNbHBIX
IUTOCKOCTel, He ABAAETCA CBAIHOM.

leomeTpuyeckuM TeaoM (MJIH IIPOCTO TEJOM)
HABBLIBAIOT OTPAHUYEHHYIO CBA3HYIO (UIYypPy B IPOCTPAHCT-
Be, KOTOPAas COZEPYKUT BCe CBOM I'PaHHUUHBIE TOUKH, IPpUYEM
CKOJIb YyrofgHo OAM3Ke OT Jio0oil rpaHMYHON TOUKM HAXO-
IATCSA BHYTPEHHME TOYKU GQUryphl, I'paHumy Tena Ha3BIBA-
0T TAKMKE €r0 IOBEPXHOCTHIO M T'OBOPSAT, YTO HNOBEPXHOCTH
OTpAaHMYMBAET TeJO.
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ITnockocTh, 0 00e CTOPOHBI OT KOTOPOil MMe-
I0TCS TOYKHM JAaHHOTO Tejia, Ha3bIBAeTCHA CeKylleH ILIoc-
KocTeio. Purypa, Koropasa o0pasyercs Ipu HepecedeHHH
Tella IJIOCKOCTBhIO (T. e. oDIIad 4acTh Tejga M CeKyIlei
IIJIOCKOCTH), HA3LIBAETCH CeYeHMeM TeJa.

29% Teopema Jiurepa
Ceituac MbI JOKa)KeM YAUBUTEIbHYIO TEOPEMY,
CBS3aHHYIO C UMeHeM BRIfalomnierocs Marematuka Jleonap-
Ja Jdunepa (1707—1783), mpeimapiia mo IPOUCXOXKAE-
HUIO, OOJIBIIVIO YacTh KHU3HKA paborasiuero B Poccuu.

Teopema

£ SRIN ot L 2 O A S I N AT R T VR RO
B aio6oM BRIDNyKJOM MHOTOrpaHHMKE CyMMAa 4McHaa Tpa-
Hell M YMclIa BEePIIHH GOJblIe YHCIa pebep Ha 2.

JdorkaszaTeiasCcTBO

PaceMOTPUM IIPOM3BOMBHBIN BBINMTYKJIBIH MHO-
TOrpaHHWK, UMeOniuil ¢ BepmiuH, [ rpaHeil u k peGep.
HoxameMm, uro f+e — k= 2.

Bribepem npom3BONBLHYIO TpaHb (G, OTMETHM
KaKyoo-HuOyab TouKy M ee BHYTpeHHEH 0061acTH M IIpoBe-
leM U3 Hee Jyd /i, IepPHEeHANKYJISAPHBINA K IJIOCKOCTHA 3TOM

TPaHu ¥ JieKalluil II0 Ty CTOPOHY OT Hee, II0 KOTOPYIO HET
' TOYEK MHOTOI'PAHHHKa. EC/AM IJIOCKOCTH KakKux-aubo Apy-
rux rpaHeil mepecekaioT Jyd h, To BEIOepeM Ha HEM TOY-
ky O, gexaimyio Mmexay M u Onmxaiimeit kK M Toukoi
nnepecevdeHNd; B IIPOTHBHOM cCJy4Yae BO3bMEM B KauecTBe
Touky O NPOUBBOJILHYIO TOUYKY Jyua h (pmc. 74). Torza
Touka O OKaKeTcH JiesKaled Mmo Ty »Ke CTOPOHY OT ILIOC-
KOCTH KaMJAO0ii rpaHM MHOrOrpaHHHKA, OTJIWYHON or G,
YTO M caM MHOIOTPAHHHUK. Puc. 74
YnanuMm teneps rpans G. B pesynbTaTe mosay-
YUM MHOTOTPAHHYVIO IIOBEPXHOCTL F, HMEIOUIYIO Te Xe ped-
Pa ¥ BEpPUINHBI, YTO M HCXOAHBIA MHOTOTPAHHHUEK, YHCJIO
rpaHeii Koropoii paBHO [ — 1. JI060it sryu ¢ Hagaiom O 1me-

PecekaeT MOBEPXHOCTh F He 6osiee ueM B ofHOHA TouKe (IO-
CKOJILKY IIOCJIe TepeceueHMs JYydoM NOBepXHOCTH F OH ".

«YyXO04HT» B TO NOJYIPOCTPAHCTBO, B KOTOPOM TOYEK HO-

BepxHOCTH F HeT). [IpuMem TouKy O 3a IIEHTD IPOEKTHPO-
BaHUA U PACCMOTPUM IIEHTPAJLHYIO IIPOEKIIHMIO NOBEPXHO- .
ctu F Ha muockocts rpau G (puc. 75; rpaEs G Ha aToM ‘
pucyHke ns3obpaskeHa B yBeamueHHOM Macmitabe). OHa

mmpeacTaBasier coboi rpads (G, cocTapaeHHylo U3 f — 1 BBI-  Puc. 75
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OYKJABIX MHOTOYTOJABHHKOB — IIPOEKIHIl OCTANLHBIX TI'pa-
Hel (OKaKHUTe, YTO 9T MHOTOYTOJBHHKM — BBINYKJBIE),
Yucno BepUIMH 3THUX MHOIOYTOJBHHMKOB PAaBHO €, a 4HUCJIO
cTOpoH paBHO k. EcJM mpoBecTH IHUATOHANL KaKOTO-HU-
OYIb M3 HUX, TO YHCJO BEPIIUH HE N3MEHHUTCA, YMCIO MHO-
FOyTOJLHUKOB YBEJIUYUTCH HA 1, YHUCIO CTOPOH TaKXMe yBe-
JAYRTC Ha 1, MOSTOMY PA3HOCTD YMCJIA MHOTOYTOJILHUKOB
¥ YMCcIa CTOPOH He uaMmenuTcdA (cM. puc. 75). Cnenosaresb-
HO, €CJIM Ka)XABIH MHOrOYrOJbHUK pPasieUTh AUATOHAJS-
MHA Ha TPeYTOABHUKHU, TO TpaHb (G OKaKeTcd pasieeHHOH
Ha ' TpeyroJLHUKOB ¢ ¢  BepInuHAMH H kB CTOpOHaAMHU,
HpuYeM

f+e-FKF=(f-D+e—-k.

IIycts n — uucno cropou rpanu G. Kampabrii
¥3 TPEYTrOJIBHHUKOB HMEET TPH CTOPOHBI, [I03TOMY 4MCJIO0 K

MeHbIle yncia 3f° Ha 4UCI0 CTOPOH, KaKAad M3 KOTOPBIX
NPUHAMJICKAT OJHOBPDEMEHHO ABYM TPEYroJbHUKAM, T. €.

Ha kB - n:
E=3f"-(k-n)
Orcioga noJsayuaeMm: n = 2k — 3f".
CyMMa yriioB BceX TpeYroJbHUKOB, € OJHOI
CTOpOHEL, paBHa [+ 180°, ¢ Apyroil — cyMme yIiIOB 71-yroJib-

HNKa G maoc 360°, yMHOMKEHHBIX Ha 4YHCJIO € — n Bep-
LINH, JeXalux Bayrpu G:

f - 180°=(n — 2) - 180° + 360° - (¢" — n).
Orcroa HaxXOoguUM
ff=2¢~n-2=2¢-2F - 3f) -2,

T.e.f'+e-kK=1.Hof +& -k =(f~1) +e - k. Cnefio-
BaTenwHo, [+ ¢ — Bk = 2. Teopema moxasaHa.

30 Ipusma

PaccmorprM JBa paBHBIX MHOTOYTOJBHHUKA
AA,... A, u BB, ... B,, pacCniojlo;KeHHHIX B NapaJJIeIbHBIX
IJIOCKOCTAX O U P Tak, 4To oTrpesku A,B,, A.B,, ..., A,B,,
COeAUHAOIINE COOTBETCTBEHHLIE BEPIIUHEI MHOTOYIOJIb-
HUKOB, nHapajnejbHul (puc. 76). Kamxabli us n yersipex-
YTOJILHUKOB

AAyBy By, AyA3 BBy, ..., A,AB,B, 1)
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IIprama. MHoroyronpHUKH
A4y ...A, u BBy.. B, —
ocHoBaHWUsA npusmsel. ITapas-
aenorpaMMbl AAyByBy, ...,
A, A BB, — 60KOBbLIe I DaHK

Puc. 76
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apaiiIeaorp , UMe€eT IIO0II -
napasnjiejbHble POTHUBOLOJOMHBIE CTOpPOHEI. Hamnpumep,
B UeTHIPeXyroibHuKe A,A,B,B, croporsl A, B, u A,B, na-
paiIedbHEL II0 YCJOBHIO, a CTOpoHBl A A, u B,B, — no
CBOVMICTBY MapajljielIbHBIX IMJOCKOCTeil, IepeceyedHbIX
TpeTheil mjaockocreio (m. 11).

MHororpaHHMK, COCTaBJIEHHBIN M3 OBYX PaB-
HbIX MHOTOYIOJBHHKOB AA, ... A, u B,B, ... B,, pacroJo-
MEHHBIX B IapajJieIbHBIX ILIOCKOCTAX, ¥ 7 Iapajsieso-
rpaMMoB (1), HaspiBaeTcA mpusMoit (cM. puc. 76).

MuoroyroapbHuUKH A A, ... A, n B|B, ... B, Ha-
3BIBAKOTCA OCHOBAHMAMM, a IapaJjjexorpaMmsl (1) — 6o-
KOBBIMHM rpaHaMu npuamel. Orpesku A,B,, A,B,, ..., A,B,
Ha3bIBAIOTCA OOKOBBIMH peOpaMH IPH3MbI. T pebpa Kak
[IPOTHBOIOJOMKHBIE CTOPOHE! IIapajajenorpamMmos (1), no-
CJIeAOBATEJBHO IPHUJOMKEHHEIX JPYr K JpPYTYy, DaBHHI
u napajnenbHbl. Ilpusmy c¢ ocHoBaHHAMH A.A4, ... A4,
u BB, ... B, obosHayawoT AA, ... A, BB, ... B, u Ha3bI-
BaIOT n-yrojasuol mpusmoii. Ha pucynke 77 usobpakeHsl
TPeyroAbHaA M INEeCTHYroJIbHad NOPU3Mbl, a Ha DPHCYH-
Ke 70, 6 — ueThIpexXyroJbHas IpU3Ma, ABIAIONIAACA Ia-
payie enunes oM,

IMepneH MK YAADP, TPOBEIEHHLIH M3 KaKOi-HU-
fyAb TOYKH OJHOTO OCHOBAHUSA K IIOCKOCTH JPYI'Oro OCHO-
 BaHHHA, HAa3bIBAETCA BBICOTOH IIPH3MBI.

Ecnu 6okoBbie pefpa NIpH3MLlI NEPIEHIHKY-
JIADHEl K OCHOBAHUAM, TO IPHN3Ma HASLIBAETCA MNPAMOM,
B TIPOTHBHOM CJy4ae — HAKJIOHHOW. Bricota npamoii
IpHE3MBI paBHa ee GOKOBOMY Debpy.

IIpaMass mpu3Ma HA3LIBAETCHA NPABUIBLHOM,
eclI ee OCHOBAaHWSA — HPaBUJIbHbBIE MHOTOYTOJNBHUKH.
Y rtakoii npusMbl Bce GOKOBBIe I'DaHH — PaBHEIE IIPAMO-
yroabHEHKY (00bsiciuTe nouemy). Ha pucyuke 77 uzobpa-
JKeHa NpaBUWIbHAA MIeCTHYIOJbHAA NPH3MA.

ILxouaneio MOJHON NOBEPXHOCTM IPU3MBbI Ha-
3BLIBAETCA CYMMa ILIOINAZAEH BCeX ee TpaHell, a MIoIWAaAbIO
OOKOBOM TOBEpPXHOCTHM NPHM3MbI — CyMMAa ILJOINafed ee
6oxoBbix rpaseii. Ilmomaas S,,,, NOJHOM ITOBEPXHOCTH

BRIpA)Kaercs uYepes ILIOUIALb S, GOKOBOH NOBEPXHOCTH
¥ miomags S, OCHOBAHHUSA TPU3MBI POPMYJION

Som = Seox T 28ca-

Hoxkaxxem TeopeMy O ILjoniagy O0KOBOH IIOBEPX-
HOCTH INPAMOH HPUSMEI,
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Teopema

R R R
IInomaner 60KOBOH MOBEPXHOCTH
NPOH3BeJeHNI0 TePHMeTPA OCHOBAHHA HA BBICOTY NIPH3MBI.

JokazaTeabecTBO

BokoBrle rpaHu nOpaMOl NPUBME — MPAMO-
YIOJBHHKH, OCHOBAHMNA KOTOPBIX — CTOPOHBI OCHOBAHMHA
MPU3MbI, 8 BBICOTHI PABHLI BbIcOTe A mpuambl. Iliounians
OOKOBOII TIOBEPXHOCTH MPH3MLI paBHA CyMMe mJolnaneit
YKa3aHHBIX NIPSMOYTOJbHHUKOB, T. €. PABHA CyMMe IIDOM3-
BeJeHHU CTOPOH OCHOBAHWA Ha BbICOTY A. BmIHOCA MHO-
SKuTenb h 3a CKOBKU, MOJIYUYUM B CKOOKAX CYMMY CTOPOH
OCHOBaHUA NPU3MEIL, T. €. ero nepumerp P. Urak, S, = Ph.
Teopema mokxasaHa.

00K

31* IlpocrpancreedHan teopema IImdgaropa
Pemum cuauana TaKyIO 3a/7auy.

3anaua
HaiiTu nuiomage S, npaAMOyroasHON HPOCKIIH

MHOTOYTOJIBHUKA C ILIOHIAABI0 S Ha ILIOCKOCTh ¢, €CJIH
YTOJ MEKAY IJIOCKOCThIO MHOTOYI'OJIBHUKA H ILIOCKOCTBIO O
paser ¢ (0° < ¢ < 90°).

Pemenue

a) Haunwem c¢ Toro cayuas, Korma [AaHHBIH
MHOTOYTOJBHUEK SBJSETCA TPEYroIbHUKOM, OJHA M3 CTO-

POH KOTOPOTO JIEMKUT B ILIOCKOCTH O. O6paTuMcsa K PHCYH-
Ky 78, a, Ha KoTopoM cTopoHa A B tpeyroanauka A BC ne-
JKHT B IJOCKOCTH O, 0Tpe3ok CC, — nepneHAVKYJISAp, OPo-

BelleHHBIH 13 TouKu C K IJIOCKOCTH (f, W, CJIENOBATEJIbHO, :
Tpeyrosibank ABC, — npoexknusa TtpeyroabHuka ABC Ha ‘
3Ty maockocth. Ilycte otpesok C,H — BBICOTA TPEYTOJbLHHU-
ka ABC,. Torga orpesok CH — Bwicora Tpeyroapuura A BC
(1o TeopeMe O Tpex mepHeHAHUKYJspax), a LCHC, = ¢ (00B-
ACHUTe ToueMy). Tax Kax 8)

SL:%AB-CIH, S=%AB-CH, C,H =CH - cos o,

TO

S, =8 - cos @. (2)

6) Ecau cropoHa AB JaHHOrO TpPeEyroJbHU-

2)

Ka ABC mapajjiesnbHa NJIOCKOCTH O (puc. 78, 6; Ha 3TOM  pye. 78
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pucyHKe TpeyroJdbHUK A,B,C, — mpoeKuusa TpeyroJbHU-
ka ABC, nnockocts ABC, napainejbHa NJIOCKOCTH (L),
TO, COrJIACHO AOKA3aHHOMY, ILJIOIIAaLb TpeyroiabHuka ABC,
paBHa S - cos ¢. Ho tpeyronsHuk ABC, paBeH TpeyroJb-
HUKY A,B,C, (IoKakuTe 9T0), IOITOMY €r0 ILI0Ialb PaB-
Ha S,. TakumM 06pa3oM, U B 3TOM Ciayuae ILJIOMIAAL S, IPO-
eknun tpeyronbHurka ABC ¢ niomanbio S BBIpakaeTcs
dopmyion (2).

B) PaccMoTpuM, HaKoOHeN, NOPOMUIBOJLHLIHN
MHOTOYTOJBLHUK C Taomazsio S. Pazobnem ero Ha Tpe-
yToJabHUKU. Ecau HM OgHA W3 CTOPOH KAKOTO0-TO U3 HHAX
He IIapajuiesJbHAa ILIOCKOCTH O U He JeXKUT B Heil, To paso-
0beM 9TOT TPEYTOJLHHUK Ha ABAa TPEYrOJbHHKaA OTPE3KOM,
MPOBEIEHHBIM Yepe3 OMHY W3 ero BEepIINH MapajesbHO
njaockocru o (puc. 78, 8), aubo B caMoOB IJIOCKOCTH O
(puc. 78, 2). Bripazuv miomaib OPOEKIUH KasKAOro Tpe-
YroJILHUKA 10 GopMmyJie (2) U cJI0MKUM 3TH mjomaigu. Bel-
Hecsa 3a CKOOKM OOUIUH MHOMKHTEIb COS (¢, IIOJYYHM
B cKOOKaX CYMMY IJOINAaJAed TPeYroJbHHKOB, T. €. ILIO-
magbk S JaHHOTO MHOI'OYrOJbHUKA. TaKuM o0pazoM, IIo-
manb S; IPOeKIMH MHOTOYTOJbHHKA BbIpakaercsa Gop-
mysoi (2).

Bocmonbayemeda sTUM [AJA  I0KA3aTeNLCTBA
YTBED/KAEHUA, MOJYYUBIIEr0o HasBaHWE NPOCTPAHCTBEH-
Haa TeopeMa Ilucgaropa.

Teopema

EA TS R RO R B G
Ec.nn BCe ILIOCKHE YIJIbI IIPH o,zmon u3 BEPIINH TeTpasd-
pa — nmpaMble, TO KBAApPAT NJOUIAAH TPAHH, APOTHBOJE-
Jamieil 3Toil BepuIMHe, PABEH CyMMe KBaJAPATOB IJIONIA-
xeil ocTaJIBbHBIX IpaHeii.

HokazaTeJbcTBO

PaccmorpuM Tetrpasap OABC, B KOTOpOM
ZAOB = ZBOC = LCOA =90°. Ilyets S¢y, S4s Sp u S —
mwiomann rpeyroabEukoe OAB, OBC, OCA u ABC, o, B,
Y — BeJMYVHBI ABYIPaHHBIX yrjoB ¢ pebpamum AB, BC,
CA, Touka D — mpoeknusa Touku O Ha TJOCKOCTL IpaHy
ABC (puc. 79). ITockoaskry o < 90°, B < 90°, v < 90° (mgo-
Ka)KHUTe 9T0), TO TOuKa D JIeXUT BHYTPH TPEYTrOJbHUKA
ABC. Tpeyroapuuxun OAB, OBC u OCA aBasiioTcs MPOeK-
muamMu  rTpeyroasHuka ABC, 1nostomy S, =S cosq,
S,=Scos B, Sz=S cos .

Tpeyronsauku ABD, BCD u CAD aABadamTcA
npoerknuamu rpeyroabHukoB OAB, OBC u OCA na nnoc-
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KocTe rpaiun ABC, mpuduem cymMMma IiaommaZed aTHUX
TPeYroABHUKOB PpaBHA Ijomanu S TpeyroasHuka ABC.
Takum obpasomM,

(S cos 0) - cos ot + (S cos PB) - cos B + (S cos Y) - cos Y=

=S (cos® o+ cos® B + cos® 1) = S.

CrenosaTestHo, cos® a + cos® B + cos? y = 1. ITosTomy

Sc2 + SA2 + 532 =8 (COS2 o + cos’ B + cos® M= S

218

219

220

221

222

223

224

225

226

227

3%

TeopeMa mokasaHa.

3ajgaun

JlokaxxuTe, 4TO: a) y IpPAMOM NMPU3MBI Bce OOKOBBIE I'PAaHU — MPAMO-
YroJBHUKHN; 0) Y NPaBUJIbHOM NPU3SMLL Bce OOKOBEIe 'PaHU — DABHBIE
IPAMOYTOJbHUKH.

B npaMmoyrosprHOM mapaJjliesellHIefe CTOPOHbBI OCHOBAHUA DPaBHBI
12 cm m 5 cm. Juarosmans mapaJuieyienumnena odpasyeT ¢ IJIOCKOCTHIO
ocHoBaumsa yron B 45°. Halizute 6oxoBoe pebpo mapanienenunena.
OcHoBaHMeM MIPAMOTO Iapaliejenunena ABIAETCS poMb ¢ JuaroHamsd-
mu 10 ¢ u 24 cMm, a BricoTa napamienenunena pasaa 10 cm. Haitgure
00JIBIIYIO AMATOHAJIE MapaJlieJeNuIIesa.

CTopoHa OCHOBaHMA HPABUJIBHOM TPEYTroJbHON IpuaMbl paBHa 8 cm,
6oxoBOe peGpo paBHO 6 cm. HaiiguTe nioniaas ceuenusi, IPOXOAAIIETO
yepe3 CTOPOHY BEPXHEro OCHOBAHUA U TIPOTUBOJENKAIYI) BEPIIUHY
HIKHET0 OCHOBAHMA.

OcHOBaHMeM OpAMOI HpPHU3MBI ABJSETCH paBHOOEIApeHHAs Tpalelusd
¢ ocHoBaHuAME 25 cm u 9 cM u BeIicOoTOH 8 cm. Halimure gByrpaHHsie
yrael nIpu GOKOBBEIX pebpax HpPU3MEI.

Yepes JBa mMpoTUBONEKAIMMX pebpa KyOa MpoBe/ieHO cedeHUe, MJIOMIAb
KOoTOporo parHa 64 V2 em®. Haiigure pebpo Kyb6a U ero AHMATOHAJIL.
Jduaronajs OPABUJIBHOM UETHIDEXYTOJbHON IPU3MBI HAaKJOHeHa
K IJIOCKOCTH OCHOBaHuMA nof yraom 60°. HalizuTe nJomiazb cede-
HUSA, IPOXOAAIIETO Yepe3 CTOPOHY HIUXKHETO OCHOBAHUA M IIPOTHUBOJIE-
KAyl CTOPOHY BEPXHEro OCHOBAHMA, €CJAH OWAroHAJb OCHOBAHUSA
paBHa 4 V2 em.

Jduaronanp NpaBUWIbHON YeTHIPEXYTOJLHOH IIPH3MLL 00pasyer ¢ IJOC-
KOCTBIO GOKOBO# rpaHu yroia B 30°. Haiigure yros MexXay AMArOHAJLIO
U [JIOCKOCTHLIO OCHOBAHUS.

B npaBuiIbHOHM 4eThIPEXYTOJAbHON HPH3Me Yepesd AHuaroHaJJb OCHOBAHHA
MIPOBEAEHO CeYeHHKE IapasijieibHO AuaroHanu npuamel. Hakaurte mio-
IAaAb CeUeHU s, eCJIH CTOPOHA OCHOBAHUSA MPU3MEI paBHA 2 CM, & €€ BhbI-
cora paBHa 4 ¢Mm,

OcHoBaH1e MPU3MBI — MpPaBHUIbHEIH TpeyronpHHuK ABC. BoxoBoe pe6-
po AA, obpasyeT paBHBIe VIJIBI CO cTOpoHAMM ocHoBaHuA AC u AB.
Horamxure, uto: a) BC L AA,; 6) CC,B,B — npaAMOyroJbHUK.
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Ocnopanunem HakgoHHOH npuamel ABCA,B,C, aBndaerTca paBHOOeIpeH-
HBIE TpeyroabHuK ABC, B KOoTOpoM AC = AB =13 cMm, BC =10 cmM,
a 0oxoBoe pebpo mpu3aMbl 00pasyeT ¢ NJIOCKOCTBIO OCHOBAHMSA YIOJ
B 45°. [Ipoeknueii BepIIUHELL A, ABJIAETCA TOUKA IlepeceueHusd MeAUaH
rpeyroabEura ABC. Haiinure niomaas rpauu CC,B B.

B npaBuibHO#M 7-yroabHOH TIPpU3ME CTOPOHA OCHOBAHUA DABHA @ M BBICO-
Ta pasHa A. BeruucianTe miaormagu G0KOBOH U IOJHOM ITOBEPXHOCTH IIPHU3-
Mbl,ecan:a) n=3,a=10cm, A =15 ¢em;6) n=4,a =12 gm, h =8 am;
B) n=6,a=23cMm, h=5mm; r) n=5, a=0,4m, h =10 cMm.
OcHoBaHMe NpPAMOM MNPHU3MbI — TPEYTOJBHHUE €O CTOPOHAMHU S CM
n 3 cm u yruoMm B 120° mexkay Humu. HaunbGonsinas u3 mioiagei 6o-
KOBLIX rpaHeii pasHa 35 cm®. Haiigure miomaznb 60K0BOil ITOBEpXHO-
CTH TIPU3MBI.

CTOpOHBI OCHOBaHMA IPAMOTrO Iapajejenumnesa PaBHLI 8 ¢cM U 15 cMm
u o6pasyioT yroa B 60°. MeHbInasa u3 mioragelt JUaroHaJbLHEIX ceue-
Hui® paBHa 130 cm®, Haiigure miomass MOBEPXHOCTH NapaJljesIelniIesa.
Muaronans IpAMOYTOJABHOrO HapaJjjiesjennuinena, paBHas d, oOpasyer
¢ IJIOCKOCTBI0 OCHOBAHHUSA YIOJ P, a ¢ OZHONH M3 OOKOBBIX rpaHed —
yrox o. Hafigure niomaas 60KOBOM IMOBEPXHOCTH TapaJ.iesenuiens.
OcHoBanmeMm npamoil npusmel ABCA,B,C, aendaeTcd NpAMOYTOJbLHBLIH
TpeyrosbEUK ABC ¢ npambeiM yriaom B. Hepes pebpo BB, nmpoBejeHO
ceuenue BB,D,D, mepneHAuUKYAsApHOe K miaockoctu rpanm AA,C,C.
Haitaure omomanr cedenud, ecam AA, =10cm, AD =27 cMm,
DC =12 cm.

OcHoBaHMEeM HPAMON DPU3MEI ABIAETCA OPAMOYTOJLHBIH TpPeyroJib-
HHUK. Yepes cepefrHY TMIOTEHY3hI NIEPHEHINKYIAPHO K HEH NIpOBeke-
Ha IJocKocTb. HalimyuTe IIolagk cedeHnsd, ecan KaTeThl paBHB 20 cM
u 21 cm, a 60KoBOe pebpo paBHO 42 cM.

OcHOBaHMEM IPAMON TPUZMBI ABJIAETCA MIPAMOYTOABHBINA TPEyTroJb-
HUK C OCTPHIM yrjioM @. Uepes KaTeT, IPOTHBOJIEXKANIHI 3TOMY VLY,
M Yepes IPOTHBOIOJOMKHYI0 3DTOMY KaTeTy BepLINHY OCHOBAHHUA
OPOBEZIEHO CeYeHHe, COCTABJAINee yroj 0 ¢ MJIOCKOCTHE OCHOBA-
Husa. HafiguTe oTHOIeHHE IJIOIaAM GOKOBOIl IIOBEDXHOCTH MPHU3MbI
K TIJIOIIATYN CeueHMHs.

Jokaxkure, uTO miomanbs OOKOBOI IOBEPXHOCTH HAKJIOHHON IIPH3MBI
paBHA MPOM3BeJeHMI0 MEepUMeTpa IIePIeHAUKYJAPHOr0 CeYeHHA Ha
6oxoBOE pebpo.

Boxoroe pebpo HAKJIOHHOM UeTHIPEXYrOJIBHOH HpPH3MBI paBHO 12 cMm,
a NepneHIUKYJIAPHBIM CEeYeHHEM SBJIAETCA PoMO cO CTOpPOHOH D cM.
Haiigure niaomasp G0KOBOH IIOBEPXHOCTHA HPHU3MBEI.

®
CeueHnne napaniejelullefa Ha3blBAETCH [AUACOHAJBHBIM, €CJIH
OHO COJEPXXUT KAKYIO-HHOYIb ero Auaronanb u 00xOBOe pebpo.
*k o
IlepneHZNKYASAPHBIM CceYeHUEM HAKJOHHOW NPU3Mbl HA3bIBAETCA

ee cedeHHe IUIOCKOCTbIO, NEPHNEHAUKY.IAPHOU K OOKOBBIM pebpam
1 TepeceKawInei ux.



238 B vaxkaomHoH TpeyroJapHOI IpH3Me aABe OOKOBBIE T'PaHH B3aMMHO IIep-
MeHAUKYJIAPHBI, a X obmiee pebpo, oTCTOAIIEE OT IBYX APYrux GOKO-
BBIX pebep Ha 12 cm u 35 cm, paBuo 24 cMm. Haligure maomans 60Ko-
BOH IIOBEPXHOCTH NPU3MBI.

§ IInpamuga

32 Ilupamuna

Paccmorpum MHoTOyrONBHMK A4, ... A, H
TOUKY P, He JIeXKAILIYVI0 B MJIOCKOCTH 3TOTO MHOTOYIOJbBHU-
ra. CoeqmHUB TOYRY P orpeskaMu ¢ BepIIMHAMHU MHOTO-
VIOJIBHHMKA, IOJYYHM N TPEYroJXbHHUKOB (puc. 80):

PA,A,, PA,A,, ..., PAA,. (1)

MHororpanHuK, COCTAaBJAEHHBIA W3 N-yroJb-
HUKa AA, ... A, 1 n TpeyroabHUKOB (1), HA3KIBAETCA NH-
pamupgoii. MuOroyroabHuk A A, ... A, Ha3LIBAETCA OCHO-
BaHMEeM, a TPeyroJbHHKH (1) — GOKOBBIMH rpaHAMM  [Iupammia. MEHOroyrois-
nupamuabl. Touka P Has3bIBAETCHA BEPIIMHOH TTMpaMHIBI, HUK AdsAg . A, —
a orpeaku PA,, PA,, ..., PA, — ee GOKOBbLIMH peOpamm., OCHOBAHNE  IUDPAMMISL
Mupamuay c ocHosauuem A4, ... A, u Bepmunoit P o6o- XP;ZFOJ"’H“X“PA A%PA?
3HAYAIOT TaK: PAA, ... A, — U Ha3LIBAIOT N-yTOJbHOH foe ;a‘l'{;;, Pf_g;mo;;{;
nupamugoii. Ha pucyuake 81 m3o0paskeHBl Ye€THIPEXYIONb- O
Had U IIEeCTHUYTOJIbHAS muUpaMuibi. ScHO, UTO TpeyroJb- Pre. 80
Had mUpaMHEga — STO TETPas3Ap.

IlepneHAUKYAADP, TPOBEAEHHBIN M3 BEPIINHEI
OUpaMUALI K IIJOCKOCTH OCHOBAHWA, HA3LIBAETCS BBICOTOM
nupamuasl. Ha pucyuxe 80 orpesox PH saABJisgercs BHICO-
TONH mUpPaMHUILI.

I[Lrouranpio MOMHOH IOBEPXHOCTH NMHPAMHMIbI
HAa3bIBAETCA CYMMa ILIolajeli Bcex ee rpadeit (T. e. OCHO-
BaHUA U 60KOBEHIX Ipaueil), a Naomagsw0 060KOBOH NMOBEPX-
HOCTH IHMPAMHUILI — CyMMa ILIOmiajefl ee OOKOBBIX TIpa-
Hell. O4eBHAHO, S ., = Seox T Socu-

noJan

33 IlpaBuapnasa nmupaMmuaa

TlupaMuna HasbIBaeTcA NMPaBUJIBHOM, eciiu ee
OCHOBAHNE — IIPABHUJbLHBLIN MHOIOYTOJBHHK, a OTpPE3oK,
COEMUHAKIUA BepIIMHYy UUPAMBAEI C IEHTPOM OCHOBA-
HHA , ABIAETCA ee BbICOTOH (puc. 82). Puc. 81

*
Hal’IOMHI/IM, YTO UEHTPOM IIPaBUJIBHOTO MHOrIOYroJIbHUKA Ha3bl-
BaeTCA ILIeHTD BIMCAHHOW B HEro OKDYXHOCTH.
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Hoxaxkxem, uTO Bce O60KOBHIe pedpa IpaBHJIb-
HOM NMMPAaMHALL PaBHBI, a GOKOBBIC I'PAHM ABJIAITCA PaB-
HBIMHM pPaBHOOEIPEHHBIMH TPEYTrOJbHUKAMM.

Paccmotpum OPABUJIBHYIO OUPaAMULY
PAA,... A, (cm. puc. 82). CHauana HoKax»<eM, 4To Bce 60-
KOBBbIe pe0pa 9Toi nupaMuabl paBHH. Jli06oe 60xoBOE ped-
PO npeAcTaBageT cob0OM rMIOTEHY3Y MPAMOYTOJBHOTO Tpe-
YTOJBHUKA, OAHUM KaTeTOM KOTOPOTO CAYKUT BeIcoTa PO
NUPaMHABI, a APYICHMM — pPagHyC ONIHMCAHHOHM OKOJOQ OC-
HOBaHUA OKDPYXXHOCTH (Hanmpumep, 00koBoe pebpo PA;, —
runoTtenysa Ttpeyroabauka OPA;, B xotopom OP =1,
OA, = R). Ilo Teopeme Iludaropa mo6oe GOKOBOE pebpo

paBuo vh?2 R?, moaTomy
PA,=PA,=...=PA,.

Mge1 mokazanu, uTo G0KOBBIe pefpa OpaBU.Ib-
Ho#fl mupamugsl PA A, ... A, PaBHBI ADYT APYTY, MOITOMY
00KOBBIE T'DAHU — paBHOOeZPeHHEIe TPEYTroNbHUKHU. OCHO-
BaHUA 3TUX TPEYTOJLHUKOB TaKyKe PaBHBI APYT APYTy, Tak
Kak AA, ... A, — IpaBWIbHBIA MHOTOYTOJBHUK. CaegoBa-
TeJIbHO, OOKOBLIE I'PAaHM PABHEI 10 TPeTheMY IIPU3HAKY pa-
BEHCTBa TPEYTrOJHHHUKOB, UTO U TPeOGOBAJIOCH AOKA3aTh.

Bricora 60x0OBOH I'paHM NPABUJIBLHOM IHpaMM-
Ibl, IPOBeJeHHAA U3 ee BEpIIHHBI, Ha3bIiBaeTcA amodeMoi.
- Ha pucyrsxe 82 orpesok PE — ozHa us anodem. fcHo, uTo
Bce anodeMBl IPAaBMJIBHOH IIMpaMH/JbI PaBHBI APYT APYTY.

HokaxxemM TeopeMy O Iaomazu OOKOBOIl IIO-
BEPXHOCTH IPABUJALHOII MHUPaMUAELL.

Teopema

Hnomam, ﬁomonou nonepxnocfm I[paBPlJILHOH Impawm,um
paBHA MOJOBHHE IIPOM3BEJEHUS MePUMETPA OCHOBAHHA HA
anoctemy.

JlOKa3aTeaLCTRO

BokoBrle rpaHn NOpaBUIBHOM HPaAMHUALI —
paBHBIEe PaBHOGeIpeHHBIE TPEYTOJAbHUKU, OCHOBAHUA KOTO-
PBIX — CTOPOHBI OCHOBAHMA IUPAMHIBI, 4 BBHICOTHI PaBHEI
anogeme. ITnomane S 60KOBOM NMOBEPXHOCTH THUPAMUILL
paBHA CyMMe IpPOH3BeAEHHI CTOPOH OCHOBAHUSA Ha II0JIO-
BUHY anodeMsl d. BEIHOCS MHOMKUTETH %d 3a CKOOKH, IIO-

JYYUM B CKOOKax CyMMy CTODOH OCHOBAHWSA IHPaAMUABI,
T. e. ero nmepumerp. Teopema HoKasaHa.
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34 YceueHHas MUpPaAMU/IA

BoseMem npounssonbuyo nupaMuny PA.A, ... A,
¥ NPOBeJieM CEKYINYI0 ILIOCKOCTH [3, mapajielbHyIo LIOC-
KOCTH O, OCHOBAaHUA IINPaMUALI U IIE€PECEKaoIyio G0KOBbIie
pebpa B Toukax B,, B,, ..., B, (puc. 83). Ilnockocts B pas-
6uBaeT nMUpaMHEIY HA ABA MHOTOTDAHHWKA. MHOTOrpaHHUK,
rpaHAMUA KOTODOTO HABJAIOTCA 7-YrOJABHHUKH A A, ... A,
u BB, ... B, (AaM:XKHee U BepxHee OCHOBAHHA), PaCIOJO-
JKeHHbIe B MAPAJINENBHBEIX IIJIOCKOCTAX, M N 4YeThIpex-
yronbHUKOB AA,B,B,, AyA BB, ..., A,A BB, (6okoBbIe
TpaHHd), HA3LIBAETCHA YCEeUEeHHON mUpaMuuaoii.

Otpesku A,B,, A,B,, ..., A,B, HaswnIBamOTCA
OOKOBBIMH peOpaMH yCE€UeHHOH MHPaMHUAHI.

YceueHHYI0 MUPAMUAY C OCHOBAHUAMU A A, ... A,
u B,B,... B, ob6o3unauaror Tak: 4,A,... A,B,B,...B,.

IlepnenauKynap, NPOBeJeHHBLIA HN3 KaKOM-
HUOYAb TOYKH OJHOTO OCHOBAHMSA K ILIOCKOCTH APYIOro
OCHOBAHHKS, HA3LIBAETCHA BBICOTOH yCceueHHOW HOHUpaMHu- Yceuennaa nupamuaa
nel. Ha pucyuare 83 orpesdok CH siBIAeTCA BBICOTOH YC€-  Puc. 83
YeHHON NMUpaMHIBI.

JokaskeM, uTO GOKOBbLIE I'paHH yCeUeHHOMH NMHU-
pamunsl — tpanenun. PaccMoTpum, Hanmpumep, G0KOBYIO
rpaHb A,A,B,B, (cm. puc. 83). Croponst A;A, u BB, na-
pajieNbHEI, TTOCKOJNBKY IPUHALJIEXKAT MPSIMEIM, IIC KOTO-
PEIM ILTOCKOCT: PAA, TepeceKaeTcsi ¢ HapaieJbHBIME
mjockocrsamMu o u B. IBe apyrue crtopoHm A, B, u A,B,
3TOH I'DAaHU He NapaJUieNbLHLI — HX IPOAOIIKEHHS Iepece-
kaiorca B Touke P. IlosTomMy manHa#A rpaHb — Tpamenud.
AHaJIOr'MYHO MOXKHO JAOKa3aTh, UTO U OCTAJNbHBIe GOKOBbIE
rpaHy — Tpanenuu.

YceuenHad NHUpaMHAa HA3LIBACTCHA HPaBHIbL-
HOM, €cJli OHA IToJyYeHa CeYeHHEM NPaBHJILHOM IIHpPaMM-
Il IJIOCKOCTBIO, TMapajjejbHO#d ocHoBauHMUi0. OCHOBaHUSA
MpaBUJIbHON yCeueHHOI MHMpaMuAbl — IPABUJILHBIE MHOTO-
YIroJIbHHKKM, a OOKOBble I'DaHM — paBHOOeApPEeHHBIE Tpa-
menuu (KOKaKUTe 3T0). BRICOTHI 3TUX Tpalenuil Ha3bIBa-
oTca anodemamu. Ilnomansio 60KO0BOI NMOBEPXHOCTH yce-
YeHHOR IIMpaMHMABI HashlBaeTcd CyMMa IIomaged ee
OOKOBBIX TpaHeii.

Teopema

e A PR K : :
II.nom;am. 60KOBOI nonepxuoc'rn npammumu yceqe}mon
nupaMuabl paBHAa HPOHM3BEJEeHHIO MOJYCYMMBI II€PHUMET-
poOB ocHoBaHHMI Ha amnodemy.

V¥ JokamxuTre 5Ty TEOpeMy CaMOCTOATENbHO.
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OcHoBaHMeM IIHWpPaMHIbl ABJAsAeTcA poMd, CTODOHA KOTODPOr0 DaBHA
5 cM, a oHA M3 AumaroHajed parHa 8 cm. HatigunTe 00KOBBIe pefpa nu-
paMuIbl, €CJU BLICOTA €e NMPOXONUT Yepe3 TOUKY [IepeceueHus Auaro-
HaJeil OCHOBaHMA WM paBHA 7 cM.

OcHOBaHKMEM MHUPAMHALI ABJIAETCA IAapallIeJIOrPaMM, CTOPOHBI KOTO-
poro pasusl 20 cm u 36 ¢M, a maomans paBHa 360 cm®. Bricora mu-
pPaMHUIbI TPOXOAUT Yeped TOUKY MepecedeHUsA AuaroHaiedl OCHOBAHUSA
u pasHa 12 cv. Hailiznte miaomanr O0KOBOH IOBEPXHOCTH IHPA-
MUBI.

OcHOBaHHEM ITHPAMH/bI ABJSETCA HapasjejIoTPaMM CO CTOPOHAMY 5 M
¥ 4 M 7 MeHbIIEH AUAaroHanpio 3 M. BbIcoTa mupamMuabl IPOXOAUT ue-
pes TOUKy 1epeceueHud JHATOHANEH OCHOBAaHUA ¥ paBHa 2 M. Haiigure
ILJI0mMAAh MOJHOW MOBEPXHOCTH IHUPAMHIBI.

OcHOBaHMEM THPAMHIbLI ABJAETCA KBAAPaT, OAHO M3 OOKOBEIX pebep
NepNeHAUKYAAPHO K IUIOCKOCTH ocHoBaHuA. IInmockocTrs 60KOBOI rpa-
HY, HE IPOXOAAILeA Yepe3 BBICOTY IMHPAMHABI, HAKJOHEHA K IIJIOCKO-
cTu ocHoBaHuA mnox yriaoMm 45°. Hamboawburee 60xoBoe pebpo pasHO
12 cm. HaiiguTe: a) BBICOTY IUpaMuAbl; 0) mIoimaab OOKOBOH HOBEPX-
HOCTH HHPAMHIBI.

OcnopanueMm nupamunslt DABC saBisiercss TpeyrogbHuk ABC, y KOTO-
poro AB=AC =13 ¢cm, BC =10 cm; pebpo AD mnepuneHINKYJIAPHO
K IIJICCKOCTH OCHOBAHUA U paBHO 9 cMm. Haligure miiomane 60K0BO#H 110-
BEPXHOCTU IIHPAMHILI.

Ocnopaunem nupamMunbl DABC ABnseTcHs TPAMOYTOJBHBINA TPEYTOJIb-
HUK ABC, y KoToporo runoTenysa AB paBHa 29 cm, a kareT AC paBeH
21 cm. BokoBoe pebpo DA mepneHAMKYIAPHO K IJIOCKOCTH OCHOBA-
Hus U paeHo 20 cMm. Hajiznre mnomans OOKOBOI IIOBEPXHOCTH MHPA-
MUJIBI.

OcHOBaHHMEM OWPaAMHUABI ABJAAETCA NPAMOYTOJbHHK, THAroOHAAb KOTO-
poro paBHa 8 cM. IlnockocTu IBYX GOKOBBIX rpaHell mepneHAMKYJIISAp-
HBI K IIJIOCKOCTH OCHOBAHHS, a4 JABe Apyrue OOKOBEIe IPaHH 00pasyioT
¢ ocHoBaHueM yrJsl B 30° u 45°. Haiizure maoiiags IOBEPXHOCTH IIH-
paMHUbI.

Bricora TpeyroJsibHoO#i nupaMuabl paBHa 40 cM, a BeicoTa Kaxka0#i G0OKO-
BO¥l TIpaHH, IIPOBEJeHHAA M3 BePIIHUHBI NUpPaMHIABI, PABHaA 41 cM.
a) JokasKuTe, 4TO BHICOTA NMUPAMKALI IPOXOAUT uepe3 LEHTD OKPYIK-
HOCTH, BIIMCAHHOH B ee ocHoBaHue. 6) Hafigure naomiagk oCHOBaHUA
OUDAMHJILI, ECJIK €T0 IepuMeTp paBeH 42 cMm.

JByrpaHHkbie Ykl IpU OCHOBAHUHM IMHUPAMUBILI paBHbI. [JoKaXXKHTe, UTO!
a) BbICOTA NUPAMHABI HPOXOIMUT Yepe3 IeHTP OKPYKHOCTH, BIHCAH-
HOH B OCHOBaHHNE IIUpPaMujbl; 0) BBICOTHI BCexX OOKOBBIX T'paHeli, IIpo-
BeJleHHbIE M3 BEpPIIMHL OUPAMHILI, PABHBI; B) ILIOIIAAbL GOKOBOH IIO-
BEPXHOCTH MHPAMHUALI pPAaBHA IIOJOBMHE ITPOW3BeBEHUA IMepUMeTpa
OCHOBAHHWA Ha BHICOTY GOKOBOH I'DaHM, IIPOBEIEHHYIO M3 BEePIUUHE! IIH-
PaMUIEL.
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OcHoBaHuMeM MHPaMMHALI ABJAETCH TPEYrOJbBHUK CO CTOpoHaMu 12 cm,
10 cm u 10 cu. Kaxxaaa 60koBasd rpadb MHPaMUABl HAKJOHEHA K OCHO-
BaHHM0 1og yraom 45°. Hadigure nuomags 00KOBOH OBEPXHOCTH IH-
PaMUAEI.

B nupamupe Bce 6G0KOBEIE pedpa paBHB MeXxay coboil. JlokaxnTe, 4TO!
a) BBICOTA NMHPAMHUIBI TPOXOAUT UYepes3 IEeHTP OKPYKHOCTH, OMMCAH-
HOIT OK0JI0 ocHOBaHUA; 0) Bce OOKOBBIE pedpa NHpaMHILI COCTABIAIOT
paBHBIE YIJBI C NIJOCKOCTHI0O OCHOBAHMA.

OcHOBaHMEM mOHpaMuIbl ABJAAETCA DpaBHOOeIDEHHBIN TDEYFOJbHUK
c yriom 120°. BoxoBble pebpa o6pasyioT ¢ ee BLICOTOH, paBHO# 16 cmMm,
yrasl B 45°. HaliguTe mjaomajab OCHOBAHHA NMUPaMUAbI.

OcuoBanueMm mupamMuzbsl DABC aBasercs TPSAMOYrOJbHLIA TPEYyTOJb-
HUK ¢ runoreny3oit BC. BokoBble pebpa mupaMubl paBHbI APYT APY-
ry, a ee BbicoTa paBHa 12 cm. Hailinure 6oxoBoe pe6po nmupamMumkbl,
ecau BC = 10 cm.

OcuoBanmeMm numpaMmuisl DABC siisieTcsi paBHOOGEIPEeHHBIH TPEYTOJLHUK
ABC, B xoropom ctopoHsl AB u AC pasusi, BC = 6 cM, BeicoTa AH pas-
Ha 9 cM. M3BecTHO Takke, uro DA = DB = DC = 13 cm. Halignre BoICOTY
NHUPaMHUALBL,

OcHoBaHMeM NUpPAMHKJLI ABJIAETCH PaBHOOeJpeHHAA Tpalenus ¢ OCHO-
BannAMU 6 cM 1 46 cM 1 BeicoTolt 5 cm. Kaxaoe 6okoBoe pebpo nu-
paMuasl paBuHo 13 cM. HaiiauTe ee BHICOTY.

B nmpaBuabpHOI TpeyroJibHON NHpPaMujge CTOPOHA OCHOBAaHUA paBHA 4,
BeICOTA paBHAa H. Haligure: a) OokoBoe pebpo nupamuznsl; 6) nJoc-
KHH yTroJl mpHM BepPIIMHE NUPAMHIABI; B) YroJa MexXay 60KoBbIM pebd-
POM H MJIOCKOCTBIO OCHOBAHHS NUPaAMUABI; T') YroJ Mexay 00KOBOH
rPaHbI0 M OCHOBAHMEM MUPAMUILI; A) ABYIpPaHHBIM yroJs npu 60KO-
BOM pebpe mupaMUIBI.

B npaBmJabHOM TPEYroJbHOW NHUpPaMHuie CTOPOHA OCHOBaHHSA paBHA
8 cM, a nmIockuil yros mpu BepminHe paBeH ¢. Hailiaure BricoTy aToOd
A PAMUAIB.

B mpaBuiabHO# 4eTBIPEXYTOJLHON IMUpaMKAEe CTOPOHA OCHOBAHUS pPABHA
m, a IJIOCKMUI yroJ mpY BepIInHE paBeH o. Haifigure: a) BvICOTY mupa-
MHUOBI; 6) OGOKOBOe pPefpo mUpaMHIbI; B) yroJ MesXay OOKOBOH I'DaHLIO
¥ ILTOCKOCTBI0 OCHOBAHHA; I') ABYIPaHHBIH yroJs npu 06oxoBoMm pebpe
A PAMHAIBL.

BricoTa mpaBHJILHON TPEYTOJLHOU NUPaMHUALI paBHA A, a ABYrpaHHBIN
YyroJl Ipu CTOPOHE OCHOBaHUWA paBeH 45°. HaiiauTe niouagb mosepx-
HOCTHA NHPaMHIbI.

Boxopoe pebGpo mpaBHMJABHON YeThIPeXYroJbHOH IHUpaMuAbl o0pasyeT
yrox B 60° ¢ JIOCKOCTBIO OCHOBaHUA. HailiauTe Oa0IIags HOBEPXHOCTH
nupaMuAgbl, ecan OokoBoe pebpo paBHO 12 cm.

B mpaBnibHOM ueThIPEXYIOJbHON mHpaMuse CTOPOHA OCHOBAHUA paB-
Ha 6 ¢M, a yroJ HakJIOHa G0KOBOH I'paH# K IJOCKOCTU OCHOBAaHUA pa-
BeH 60°. Halizure 60K0OBoe peGpo mUpaMMIBI.
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B mpasunwHO# TpeyroabHol nupamune DABC uepes 60kosoe pebpo DC
1 BeIcOTY DO mnupaMupjbl NpoBeJeHa IJIOCKOCTL O. [okaxnure, uTo:
a) pebpo AB nepneHIWKYJISIPHO K MJIOCKOCTH (; 0) HePIeHIUKYIAD,
npoBeAeHHBIN w3 BepmuHbl C K anodeme rpanu ADB, aBjaseTcA mep-
NMeHAUKYJIAPOM K IiockocTtu ADB.

Jokasxure, 4TO B NpPaBHJIbLHOH TPEYroJIbHON NHPAMHAE CKPELIMBAIO-
muecda pe6pa B3aUMHO HNEPIEeHAUKYJIADPHEI.

Jokaxkure, 4TO MIOCKOCTH, IPOXOAAINAA UYepesd BHICOTY IPAaBUNABHOH
OUpaMUIbl M BhICOTY OOKOBOIl I'paHU, INepPHEeHAUKYIAPHA K IIJIOCKOCTH
60KOBOI IpaHuU.

B npasunsuo#it nupamugze MABCD touxku K, L u N nexaT coOTBeT-
cTBeHHO Ha peGpax BC, MC u AD, npuuem KN | BA, KL || BM.
a) IlocrpoiiTe ceyenrne HmUpaMHAbl ILIOCKOCTBI0O KLN # ompemenuTte
Bup ceuenusi. 6) Howraskure, uro naockocrs K LN mapaiienbHa IIJocC-
KoctTu AMB.

Hatigure nnomans GOKOBOH ITOBEPXHOCTH IIPABUJIBLHOM ITIECTUYIOJL-
HOH NUpaM#Zbl, €CJIM CTOPDOHA ee OCHOBAaHMA DaBHA d, a TIOIAAb 00-
KOBOH IpDaHU paBHA ILJIOIIARH CEeUeHUS, IPOBENEHHOTO Uepe3 BEpIIUHY
IHAPaMuALl ¥ OOJBINYI0 AUAroHaJAb OCHOBAHUA.

B npasBuabHOU TpeyrosbHON nupaMune SO0KoBoe peOpo HAKJIOHEHO K ILIO-
cKocTH OcHOBaHHA moj yriom 60°. Uepes cTOpOHY OCHOBaHMSA IPOBeICHA
IIOCKOCTh Mok yriioM 30° K ILIOCKOCTM OCHOBaHMA., HaiiauTe IIOHIIALb
TOJIYYMBIIIETOCHA CEUEHWSA, €CJIM CTOPOHA OCHOBAHHA NHPaMHILI PaBHA
12 cm.

OcHoBaHMEM ITHPAMHALI, BLICOTA KOTOPOM paBHa 2 AM, a OOKOBbIe
pebpa paBHBI ApPYyr ApPYyry, ABJIAETCA MNPAMOYTOJLHUK CO CTOPOHAMU
6 1M u 8 av. Hafigure nnonjaab cedeHns, IPOBEIEHHOTO Yepes AUaro-
HaJb OCHOBAHUSA ApaJielsLHO 00KOBOMY pebpy.

Ilupamuza mnepeceueHa MJIOCKOCTbIO, NapaJjjielbHON OCHOBAHWIO.
HJoxaxxure, uTo 60KOBLIE pe6pa M BHICOTA MTHUPAMMUIAB AEJIATCSA ITOM
ILIOCKOCTBIO HA IIPOIOPIHOHANILHEIE YACTH.

IlnockocTs, mapanienbHas IJIOCKOCTH OCHOBAHHMSA IPABUJIBHON YETHI-
PexXyroiabHoil OHpaAMUALI, AEJHAT BBICOTY NHPAMUALI B OTHOLIEHWU
1: 2, cumras oT BepmimHEl mupaMubl. AmodemMa MOJy4eHHON yCedeH-
HOU mupaMuzbl paBHa 4 AM, a ILIONIAIL ee IIOJIHOM HOBEPXHOCTU PaBHA
186 nm®. HaiiuTe BHICOTY YCeUeHHON NMUPAMUIHI.

CTropoHBI OCHOBAHMH MNPABUJILHOH TPEYrOJbLHOM YCEeUEHHOH IHpaMUIbI
paBHBI 4 1M B 2 1M, a 6okoBoe pebpo paBHOo 2 aM. Halipure BBICOTY
u anodemMy ITHUPAMKIBI.

OcHOBaHMAMY VCEUEeHHOM IWpaMHIbl SABIAIOTCA TPaBUJLHBLIE Tpe-
YrOJILHAKY CO CTOpOHAMM 5 ¢cM ¥ 3 ¢cM cooTBeTcTBeHHO. OnHO U3 GOKO-
BhIX pebep mupaMujbl MePOEHAUKYIAPHO K IJIOCKOCTAM OCHOBAHHUM M
paBHO 1 cm. Hafizure niromans 60KOBOE NMOBEPXHOCTH YCEUEHHOH mu-
paMi LI,
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IIpaBuspHBIE MHOTOIPAHHUKH

35 CummerpHs B NpOCTPAHCTBe

B nanuMeTpus MBI pacCMaTPHBAJH (DUTYDHI,
CHMMETPUYHBIE OTHOCUTEJBHO TOYKM M OTHOCHTEINBLHO
npAaMof. B cTepeoMeTpuu paccMaTpPHUBAIOT CHMMETDHIO OT-
HOCUTENLHO TOYKHK, NPAMONH U IOCKOCTH.

Touku A u A, Ha3EIBAIOTCA CHMMETPHYHBIMH
OTHOCHTENbHO TOUuKH O (LenTp cuMmeTpun), ecau O — ce-
peavHa oTpeska AA, (puc. 84, a). Touka O cuuraercsa
CUMMeTPUYHOH camoil cebe.

Touku A u A, Ha3sIBAIOTCA CHMMETPMYHLIMH
OTHOCHTEJbHO HpAMOH a (0chk CHMMETPMM), €CIH IIpH-
Mast @ IPOXOANT uepes cepeuHy oTpeska AA, U IeprneHan-
KyJApHA K sTOMYy OTpe3Ky (pue. 84, 6). Kampgas Toura
OPAMON a CYHTAETCA CHMMETPHYHOH caMou cebe.

Touku A m A, Ha3BHIBAIOTCA CHMMETPHYHBIMH
OTHOCHUTEJILHO ILTOCKOCTH . (ILIOCKOCTH CHMMETPMH), e€ClIu
IJIOCKOCTH (L MPOXOANUT Yepe3 CepeAuHy OTpeska AA, U mep-
MEeHAUKYAAPHA K 2TOMY OTpesky (puc. 84, 8). Kaxjaa Tou-
Ka NJIOCKOCTH O CUYMTAeTCA CHMMeTPHYHOH camoi cele.

Beegem moHATHA 1I€HTpa, OCH, ILJIOCKOCTH
cuMMeTpuu ¢purypsl. Touka (npaMas, INIOCKOCTH) HA3HIBA-
ercsd LeHTPOM (0ChH0, ILIOCKOCTBIO0) cuMMeTpuu GHTypHI,
ecJIn Kaj)kgasd TOYKa (PUTyphl CHMMETPHYHA OTHOCHTEJIBHO
Hee HeKOTOpoi Touke ToM ke ¢urypsl. Eciu ¢purypa mveer
neaTp (och, IJIOCKOCTL CHMMETDPHUH), TO TOBODAT, YTO OHA
obJajaer neHTPaNbHOH (0CeBOMH, 3epKaNbHOH) cUMMeTpUeH.

Ha pucyuxax 85, a, 6, 8 nmorasansl 1meatrp O,
0Ch @ ¥ TJIOCKOCTH (0 CUMMETDUH IPAMOYTOJBHOI'O IIapaJji-

Puc. 85
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nenenunena. Ilapannenenunesn, He SABJIAMOIIHAACI IPAMO-

YrOJbHBIM, HO SBAAIOMUNCA NTPSIMOA NOpPU3MOMH, HMeeT
ILJIOCKOCTE (HJIM ILJIOCKOCTH, €CJH €ro ocHOBaHuUe — poMb),
OCh ¥ LIEHTP CHMMETPHH.

Purypa MoXeT MMETH OAMH HJIHN HECKOJBLKO
IEeHTPOB cuMMeTpun (0oceil, IIJIOCKOCTEH CUMMeTpUu).
Hanpumep, Ky6 MMeeT TOJILKO OAHMH LEHTD CHMMETDUH U
HECKOJBbKO ocell M IIocKocTel cuMmMerpun. CyIecTBYOT
¢urypni, umemlue 6GeCKOHEUYHO MHOI'O IEHTPOB, oceil
HJA IJIOCKOCTEeH cumMMerpuM. llpocreiimunmm m3 Taxkmx
buryp ABAAIOTCA TpAMas M IMJOCKOCTb. Jlo06adA TOUKa
MJOCKOCTH ABJAETCSI €€ ILeHTpoM cuMmMmerpuu. Jlobas
npAMas (IJIOCKOCTH), MNEepIeHAUKYJApPHad K [JTaHHO#M
MJIOCKOCTU, ABJISAETCA €€ OChI0 (IIJIOCKOCTBHIO) CHMMET-
puun. C apyro# CTOPOHBI, CYINECTBYIOT (UIYyphI, He
WMeIoIllie TeHTPOB, OCeil UM TMIOCKOCTEeHl CHMMETPHM.
Hanpumep, nmapajinenennnen, He SBJASIOIMICA IPAMOI
nmpu3Moii, He MM€eT OCH CUMMETPuH, HO HMeeT ILeHTP
CUMMETPUH U MOXKeT HMeTh (mogymaiite, B KaKOM CIy-
yae) MJIOCKOCTh CHMMETDHUH; IpU3Ma H ITHpamMujaa B 00-
[eM cayJyae He UMeIOT HY IIJOCKOCTH, HU OCU, HU IIEHT-
pa cuMMeTpuu (IIJIOCKOCTH, OChb HJU LEHTP CHUMMETPHU
Y 3THX MHOTOTPAHHMKOB MOTYT OBITH JINIIIb B HEKOTOPbIX
YACTHLIX CHAyUYasX).

C cuMMeTpHeHd MBI YAcTO BCTPEeYaeMcA B IIPHU-
" pole, apXuTeKType, TexHuke, OpiTy. TaK, MHOTHe 31aHUS
CHMMETPHYHEI OTHOCHUTEJIbLHO IIJIOCKOCTH, HAIIDUMED IJIaB-
Hoe 31aHHe MOCKOBCKOro rocyZapCcTBEHHOTO YHUBEPCUTETA
(puc. 86), HeKoTOpLIE BUALI AeTaj el UMEIOT OCh CHMMET-
pun. [TouTn Bce KPHUCTAJNJILI, BCTPEUAIOLINECA B IIPUPOXe,
UMEIOT IeHTP, OCh MJM IIJIOCKOCTh cuMMerpum (puc. 87).
B reomerpuu 1eHTP, OCH # ILIOCKOCTH CHMMETPUM MHOIO-
TPAaHHMKA HA3bIBAIOTCH 3JEMEHTAMH CHMMETPHH 3TOrO
MHOTOTPaHHHUKA.

36 IlonarHe NMPaBMJIBHOI0 MHOTOTPAHHMKA

BrinykABI MHOrOrpaHHUK HAa3bIBAETCA Hpa-
BHJIBHBIM, €CJU BCE ero IpaHM — DaBHBIe NPaBUJIbHbIE
MHOTOYTOJBHUKHN B B KaKA0¥# ero BepIlnHe CXOAUTCS OJHO
u TO Ke umncjo pebep. llpsimepomM NPaBHIBHOTO MHOTIO-
rpaHHuKa siBnsfeTca Ky6. Bce ero rpaEm — paBHBIE KBaj-
patbl, 1 K Ka’XKIOH BeplINHEe CXOIATCA TpH pebpa.

QOueBunuo, Bce pebpa NPaBUIBHOTO MHOIO-
TPaHHUKAa PaBHHI APYr Apyry. MoKHO 1OKa3aTb, UYTO PaB-
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HBI TAKJKe BCe ABYIDAHHEIE YIVIBI, COAEpIKAIlMe JBe rpaHu
¢ obmum pebpom.

Joka)keM, UTO He CYIECTBYET IPABMIBHOTO
MHOTOTPAHHUKA, TPAHAMH KOTOPOrQ0 ABIAIOTCA TPABHJIL-
HbI€ MEeCTHYTOJbHHKH, CEeMHYTOJIbHHKH H BOOOIIE Nn-yrojb-
HHKH TIpH 1 > 6. B camom gefe, yroJ mpaBUJILHOTO 1-yroJib-
HUKA 0pu n = 6 He Menbire 120° (o6bAcHUTE ToOUeMy).
C apyroi#i CTOPOHBI, IPH KaXKA0W BepITHHEe MHOTOrPaHHUKA
JOJIKHO OBITH He MeHee TpeX IJIOCKux yriaos. Iloaromy ec-
J¥ GBI CYUIECTBOBAJ NPABUJIBHBIN MHOTOIDAHHUK, Y KOTO-  |IPABHJBHBIH TeTpasip
poro TpaHu — TNPABUIABLHEIE 7N-YTOJBHUKHW IpHU N = 6, T0  Puc. 88
CyMMa ILJIOCKHUX YIJIOB IPU KaskO0H BepHIMHE TAKOI'0 MHO-

rorpaHHuka OpLaa 661 He MeHBIIe yeM 120° - 3 = 360°. Ho
3TO HEBO3MOJXKHO, TAK KAaK CyMMa BCeX ILIOCKHX VIJIOB
IpY KaKI0H BepIIMHE BBITYKJOrO MHOTOTPaHHMEA MEHBb-
me 360° (m. 27).

TIo aToil »Ke MpHUUYMHE KaXkKJadA BepIIHHA Mpa-
BUJIBHOTO MHOTOTDAHHUWKA MOXeT OBITh BepIIMHON Jubo
TpeX, YeTBHIPEX HJIM OATH DPABHOCTOPOHHHUX TPEYroIbHU-
KOB, J1u00 Tpex KBaApaToB, JU0O TpeX MPABUJbHBIX TATH-
YTONBHUKOB. [[pyrux BO3MOMKHOCTEH HeT.

B coorBercTBUY € 3THM IOJyUYaeM CIeAyIOLINe
IpaBUJIbLHBIE MHOIOIPAHHUKH! ' TIpaBHBHEL OKTAIAD

IIpaBuasHEIN Terpasap’ (puc. 88) cocrasieH
M3 YeTHIPEX PAaBHOCTOPOHHHUX TPEeYyroJabHHKOB. Kampasn
€ro BepIIHHA ABIAETCA BEePHIMHON TPEX TPEYroJbHHKOB.
CrenoBaTenbHO, CyMMAa HJIOCKUX YIJIOB ODPH KaX(J0il BEp-
muHEe pasHa 180°.

IIpaBunsabiii OKTanzap (puc. 89) cocrasieH

U3 BOCBMH PaBHOCTOPOHHMX TPeYrOJABHHKOB. HKaxmas
BepIINHA OKTasApa ABJIAETCA BepINHHOH YeTHIpEX Tpe-
yronsHUKOB. ClemoBarepHO, CYMMa IIJIOCKMX YIJIOB IIDH

KaXIoi BepmuHe paBHa 240°,

IIpaBuasnsrii Mkocasap (puc. 90) cocrasien
U3 ABAAIATH DABHOCTOPOHHWX TPEYTOJRHHKOB., Kaxigas
BEPIIUHA HKOCA3[PA ABJACTCA BEPIIMHON MNATH TPEYroJib-
HukKoB. CiemoBaTe/ILHO, CYMMa IJIOCKHX YIJIOB NPH KaK-
Zoit BepmimHe paBHa 300°. Puc. 90

Puc. 89

IlpaBunbHBIA MKOCA3AD

* Mu pasnmyaeM HPABHIBLHBEIN TETPasAp M IPABHILHYIO TPEYTOJNb-
Hylo nupaMuzy. B otinuyue or npaBunbHOTO TeTpasipa, Bce pe6-
pa KOTOPOro paBHLI, B IPABUJIBLHON TPeyroJbHol nupamuge O0K0-
Bele peOpa paBHBL APYT ADYTY, HO OHM MOTYT OBITH He PaABHHE peb-
paM OCHOBAHWA TMHPAMHIBI.



Ky6 (puc. 91) cocrasiieH U3 IIeCTA KBaAPATOB.
Kaxxpas Bepmuna Kyfa ssBideTcs BePUIMHON TPexX KBaapa-
ToB. ClegoBaresbH0, CYMMa IJIOCKHX YIJIOB IIPDH KaXI0H
BepImuHe paBHa 270°.

Ilpasuasnenit xogexaaap (puc. 92) cocrasieH
U3 [IBEHAOIATH IIPABMIBHBIX NATHYTOJLHHKOB. Kamxmasa
BEPHIMHA JOAEKAa3apa ABJIAETCS BEDHIMHON Tpex IIPaBHJb-
HBIX MATHYTOXLHUKOB. CJe0BaTeIbHO, CYMMA ILIOCKHUX YT-
JIOB IPH KayKAOil BeplInHe paBHA 324°.

Jdpyrux BUJOB NPaBUAbHBIX MHOT'OIPAHHUKOB,
KpOMe TepEeYuCJeHHBIX MATH, HeT.

V¥ 3ameuanusn
1. Ywucno rpasel f, pebep £ U BepIIHH € Ka-
JIOT0 U3 MPaBMJIBHLIX MHOTOIPAHHMKOB MOYKHO HAWTH C IIO-
MOITIBIO TeopeMbl Jitnepa. B camom gese, IyCcTh 1 — YUCJO
pebep Kaxgo¥ rpaHH, m — uucjao pebep, CXOAAMIMXCA K
KaxaoH BepmuHe. [TocKonnKy Kaxgoe pebpo mpuHaJe-
JKHUT ABYM rpaHam, to nf = 2k. Kpome Toro, me = 2k (Tak
KaK Kammoe pedpo COAEp:KUT ABe BEPIINHBI) U 110 TeopeMe
ditnepa f+ e — k= 2. /I3 3TUX TpEX DPABEHCTB HAXOAMM:
f 4m , 2mn , e 4n )
2m 2n mn 2m 2n mn 2m 2n mn

Taxum obpaszom,
y mpaBHJBHOTO TeTpaszapa (n =3, m = 3):
f=4,k=6,e=4;
y mpaBUJIBHOrO oKTasxapa (n =3, m = 4):
f=8, k=12, e=6;
y MpaBUJABHOTO HMKocaaapa (n =3, m = 5):
=20, k=30, e=12;
yKy6a (n=4, m=3): f=6, k=12, e=8;
Yy OpaBHJABHOTO HomeKasapa (n =5, m = 3):
f=12, k=30, e=20.

2. Mm1 nmokazanu, 4TO cylgecTByeT He GoJsee
NATH BUAOB NMPAaBUJILHBIX MHOTOTPAHHUKOB, HO He LOKAa3a-
JH, YTO KayKAbIH W3 YKa3aHHBbIX MHOTOrPaHHUKOB el-
CTBHTEJIBHO cymecTByeT. CylleCTBOBaHIE HNPaBUJIBHOIO

TeTpasjpa IIPABUJILHON TPEYTOJBHOH MUPaMHALI co cTo-
" o . . V6
POHOH OCHOBaHHA, PABHOW @, ¥ BBICOTOW, paBHOU —Vg—a Hu
Ky0a oueBuaHO. IleHTpH rpaneil Ky0a SABIAIOTCA BEPIIH-
HAMM IPaBUJBHOTO OKTa3Apa (XOKAXKHUTE 3TO), MO3ITOMY
CYIIeCTBOBAHNAE MNPABHJILHOTO OKTA3APA HE BLI3BIBAET CO-

MHenui. IIpaBUABHBIE HKoOCasAp CcoOCTaBJIeH N3 IBYX
NPaBUJLHBIX NATHYTFOJIBHLIX NHPAMHUL U MHOTOT'DAHHWKA,
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OTAAJIEHHO HAIIOMMHAIOIIEr0 MATHYTOJAbHYIO IIPHU3MY.
BBICOTEI TTMpPAMHUJ U 9TOTO MHOTOTDAHHHMKA JIETKO BLHIpa’yKa-
10TcA depes pebpo a (Kak?), moaToMy CYILIECTBOBAHME IIpa-
BUJIBHOTO MIKOCA3J(pa TaK:ke He BhLI3bIBaeT comMHeHuii. Haxo-
Hell, LEHTPLI IpaHeil IPABHJILHOTO MKOCA3ApA SBJSIOTCA
BEPIINHAMU OPABHJIBHOTO JodeKasgpa (ybemurech B 3TOM),
I03TOMY TIPABHJbHEIN MOAEKA3Ap TOMKE CYII[ECTBYET.
OTMeTrM, YTO B CYILIECTBOBAHUH BCEX IISATHU
MPABUILHLIX MHOTOIPDAHHUKOB MO HO y6eIUTLCA BOOUHIO,
ecJIX CKJIEHTh UX M3 pasBepTOK (3azanud 271—275). A

37 OneMeHTH CHMMETPHH
MPABUWJIBHBIX MHOTMOrPAHHHKOB

PaccMoTpuM 3J1eMEHThI CHMMETPHH [IPABUJIb-
HBIX MHOTOI'DAHHHKOB. IIpaBMIbHBIH TeTpasAp He HMeeT
1eHTpa cuMMerpun. Ilpamasa, npoxoaaian depesd cepenm-
Hbl JBYX IIPDOTHBOIIOJIOKHBIX pebep, ABMAETCH eTr0 OCBHIO
cumMeTpuu. I1nocKoCTE ¢, MpoxonAInas udepes pedpo AB
MePIeHIEKYISAPHO K IIPOTHBOMHOJIOXKHOMY pebpy CD mpa-
BUJLHOTO Terpasapa ABCD, siBngeTcsi IJNOCKOCTHIO CHM-
merpuu (puc. 93). [IpaBHILEBIN TETpa3ap MMeeT TPH OCH
CHMMETPHH M IIeCTh MJIOCKOCTEeH CHMMETPHH,

Ky6 uMeeT oAMH IeHTP CHMMETPHM — TOUKY
nepecedeHus ero JHaroHajgeH. Ilpameie a u b, npoxongd-
IiMe COOTBETCTBEHHO 4Yepe3 LeHTPHl HPOTHBOIOJOMXHEIX
rpaHeil U cepegUHBI JBYX IIPOTHBOIIOJIOKHBIX peldep, He
OpHHAJIEKAIINX OFHOA TPAHHU, ABAAIOTCA €T0 OCAMHU CHUM-
meTpuu (puc. 94). Ky6 mMeeT AeBATH oceil CHMMETDHH.
Bce ocM CHMMMETPHUH IPOXOAAT YepPed HEeHTP CUMMETPHM.
InockocThio CHMMeTPHHE Ky0a ABAAETCA IJOCKOCTH, IIPO-
XOAAIIAA uyepes JobOble aBe ocu cuMmMmerpuu. Ky6 mmeer
TeBATh NJOCKOCTEeH CHMMETpPHH.

IIpaBusbHBI OKTa’ApP, NPaBMIBHBIH HKOCA-
3/Ip M MPABHJIBHBIN JOAEKAAP HMEIOT WEeHTP CUMMETPUHU |
HECKOJIBKO Ocel M miIocKocTelt cumMerpuu. IlompoGyiiTe
MOACUYNTATb UX YHCJIIO.

Hparcmecrcne 3aJaHudA

271 [IlepepucyiiTe pasBepTKY HPABHJILHOI'O TeTPadj-
pa (puc. 95) Ha miaoTHIH Jucr 6ymaru B 0OJIb-
meM MacinTabe, BHIDEKbTE Pas3BepPTHKY (cAesiaB
Heo0X0AMbIe HIPUNYCKHA IJIS CKJICMBAHUA) U
CKJIeHiTe U3 Hee TeTpas’ap.

272 TIlepepucyiiTe pasBepTKy Kyba (pumc. 96) na
IUTOTHBIM JucT OyMaru B OoJbilleM Macrrrade,
BLIPE}KLTE PA3BEPTHKY U CKJIeiTe U3 Hee KyO.
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Puc.

273

274

275

276
277
278

279
280
281

282
283

284
285
286

97 Puc. 98 Puc. 99

ITepepucyiiTe pa3BepTKy IPaBAJILHOTO OKTadapa (puc. 97) Ha rUIOTHBIHA
auct O6ymaru B GoablileM MacIiuTabe, BHIPEXKLTE PAa3BEePTKY M CKJeHTe
U3 Hee OKTasnap.

IlepepucyiiTe pasBepTKy MpaBUIBLHOTO momekasapa (puc. 98) ma mior-
HBIH jaucT Oymarm B OoablmeM MacuiTabe, BRIPEKBLTE PA3BEPTKY H
CKJelTe U3 Hee AOAEKAIIP.

IlepepucyiiTe pasBepTKy NpaBUIbHOro mKocasapa (puc. 99) na maor-
HBI JucT O6ymMaru B OoJblieM MacIinTabe, BBIPEXKbTE PA3BEPTKY H
CKJIeHTe U3 Hee HKOCAdAD.

Borpocsr v 3aauu

CKOJIBKO ILIEHTPOB CHUMMETDUM HMeerT: a) Iapajiejenuiien; ©0) mnpa-
BWJILHAA TPeyroJbHad HMpPHU3Ma; B) ABYTPAHHBIH YI'oJ; T') OTPe30K?
CKoabKO ocell CHMMETPHUH HMEET: a) OTpe3oK; 0) mpaBHJBHBIN Tpe-
VIrOJBbHHK; B) Ky0?

CKONMBKO ILIOCKOCTEH CHMMETDMHM UMeeT: a) HNpPaBMJILHAA 4YeThIipex-
yrojibHasl MpU3Ma, OTJUYHAsS OT Ky0a; 6) NpaBUJIbLHAS UeThIPEXYTOJb-
Had OUpaMHa; B) IpaBUNbHAA TpPEyroJibHaA mupamuzga?

HaiiguTe yroa Mexay OBYMs AUATOHATISAMH rpaeil Ky0a, HMEOIHMHA
00U KoHeI.

Pebpo ryba paBHO a. HafiguTte naomank ceueHNsa, MPOXONAIIETO yepes
IUaroHaJ i JIBYX €ro rpaHem.

B xy6e ABCDA,B,C,D, u3 Bepuinabl D, NIPOoBeJeHb] JUATOHAJINA I'DaHel
DA, D,C u DB, u KOHUB UX COeJUHEHEl OTpe3KkaMu. [oKaxuTe, 4TO
muororpasHuk D AB,C — mpaBuabHLIN TeTpasap. HaiimuTe oTHoime-
HHe MJolageil moBepxHOCTell Kyba 1 TeTpa’japa.

Hatizute yron mexay AByMA pebpaMu NpaBWILHOIO OKTa3pa, KOTOphIE
UMEIOT OGIIYI0 BEPIMHY, HO He IPHUHAJIEKAT OAHOH rpanu (cM, puc. 89).
B npaBuabaom terpasipe DABC pebpo paBuo a. Haiignre naomans ce-
YeHUS TeTpasApa IJIOCKOCTHIO, NPOXOAAIeld uepes medTp rpanu ABC:
a) mapannensHo rpaHu BDC; 0) mepmneHIHKYJASAPHO K pedpy AD.

OT KaXOgoH BepUIMHBI IPABHJILHOTO TeTpasnpa ¢ pedpoM 2 OTCEKaloT
TeTpasip ¢ pedbpom 1. Kakasa durypa mojgyuurcs B pesyiabrare?
JoKaxxuTe, 4YTO B IIPABUJBHOM TeTpasZpe OTPE3KH, COENUHAIIINE
LEHTPH rpaHeil, paBHEI APYyr APYIY.

B mpaBuiabHOM TeTpasape i — BBICOTa, m — pebpo, a n — paccTosHHe
MeXXIy LIeHTpaMu ero rpaseii. Bolpasure: a) m uepes h; 6) n depes m.
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Pebpo mpasuarbnOro oxrasapa pasHo a. Halimure paccroaHmMe MexAay:
a) IBYMdA ero IPOTHBOIOJIOKHBIMHI BepIIMHAMH; 0) IEHTPAMH ABYX
CMEXHBIX T'DaHel; B) NPOTUBOMOJIOKHBIMM TI'DaHAMH.

Bonpocer x raase 111

Kakoe HanMeHbIee umcio peGep MOMKET MMeTh MHOTOIDAHHHK?
ITpuama uMeer n rpaHeii. Kakoil MHOroyroJnHUK JEKUT B €e OCHOBAHWHU?
SABndgercda au npusaMa IIPIAMoOil, ecau JBe ee cMeKHEBIe GOKOBLIE I'DaHM
NEePHeHAVMKYISAPHL] K IIJIOCKOCTU OCHOBAHUA?

B kakoit nmpusme GokoBble pebpa mapasaenbHbl ee BuICOTE?
fArnsierca au Upu3Ma NPABMILHON, €CJIU BCe ee pedpa paBHbl ADYT APYyry?
MokeT 51 BbICOTA OXHON U3 GOKOBEIX I'DaHeil HAKJIOHHOIN IPH3MBI
ABJATECA U BBEICOTOM HPHU3MBI?

CyuiecTByer Jiu mpuaMa, ¥V KOTOpoii: a) 60KoBoe peGpo meprneHIuKY-
JISPHO TOJBKO OZHOMY pebpy OCHOBaHHA; 0) TOJABKO OHA OOKOBaAg
rpaHb HEepHEHAWKYJIAPHA K OCHOBAHHUIO?

IIpaBunbHad TpeyroapHad OpuaMa pasduBaeTCs NJIOCKOCTHIO, IPOXO-
AAIIel Yepes cpegHUe JIUMHUKM OCHOBAHWH, Ha ABe NpUaMbl. Kak OTHO-
CATCHA ILIOIIaRN OOKOBBIX MOBepXHOCTe# aTux npusm?

Byzer nu nupaMpga mpaBUIBLHOM, eCau ee GOKOBBIMU T'PAHAMM SABJS-
I0TCA OpPaBUAbHBIE TPEYTONbHUKU?

CKoOJIBKO TpaHel, MepUeHZHKYASAPHHX K IJIOCKOCTH OCHOBAHWA, MO-
JKeT UMeTh nupamuza?

CymiecTBRyeT JIM UETHIPEXYTOJBHAS NMUPaAMUAA, ¥ KOTOPOH IPOTHUBOIO-
JIO}KHBIe OOKOBLIE TPaHN MEPHEHANKYIADHEI K OCHOBAHWIO?

MoryT 1u Bce rpaHM TPEYTOAbHON MHUPAMUALI OBITh MPAMOYTOJbHBIMU
TpeyroJbHUKaAMU?

MookHO M M3 KYCKa MHPOBONOKH IJAHHOHM 606 ¢M HM3TOTOBHTL KapKac-
HYI0 MOJAENb TIPABMJIBHOH UYeTHIPEXYTOJbHOH mUpaMHUAbl CO CTOPOHOMH
OCHOBaHMA, paBHoil 10 cm?

Ha raxkue MHOTOTPaHHUKHU DACCEKAETCHA TPEyIOJbHAA NPHU3Ma IJIOCKO-
CTBIO, IPOXOAAILNEH depes BepIIHHY BePXHEro OCHOBAHKUA M IIPOTHBOJIE-
JKAIIlyIo el CTOPOHY HUIKHEro OCHOBAHUA?

oo THUTE IbHbIE 3aaYH

JlorkaKuTe, YTO YHUCJIO BepIINH JIO00H NPHU3MEI UETHO, & UUCJIO pebep
KpaTHO 3.

TokaxxuTe, uTo ILIOIALb NMOJHOH MOBepXHOCTH KyOa paBHa 2d°, Tie
d — gwaronanas Kyoa.

¥Yros MexAy AHATOHAJIBIO OCHOBAHHA NOPAMOYTOILHOIO Iapajielienu-
nena, paBHOMU [, ¥ OfHOIl M3 CTOPOH OCHOBAaHUSA PaBeH (. YroJ MexJy
9TOM CTOPOHOH M AWATOHANBIO Iapajjejenuieza paseH 0. Hadfinure
oAb OOKOBOI IOBEPXHOCTH AAHHOrO Hapajlieseinuiesa.

B npamoyronsHoM mapaijesenmnene AMaroHallb, pasBHas d, obpasyer
¢ ILUIOCKOCTHIO OCHOBAaHHA Yroad ¢, a ¢ OAHOM M3 CTOPOH OCHOBAHUSA —
yrosa 6. Haltigure niaomjans 00KOBO# IIOBEPXHOCTH Hapaljieienuiiesa.

8 1 Muveoepanrunu



292

293

294

295

296

297

298

299

300

301

302

303

304

B npaBuibHOHR 4YeTHIPEXYTrOJBHOHM INPH3MEe CTOPOHA OCHOBAHUA paBHA
6 cMm, GoxkoBoe pebpo parHo 8 cMm. Haitaure paccTosiHNe OT CTOPOHBI
OCHOBaHHSA A0 He Iepeceraionieil ee IUAroHANW TPU3MEI.

B npasuabHO# yervIpexyroabHoii nmpusme ABCDA,B.C\D, guaronanu
B,D w DB B3aMMHO NepHeHANKYIIPHBI. JJOKAKHTE, YTO YrOoJ MeXOY
anaronansamu A,C u B,D npusmbr paBer 60°.

IIpapunbHaA HeThIpExXyroiabHad IPH3Ma epecevyeHa IMJI0CKOCTBIO, CO-
Iepxxamneil ne ee guaroganu. Ilmomaze ceuenus paBua S;, a CTOPOHA
OCHOBAHMUA a. BreluMmcauTe miIomajxbL 60KOBOI NOBEPXHOCTHU ITPU3MEIL.
OcHoBaHMeM HAKJIOHHOro mapaJsnenenunega ABCDA,B,C.D, aBnsaercsa
pom6. BokoBoe peGpo CC, cocraBifeT paBHBIE YIJIBI CO CTOPOHAMH
ocuopamusa CD u CB. Hoxamxurte, uto: a) CC, L BD; 6) BB,D,D —
mpsamoyroigbHuK; B) BD L AAC,; r) AA,C, L BB,D,.

Bricora mpaBuIbHOR TpeyroibHOM mpudMbl pasHa h. Ilmockocts o,
TIPOBeAeHHAA Uepe3 CPeJHIOK JIMHUI0 HUJKHErO OCHOBAaHMA M IIapaji-
JIeJIBHYIO eii CTOPOHY BEPXHEro OCHOBAHMS, COCTABASET C ILIOCKOCTLIO
HIYKHEr0 OCHOBAaHHSA OCTPBIM AByrpaHHbId yroa ¢. Hafnnte niaoiagb
ceueHUs MPU3MbI ILIOCKOCTBIO O,

OcHoBanueM TpeyroubHoi npusmbel ABCA,B,C, aBNAeTCA MpaBUIBLHBIH
TpeyroiabHUK ABC, BD — BBICOTa 3TOTO TPEYrOJbHUKA, & BepIIHHA A,
npoekTHpyeTcad B ero ueuTp. Hokammure, uro: a) A,BD L AA,Cy;
6) AA,0 1 BB,C; B) rpaus BB,C;C — npaMOyrojibHHUK.

OcHoBanue mapaJjuenenuiesa ¢ 60KoBeIM pebpom b — wBajgpaT CO CTO-
poHO# a. OgHa M3 BePIIMH BEPXHEr0 OCHOBAHNA PaBHOY/IajleHa OT Bep-
IIMH HUXKHEro ocHoBaHud. Haliaure mmomagb HOJHOH IIOBePXHOCTH.
HaidiguTe BHICOTY IPaBHABHO¥M TPEYrOJILHOM MHUPAMUAEBI, €CJIU CTOPOHA
OCHOBAaHUA PaBHA m, a MAOUIaAL GOKOBOM IOBEPXHOCTHU BABOE (oJjbIire
IIOIIAAM OCHOBAHMSA.

B npaBuseHO# Tpeyroasuoil nupamune DABC Touku E, F u P — cepe-
nuHsl cTopoH BC, AB n AD. Onpeaenure BUJ CeUeHUA, IMPOXOJAIIETO
Yyepes 9TH TOYKU, WM HalifuTe ero mioniaAb, €CJIM CTOPOHA OCHOBaHUS
nupaMpjbsl paBHa a, 6G0KoBoe pebpo paBHO b.

JByrpaHHblif yroa npu 60KOBOM pedpe NMPABHIALHOH TPEYrOJLHOH IIH-
pamunel DABC paserm 120°. Paccroanue ot BepiiuHbl B 1o 60K0BOrO
pebpa DA pasuo 16 cm. Hafigute amohemMy nmupaMHIbI,

OcHoBaHMeM NHPAMHUIB ABJIAETCA IapajejorpaMM CO CTOPOHAMU
3 cm u 7 cM u ofHOUN U3 AuaroHanei 6 cm. BeicoTa mupaMuasl HPOXO-
IUT Yepe3 TOUYKY HepeceuyeHWs AUATroHajdell OCHOBAHHMS M paBHa 4 cM.
Haiinmre 60xoBBIEe pebpa mupaMuAHL.

OcuoBaHMeM ITUPAMHMABI ABAseTCA poMbG. [[Be GOKOBEIE I'paHH mepreH-
IUKYISAPHL K IJIOCKOCTH OCHOBAaHUS ¥ 06pa3yioT ABYTPAHHBIA YTOJI
B 120°, a nBe Apyrue 60KOBble 'PAHN HaKJOHEHBI K IIJIOCKOCTU OCHOBA-
HUg mox yraom B 30°. Hafigmre momanb MOBEPXHOCTH IHPAMUIEI,
ecn ee BpIcoTa paBHa 12 cm.

B npaBuibHOI YeTHIPEXyTOJbHOM mupaMuae ILJIOCKUHA yroJ Npu Bep-
muHe paBeH 60°, JokamuTe, YTO ABYIPAHHEIN yros MesxAay GOKOBOIM
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T TPaHLI0 U OCHOBAHUEM NUPAMULl BIBOE MEHLIIE ABYTPAHHOIO YyIUIA
npu GoroBOM pebpe.

305 B npaBuabHOM YETHIPEXYI'OJBLHOM NUPaMuIe BblcOTa PaBHa /1, MJIOCKUIA
yToJI IpHU BepnivHe paBeH . Hafinure mioma s 60KOBOM NOBEPXHOCTU.

306 Bruicora npaBuAbHOH YeTHLIPEXYrOJbHOM MUPaMUAbI PaBHA # U coCTab-
JgeT yroj ¢ ¢ ILJIOCKOCThLI0 O0KOBOI rpanu. HafiauTe niaomajk DOMTHOMH
MOBEPXHOCTH MTHUPAMUALL.

307 B npasunsHoii nupamune MABCD AM = b, AD = a. a) Iocrpoiite ce-
YeHHEe MUPAMKALI IIOCKOCTBIO O, TPOXOoAaAUieil uepes JuaroHanas BD
OCHOBAHMA NapajinenbHo pebpy MA, u HaauTe IJIOMIaAb CEYEHUA.
6) Hoxkaxxure, uro Touku M u C paBHOYZaJeHBI OT MJIOCKOCTU (.

308 OcHoBaHMeM MUPAMHUILI ABIAETCA POMO CO CTOPOHOH 5 CM M MeHBIIeH
auaroHansio 6 cm. Beicora mupamuzbl, paBHaa 3,2 ¢M, IPOXOJUT Ue-
pes3 TOUKY IepeceueHHUs nuaroHaleit pomba. Haifignte BBICOTEI OOKO-
BHIX I'paHeil MUpaMHUIEl, IPOBEJEHHLIe U3 €€ BepIUHHEL,

309 OcaHosanmMeM nuUpaMHALI C PABHBIMKM OOKOBLIMH pe0OpaMu ABAAETCA
NPAMOYTOJIbHHUK ¢O cTopoHamu 6 Am u 8 am. BeicoTa mupaMubl paBHa
6 nm. Haiignre mwionjafs cedeHUs, TPOBEASHHOTO YEPe3 MEHLIIIYIO CTO-
POHY U cepeluHy BLICOTHI.

310 B mnupamuge DABC pebpo DA mnepneHAUKYIApHO K maockoctu ABC.
Hasigure nmaomaas 60KOBOM MOBEPXHOCTH TIMpaMupwi, eciu AB = AC =
=25 ¢m, BC = 40 cm, DA =8 cm.

311 OcuoBaumem nupamuzabl DABC saBasercsi TPEYroJbHUK CO CTOPOHAMM
AC =13 ¢cm, AB=15 ¢cm, CB = 14 cm. Bokosoe pebpo DA uepuenamn-
KYJSPHO K ILJOCKOCTH OCHOBaHHA ¥ paBuo 9 cM. a) Hafizure miaomianb
IOJIHOUW IMOBepXHOCTH mupamMuiabi. 6) Jlokaskute, 4TOo OCHOBaHUe IIep-
MeHIUKYIapa, IPOBeJeHHOI0 U3 BePINUHEI A K IJiocKocTd rpaHu BDC,
JIeXKHT Ha BBICOTE STOH 'DAHM, ¥ HaWANUTE NJINHY STOTO MEPIEHIUKYIIpa.

312 B mnpaBunabHO# n-yroabHOM nupaMuje OOKOBLIE TPAaHU COCTABIAIT
C [JIOCKOCTBIO OCHOBAHUSA yroJl ¢. Halifure TaureHc yria Mexzay MJaocC-
KOCTBIO OCHOBAaHUA M GOKOBBIM pebpoM.

313 Croponbl 0CHOBAHHWI MPABUJBHOHM TPEYTOJLHOM yCeUeHHOH HmupaMuibl
paBHBI 12 1M 1 6 1M, a ee BeIcoTa 1 am. Hailigure miaonianes 60KOBOH
MOBEPXHOCTH THUPAMUAEI.

314 B npaBusbHOM YeThIPEXYTOJBLHOH yCEUeHHOH IIMPaMHu/e BBICOTA paBHAa
63 cm, amodpema — 65 cM, a CTOPOHBI OCHOBAHMM OTHOCATCHA Kak 7 : 3.
Haitnmure cTOpOHBI OCHOBAaHUI MHUPaAMUILI.

315 Jloka)xuTe, UTO LEHTPLI TPaHeil MTPABUIBLHOTO OKTA3/IPA ABJSIIOTCA Bep-
muuamMu Kyba.

316 lokaykure, UTO IEHTPLI TpaHell HPABUJILHOTO TETpasfpa ABJIAIOTCH
BEPIIIMHAMY JPYTOro NPABHJIBHOIO TeTpasipa.

317 [doraxure, 4TO IEHTPHl rpaHell Ky0a SIBIAAIOTCA BePIINHAMU NPABUIL-
HOTO OKTasapa.

318 JHoxa)kuTe, 4UTO CyMMa ABYrpaHHOTO yIJa HIPABUJILHOrO TETpa’apa
¥ OBYTPAHHOTO yrja MPaBUIABLHOTO OKTasapa pasua 180°.

319 CKoOJBKO ILIOCKOCTEN CHMMETPHH, IPOXOAAIINX Yepes JaHHYIO BepIlu-
HY, UMeeT MpaBUJIbHBIH TeTpasap?
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I'smasa IV

BexTopsl B mpocTpaHcTBE

IloHsiTHE BeKTOopa B IIPOCTPAHCTBE

38 IlonsTue BexTOpa B
B Kypce niIaHWMMETPHUM MBI NO3HAKOMWINCH
¢ BEKTOpPAMHM HA IJIOCKOCTH W JefCTBUAMHM HaX HUMH. J
OcHOBHEI€ MOHATHA AJS BeKTOPOB B NPOCTPAHCTBE BBOAAT-
CH TaK e, KaK ¥ JJif BEKTOPOB Ha IIJIOCKOCTH. 1
OTpesok, AJS KOTOPOrO YKa3aHO, KaKoH M3 A
€ro KOHIIOB CUHMTAETCA HAYAIOM, 4 KAaKOH -— KOHIIOM, HAa- T
3bIBAeTCA BeKTOpoM. HampasieHmne BeKTOpa (0T Hauaia
K KOHIY) Ha PUCYHKaX oTMeuaeTcs cTpesKoi. JixoGas Tou-
Ka IPOCTPAHCTBA TAaKiKe MOXeT paccMaTpuBaThCH KAaK
BekTOp. Takoll BeKTOp HaswIiBaeTcA HyJeBeIM. Hauamno
¥ KOHel HYJIEBOI'O BEeKTOpa COBIAMNAIOT, M OH He MMeeT
Kakoro-aubo omnpexeseHHOTO HampasiaeHus. Ha pucyn-

ke 100, a uzoOparkeHbl HEHYJIeBhle BEKTODEI A—E u C_D> n b,
HYJEBOH BEKTOP T—T>, a Ha pucyHre 100, 6 — meHyJeBble
BEKTODHI d, bu ¢, uMeromue obiiee Hayaso. HyreBol Bek- c —
.'rop 0603HAUAETCS TAKMKe cHMBOJIOM O. T
JJIMHOH HEeHYJIeBOT0 BeKTOpa A_B> Ha3bIBaeTCs 6)

= R
gauHa orpeska AB. Mnuna sexropa AB (Bextopa a) 000-  Puc. 100

—
AB| (la|). Inuna HyIe€BOro BEKTOpA CUH-

3Ha4YaeTrcda Tak:

taerca pasHoi mymwo: |0|=0.

IlBa HeHyJeBBIX BeKTOpA HAJSLIBAIOTCH KOJI-
JMHEAPHLIMH, €CJIM OHH JIEKAT HA OJHOM MpPAMOM MM HA

—

napaJiesbHEIX OIpAMbIX. Eciii nBa HeHyJeBBIX BeKTopa AB
—

u CD koniau”HeapHs! U ecan npu 3toMm ayuum AB u CD co-

—> —>
HalnpasjieHbl, TO BeKTOpPsl AB m CD HA3bIBAOTCA C€O-
HANIPABJEHHBIMH, a ecCjAHd B3TU Jy4Yd He IABIAITCA

—> —>

COHANIPABJIEHHBIMH, TO BeKTOPH AB um CD HasweIBalOTCA
MPOTHBOIIOJOKHO HanpaBjeHHbIMH. HyieBoil BeKTOD ycjao0-
BHMCS CUMTATH COHANPABJEHHEIM C JIIOOBIM BEKTODOM.

— —> - -
Bamucs a 116 o6osuauaer, uro BEKTODHI @ U b COHATIPABJIEHEI,
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a 3amucs ¢ 14d — uTo BeKTOpHL € U d IPOTHBOIOIOMKHO
Hanpasaensl. Ha pucyuke 101 uzobpasieH mapaJiineeny-

oen. Ha sTtom pucyHKe Aﬁﬁ Iﬂ{), A—BTT ﬁ(, A_—B>Tl D—E;

e
BeKTOpPHI AD m AM we SBIAIOTCH HA COHAINPABJIEHHBIMH,
HY IIPOTHBOIMOJOMKHO HANPABICHHBIMH, TaK KAaK OHH He
KOJNUHEAPHEI,

Hsyyasa BeKTOpHl Ha IJIOCKOCTU, MBI OTMeda-
J¥, YTO MHOTHEe (DU3NUYECKHe BeJUYHNHLI, HAIIPUMEpD CUia,
mepeMeleHne, CKOPOCTh, ABJAAIOTCA BEKTOPHBIMM BeJIMUM-
HaMmu. IIpyu M3yUEeHUH 3JTEKTPUUYECKUX M MATHUTHHIX ABJE-
HEP TNOABAAIOTCS HOBLIE NPWIMEPHl BEKTOPHLIX BEJIUYMH.
JJeKTpHUUeCcKoe TIoJe, CO3RABAaeMOe B IIPOCTPAHCTBE 3aps-
JaMHM, XapaKTepuayercs B KaKJAOH TOUKe MPOCTPAHCTBA
BEKTODPOM HANPAMKEHHOCTH JeKTpudyecKoro noiada. Ha pu-
cyuke 102, a n3o6pakeHbl BEKTOPHI HANTPAKEHHOCTH 3JIEK-
TPUYECKOT'0 MOJA IOJIOKUTEILHOTO TOUEYHOIO 3apAja.

JJIeKTpUUECKUH TOK, T. €. HallpaBJIeHHOE IBH-
sKeHUe 3apsANoB, CO3/IaeT B IPOCTPAHCTBE MarHUTHOE II0Jie,
KOTOPOE XapaKTEePH3YyeTCd B KaiKAOH TOUYKE MPOCTPAHCTBA
BEKTOPOM MArHUTHOM MHAVKIHH. Ha pucyHke 102, 6 u306-
PaMKeHLl BeKTOPbl MAarHUTHON HMHAVKINY MarHUTHOIO IIO-
JIS IPAMOI'0 NPOBOJHUKA C TOKOM.

39 PaseHcTBO BEKTOPOB
BekTops! HaAILIBAIOTCA pPaBHBIMHU, €CJH OHH
coOHamnpaBJjeHbl W WX AJUHBI paBHbl. Ha pucynxke 101

AE = DK, 1ax xax AE 11 DK n |ﬁ|=|D_I>(|, a A—B>¢56,
rax xax AB 1 DC.
Eciu Touka A — Hauyano BeKTOpa 4, TO TOBO-

PAT, UTO BEKTOP d OTJIOMkKeH oT Touku A. HeTpyzHO mOKa-
3aTh, YTO OT NIOO0H TOYKH MOMHO OTJIOXHTH BEKTOD, PAB-
HBIii TaHHOMY, H TMPHMTOM TOJBKO OgMH. B camom pxere,

IyCTh @ — AAHHBIN BeKTOp, M — panHasa Touka (pmc. 103).
TlpoBegeM uepe3 HAYANO M KOHEIN BEKTOpa 4 U TOuKy M
IJIOCKOCTE ¥ B 3TOH NJIOCKOCTH IIOCTPOMM BEKTOD MN =a.
QueBHAHO, YTO BEKTOP J\ﬁ\/‘ UCKOMBIA. U3 mocTpoerus sc-
HO TAKIKe, 4TO J\ﬁ\] — eJUWHCTBEHHbIA BEKTOP ¢ HavasoMm M,

PaBHEIH BEKTODY d.
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320

321

322

323

324

325

326

Bonpocsr n 3agaun

B Tterpasgpe ABCD touku M, N u K — cepe-
guHbl pebep AC, BC u CD coOTBeTCTBEHHO,
AB=3cMm, BC=4cMm, BD=5cm. Haligure
JJINHEL BEKTOPOB:

a) AB, BC, BD, NM, BN, NK;

6) CB, BA, DB, NC, KN.

Hamepenvsa npAMOyrolbHOTO Mapajjiesenulie-
aa ABCDA,B,C,D, nmeioT anusbl; AD = 8 cMm,

AB=9cM u AA, =12 cvm. Haligure IAIHHE
BEKTOPOB;

a) CE}I, C_JE, C_D>;

— — —>
6) DC,, DB, DB,.
Ha pucyuke 104 usobpakeH mapajiesernnmne]
ABCDA,B,C,D,. Touku M um K — cepemguHEI
pebep B,C, u A;D,. YKaXuTe Ha 3TOM PHUCYHKE
BCE MAaphI:
a) COHAIPABJIEHHBIX BEKTODOE;
6) IPOTHUBOIIOJIOKHO HATIPABJIEHHLIX BEKTOPOB;  Puc. 105
B) PaBHBIX BeKTOPOB.
Ha pucyuke 105 maobpaxken rerpasap ABCD, pe6pa KOTOpOro paBHHI.
Touknm M, N, P u  — cepenunnl ctopod AB, AD, DC, BC.
a) BoimumuTre Bce maphl paBHBLIX BEKTOPOB, H300PAKeHHBIX HA ITOM
pucyHke. 6) OmpemenuTe BHA 4YeThIpexyroabHuka MNPQ.
CropaBeninBO JIM YTBEDPXKACHHE:
a) JBa BeKTOpa, KOJJIHHeADHBIE HEHYJEBOMY BEKTODY, KOJJIKHEAPHEI
MeKay coboif; 6) aBa BeKTOpa, COHANpaBIEHHLIE ¢ HEHY/JIEBBIM BEKTO-
pOM, coOHAmpaBJjieHBI; B) ABA BEKTOpa, KOJIWHeapHbIe HEHYJIEBOMY
BEKTOPY, COHANIPABJCHBI?

s —
HsBecrrHo, uto AA, = BB,. Kak pacmosiokeHbl IO OTHOIIEHHIO IPYT
K Apyry:

a) npavuie AB u A B,; 6) npamas AB ¥ nJOCKOCTb, IPOXOAsIas de-
pe3 T0YKH A, ¥ B;; B) ILJIOCKOCTH, OfHA M3 KOTOPBHIX HPOXOJIUT Uepes
TouK A ¥ B, a Ipyrasa IpPOXOLUT uYepe3 TOUKW A, u B,?

Ha pucynke 104 usobpaskeH napaJiaesenunen, Touku M u K — cepe-
auHe pebep B,C, u A,D,. HazoBuTe BEeKTODP, KOTODHIH HOJXYyYHUTCH,
€CJIHU OTJIONKUTH:

—
a) or rtoyku C BeKTop, paBHEIil DD,; 6) oT Touku D BexTOp, paB-
ublit CM; B) or Touku A, BeKTOp, paBueiii AC; r) or Toukm C, BEKTOD,

— —
paBHBIHM CB; 1) oT Touku M BeKTOp, paBHHIH KA.
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CioxeHre M BbIUYUTAHUE
YMHOXKEeHue BeKTopa Ha

BEKTOPOB.
YHCJIIO

40 Cioxenue M BHIYNTAHHE BEKTOPOB
BBB,HEM IIPpaBHUJIO CJIOMKEHUA ABYX IIPOM3BOJIL-

HBEIX BEKTOPOB d ¥ b. OTJIOXKHUM OT KaKOH-HN6VAb TOUKU A
—
BeKTOp AB, paBHbIil a (puc. 106). 3atem ot Touku B orJio-
—> - —
'KUM BeKTOp BC, paBubIit b. BexTop AC Ha3LIBaeTCsa CyM-

- > -
Moit BexTopoB @ 1 b: AC=a +b.
9TO IPaBUJIO CJIO0XKEHUA BEKTOPOB HA3bIBAETCH
NpaBMJIOM TpeyroapHuxa. PucyHok 106, a mosicHseT oTO
Hazsanne. OTMETHM, UTO IO 3TOMY K€ MPABUJIY CKJIAAbIBA-
I0TCA U KOJUIMHEeapHbIe BEKTOPHI, XOTS HPH UX CJIOMKEeHUH
W He MoaydYyaeTcA Tpeyroabuuka. Pucyukn 106, 6, 8 nio-
CTPUDYIOT CJOKeHWe KOJIIMHEeAaPDHBIX BEKTODPOB.
TouHo Tak Ke, Kax B ILIAHUMETPUU, JOKA3LIBA-

ercs, 4TO CyMMa @ + b He 3aBucHT OT BBHIOOPA TOUKH A, OT
KOTOPOI TIPH CIIOMEHMH OTKJANBIBaeTcA BeKTOp a. MHbIMU

CJIOBAMH, €CJIH HPH CJIOYKEHHH BEKTOPOB @ M b IO IpaBMIY
TPEYroJIbHNKA TOUYKY A 3aMEHUThb APYToi TOUKOHN A,, TO BEK-

— —>

Top AC 3aMeHUTCS paBHBEIM eMy BekTopoM A,C, (puc. 107).
JloKkaxuTe 3TO YTBEDMAEHME CAMOCTOATEILHO.

IIpaBuji0 TPEyrolbHUKA MOXKHO CcOPMYJIAPO-
BaTh B Tako¥ ¢opme: AJu JI00BIX Tpex Touex A, B u C
HMEeT MeCTO PaBEHCTBO

A‘E+B_C>=A—(_Z>.

Jna cjaokeHUs ABYX HEKOJIHHEAPHBLIX BEKTO-
POB MOXKHO MOJB30BATBCA TAK)Ke MNPABHJIOM IIapaJLIelo-
rpaMma, U3BeCTHBIM U3 Kypca MIAHUMEeTPUU. ITO IPaBUIO
nosacHeno Ha pucyHke 108,

CBoiicTBA CJIOKEeHHS BEKTOPOB, W3YUEHHbIE
B NJIAHUMETPHUH, UMEWT MeCTO U AJSI BEKTOPOB B IIPO-
cTpaHcTBe. HamoMHuM HX.

JLs MI0GBIX BEKTOPOB a, b 1 € cripaBeJINBbl pABEHCTBA:
d +b=>b+ a (mepeMeCTHTENbHBIN 3aKOH);
(@ +b)+c=da + (b + ) (coueTaTeIbHBIH 3aKOH).

lIBa HEHYJIEBBIX BEKTOPpAa Ha3pBaAmwTCA
NPOTUBONOJOMHBIMHU, €CJIH HX [JJHUHLI PaBHBI U OHHU
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NPOTHBOMOJOMKHO HAaIlpaBJeHbl. BEKTOPOM, HPOTHBOIO-
JOXKHBIM HYJEBOMY BeKTODY, CUMTAETCA HYJEeBOil BeK-

Top. OUeBHAHO, BEKTOP B:Z SIBJISIETCS IIPOTHBOIIOIOMK -
HBIM BEKTODY A_B> (puc. 109).

Pa3sHOCTBIO BEKTOPOB a4 H b maspIBaeTCs TAKOIL
BEKTOp, CyMMa KOTOPOrc ¢ BEKTOPOM b paBHA BeKTOpY 4.

Pa3HocTh @ — b BeKTOPOB @ U b MOYKHO Ha#TH o (hopMyIe
a-b=da+(-b), (1)

rae (-b) — BeKTOp, NPOTHUBOIOJOMKHBIH BEKTODPY b.
Ha pucynkax 110, a, 6 upencrasieHnl ABa CIO-

coba MOCTPOeHHUA PA3HOCTH ABYX JAHHEIX BEKTODOB 4 u b.
HJoxasaTeqbCTBa 3aKOHOB CJIOMKEHUSA U DaBeH-

ctBa (1) o114 BEeKTOPOB B IIPOCTPAHCTBe HUYEM He OT/IMYA-

I0TCA OT JOKAa3aTeJbCTB AJ4 BEKTOPOB HA NJIOCKOCTH.

41 CyMMa HECROJBKHX BEKTOPOB

Crnoenne HeCKOJBKHX BEKTOPOB B IPOCTPAH-
CTBe BBINOJIHSAETCS TaK 2Ke, KaK W HA MJOCKOCTH: NepBbIil
BeKTOp CKJAJLIBAETCs CO BTODPBLIM, 3aTeM HX CyMMa —
¢ TPEThUM BEKTOPOM H T. A. 13 3aKOHOB CI0KEeHHUS BEKTO-
pOB clelyeT, YTO CyMMAa HECKOJBKHX BEKTODOB He 3aBH-
CUT OT TOTO, B KAKOM MOPAAKE OHH CKJIAIBIBAIOTCAH.

Ha pI/IcyHKe 111 nokasaHO TOCTPOEHUE CYMMBI

TPEX BEKTOPOB 4, buc: ot IIPOU3BOJIBHON TOUuKH O OTJIOIKEH
BEKTOP OA =g, 3aTeM OT TOYKH A OTJIOKeH BEKTOD AB b,
1, HaKOHeIl, OT TO4Ku B OTJIO/KEH BeKTOD BC—E'. B pe-

3yJbTaTe MOAydaeTca BEKTOD OC paBHBIH @ + b+2.

AHaJTOr44H0 MOKHO IIOCTPOUTE CYMMY JII000r0
—>

yncaa BekTopoB. Ha pmcynke 112 moctpoena cymma OFE

OATH BEKTOpOB: @, b, ¢, d u €. DT0 IPaBHUIO0 IOCTPOEHUS
CYMMB! HECKOJbKYX BEKTOPOB HA3LIBAETCH IMPAaBHIOM
MHOTOYTOJBHHAKA. 3aMeTHM, OJHAKO, YTO, B OTJIMYHE OT
cJlyyasi BEKTOPOB HA ILTOCKOCTH, «MHOTOYTOJBHHUKS», KOTO-
pHIii ToJyuaeTcs IIPH IMOCTPOEHHM CYMMBI BeKTODOB
B IIPOCTPAHCTBE, MOXKET OKasaTbCA IIPOCTPAHCTBEHHBIM,
T. €. TAKNM, Y KOTOPOTO He BCE BEPIIHHBI JEXKAT B OTHOM
niaockocT. TaKOBLIM SABJISAETCA, HANPUMED, «UeTHIPEXYTOJb-
Huk» OABC ma pucynxe 111, ¢ moMompio KOTOPOro IIO-

crpoen BekTop OC.
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ITpaBuso MHOrOYyroJbHNKA MOYXHO cPOPMY K-
poBaTh TaKKe cregylomuM obpaszom: ecnu A;, 4,, ..., A, —
npousBOJIbHLle TOYKH, TO

—_—
AA +A A+ +A, A =A A,
ITO mpaBHJIO MPOHJLIIOCTPHPOBAHO HA PHCYH-
ke 113 aya n = 7. OTMeTUM, YUTO ecIU TOUKH A, U A, T. e.
HAYAJIO IIEPBOTO BEKTOPA U KOHEI[ NOCIeAHEero, COBIaLaloT,
TO CyMMa BEKTOPOB paBHA HYJE€BOMY BEKTOpPY.
42 YMHOKeHHe BEKTOpa Ha YICTIO
IlpousBeJeHMeM HeHY/JIeBOTO BeKTopa 4 Ha
—>
yHeao kB Ha3bIBaeTCHA TAKOH BeKTOP b, AJUHA KOTOPOTO

npuYeM BeKTOpsl d U b comampaBieHbI

paBHA

npua k> 0 n nporuBomnosioxkuo Hanpasiaenst npu k < 0.
IIpousBeeHHEM HYJIEBOT0 BEKTOPA Ha J000€ UMCIO CUH-
TaeTcd HYJEBOH BEKTOP.

IIpousBefeHne BeKTOpa 4 Ha Iucio K 0003Ha-

yaeTcA Tak: ka. VI3 ompeneneHud IPOM3BEAEHUS BEeKTOpa
Ha YHCJO cJedyeT, YTO IJA J0oro ymciaa k u ar6oro

BeKTOPA d BEKTOPHI 4 u kd KoaamHeapusl, U3 aTOro ompe-
JejieHUs CleflyeT TaKsKe, UTO IMpoM3BeleHHe Ji000ro BeK-
TOpa Ha YHCJIO HYJb €CTh HYJEeBOH BeKTOP.

HanoMHUM OCHOBHBIe CBOMCTBa YMHOMXEHUSA
BEKTODA Ha YUCJIO, H3BECTHBIE HAM AJIf BEeKTOPOB Ha ILJIOC-
roct. OHU UMEIOT MECTO U [Jid BeKTOPOB B IPOCTPAHCTEE.

Jlna n106bIX BEKTOPOB d, b M J06HIX uncen k, | cnpases-
AUBHI PABEHCTBA:

(k1) @ = k (la) (coueTaTe bHBIH 3aKOH);

k(a + l—;) =ka + kb (mepBBIA pacnpeaeInTeJIbHbIH 3aK0H);

(k+1)d = kd + la (BTOpoi pacnpeneUTeIbHbI 3aKO0H),
OrmeruMm, uTo (1)@ ABJISeTCS BEKTODPOM,

ITPOTHBOIOJIOXKHBIM BEKTODPY 4, T. e. (—1)d = —a. Jeiicr-

BUTEJLHO, AJHHBEI BeKTOpoB (-1)d u & pasmm: |[(-1)d|=

d|=|a . Kpome Toro, eciu BeKTOp d HeHYJEBOH,

TO BeKTOpbI (—1)d ¥ @ MPOTHBOIOJIOMKHO HAIPABJIEHBHI.
TouHO TaK Ke, KaK B OJAHUMETPHM, MOMKHO
- - -
JI0Ka3aTh, YTO €CJIH BEKTOpPbI @ N b KoaauHeapHsl H a # 0,

TO CyLIeCTBYeT uHcjao k Takoe, uto b= ka.
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OC=a+b+c
Puc. 111

— —_— —
AjAy+ AgAg+ AzA  +

— — —
+ A As+ AzAgt+ AgAq =
—
=AA,
Puc. 113
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328

329

330

331

332

333

334

335

336

3agaun .
Ha pucynke 104 wuzobparxen napannenenuneyn ABCDA B,C,D,. Haso-
BHTE BEKTOD, HAYAJIO U KOHEI[ KOTOPOT'O ABJIAIOTCHA BEPINUHAMH MapaJ-

— —_— e —_—

JleJleInnena, paBHBIH cymMMme BeKTOpOB: a) AB + A D,; 6) AB + ADq;
—> —> —> - — —>

B) DA + B, B; r) DD, + DB; n) DB, + BC.

Han Terpasnp ABCD. Jlokaxkurte, uTo: a) AB +B——B=AC+CD;

6) AB + BC =DC + AD; 8) DC + BD = AC + BA.

HazoBure Bce BeKTOpH, 00pa3oBaHHEIe pedpaMH Hapa/ulejieduIena

ABCDAB,C,D,, xoTopble: a) NMPOTUBOMNOJIOKHBI BeKTOpy CB; 6) mpo-

—> —>
THBOIIOJIOMKHEL BEKTOPY B, A; B) paBHEI BekTopy —DC; I') paBHEI BEKTO-
—>

py —-A,B,.

HapucyiiTe napannenenunen ABCDA,B,C,D, n 0603HaubTe BEKTOPbI

—_— —> —_— - =

C,D,, BA,, AD cooTBeTcTBeHHO uepes 4, b, c. F1so0pasuTe Ha PUCYHKe

BeKTOpH: &) d—b; 6) d—¢: B) b—a; 1) ¢—b; n) ¢ —d.

Ilycte ABCD — napasiesorpaMMm, a O — mpom3BOJIEHAS TOYKa IpO-

cTpaHcTBa. [HoxkaxKurte, 4TO: a) O_B> - (i‘l) = O_C>— O_D>; 0) O—B>—- O_C>= D_A>
Ha pucynke 104 nsobpaken nmapannenenuned ABCDA,B,C,D,. Ilpexn-

— —
craBbTe BeKTOPHI AB, 1 DK B Buze pPasHOCTH ABYX BEKTODOB, HadaJjla

M KOHILBI KOTOPBIX COBIAJAIOT C OTMEUSHHBIMU HA PHCYHKE TOUKaMMH.
B npoctpancree gaHBI uernipe Touku A, B, C u D. Hazosure BeKTOp
C HAYaJOM U KOHIIOM B JaHHBIX TOYKAaX, PaBHBIH CyMMe BEKTODOB:

a) (AB + CA + DC) + (BC +CD); 6) (AB - AC) + DC.

Jan npamoyrojbHbld napaJnenennnes KLMNK L .MN,. Joxaxxure,
aro: a) |MK + MM,| = MK - MM,|; 6) |K,L,- NL,| =| ML + MM,|;
B) [NL - M,L| =|K,N- LN|.

¥YnopocTtute BEIpaKeHUe: a)A_B>+ J\HV + B_C>+C_A>+P_Q>+ ]WVI; 6)If7(>+
+1\Té+ﬁ+Aﬁ+5{+ﬁ; B)ﬁl+ﬁ+£+ﬁ+@)+@>+
+Z\ﬁ; ) A73>+§4>+C_5+1\Z7§7+D—C>+N_J\>/I.

—_—
Hanme!r Toukn A, B, C u D. IIpeacraesTe BekTOp AB B BUje anrebGpandye-

CKOA CYMMBI CJEAVIOIIIUX BEKTOPOB: a) E D—C>, BD; 6)D74>, D_C), CB;

8) DA, CD, BC.
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339

341

342

343

345

346

347

348
349

¥YopocTtuTe BRIpaKeHHE: a) 53 - E_ﬁ + I?B - IEX; 0) A_D> + 1\71)’ + E_I)( -
—EP - MD; ) AC - BC - PM - AP + BM.

Han napannenenunen ABCDA,B,C,D,. Horkaxure, 4YTO O—Z+ OE =
=0C + O_A>1, rge O — OpPOUSBOJBHAA TOUKA [POCTPAHCTBA.

Ian napajnenenunes ABCDA,B,C,D,. YKaxKuTe BeKTOp X, Hauajo
¥ KOHEIl KOTOPOTO ABJAIOTCA BePITUHAME Napajiesennunena, TakoH, 4To:
—> — — = - — — - — —> —> —
a)DC +D,A,+CD,+ x+ A C, =DB;6)DA + x+ D B+ AD, + BA = DC.
Iana Tpeyroasuas npusma ABCA,B,C,. YKaxuTe BeKTOp X, HAUAIO U

—_—
KOHEIl KOTOPOTO ABJAIOTCA BEPIINHAMYU IPU3MBL, TaKoil, uTo: a) AA, +

> N — — —— o —_— — o _— —

+B,C-x=BA; 6) AC,- BB, +x=AB; B) AB +x=AC-x+ BC,.
OcHoBaHMEM UYeTHIPEXYTOJBLHON MHPAMUIBEI C BepuIMHOM P aBaserca
Tpameniua ABCD. Touka O — cepeawHa cpegHeli JUHHM TpaIlelWH.

- —> — — —
Hokaxure, uto PA + PB + PC+ PD =4PO.
Touka P — BepIlINHA NPaBUJIbHOM [HEeCTUYTOJAbHON mupamMuasi. Jloka-
JKHTe, YTO CyMMa BceX BEKTODOB C HA4YaJOM B Touke P, 00pa3oBaHHBIX
OOKOBEIMH pefpaMH IHpaMHUJLI, paBHa CyMMe BCE€X BEKTOPOB ¢ Hadua-
JoM B Touke P, oOpasoBaHHBIX amodeMammu.

WN3BecTHO, uTO A_5 = %AB Jokaxure, uTo TOUKU A 1 B cUMMeTpDUYHB

oTHocuTenbHO Touku O.

HOuaronamu xy6a ABCDA,B,C,D, nepecexatorcs B Touke O. Haiizure
— — —> —_— e —>

uyucio k takoe, uro: a) AB=~Fk-CD; 6) AC, =k - AO; B)OB, =k - B,D.

Toukn E u F — cepegusbl ocHoBaHuii AB m BC mnapajjiegorpamMma
ABCD, a O — 11pou3BOJIBHAA TOYKA MPOCTPaHCcTBa. BRIpasuTe: a) BeK-

—> — — —> — —
Top OA — OC uepes BekTop EF; 6) BekTOp OA — OF uepes BerTop DC,
Toukn M u N — cepenuubl ocHoBaHuit AB u CD Tpaneuuu ABCD,
a O — mDpousposbHAad TOUKA IPOCTPAHCTBA. DBRIpasuTe BeKTOD

OF/; -ON yepe3 BEKTODHI AD u BC.

Vopocrure: a) 2(m+nr)—-3@4m-n)+m; 6) m—-3(7i—2m + p)+

+5(p - 4m).

Hoxkaxxkure, uto B napannenenunene ABCDA,B,C,D, fﬁ + B—1_1>) = ZB_C>.
Tpmn Toukum A, B u M yZOBJIETBOPAIOT YCJIOBUIO ATJ =A- M—ﬁ, rae
A # -1, JokaxuTe, UTO 3TH TOUYKH JICHKAT HA OJHOM NPSMOM M AJIA JIIO-

—> —_—
- > OA + A-0OB
601 Touku O MpoCTPAHCTBA BHITIOJHAETCA PaBeHCTBOOM = ——————,
1+ A
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Pemenne

—> —> ' —> e
W3 pasercrBa AM = A - MB caneayer, uTo BeKTopbl AM u MB xou-

JHHEeapHbl, NodTomy npambie AM u MB nunbo napanieinbHbi, JU00
coBmazamT. Tax KaK 3TH IpAMbie MMeET o0yl Touky M, TO
OHM COBNAJAIOT, W, CAEZOBATENbHO, TOUKU A, B u M je:xxar Ha 0J1-

— —_— —> B — — —_—
Ho#t mpawmoit. Ilockoavky AM =OM - OA, MB=0OB -0OM, 10 ua
paBeHCTBa AM =\-MB umeem OM -OA = A (O_E— 0_1\71), uIu
a+Aa) Oﬁ = OZ + A -O_B>. Orcioza, pasgenuB Ha 1 + A, moayvyaem
HCKOMO€ PaBEHCTEBO.
350 MsBecTHO, UTO p'=a + b + ¢, IpHYEM BEKTODH d, b u ¢ IOHApHO He

conamnpasiaensl. [Jokaxure, uto | p|<|d|+|b|+|c].
351 BexTopnid U C, a TakXe b U ¢ KOJIMHeapHLI. [JOKAMKNTe, UTO KOJJIMHE-
- = - - — - - d - — bad —
apHBI BEKTOPRIt 84) a +buc¢;0) a-buc;B) a+3bucyr) —a+2b u c.

-

352 BexTopbl @ +b u @ — b KonaMHeapHbI. JJOKasKUTEe, YTO BEKTOPHI @ U b
KOJLINHeapPHBL

—

— ol — had -
353 Bexropet a + 2b u a — 3b komuHeapHsl. J[oKauTe, ITO BEKTOPEI 4 U b
KOJIIMHEeapHHI.

354 [loxaxmTe, 4TO ecM BeKTOPH d +b 1 @ — b He KOJJIMHeapHBI, TO He
KOJLIMHeapHBI U BEKTOPBI: a) 4 u b; 6) a + 2b u 2d —~ b.

§

ROMI'IJIaHaprIe BEKTOPBI

43 KoMiuiaHapHbIe BEKTOPbI

BexTophl Ha3BIBAIOTCA KOMILIAHAPHBIMME, €CJIN
IpU OTKJAABIBAHUHM HUX OT OJHOM M TOI K€ TOUKU OHU
OyRyT JeKaThb B OJHOM ILTOCKOCTU. J[pyrMMH cCJiOBaMHu,
BEKTOPBHI HA3BIBAIOTCA KOMILJIAaHAPHBIMH, €CJIH HMEIOTCH
paBHBIE MM BEKTODEHL, JIeXKaIllie B ONHOM MJIOCKOCTH.

flcHo, uTo NI0OBIE 1Ba BEKTOPA KOMILJIAHAPHEI;
TPU BEKTOPa, CPEAM KOTOPBHIX UMEIOTCA ABa KOJJIUHeap-
HBIX, TaK/Ke KOMILIaHapHbI (00BACHUTE IOYeMYy), a TpHU
NIPOU3BOJBLHLIX BEKTOPA MOrYT OBITh KaK KOMIIJIAHAPHEI-
MU, TAK U He KOMILIaHapHbiMu. Ha pucynke 114 uzobpa-

—> — —>
JKeH mapajulenenunen. Bexroper BB,, OD u OF roMmia-
HapHBI, TaK KaK ecJM OTJIOMXKHUTBH OT TOUKH O BexKTOp,
. - e —_—
paBHBIE BB,, To nmoxyuutrcs Bexkrop OC, a BekTopsl OC,

— — . .
OD u OFE nexat B oxmoii maockoctu OCE. Bextopur OA, Puc. 114
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—> — —

OB u OC He KOMIJIaHAPHEBI, TaK Kak BeKTop OC He JIe:KUT
B mirockocty OAB. PaccMoTrpuM npusHAK KOMILIAHAPHO-
CT# TPeX BEKTOPOB.

Ecau BeKTOp ¢ MOKHO Pa3iIOKHTH IO BEKTO-

pamMm (1 " b T. €. IIpeaACTABUTH B BPIHG
¢ = xd + yb, (1)

rie x ¥ y — HEKOTOphbIe YHCJA, TO BEeKTOPH d, b n ¢
KOMIIJIAHA PHEIL.

I[orca}}ceM 9TOT MPU3HAK. ByJeM CUHUTATH, uTo
BEKTOPHI d U b He KOJLJINHEapHHBI (ecau BEKTODHI aunb
KOJUIMHEAPHbBI, TO KOMILIAHAPHOCTE BEXTOPOB 4, bué oue-
BUJHA). OTJOXHUM OT TMPOM3BONABLHOH TOUKH O BEKTOPHI
—> o — - — —>
OA =a u OB="b (puc. 115). Bextoper OA u OB nexar
B n1ockoctr OAB. O4eBHIHO, B 9TOH »Ke IJIOCKOCTH JIeKaT

—> — — —>
BeKTOPEI OA, =x+0OA n OB, =y-0OB, a cienoBareslbHO,
—_— P — —_—
¥ ux cymma — BeKTOp OC = x + OA + y » OB, paBHHIH BEKTO-

- - = —> — — 5
py ¢. Hrak, BekTopel OA =a, OB=b u OC=C gexar
B OZHOH ILJIOCKOCTH, T. €. BEKTOPbI d, b 1 ¢ KOMIIJIaHAPHBL.

CnpaBe,aJmBo u obpaTHOe yTBepmaeHne ecan
BeKTOPHI 4, b M ¢ KOMILIAaHADHBI, a BEKTOPHI 4 W b ne
KOJIHHEAPHbI, TO BEKTOP C MOJXHO PAa3I0KUTh IO BeK-
TopaM 4 u b (T. e. mpefcTaBUTE B Buje (1)), mpuuem Koad-
¢dvnueHTH! pasioxkenud (T. e. yucia x, y B popmyie (1))
OIpeNeqaoTCA eIUHCTBeHHBIM 00pasom. Ilob3ysice Teo-
peMoil 0 PasIoMKEeHuH BEKTOpa TO ABYM HEKOJIJIWHEAPHBIM
BEKTODaM, M3BECTHOH M3 Kypca ILJIAHUMETPUN, NOKAMKUTE
9TO YTBEPIKAEHHE CAMOCTOSITEJLHO.

44 [IpaBu10 mapaieenuIena

[ cloxkeHNsS TpeX HEKOMILIAHAPHBIX BEKTO-
POB MOJKHO IIOJIB30BATHCA TAK HA3LIBAEMBLIM NPABHIOM IIa-
paaneaenunexa. Omouniem ero. IlycTs @, b, ¢ — HeKOMILIa-
HapHBIE BeKTOPBI. OTA0MKHM OT MIPOU3BOJBHON Toukm O
—_ L > - —> —
npocTpancTBa BeKTopbl OA =a, OB =b, OC = ¢ u moctpoum
napajenenunesn Taxk, utodnl orpe3sku OA, OB u OC 6bLin
ero pedbpamu (cm. puc. 114). Torma auaronane OD sTtoro ma-
e

pajLIesennnesia H306paXKaeT CyMMy BEKTOpOB d, b 1 ¢: OD =
IO —> — — —_— —_—
=a + b~ c. HeiicrBurensuo, OD =0FE + ED =(0OA - AE) +

—_—> —>

{ED=0OA+OB+0C=qd+b+¢.

93

Bewmopet s 2

7

ir

y

Mg

s

‘



45 Pasaoskenue BexkTOpa
[0 TPeM HeKOMIUIAHAPHBIM BeKTopam

Eciy BeKTOp p NPeACTaBJIEH B BHUJE
p=xd+yb+ zc, (2)
Tle X, Y ¥ Z — HEeKOTOpbie YHC/Ia, TO TOBOPAT, YTO BEKTOP P

N
pa3JosKeH 10 BeKTopaMm d, b u ¢. Unucnaa x, y, 2 Ha3eIBAIOT-
cAd Koah(hunMeHTAMH DPA3NOKEeHHUA.

JlokaxkeM TeopeMy 0 Da3JoXeHHH BeKTopa No
TpeM HeKOMNNaHAPHBIM BeKTOPaM,

Teopema

PO RN IR S S P v g B
J1000if BEeKTOpP MOMKHO PA3JOXKUTH NO TpPeM ITaHHBIM
HEKOMIUIAHAPHBIM BEKTOpaMm, NpuuyemM KO3 PHUIHEeHTHI
Pa3JI0KeHUsA OIpedeIsIoOTc eIMHCTBEHHBIM 00pa3oM.

JlokazaTeabpCTBO
Myers d, b u ¢ — JZaHHBIE HEKOMILIAHADHLIE

BeKTopbI. [lokarkeM cHadaja, 4TO J000i BEKTOP ﬁ MOKHO
npeactasuTh B Buae (2).

OTMeTUM MPOUSBOJBHYIO TOYKY O U OTJIOKUM
OT 9TOH TOYKHM BeKTOphl (puc. 116):

— — - —> e
OA =d, OB=b, OC=¢, OP = p. 3)
Yepes Touxky P mpoBejieM NPAMYIO, lapajieb-
Hylo npsMoii OC, u obosHauvM uepez P, Touky nepece-
YeHHsA 9TOH mpamoil ¢ maockoctsio AOB (ecau P € OC, 1o
B KauecTBe TOUKHU P, Bo3bMeM Toukry (). 3aTeM uepes TOU-
Ky P, npopemeM npsaMyi, HapajlenbHyI Ipamod OB,
¥ 0003HaYMM yepe3 P, TOUKY IlepeceuyeHus ITOU mpAMOU

¢ npamoii OA (eciu P, € OB, To B KauecTBe TOYKHU P, BO3b-
meM touky O). Ilo nmpaswiay MHOTOYroJbLHHUKA

OP =0P, + B,b, + BP. 4)

BexrTopsl O—P>2 H (i4>, P:;’1 u O_E, I?I)’ u OC xon-
JUHeapHEl, I03TOMY CYLIEeCTBYIOT 4YucJa X, Y, Z TaKKe, UTO
(i‘z =x- O_Z, P:P: =y- O_B), P:—ﬁ= z2-0C. IlogcraBuB 91U BHI-
paskeHUs B paBeHCTBO (4), MOJYUUM:
— — e —>
OP=x-0A+y-0B+z-0C.

Orcioya, yunuThiBasg paBeHcTBa (3), IPUXOLUM
K paseHcTBy (2).
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JlokaxeM Temeph, YTO KOA(PUIEHTE pasJsio-
skeHuda B Gopmyae (2) onpegenaioTca efMHCTBEHHBIM 00pa-
soM. IonycTuM, 4TO HApAAY ¢ pasiokeHueM (2) uMeercs
IPyTOoe pasjio:KeHHe BeKTOpa p: p = x,d + y,b + 2,¢. Borum-
Tasg 3TO PABEHCTBO K3 PABEHCTBA (2) U HCIOJNbL3YA CBOIICTBA
IeMcTBMHA Hajl BEeKTOpPaMH, IIOJydaeM:

O=(x-x)d+(y-y)b+(z-2)¢

9T0 PABEHCTBO BBINOJHAETCA TOJBKO TOrZA,
korga x —x;, =0, y—y, =0, 2 — 2, = 0. B camom geze, ec-
JH IPeANoNOXUTh, HAIPpUMep, 4To 2 — 2; # 0, TO M3 aTOTO
XN g Y7¥ b orkyna caenyer,

. z-2z z2—2z

YTO BEKTODHI &, b 1 ¢ KoMIIaHapHbi. IO 3TO IPOTHMBOPEYHT
VCIOBHUIO TEOpeMEBl. 3HAUHNT, HAIlle NPEeAIIOJIOKeHe HEBEeD-
HO, U X = X, Y = Y, 2 = 2,. CregoBarenbHo, KO3pduIneH-
ThI pasjiokeHusa (2) onmpemensioTcd eJHUHCTBEHHBIM oOpa-
som. Teopema moxasaHA.

paBeHCTBA HAXOJUM: C = —

—

Ecnu BekTOpsl p, 4@ M b KOMILIaHADHEI,

To 2= 0 (06BACHUTE mO4YEMY), U BEKTOP P OKA3EIBAETCH
(daKTHYeCKH pasJOXKeHHBHIM II0 ABYM BeKTopam 4 u b.

355

356

357

358

359

Bomnpoce: u 3agaun
Jan napanitenenunexs ABCDA,B,C,D,. Kakue U3 ciaeAylmMUx Tpex

BEKTOPOB KOMILJIAHAPHBI: a) A_Zl, (,Tél, E)Bl; 0) A_E, A—ﬁ, A_Zl;
8) BB, AC, DD,; r) AD, CC,, A,B.?
Toukn E u F — cepeaunnt pedep AC u BD rerpasgpa ABCD. [okaxmu-

Te, UTO 21':'_E> = BTQ>+ D_C>. KoMmniamapasl 1 BEKTODHI Ii‘), BAwnu D—ET?
Hansl mapaniaenorpaMmmel ABCD n AB,CD,. JokaxuTe, 4YTO0 BEKTODPBHI

]3_§l, C_C>l u D_D>1 KOMIJIAHAPHEL.

Hau mapanaenenuneng ABCDA,B,C,D,. HazoBuTe BeKTOp, HA4aja0 U KO-
Hell KOTOPOTO ABJAIOTCA BEPIIMHAMH IapaJliiejleIHIIea, PABHBIN CyMMe

BeKTODOBIa)A_E+A_l)>+AZ; 6)D_A>+D_C)+D_i)>1; B) A1_1>3]+Cl_§1+
+B—§1; r) AI_Z+A1—51+A_B); a) B:Zl+§§1+§a

Has napannenenunen ABCDA,B,C,D,. a) Pa3joxure BeKTOD B—D),
IO BEKTOPaMm L?Z, BC u B’El. 6) Pasnoxure BeKTOp BTB, II0 BEKTO-

paM Al_;l, ATE u ATIBI.
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360 B sepmmuax A,, B u D xy6a ABCDA,B,C,D,, pebpo KoTOpOro paBHo a,

361

362

363

364

365

366

MOMeIlleHEl TOUEeYHEIe 3apAALI ¢. a) BbIpasuTe pesynbTUPYIOIIYIO Ha-

IIpHJKeHHOCTb* CO34aBa€MOTO MU JJEeKTPHUUYECKOIr'O IIOJASA B TOYKAaxX A
—

u C, uepes BexTop AC,. 6) Haiigure abCcoNOTHYIO BeIUINHY Pe3YIbTH-

pylomeld HanpssKenHocTH B toukax C, B;, B nmenrpe rpanu A,B,C,.D,
U B IeHTpe KybDa.
Huaronann napaanenenunensa ABCDA,B,C,D, nepeceKkamTcsa B TOY-

—_— —  —>

ke O. Paznomure BexTopsl CD um D O no Bexkropam AA,, ABu AD.

Toura K — cepepuua pebpa BC terpasapa ABCD. Pasnoxunre BeKTOD D_I>(
IO BEKTOpaM G=DA, b= AB n ¢ = AC.

Penrenue

Taxk kak Touxa K — cepeauna orpeaxka BC, To D_I>( = % (D_B>+ D_C>)

- —> —> —

Ho DB=DA + AB=Gd +b, DC=DA + AC =G + . Tlostomy

y=d+Llo+le

Q
ol

DK=l@+b+

—

+

[\
D=
N | =

OcHoBaHMeM OHPAMUALI C BepIINHON O sABIAeTCA IAPAJJIEJIOrPaAMM
ABCD, guaroHaJn KOTOpOro rnepecexarmTcsa B Touke M. Pasjaoskure
— — R —> — N —

BeKTOpHl OD 1 OM mno Bexktopam ¢ =0A, b=0B u ¢ =0C.

Touka K — cepenguna pebpa B,C; xyba ABCDA,B,C,D,. Pasnoxure

—> N —> —> —> "

BeKTOp AK 1o Bextopam a = AB, b= AD, ¢ = AA, u HalijuTe AJINHY

aTOro BeKTOpa, ecau pebpo Kyba pasBHO m.

Bre niockoctu napanienorpamma ABCD Bsara touka O. Touxka M —
P—

cepenuda AB, a touka K — cepenunua MD. Pasnosxunre BexkTopbl OM

—> R —_— —> —

u OK no sextopam a =0A, b=0B, ¢ =0C.

Hoxaxkure, uto ecau M — Touka mepeceueHUs] MeIMAH TPEYyrONBHUKA
ABC, a O — mpoussoJibHafA TOUYKa MPOCTPAHCTBA, TO

67\4:%(5Z+(ﬂ§+0_(5. (5)

* . -
Ecnu B Touke O HAXOAMTCH TOUEYHBIN 3APALN ¢, TO HAMPAMKCHHOCTE F
CO34aBAae€MOT0 MM 3JIEKTPHYECKOr'o NOJs B TOoukKe M BbIpasKaeTcs

- 2
dopmynonn E = -kq3 - OM, rae xostpdunuenrt k£ 3aBucuT or BHIGOPA
OM

CUCTeMBbl €eIUHHII.

96 Bermopot 8 npocmpancmec
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4 —J1. C. Aranacan

Pemenne . %
Ilo Teopeme 0 TOUKe ImepecedYeHUA METUAH Tpe-

— — A
yronpHuka AM =2MA,, roe AA, — MeiuaHa

tpeyroapHuka ABC (puc. 117). Corsmacuo sa-
gaue 349 0—1—\)4 _ 0OA + 204, _ OA+20A, . Ho Al 3
1+2 3

5:4)1 = 1(O_B> + 55) (o6BaAcHUTE mouemy), mo- Pme. 117

2TOMY OM w

B Terpasnpe ABCD menmana AA, rpanu ABC

menutca Toukoii K rak, uto AK : KA, =3 : 7.
—> —

Pasaoxurte BexTtop DK mo Bektopam DA,

DB, DC.

Toukn M u N ABIAIOTCA cepeuHAMH pebep

AB n A,D, napannenenunena ABCDA,B,C,D,.

Pasnoxure, ecau 3T0 BOZMOXKHO, IO BeKTopam  Fuc. 118
—_

AB wn A_D> BEKTOp: a) Xa 0) Cﬁ; B) CTV;

r) AET; n) A/ N; e) A_N); &) MD.
Meauarsl rpanu ABC Terpaszapa OABC mepecekaloTcs B Touke M.

P —_— — —
Pasnoxunre Bexrop OA mo Bexkropam OB, OC, OM.
Bricortt AM w DN npasnnsuOro terpasapa ABCD nepecexaoTcs

— e g - - —>
B Touke K. Pasjoxure mo Bexktopam a = DA, b =DB, ¢ = DC BeKTOp:

— — —_— —
a) DN; 6) DK; B) AM; r) MK.
B rerpasape ABCD mepuanbl rpanu BCD nepecekaioress B Touke O.
HoxaykuTte, 4To gamHAa orpeska AO MeHblIe OJHON TPETH CYMMEI AJIHUH
pebep ¢ obureil BepLINMHOH A.
Hoxaxure, uro auarosans AC, napannenenunena ABCDA,B,C,D, npo-
XOOUT Yepe3 TOUKH IIepeceuyeHns MeJuaH TpeyroabHuKos A, BD u CB,D,
K AEeJINTCS STUMH TOUKAMH Ha TPH PaBHBIX OTpeska (puc. 118).
Pemenne
O6osnaumm uepes M, TOUKY nepeceueHWA MEOUAH TPEYroJbHHU-
ka A,BD. HpnmeHHB cpopmyny (5) x rerpasapy AA,BD, no-

s
ayuuM  AM, (AA +AB+AD) Ilo mnpaBuny mnapaiienenunena

—

—_— —
AA, + AB+ AD = ACl, mostomy AM, = §ACl. Orcroma crepyeT, 4TO

Touka M, mpusHagaexuTt guaroHaaun AC, u AM, = %ACI.

g7



373

374

375

TouHO Tak Ke MOXKHO JOKa3aTh, yTO Touka M,
nepeceueHus MeAMaH TpeyroabHuka CB,D;

npuHaAIeKUT guaroHaan AC, u C,\M, = %AC1 .

Wz paBencts AM, =313—AC1 u C,M, =-{1;AC1 c
caeayer, 4ro Touku M, u M, menar puaro-

Haitb AC, napaijeJenuiela HA TPU PaBHBIX 78, B /
orpeska AM,, MM, n M,C,. &_AJ ng‘]/

Toukm A,, B, C; ¥ M, — ocHOBaHUA IEePIEH-
OIUKYJIAPOB, MPOBEAEHHEX K ILUIOCKOCTHM O u3  Pue. 119

BepiinH TpeyronbHuka ABC u us toukm M

TepeceueHUd MEIHAH B3TOTO TPEeyroabHHUKA

(puc. 119). Hokaxxure, uto MM, = % (AA, + BB, + CC,). Ocrauercs

JIM BePHBIM PABEHCTBO, €CJIH KaKHe-TO CTOPOHEI TpeyronbHuka ABC me-
peceKaiTca C IJIOCKOCTBIO O?
Orpesku AB u CD He Jme)XaT B OAHO# IJOCKOCTH, TOUKM M u N —

cepeauHEBl 3TUX OTpe3KoB. [okayxurte, uro MN < % (AC + BD).

B rerpasape ABCD touku K u M — cepenunsl pebep AB u CD. oka-
JKHUTEe, UTO cepeauHEl orpeskoB KC, KD, MA u M B aBASIOTCA BepIIU-
HaMM HEKOTOPOro IMapajjieiorpaMMa.

Bonpocewt v rape TV

CropasefanBO 1K YTBEpXKAeHHe: a) JoOOble ABa IIPOTUBOIMOJIOMKHO Ha-
IpaBAeHHBIX BEKTOPa KOJJINHeapHBI; 6) J00ble NBa KOJJIHMHEAPHBIX
BEKTOpa COHAIIPABJEHEI; B) JIO0BIE ABa PaBHBIX BEKTOPA KOJIMHeAap-

HbI; T) ao6ble ABa COHANPABJEHHBIX BEKTOpDAa DABHBI; ) €CIH d b,
~ - - — - - - —
btle, roa lé €) CYIIeCTBYIOT BEeKTOPHI 4, b ¥ ¢ Takue, 4TO @ U C He
KOJIJIMHeapHbl, b M ¢ He KOJUIMHEapHbl, & 4 M b KOJIUHeapHbI?

— —
Touku A u C cuMMeTpUYHBl OTHOCHTEIBHO TouKu O u AD = BC. Cum-

MeTpUuHEBl JU ToukM B 1 D oTHocuTenbHO TOuKu O?
—

s
Toukn A 1 C cHMMeTpHMYHBl OTHOCHTEJBLHO mpamMoi a n AD = BC.
MoryT au Touku B u D 6BITh: a) CMMMETPHUYHBIMH OTHOCHUTEJIbLHO IIPSA-
MO# a; 6) HeCHMMETPHUUYHBIMM OTHOCUTEJILHO IpAMOM a?

Touxkn A nm C, a TakKe TOYKH B u D cCHMMeTPHUYHEI OTHOCHUTEILHO

— —_—
njgockoctH . Moryr am BekTopsl AB u CD O6niTh: a) paBHBIMU;
6) HepaBHBIMU?

H3BecTHO, UTO BEKTOPHI @ M @ + b KoJAnuHeapHB. KoaaunHeapHBI JH

BEKTODH @ ¥ b?
MoskeT M IJIMHA CYMMBI ABYX BEKTOPOB GbITL MEHbIIE AJTUHBL KaKJ0-
r0 M3 CJaraeMsIx?

98 Poownpne o npoempaenae
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376

377

378

379

380

Mooker JIE AJTMHA CYMMBI HECKOJBKKMX HEHYJEBHIX BEKTODPOB OBITH PaB-
HOH cyMMe AJIHH 9THX BEKTOPOB?

MoxkeT ¥ AJUHA PA3HOCTH OBYX HEHYJIEBBLIX BEKTOPOB OBITHL PaBHOM
CyMMe JAJIMH DTUX BeKTOpOB?

MoskeT MU AAMHA PASHOCTH ABYX HEHYJEBBIX BEKTOpPOB OBITH PABHOM
Pa3sHOCTH AJIHH 3THUX BEKTOPOB?

MoskeT g1 ZAHMHA CYMMBI IBYX HEHYJIeBBLIX BEKTOPOB OBITH paBHA AJIH-
He pa3sHOCTH 3THX BEKTOpPOB?

Ha xakoe UHCI0 HYKHO YMHOMKUTH HEHYI€BOI BEKTOP @, YTOGHI MOJTY-
4UTh BEKTOP b, YIOBJIETBODAIOMINI1 CHEAYIOIINM YCIIOBHAM:
a)b11a ulb|=|d); 6)b N du|bl=3|al; ByoNadulbl= ;1) b=0?

—> —

HUssecTHO, uTOo AB =k +CD, mpuuem Touku A, B u C He jnexaT HA O]-
HOM mpAmon. [Ipy raxom snauenuu k nmpamile AC u BD asasworca:
a) mapasyeapHbIMH; 0) mepecerarmumuca? Moryr am npambeie AC
H BD 0ObITh CKpPEIHBAIOIINMUCA?

KoMIIaHapHH 7¥ BeKTOpH: a) @, b, 2a, 3b; 6) 4, b, a+b, a—b?
HM3BecTHO, 4TO BEKTOPHI @, b U ¢ KOMITaHapHbl. KoMITaHapHBI Ju
BEKTOpHL: a) d, 2b, 3¢; 6) a+b, d + 2¢, 2b — 3¢?
Touxku A, B u C jgexarT Ha OKPYKHOCTH, a Todka O He JeKHT B IJI0C-
. — —> —
KOCTH 3TOH OKpYKHocTU. MoryT Jan BeKTopsl OA, OB u OC OBITE KOM-
IJIaHAPHBIMU?
Jdoneommre ibasie a 1asu
—
Hau napanaenenunes MNPQM,N,P,Q,. Hokamxure, 4ro: a) M@ +
— e — —_— — — — — —
+M,Q, =N,P, + NP; 6) PQ+ NP, = NQ,; B) @ P, +QQ, =QF,.
Ha pucynxe 120 wzobpakeHn npaBuIbHBIHM OKTaszap. Jloxaxure, 4TO:
e — — —_— — —
a) AB+ FB=DB; 6) AC—-CF = EC;
— — — —> —
B) AB+ AC + AD + AE = 2AF.
IloxaxmuTe, YTO PASHOCTH BEKTOPOB & M b BEHI-

paskaeTcs bOPMYJIOl @ — b = a + (=b).

Hau terpasgp ABCD. Haiigure cyMMy BEKTO-
pos: a) AB+ BD +DC: 6) AD +CB + DG;
B) A_B? + (,75 + }B_C> + Iitl>

JlaH nmapajienenuiiesn ABCDA B,C Dl. Hanzm're
CYMMY BEKTODOB: a) AB + B C, + DD + CD

06) B1C1 +AB+DD1 +CB1+ BC+A1A;
) BA + AC +CB + DC + DA. Prc. 120
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390

391

IaHBI TpBerJII:HI/IKI/I ABC, AB C1 u aBe Touku () u P mpocTtpaHcTBa.
— — — —>

HasecTHO, UTO OA + OP OAI, OB + OP OB,, OC + OP =0C, . Hoxra-

JKWTE, UTO CTOPOHBI TpeyroabHuKa A;B;C; COOTBEeTCTBEHHO DAaBHBI
U mapaJlielbHbl CTOpoHAM TpeyroabHuka ABC.

IIpy KaKUX 3HAYEHUAX k B PABEHCTBE 4 = kg, rae b 6, BEKTODEI 4 U b
a) KOANMHeapHbI; 0) COHANPABJEHBI; B) NPOTHBOMIOJOXKHO HAIpaBIe-
HBl; ') ABJAIOTCH IIPOTHBOMIOJJOMHEIMU?

Yucna k u | He paBHBI APYT APYTY. JlOKa)KuTe, YTO eCIH BEKTOPEL d + kb

ud+1b He KOJTUHEAPHBI, TO: a) BEKTOPHI & H b e KOJIIHHEeapHbI;

6) BeKTOpHI Q + kbud+ [,b He KoJnMHeapHBI IPH JIOOLIX HEPAaBHBIX

uncaax k; u [
Touku A,, B, u C; — cepegunnl cropod BC, AC u AB TpeyroJbHHKa
ABC, Touka O — mpoM3BOJLHAA TOUKA IpocTpaHcTBa. Horakure, 4TO

— — — — —> —
OA, +0OB, +0C, =0A + OB + OC.
OTpesKu, COEAMHAIOIINE CePEeIMHLL ITPOTHUBOMOJJOMKHEBIX CTOPOH YeThI-

pexyronsHuka ABCD, nepecexatorca B Touke M, Touka O — mpous-
BOJIBHaA TOYKAaA IIPOCTPAHCTBA. I[oxamm‘e, YTO CIIpaBeaJuBO PaBEHCTBO

OM =1 (04 + 0B + OC + OD).
HIunaronanu napaJnanenorpamma ABCD mnepecekarorcsa B Touke O. Iloka-

JKHUTE, YTO OJIA JIIOGOﬁ TOYKH AM HpOCTpaHCTBa CIIpaBeajInBO HepaBEH-
crB0 MO < i(MA + MB + MC + MD).

Tpu touku M, N u P nexaT Ha oZHOH mpsaMoil, a Touka O He JeXHUT
— — —a

Ha 970l npsimoii. BripasnTe BekTOop OP uepe3 BexTopsl OM u ON, ecnu:

a) N_ﬁ: 2]\57; 0) MTﬁ = —%Py\?; B) M_I_;: k- M]_Vt roe k — JaHHOe 4HCJIO.

IloxakuTe, YTO BEKTOPHl P, G U b KOMILJIAHADHBI, €CJAU: a) OAMH U3

AaHHBIX BEKTODOB HYJEBO; 0) ABa M3 JaHHBIX BEKTOPOB KOJIJIUHEAPHEI,
Ha aByX CKpeIIMBaOIMUXCS MPAMBIX OTMEUEHEl IO TPH TOUKM: A, A,,

—_— — —_— e
Az u By, B,, B;, npuuem A, A, =k A A;, BB, =k B,B;. [lokasxure,
yTo npamele A,B,, A,B,, A;B; mapajjeabHbl HEKOTOPOHM IJOCKOCTH.
Haun npamoyronbublit mapajnenenunes ABCDA B,C,D,, B KOTOpoM
AB=AD =a, AA, = 2a. B BepmuHax B; u D, nomMmemneHs! 3apAnbl ¢,
a B BepmuHe A — sapaj 2¢. Haliaure abCcoMOTHYIO BeIMYUHY Pe3yJib-
TUPYIOINEH HAIPSAMEHHOCTH 3JIEKTPHUYECKOTO IOJA: a) B TOUYKE A;;
6) B Touxe C; B) B neutpe rpauu A,B,C,D,; ) B uenrpe rpaau ABCD.
B rerpasppe ABCD Touxka K — cepeauua Mexuausl BB, rpanu BCD.

—>

— N — =
Pasnoxure BekTop AK 1o BekTopam d = AB, b= AC, ¢ = AD.
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395

396

397

398

399

—

- _ - —
Ha Tpex HexkoMmMnIaHapHBIX BeKTopax p= AB, ¢ = AD, r = AA, nocrpo-

—

en mapannenenunes ABCDA,B,C,D,. Paznoxure mo BeKTOpaMm p, § u r

BEKTODH, 00pA30BaHHBIE JUATOHAJIAME STOr0 IIapajieenurea.
B napaanenenunene ABCDA,B,C,D, rouka K — cepenuna pebpa CC,.

— _ — —> —
Paznoxure BekTop: a) AK 1o BekTOopam AB, AD, 15 6) DA, mo Bek-

TOpaM blm” mlﬁv_ u Q|bv_.
B napannenenunege ABCDA,B,C,D, gnaronanu rpaeu DCC,D, nepe-

—— —

cexaorca B Touke M. Pasnoxxure BekTop AM mo BexTOopamM AB,

— —_—

AD m AA,.

Jlokaxkurte, 4TO €CIM TOUKY HepeceUeHud MeIUaH TpeyroibaukoB ABC

u A,B,C, cosnagasor, 10 npamsie AA,, BB, u CC, napajieasHb HEKO-

TOPOM IJOCKOCTH.

B rerpasape ABCD touka M — cepeauna peOGpa BC. Bripasure uepes
— — — - —> —_— — —

BeKTOpBE b = AB, ¢ = AC u d = AD cnepymomue Bextopsi: BC, CD, DB

—

u DM.

B rerpasape ABCD touku M u N ABIAIOTCA COOTBETCTBEHHO TOYKAMHU

nepeceyenus meguaH rpaseit ADB u BDC. Jlokasxurte, utro MN | AC,

U HafiuTe OTHOMNIEHME AJUH 3THUX OTPE3KOB.

Tpeyronounxun ABC, A,B,C, u A,B,C, pacroloKeHbl TaK, YTO TOYKH

A, B, C sBasiloTCA cepefuHaMu oTpe3KoB A,A,, B,B,, C,C, cooTBeTcr-

BeHHO. [JoKakHuTe, 4YTO TOYKH IIePeCeUYeHMA MeAuaH TPeyroJbHUKOB

ABC, A,B,C, u A,B,C, nesxaT Ha OHOI IpPAMOIi.

JlokakuTe, UTO TPEYrolbHUK, BEPIIHHAMU KOTOPOrO SABIAIOTCS TOUKU

mepecedeHuA MeAuaH OOKOBBIX I'paHell TeTpasapa, NoJ00eH 0CHOBAHUIO

TeTpasipa.



I'maa V

MeToa KoOpaAMHAT B IIPOCTPAHCTBE.
ABMKeHus

KoopaunHaThl TOUKU
M KOODAWHATHE BEKTOpa

46 TlpamoyroabHasi cucTeMa KOOPIMHAT

B IIPOCTPAHCTRBE

Eenu yepes TOUKY NPOCTPAHCTBA TPOBEIEHBI
TPH NOMAPHO IePHEHAUKYJIAPHEIE NPAMBIE, HA KaXKAOH U3
HUX BBIOpAHO HaIpaBiieHHe (0HO 0003HauaeTCs CTPEIKOi)
U BeIGpaHa eJUHNAIA U3MEPEeHUs OTPe3KOB”, TO I'OBOPAT, UTO
3aJaHa NPAMOYroJbHAA CHCTeMa KOOPAMHAT B IIPOCTPAHCT-
Be (puc. 121). IIpaMsie ¢ BEIOpAHHBEIMKM HAa HUX Hampasie-
HASAMM HA3bIBAIOTCA OCAMH KOOPAMHAT, a MX 00Ias TOoY-
Ka — madajgom KoopamHar. Ona o0o3HauaeTcs OOBIYHO oc“’
oykBoit O. Ocu KoopamuHar ofGosmagatorcs tax: Ox, Oy, ©
Oz — 1 ¥MeIT Ha3BaHHA: 0Ch abCHMCC, OCh OPAMHAT, OCh O
anniaukar. Besa cucrema KoopauHaTt obosuavaerca Oxyz. x
IInocKoCTH, MPOXOASIIAE COOTBETCTBEHHO Uepes OCH KOop-
muHat Ox u Oy, Oy u Oz, Oz u Ox, Ha3LIBAIOTCA KOOP-
AMHATHBIMH ILIOCKOCTAMHE M o00o3HauawTca Oxy, Oyz, Ozx.

Touxa O pasjgenser KaXKAYIO M3 oceil KOOPAU-
"H&T Ha ABA Jyua. JIyu, HampaBJjieHHe KOTOPOI'0 COBHAJ3eT
¢ HaIpasJeHHeM OCH, HA3LIBAETCHA HOJOKHUTEJbHOM IOJy-
0Cbl0, 3 APYroil JyY — OTPHUATEJIHRHOH HOJYOCBHIO.

B npAMOyroJbHOI crcTeMe KOOPAUHAT KaKI0M
Touke M IpPOCTpAHCTBA COIIOCTABASETCA TPONKA UHCeNd, KO-
TOpBbIE€ Ha3kIBalOTCA ee Koopauuatamu. OHU OmIpee/IsIoTCH
AHAJIOTHYHO KOOPAUHATAM TOUEK Ha IIockocTu. IIpoBemem
yepes TOYKY M TpU IJIOCKOCTH, IEPIEHANKYJIADHBIE
K OCAM KOODAWHAT, ¥ 0603HauuM uepes M,, M, u M; T04ku
IepecedyeHns 3TUX ILJIOCKOCTEM COOTBETCTBEHHO C OCAMHU ab-
cuuce, opaAuHAT 1 anmaukar (puc. 122). Ilepsas KoopaHHA-
Ta Touku M (oHa HaseIBaeTcaA abcumecon m 0003HAaUaeTCs
00bIuHO OYyKBOI Xx) omnpegenserca Tak: x =O0M,, ecim
M, — TouKa IONMOKUTENbHOH mnoayocu; x =-0OM,, ecim
M, — Touka oTpuHATeNBHOMH TojiyocH; x = 0, ecau M, coB-
nagaer ¢ TOUYKONH O. AHaJOrMYHO ¢ IOMOIILIG TOYKU M,
oInpenenserca Bropaa KoopauHara (opaMHAaTa) ¥ TOYKH M,  Puc. 122

TN

y

oce

(54
QNJOoCb anniuxkam
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HanomauM, uTo npu BEIGpaHHOH eaWHUIE H3MEPEHHA OTPE3KOB
AJIMHA KaKJO0ro OTPe3Ka BHIPAKAETCA IMOJOXKUTEJbHLIM UYHCJIOM,
B raHHO# riase noJ OJMHEOH OTPe3Ka NOApas3yMeBaeTcs 3TO YHCJIO,
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a2 ¢ IOMOIbI0 TOUYKM M, — TpeTha KOOpAHHATA (ANIJIH-
kara) z troukn M. KoopauHaTol Touku M 3anHUCLIBAIOTCS
B CKOOKax mocJye obosHaueHms Touku: M (x; y; 2), npu-
yeM HepBOoH yKasbiBaloT abciiuccy, BTOPOH — OpAMHATY,
TpeThe — anmamkary. Ha pucynxe 123 wusoGpaKeHbl
mects Touek A (9; 5; 10), B (4; -3;6), C (9;0;0),
D (4; 0; 5), E (0; 3; 0), F (0; 0; -3).

Ecnu tourka M (x; y; 2) JeKUT Ha KOOPAMHAT-
HOH NJIOCKOCTH HMJY HA OCH KOODAMHAT, TO HEKOTODLIE ee KO-

OpIZUHATHI PaBHBI HYJ0. Tak, ecnu M € Oxy, TO anmxKaTa
Touku M paBHa Hym0: 2 = 0. Arasorunuso ecnut M € Oxz, To
y=0, aecim M €0yz, to x =0. Ecaiu M € Ox, To opauHaTa
M aImMKaTa Touku M paBHEI Hymo: §y =0 u z = 0 (manpu-
Mep, ¥y Touxkn C Ha pucyHke 123). Ecoiu M €Oy, Tox =0 n
2=0; ecitu M €0z, To x =0 u y =0. Bee Tpu KOOpAHUHATEI
HayaJla KoopauHAT paBHEI Hy1:0: O (03 05 0).

47 RoopuinaTel BEKTOpa

3agazuM B NIPOCTPAHCTBE IPAMOYTOJBHYIO CH-
cremy koopauHaT Oxyz. Ha Kak10i 13 HDONOKUTENBHBIX TIO-
Jyoceil OTJIOXHM OT HadaJja KOOPAMHAT eIUHHYHLIN BEKTOp,
T. €. BEKTOP, AMMHA KOTODOTO DABHA eAMHUIE. O6o3nauum

vepes i eqVHWYHLII BEKTOD OCH abcruce, yepes ] — eIUHNY-
HblH BEKTOpP OCU ODAHHAT U 4Yepes E — enuHUUHBIH BEKTOP
ocu anmiukatr (puc. 124). Bekrops! i, j, K HasoBeM KoopaH-
HATHBEIMM BeKTOpaMH. OUeBHIHO, HTH BEKTOPHI HE KOM-

nnasapubi. IIo3ToMy mM060H BEKTOpP & MOYKHO PasIOKHTDL
10 KOOPJIHWHATHBIM BEKTOpaM, T. €. MpPeJACTABUTH B BHIE

a=xi+yj+ 2k,
nIpHYeM KO3((HUIUEHTHI Pa3jJokKeHHs X, Y, 2 Onpeaess-
10TCH eJUHCTBEHHBIM 00pa3om.

KosdpduiuenTr! X, y 1 2 B pa3JI02KEeHUN BEKTO-
pa d I0 KOOPAWHATHLIM BEKTOPAM HA3BLIBAIOTCS KOOPIAMHA-
TaMH BeKTOpa @ B JaHHOH cucreme KoopauHat. Koopau-
HATBl BEKTOpa d OyJeM 3alKChIBATH B (PUI'YPHHIX CKOOKaxX
mocie o6osHaueHHUA BeKTOpa: d {x; y; 2}. Ha pucynke 125
uzo0parkeH NPSIMOYTOJLHBIHM IIapajiesienuIiell, UMeIoIuii

caepytomnue usMmepenusi: OA, = 2, OA, = 2, OA; = 4. Koop-
JUHATH BEKTOPOB, HBOGpa)KeHHbIX Ha 3TOM DHCYHKe, Ta-

xomst: & {2; 2; 4}, B{2; 2; -1}, A;A {25 250}, 715 0; 0},
J {05 1; 0}, k {0; 0; 1},

103

Puc. 123

Puc. 124




Tax KaKk HY/JI€BOU BEKTOP MOJKHO IIPEACTABUThH
B Buge 0 =0i + 0j + 0k, To Bce KOODAMHATHI HYJIEBOTO BEK-
Topa paBHBI HYdI0. [ajee, KOOPOUHATHI PAaBHBIX BEKTOPOB
COOTBETCTBEHHO DAaBHBI, T. €. €CIM BEKTODBI d {X;; Ui} 21}
u b {xy; Ys; 25} PABHBI, TO X, =X, Y; =Ys B 2, = 29 (06B-
ACHHTE I0YeMY).

PaccmorpuM 1mpaBmia, KOTOPbIE IO3BOJAKOT
M0 KOOPAUHATAM JAHHEIX BEKTOPOB HANTH KOOPAMHATEI UX
CYMMBI U Pas3SHOCTH, a4 TaK/Ke KOOPAMHATEI IPOU3BEeICHNS
JAaHHOTO BEKTOpa Ha JaHHOE YMCJO.

1°. Kasxkagas KoOpAMHATA CYMMBI JABYX MJIH
6o/1ee BEKTOPOB pPaBHA CyMMeE COOTBETCTBYIONEHX KOOPAH-

HAT 9THX BeKTOPOB. [IpYTHMH CI0BAMY, €CIH & {X,; Y,; 2}

ub {x,; y,; 2,} — AaHHBIE BEKTOPHI, TO BEKTOD & + b mmeer
KOODAMHATH {X, + Xz Y, + Y5 2, + Z,).

2°. Kaxpgas KoopAMHATa Pa3HOCTH IBYX Bek-
TOPOB paBHA Pa3HOCTH COOTBETCTBYIOIIUX KOODAMHAT
OTHX BEKTOPOB. [IpyTMMU CJIOBAMH, €CIu a4 {X,; Y3 2}

u b {xy; Y3 2} — HAHHBIE BEKTOPBI, TO BEKTOD 4 — b mmeeT
KOOPAWHATHL {X; — X35 Y, — Yo} 27 — 2u}-

3°. Kaxkmas KOOpXMHATA NPOM3BEIEHHST BeK-
TOPA HA YHCJO PABHA MPOH3BEACHUIO COOTBETCTBYIONIEH
KOOPAHHATEI BEeKTOpa HA 3TO 4UHMCao. ApyruMu caoBaMu,

ecan & {x; y; 2} — AAHHBIA BEKTOD, 0. — JAHHOE YHCJIO, TO

BEKTOD (/4 MMeeT KOODAMHATH {0X; Oly; 0.2},
Vreepaaenua 1°—3° jpoxasmiBaroTcs TOUHO

TaK Ke, KAK U A BEKTOPOB HA ILIOCKOCTH.
PaccMOTpeHHEIE ITIPaBHJAa MO3BOJIAIOT HAaXO-

IUTb KOODAMHATHI JI0GOTO BEKTOpa, NIPEeACTABIEHHOTO

B BHJe anrebpamuyecKoii CyMMbl JaHHBIX BEKTOPOB, KOOD-

JMHATHEI KOTODBIX M3BECTHBI. PacCMOTPUM IpHMep.
3agaua

HajiTn KoOpAMHATBI BeKTOpa p=2d-L1b+7¢,

3
ectu a {1; -2; 0}, b {0; 3; -6}, € {-2; 3; 1}.
Pemenue
ITo npasuny 3° Bexrop 24 MMeeT KOOPAMHATHI

{2; —4; 0}, a BeKTOD (_%5) — xoopauHarel {0; —1; 2}. Taxr
Kak p =(2a) + (_%5)-1- ¢, TO ero KOOpAMHATHL {X; y; 2}
MOKHO BblumcauTh mo npasuay 1% x=2+0-2=0,
y=-4-1+83=-2, 2=0+2+1=3. Urag, BexTrop p
umeeT koopaumHath {0; —2; 3}.

Puc, 125
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BexTOop, KOHEI, KOTOPOTO COBNIAJAaeT C TaHHOMH
TOYKO#, & Ha4vaJo — C HAYAJIOM KOODAWHAT, HA3LIBAETCA
paauyc-BeKTOPpOM JaHHOM TOouKH. JJOKaKeM, UTO KOOPAM-
HATEHI J1I000i TOYKHM PABHBI COOTBETCTBYHIIUM KOOPIHHA-
TaM ee pagMyc-BeKTOpa.

O6o3HauuM KOOPAMHATHI JAHHOM TOUKH M ye-
pes (x; y; 2). Ilycts M,, M,, M; — TOYKH HepecedyeHUsI
C OCAMH KOOPIUHAT IIJIOCKOCTEi, MPOXOAAIUX Uepe3d TOY-
Ky M mnepuneHguKyJsApHO K aruM ocam (puc. 126). Torma

OM =OM, +OM, +OM,. )

s .
HNoxraxem, uto OM, = xi. B camom nene, ecnmu
TouKa M, JeXKUT Ha TOJNOKHUTeNbHOH moayocu aberuce,

—> -
KaK Ha pucyHke 126, To x = OM,, a BekTopsl OM | u i co-
— - —
Hanpasi1eHbl. IlosTomy OM, =OM, -i=xi. Ecmm Tou-
Ka M, JeXuT Ha OTpHIATeNbHOM moJjyocu abciucc, To

I .

x=-0M,, a BexkTOpeI OM | u i IPOTHUBOIOJIOXHO HAaIPaB-
—> — —

aenel. Ilostomy OM, = -OM, -i = xi. Hakonen, eciu TOuU-

—> -
ka M, coBmanmaer ¢ Toukoit O, to x = 0, OM, = 0. IToatromy

- B -
xi =0, 1 cHOBa cmpasefauBo paBeHcTBO OM, = xi. Taxum
—_— R
obpasom, B m0obom crydae OM, = xi. AHaJIOTUYHO ZOKAa3I-

—— - —_—> —
Baerca, uro OM, = yj, OM, = zk.
TloxcTaBuB 3TH BLIpaXKeHUs B paBeHCTBO (1),

TOJIYYUM OM = xi + yf+ zk.

—
Orcioza cienyer, 4T0O KOOPIWHATH BeKTOopa OM
pasHHI {X; y; 2}, T. €. KOOPAMHATHI TOUKU M paBHBL COOT-

—

BEeTCTBYIOIIUM KOOPAMHATAM ee pajuyc-exropa OM, uro
u TpebOBaIOCh AOKA3aTh.
Ilons3yachk OKA3AHHBLIM YTBEpIKIEHUEM, BEI-

—>
PasuM KOODAMHATHI BeKTOpa AB uepe3s KOOpAWHATHI €ro
Hagaga A u xoHua B. IIycts Touka A mMeeT KOOpAHHATHI
(x5 Y13 2¢), @ Touka B — RoopAUHATHL (X, Y,; 2,). Bek-

— —_— —_—
Top AB paBeH paszHocTH BeKTOpoB OB u OA (puc. 127), no-

JCM1

Puc. 126

B(x35 Y23 23)

\‘\ A—E{xz_xﬁ
Vo v
(9] 2y~ 2}
A(xy; Y5 21)
Puc. 127



ITOMY er'o KOODAWHATHI PAaBHBI Pa3HOCTAM COOTBETCTBYIO-

mux KoopaumHaT BeKTOpoB OB u OA.

—_—  —>
Ho xoopaunars: sekTopos OB u OA coBnazaioT
C COOTBETCTBYIOIIMMH KOOpAVHATAMH ToueK B un A:

— — —
OB {x5; Y3 22}, OA {xy; y,; 2;}. HosaTomMy BekTOp AB MMeeT
KOODAUHATHI {Xy — X15 Y3 — Y13 25 — 21}

ATak, KamIasg KOOPAMHATA BEKTOpa paBHA
Pa3HOCTH COOTBETCTBYIOIIMX KOOPAMHAT €ro KOHLA M
Hauaja.

49 llpoctenmne sa1ash B HO0PUIHATAX
a) KoopounaTts! cepeaunnl orpeska. B cucre-
Me KoopauuaaT OXyz OTMETHAM TOYKY A C KOOPAMHATAME
(x5 Y3 2;) 1 Toury B ¢ xoopguHaTamMu (X,; Y. 2,). Boipa-
3uM KoopawmHaThel (x; y; z) cepenunbl C orpeska AB 4epes
KOOPAUHATHI er0 KOHIOE (puc., 128).
Tak kak Touka C — cepejauHa oTpesra AB, To

65:%(&43073’). 2)

(910 OBLIO AOKA3aHO B Kypce IJaHHUMETPHH.)
—> —>

Koopaunaret sBekTopos OC, OA n OB paBHEI CO-
" OTBETCTBYIOIIIUM KoopjauHaram Tpex Touek C, A u B:

—> P P
OC {x; y; 2z}, OA {xy; y; 2, u OB {x,; y,; 2,}. Banucas pa-
BEHCTBO (2) B KOOpAWHATAX, IOJNYYUM

=20 4 1,), y=2( +Y5), 2= 22 + 25).

Takum o6pasoM, KaskJaa KOOPAUHATA cepeau-
HBI OTPe3Ka PaBHA MOJyCyMMe COOTBeTCTBYIOIHUX KOODAHU-
HAT ero KOHILIOB,

6) BriumcieHHe AJIUHBI BEKTOPa HO €ro Koop-

anHatam. [okaxkeMm, 4TO AAHHA BeKTopa a {x; y; 2z} BBI-
gucageresa no gopmynae

la|=\x® +y® +2%. 3

—>

OT1j10%1M Ha OCAX KOOPAMHAT BeKTOPHI OA, =

- > - T - —>
= xi, OA, =yj, OA; =zk u paccmorpum BekTop OA =
—_— —_ —_

=0A, +0A, +0A, = xi + yj+zk=d (puc. 129). Innma

Y

P

e

Puc. 128

r4
Az

A(xss Yis 21)
C(x; y; 2)

B(x;; Yas 25)

Ay

Puc. 129

¥



—_— —_— e
BexTopa OA BEIpakaeTcs depes JJIKHEI BeKTopoB UA,, OA,

—
u OA; caepyommuM o0pa3oM:

<)

]
M, (xy3 415 21)

3
M2(X35 Yg; 23)

/

—_— —_— D . —_—
|OA|=\|OA, |2+ |OA,|2+|0A,|?. 4)
—
(¢ y
B camom gese, eciu TOYKa A He JIEKHT HA
KOODAMHATHBIX IJIOCKOCTAX (cM. puc. 129), To paBeHCT- X

BO (4) cIpaBeJIMBO B CHJIY CBOMCTBA AMArOHANIM NPAMO- p.. 1an
yroabHOro mapannenenunena: OA? = OAZ + QA7 + OAZ.

Bo Bcex ApYyrux caydasix pacHOJIOKeHUS TOYKM A (ToU-

Ka A JIe;KUT Ha KOODAWHATHOH IIJTOCKOCTH MW Ha OCH KO-

ODAVMHAT) PAaBEHCTBO (4) TaKyKe BepPHO (PACCMOTPHUTE 3TH

cJaydam CaMOCTOATENbHO).

Tax xak |OA,|=|xi|=|x|, |OA4,|=|y|, |0A,|=]z|
" (5:4;‘ =d, To u3 paBeHcTBa (4) moayuaem dopmyay (3):
|a@|= | xl2+[y]?+] 2> =22 + y? + 2?

B) Paccroamme mMexay aByma Toukamu. Pac-
CMOTPHM JB€ IPOM3BOJLHLIE TOUKH: TOUKRY M, ¢ KOOpAu-
gatramMu (x5 Y;; 2;) ¥ Touky M, c¢ KoopauHaTaM#u
(x5 Ys5 25) (puc. 130). Bripasum paccTosinue d Mexny
ToukaMu M; u M, uepes MX KOODAUHATHI,

C 3To¥ 11€eJ1b}0 PACCMOTPHUM BEKTOD M M,. Ero
KOODAVHATEL DaBHBL {X, — Xy} Ys — Yy3 25 — 2,}- IIo dopmy-

ae (3) | M, M,|=J(x, - x)® + (¥, - 4,)* + (2, — 2,). Ho

—_—
d =|M,M,|. Taxum 06pa3oM, pacCTOAHNE MeKIAY TOUKAMHA
M, (x5 Yy 2y) M M, (x5 Y5 2,) BEIUHCAAETCS IO hopMyae

d=\/(x2 -2 (Y, ) (2 —2)2.

Bonpocsr U 3a1aun

400

401

Hansi Toukm A (3; -1; 0), B (0; 0; -7), C (2; 0; 0), D (-4; 0; 3),
E (0; -1; 0), F (1; 2; 3), G (0; 5; -7), H(—\/B;\/g; 0). Kakue u3 atux
TOYEK JIe)KaT Ha: a) ocH abciucc; 0) OoCH OpPAMHAT; B) OCH alIlJHKaT;
r) mrockoctu Oxy; n) niockocrtu Oyz; e) miaockocTH Oxz?

Haiigure xoopamuarbl npoexnuii Touex A (2; -3; 5), B 3; -5 %] u
5

C [‘«/5; _%;\/5—\/5 ]Ha: a) KoopamHATHBIe IIOCKocTH Oxz, Oxy

u Oyz; 6) ocu xoopamuHar Ox, Oy u Oz.

Veniad wowpiien i
107 o /1,‘"'(‘”1/1“.’!: et
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407
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409
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Puec. 131 Puc. 132

JdaHLI KoOOpAMHATHI ueThIpex BepmmuH Kyba ABCDA,B,C,D,:
A(0;0;0), B(0;0;1), D(0; 1; 0) m A, (1; 0; 0). HaiiguTre KoOpAUHA-
TBl OCTAJIBHBIX BepUIVH Ky0a.

3anumuTe KOOPAMHATHI BEKTODPOB: 4 = 37 + 2;— 5k, b=-5i+ 3]7— k,
¢=i-j d=j+k m=k—i, f=01k.

Hann! BekTOpRI 4 {55 —1; 2}, 5{—3; -1; 0}, ¢ {0; -1; O}, d {0; 0; 0}. 3amnu-

—

LIIATE Pa3JOKEHUA 3THX BeKTOPOB II0 KOOPAUHATHEIM BeKTOpam i, j, k.
Ha pucyuxe 131 nzobparkeH mpAMOYTOJbHBIA HIapasielennnes, y KOTo-

poro OA =2, OB =3, OO0, = 2. Haiigure KOOPAMHATHI BEKTOPOB 621,

5§1, (ﬁ, O—C>, 5_>Cl, E(z, A_C>1, OTE B cucreme koopjaueat Oxyz.

[okamxuTe, 4TO KaKAaA KOODAMHATA CYMMBbI (Pa3HOCTH) OBYX BEKTOPOB
paBHA cyMMe (Pa3HOCTH) COOTBETCTBYIOITUX KOOPAMHAT HTHX BEKTOPOB.

Haner sexTopst & {3; —5; 2}, b {0; T; -1}, 8{%; 0; 0 }u d {-2,7; 3,1; 0,5).

=3

Haiinure KOOPAMHATLI BEKTOPOB: a) G+ b: 6) d+¢; B) b+¢ 1) d + b;
1) d+ad e)d+b+¢ ) b+d+d; 3) d+b+¢+d.
ITo manusIM pucyHKka 132 HaliauTe KoopiuHaATH BekTopos AC, CB, AB,

MN, NP, BM, OM, OP, ecnu OA=4, OB=9, OC=2, a M, N un
P — cepeaunusnl orpeskoB AC, OC u CB.

HMauer  Bextopnl & {5; -1;1}, b5{-2;1;0}, ¢&{0;0,2;:0} m
d {—%; 2%;—%}. Haiigure xoopAnHATHI BEKTOPOB: a) a-b; 0) b-a;
B)d-& r)d—d; ) &F—d; e)d-b+& x) d—-b-2C; 3)2a; wu) ~31;;
K) —6¢; n)ﬁég; M) 0,2b.

Iaunr BexkTOpHL 4 {~1; 2; 0}, b {0; ~b; —~2} u ¢ {2; 1; —-3}. Haiigure Ko-

ODAMHATHl BeKTOPOB p=3b-2a+Cu ¢ =3¢ -2b +d.

Ve mod woopdiesan
108 GcoNpaCIpd e e,

Fertiwecagiest



411

412

413

414

415

HaHbl BeKTOpHL @ {—1; 1; 1}, 5{0; 2; -2}, c{-3;2;0} u d {-2; 1; -2}.
HaiinnTre KOODIMHATE! BEKTOPOB: a) 3@ + 20 — &; 6) —a + 2¢ — d; 8) 0,13 +
+3b +0,7¢ - 5d; 1) (2a + 3b) — (@ ~ 2b) + 2(a - b).

HaiinnTe KOOPAUHATEI BEKTOPOB, TPOTHBOIOJOKHBIX CISAVIONINM BeK-
Topam: i, j, k, @'{2; 0; 0}, b {~3; 5; -7}, ¢ {-0,3; 0; 1,75}.
KonnuHeapHbI U BeKTOPH: a) @ {3; 6; 8} u b {6; 12; 16}; 6) ¢ {1; —-1; 3}
ud {2; 3 15% B) 1 {1; 0; 0} u J{0; 1; 0 ) 7 {0; 0; O} m 7i {5; T -3}
B P 5 -L51m G (15 -3; -15)

Peuntenue

a) KoopauuaTel BekTopa a {3; 6; 8} mMponopmuoHAILHEI KOOPAMHATAM

CJIeJ0BATENHHO, BEKTOPH d U b KOJITUHEAPHEI.

6) Koopamuate! Bextopa ¢ {1; —1; 3} He mponoOpIHOHANHHBEI KOODAUHA-
TaM BEKTODA d {2; 3; 15}, manpumep % # —%. ITosToMy BEKTOPHI ¢ U d
He KOJIJIMHeapHbl. B camMoM [jeise, eCIW IIPEAIIOJOKHTh, YTO BEKTO-
DHLC U d KOJIJTMHeapHEI, TO CYHIECTBYET TAKOe WHUCJIO k, UTO ¢ = kd. Ho
TOTJa KOOPAMHATHI BEKTOPA ¢ NPOIOPIHOHAJILHEL KOODAHHATAM BEKTO-

pa d, 4TO IPOTHBOPEUNT YCJIOBHIO 3aJauM.
Haiizure 3HaueHNA m U 71, TPH KOTOPHIX CIEXYIOININE BEKTOPHl KOJJINHE-

apHbl: a) @ {15; m; 1} ub {18; 12; n}; 6) ¢ {m; 0,4; -1} u J{ - %;n; 5 }
KommanapHBI K BeKTODEL a) a {—-3; —3; 0}, in ]: 6) b {2; 0; -3}, ?1/1]_:
B) ¢{1;0; -2}, imk r)d{l;-1;2), £{-2;0;1} u f{5;-1; O}
m) m{l; 0; 2}, 7 {1; 1; -1} u p{-1; 2; 4}; e} ¢ {0; 5; 8}, r {3; 3; 3}
u s{l; 1; 4}?

Pemenne

r) Bexropn d {1; -1; 2} u e {-2; 0; 1} He KoiamHeapHBHI, TaK KaK
KOODAMHATHL OTHOI0 HE TIPOIIOPIHOHAIBHEI KoopauHaTaMm apyroro. Ec-

nu BeKTOp f {5; —1; 0} MO HO Pa3MOMXKHUTH IO BeKTOpaM d U €, TO BEKTO-
= - -
pe d, e u f koMmiamapusl. Ecam ke BeKTOp f Helb3d PAaSJIOKHUTH IIO
- > L =
BexTopam d 1 €, TO BeKTOpbl d, € U [ He KOMIIaHAPHB! (B IIPOTUBHOM

caydae BexkTop [ MokHO ObLI0 GBI PasJo:XUTh o BeKkTOpaM d u e). Ta-
KHM 00pasoM, IJd pelleHus 3aJaul HYXHO YCTAHOBHUTL, MOXHO JIU
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417

418

419

420

421

422

423

BEKTOp f DA3JIOKUTHL 0O BeKTOPaM d U €, T. e. CYIIeCTBYIOT JIM UHCJIa X

M Y TaKHe, 4TO f = xd + ye. 3ammcelBas 3TO PaBEHCTBO B KOOPAMHA-
rax, mojaydaem: 5 =x - 2y, -1 =-x, 0 =2x + y.

Ecnu sra cucTeMa ypaBHeHHH HMeeT pellleHue OTHOCHTEJLHO X H ¥, TO
BEKTOP f MOZKHO PASJIONKUTE IO BEKTOPAM du e, 2 ecyu He UMeer pe-

ILIEHNdA, TO BEKTOP f PasIoKHATL Henb3A. B gaHHoM ciydae cucrTeMa
uMeer pemenue: x = 1, y = —2. IloaToMy BeKTOD [ MOMKHO PasioKNTh
1o BeKTOpaM d ¥ €, W, 3HAYNUT, BeKTOPH d, € U [ KOMILJIAHADHEL.
— — — 1 3
Haunr BexkTopel OA {3; 2; 1}, OB {1; -3;: 5} n OC{— 5;0,75; —2;1- } .

3anumnTte KoopauHatel Touek A, B u C, ecnin Touka O — HavaJo KO-
ODAHHAT.
Jausr Toukn A (2; —3; O), B (7 -12; 18) u C (-8; 0; 5). 3anumuTe Ko-

OPAVHATEI BEKTOPOB OA OB u OC ecay Touka O — HaYaJo KOOpAUHAT.
Haiizure KoopaMHATEI BEeKTOpa AB, ecau: a) A (8; -1; 2), B (2; —1; 4);

6) A(-2; 6;-2), B (3 -1; 05 3) A(Ligsz ) B 55555 )
Bepuimnael Tpeyroananka ABC wumewor Koopauuartwel: A (1; 6; 2),

B (2; 3; -1), C (-3; 4; 5). Paznoxxure BEXTODSHI A__B>, B_C>n C_A>no KOOp-
JUHATHBIM BEKTOpaM i f u k.
Hdaswr rouxku A (3; -1; 5), B (2; 3; —-4), C (7; 0; -1) u D (8; —4; 8). Ho-

KaXKuTe, 4TO BeKTOPBl AB u DC paBusl. PaBHsl 11 BeKTOpsl BC u AD?
Jlexkat nu touku A, B u C Ha ogHOIl nmpamoi, ecau: a) A (3; -7; 8),
B (-5; 4; 1), C (27; -40; 29); 0) A (-5; 7; 12), B (4; -8; 3),
C (13; -23; -6); B) A (-4; 8;-2), B(-3;-1;7), C (-2;-10; -16)?
Penienune —

a) Ecnu BekTopsl AB n AC KoJIMHeapHbI, TO TOYKH A, B u C jgexxart

Ha OJHOM MPAMOIL, a eciIiX He KOJJIHHeapHbl, TO TOUKU A, B n C He je-
JKaT Ha ojHOH npsmoi. HalizeM KoopaAWHATEI 9THX BEKTOPOB:

A—B){—S; 11; -7}, 55{24; -33; 21}. OuesBuamno, A—C>’: —3A—B), MO3TOMY

BeKTOpsl AB n E KOJUJIMHEAPHEI, 1, CJeJ0BATeJbHO, Touku A, B u C
JeXKAT HA OTHOM IMPAMOM.

Jexar au touku A, B, C 1 D B oxHOH NJIOCKOCTH, €CJH:

a) A (-2; -13; 3), B (1; 4; 1), C (-1; -1; -4), D (0; 0; 0);

6) A(0; 1;0), B(3; 4; -1), C(-2; -3; 0), D (2; 0; 3);

B) A(b; -1;0), B(-2;7;1), C(12; -15; -7), D (1; 1; -2)?
HokaxuTe, 4TO TOUKA HepecedeHud MeAuaH tpeyroabHaunka ABC ¢ Bep-
muHaMu A (x5 Yy; 21), B (xg5 Ya3 25), C (X35 Y35 23) MMeeT KOOPDAUHATHI

(x1+x2+x3_ htiystis, 21+22+231
3 ’ 3 ’ 3

110
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437

438

439

Touxa M — cepennHa orpe3ka AB. HaiiinTe KOoOpAHHATEI: a) TOuYKH M,
ecin A (0; 3; -4), B (-2; 2; 0); 6) Toukun B, ecau A (14; -8; 5),
M (3; -2; -7); B) Touxm A, ecaun B (0; 0; 2), M (-12; 4; 15).

Cepenuna orpeska AB mexur Ha ocu Ox. Hasigutre m u n, eciu:
a) A(-3; m; 5), B (2; -2; n); 6) A(1; 0,5; —-4), B(l; m; 2n);
B) AO;m;n+1), Bl;n; —m+1); ) A(7; 2m + n; —n), B (-5; -3; m — 3).

Haiigure apauny BeKTOpa A_B), ecan: a) A(-1; 0; 2), B(1;-2; 3);
6) A (-35; -17; 20), B (-34; -5; 8).

HaiijuTe JimHEI BeXTOpOB: d {b; —1; T}, b {2\/5; -6; 1), ¢ =i+ f+ k,
d=-28,m=i-2j

Iausl BexTOpBI 4 {3; -2; 1}, 5{~2; 3; 1} u ¢{-8; 2; 1}. Haiigure:
a) |[G+Bl; 6) @+ ®) |d|-1b 1 |@-b; m |3 e) +14|¢;
x) |2z - 3c|.

Haam troukn M (—4; 7; 0) u N (0; —1; 2). Haliagure paccToaHue oT Ha-
yaja KOOPAMHAT A0 CepeJuHBI OoTpe3ka MN.

Jlausl TOUYKH A( g; 1;,-2|, B(2; 2;-3) u C(2; 0;-1). Haiigure:

a) mepumerp Tpeyroanruuka ABC; 6) Meauansl TpeyroarHura ABC.
Omnpegenute Bun Tpeyroapanka ABC, eciu: a) A (9; 3; -5), B (2; 10; -5),
C(2;3; 2); 6) A(3; 7; -4), B(5; -3; 2), C(1; 3; —10); B) A (5; -5; 1),
B (5; -8;-1), C(4; -3; 0); r) A(-5;2;0), B(-4; 3;0), C(-5; 2; -2).
Haiigure paccrosHue ot TOuKu A (-3; 4; —4) 10: a) KOOPAMHATHBIX
MJIOCKOCTEH; 0) ocell KoOpAMHAT.

Ha xaxJoil M3 KOODAMHATHRIX MJOCKOCTeIl HalifuTe TAKVI0 TOYKY,
paceToaHMe OT KOTopoi A0 Toukum A (-1; 2; -3) sBnsgerca HAUMeHb-
LIAM Cpeldy BCEeX PACCTOAHHUHM OT TOUEK 9TOH KOODAMHATHOHN IJIOCKOCTH
0 TOYKH A.

Ha ramgoii na oceil KOOpgUHAT EajMTe TAKYIO TOUKY, PACCTOSIHHE OT
KoTopo# m0 Touku B (3; —4; JT ) ABISETCA HaMMEHBIIHM CpeIHu BCeX
paccToAHUi OT TOYEK 3TOH OCH A0 TOUYKH B.

Jausl Touxn A(1; 0; k), B(-1; 2; 3) u C (0; 0; 1). ITpn rakux sHadue-
Husax k tpeyroabHUK ABC aBiasierca paBHOOe PEHHBIM?

Haunrl Trouku A (4; 4; 0), B (0; 0; 0), C (0; 8; 4) u D (1; 4; 4). Hoxra-
sxkure, utro ABCD — paBHoGeZpeHHas Tpamemus.

Haitgure Touky, paBHOyAAIeHHYIO OoT Touek A (-2; 3; 5) u B (3; 2; -3)
M pacnojiodKeHHyio Ha ocm: a) Ox; 6) Oy; B) Oz,

Jlansl Touku A (-1; 2; 3), B (-2; 1; 2) u C (0; —-1; 1). HaiigzuTe TOYKY,
PaBHOYAAJEHHYI) OT 3THUX TOYEK M PACIOJIOKEHHYIO Ha KOODAHHATHOM
naockoctu: a) Oxy; 6) Oyz; B) Ozx.

Hausr Ttouxku O (0; 0; 0), A (4; 0; 0), B (0; 6; 0), C (0; 0; —-2). Haiinu-
Te: a) KOOPAMHATHI IEeHTpa M PaAUyC OKPY’KHOCTH, OONMCAHHOI OKO0JIO
Tpeyroabaurka AOB; 06) KoopZMHATHI TOUKH, PABHOYZAJIEHHOH OT BEP-
muH rerpasapa OABC.

Verod woopogica:
1 1 1 GORpReIPAIe oG,
Savwinus



440 Orpesok CD gavHE m TEPHEHIAKYIADPEH K IOCKOCTH IIPAMOYTOJALHO-
ro Tpeyroiabauka ABC ¢ xateramu AC = b u BC = a. Bregute noaxona-
LIV CUCTEMY KOOPAMHAT U C MOMOIIBI0 POPMYJIbI DACCTOAHUA MEMKIY
ABYMsA TOYKaMy HaiiguTe paccrosdHume OT TOUKH D IO cepeiWHBI I'MIIO-
TeHy3BEI 9TOT'0 TPEYTOJbHUKA.

CKaJIHpHOG IIpOM3BEeEeHI1E€ BEKTOPOB

20 M wenlly BeRTOpamMu

BossMeM fBa IPOM3BOJLHEIX BeKTOpa a u b.

—
Ornoxum oT Kakoi-uubyap Toukum O BeKTOphl OA =a
—_

b
1 OB =b. Ecian BEKTODBI 4 U b He ABAAIOTCH coHAaIpaBJeH- y
HbIMH, To ayun OA u OB o6pasyror yroa AOB (puc. 133). A
I'pagycuyio Mmepy aToro yrJyia o6o3saunM O6yKBOil O u 6yaem
a

TOBOPHUTE, UTO YroJ MeXgy BekTopamu a u b pasen o. Ec- "B

JHU e BEKTOPHI 4 1 b COHANPABJIEHEl, B YACTHOCTH OJHH  p.. 133
U3 HMUX Mau 00a HyJIeBBIe, TO GyIeM CYHMTATh, YTO YIOJ
Mexay HUMH pasen 0°, Ecaum yron mMeXay BeKTopamu pa-
BeH 90°, TO BeKTOpPHI HA3LIBAIOTCA MePHeHIHKYIAPHBIMMH.

Ha pucyuxe 134 n3obpakeHO HECKOJBKO BEK-
A A~ 30°

PaN -_—
- b 5 a
Yron mesxxny BeKTopavu a u b obozHavaeTcs Tak: ab. / -
4 —
F'I ¢
- - =
TOPOB. YTJIBI MeXJy HMMM TAKOBHI: a b= 30°, 4 ¢ = 120°, _*l_l
c

QS QN EQN T
ad=60°bc=90°d f=0°dc=180°. Ha saTom pucyuke
ble, bid, bLf.
31 (‘wauasipHoe NpoOU3BeaeHHe BeKTOPORB
CRaJIﬂpHI.IM NpoH3BEeAeHHEM JBYX BEKTOPOB
HA3BIBAECTCH IMNMPOH3BEIEHHEC HUX [JHH HA KOCHHYC Yyriia
mMexay HAMH. CKanfapHOe OpOU3BEAEeHVE BEKTOpPOB 4 U b

obosHauaercsa Tak: ab. Takum obpasom,
> = - /\—>
ab =|al-|b| cos (d b).
Kak u B IIIaHuMeTpun, CIpPaBeJuBhl CIegyIO-
III¥e YTBepKIeHUA:
CRAJIApHOE NPON3BeJeHHEe HEeHYJIEeBBIX BEKTO-

POB PABHO HYJI0 TOIZA M TOJABKO TOTAA, KOTAA 3TH BEKTO-
PHI HEePIEeHINKYAAPHEI;

Venmod voopdunam
1 12 5 APSCMPAHE e

Cletisenus



CHAJAPHBIH KBaApaT BeKTopa (T. e. cKaIsApHOE
npousBeseHNe BeKTOpa HA cebsd) paBeR KBAXPATy ero NJIHHLL
JoKaKUTe 3TH YTBEPKACHUA CAMOCTOSATEIBHO.
CraJgApHOe TPou3BelieHue ABYX BEKTOPOB MOXX-
HO BBIYUCJINTDH, 3HAS KOOPJUHATHLI 3THMX BEKTOPOB: CRAMIAP-
HOe MpOM3BeJieHHe BEKTOPOB & {Xx,; Y3 2;} U b {x5 Y3 2,}
-
BHIpaskaeTcHa popmyunoi a b = x,x, + y,Y, + 2,2,. ITO yTBED-
JKIAeHNe NOKA3BIBAETCH TOYHO TaK JKe, KAK B INIAHMMETDUH.
Kocunyc yria o Mexxay HeHYJIeBbBIMU BEKTOPa-
MU @ {X;; Y13 2;} 1 b {x,; Y, 2o} BEIUMCIAETCHA TI0 hOpMY.Ie
XX+ Yila+ %12 1)
— S
[.2 2 2. [,.2 2 2
Vx1+y1 +21 \/Z+y2+22

COsS O =

B camom zmene, Tak Kak

ab=|al-|b|cosa,
TO -
cos o= 22
lal- ||

@l nlb|
uepes KOOPAMHATEI BEKTOPOB d 1 b, mosyuum dopmyry (1).

ChopmyaupyeM OCHOBHEIE CBOHCTBA CKAJApD-
HOrO IPOM3BefleHUs BEKTODOB.

ToacTaBus CIofia BRIpaKeHUs 118 ab,

Jdnsa 1106bIX BEKTOPOB d, b, ¢ M Jo6oro unciaa k cnpasen-
JIMBBI COOTHOIIEHMA:

1°. @2 > 0, npuyem a2 > 0 npn a # 0.
2°. a

3 (@+b)é=adc+bc (pacnpemenuTeNbHBIH 3aKOH).

= b a (mepeMecTHTEIbHLIH 3aKOH).

Sy

l

-

4°. k(a b) = (ka)b (coueTaTe bHBIH 3aKOH).
Vreepsaenua 1°—4° pokaserBaiorcs TOYHO
TaK ke, KaKk B IJaHUMETDPHH.
HeTpyZHO AOKa3aTh, UTO pacCIpeAeHTeIbHbIH
3aKOH MMeeT MeCTO AJIA Joboro ymcia ciaaraeMmsix. Harmpu-

Mep, (E+5+E)J=JJ+5J+3J (cM. sagmady 458).

52 Briuue sedne CoToRr W ki Biphitinin
WOILTOO R0 3
IOnf BLIYHCNEHWA yria MeXKAY ABYMSA IPAMBI-
MH, a TaKKe MEKAY MPAMON M ILIOCKOCTBIO BO MHOTMX CJIY-
yasx VYAOOHO MCHOJb30BATH CKAJISPHOE IIPOUM3BEIEeHWeE.
IIpexxze ueM pacCMOTPETE ABe TaKHe 33JaYM HA BRIYHCIEHHE
yIrI0B, BBEJEM HOHATHE HANIPABIAIONIETO BEKTOpA IIPAMOIL.

T



Henynenoii BeKTOp HA3bIBAETCHA HAIPABJIAIO-

MM BEKTOPOM NpPAMOM 4, €CJIH OH JeKHUT JuGo Ha mnps- /
MOl a, TG0 HAa MPAMOI, NMapaIeJLHON a.

> _
Ha pucyske 135 BekTOp AB ABisieTCs Hampas-
JAOIIM BEKTOPOM IpAMOI a4, Pne. 135

3amaua 1
Haitryn yroa Memxny AByMA NpAMbIMY (Iepece-
KaOUWMMUCH HIN CKPEIGHBAIONIUMUCS), €CJU H3BECTHHI
KOOPAMHATHI HATIPABJALLAX BeKTOPOB 3THUX HPAMBIX.
Pemenne
IIyets pixy; yis 21} ¥ § {%25 Ya; 22} — Hampas-
JA0INE BEKTOPE OPAMBIX a U b, O603HaUUM GYKBOIT ¢
HCKOMBIH YIoJI MEXKAY 9TUMH OpAMBIMU. Jas pereHnda 3a-
Jadu JOCTATOYHO HANTH COS (), TAK KAK 3HAYEeHHE COS ¢
HO3BOJNIAET HA¥iTH Yyroax (. a
N
Beenem o6osHauenme: 6= p . Torma mauGo P
¢ =6, ecaim 6 < 90° (puc. 136, a), mudo ¢ = 180° - B, ecan
0 > 90° (puc. 136, 06). /
IoaTomy amGo cos ¢ = cos 8, 1ubo cos ¢ =—cos 0. ®
B nx06om cayuae |cos ¢|=|cos 8|, a Tak xak ¢ < 90°, To
cos ¢ > 0, m, clegosaTe.IbHO, cOS ¢ = |cos 8|, Mcenoanays q b
dopmyay (1) u. 51, nonyuaem . -

cos ¢ = | %200 + yrys + 2125 (2) I
N R AR N E - (3

3amaua 2 q

HaifiTu yron Mexxay OPAMOH M IJIOCKOCTBIO, ¢=90
ecJu WM3BECTHLl KOOPAMHATLI HAIPABJAIOIIEr0 BEKTOpPa
npAMOR E KOOPAMHATH HEHYJIEBOTO BeKTOPa, MEePHEHINKY-
JIAPHOIO K ILJIOCKOCTH. a

Pemenue

Iycts p {x,; Y3 2,} — HAOPABAAOIUAA BeK-
TOp MpAMOM @, 7 {X,; Y, 2;) — HEHyJeBOI BeKTOp, mep-
DeHIUKYJAPHBH K ILIOCKOCTH 0. DT0 O3HA4YaeT, YTO mp-

Masf, Ha KOTOPOH JEKHT BEKTOP 7i, NePUeHAUKYIAPHA K
njaockKocTH o. ObosHauuM OYKBOM () UICKOMEIH YyTOJI MeXay
N

IPAMOH 4@ M ILIOCKOCTBIO O, a OykBoil § — yrom pri.
Ilonbaysacy pucynkom 137, HeTpyZHO JOKa-
3aTh (cgenaiiTe aTO CAaMOCTOATEIBHO), 4TO sin @ = |cos 0.
IlosToMy mna sin @ nmomydaercs TaKOe iKe BBIpAKeHHE,
KaK W B IpaBo# uacT¥ paBeHcTBa (2). 3Hasa sin ¢ ¥ yUNTHI-
Baf, uro ¢ < 90°, MOXKHO HAHTH yroa ¢. Puc. 136

NS RN 1o PR Ry

114 7 '
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537 Y puBHEHME NIIOCKOCTH

IIycTs 3amaHa IpAMOYroMbHASA CHCTEMAa KOOp-
muHAT OxYyz ¥ AaHA HEKOTOpasd MORepXHOCTHL F, Hampumep
IJIOCKOCTh. ¥ PABHEHME C TDeM#d IlepeMeHHBIMU X, Y, 2 Ha-
3EIBAETCS ypaBHeHHMeM IOBepxHocTH F, ecysiu 3TOMYy ypas-
HEHUIO YAOBJIETBOPAIOT KOODAMHATHI KOO0 TOUKHM ITOBEPX-
HOCTHU F U He yIOBJIETBOPAIOT KOOPAMHATHI HUKAKOH TOUKH,
He JiexKanieil Ha 3TOH noBepxHOCTH. OTMETUM, UTO IOHATHE
YPABHEHUA MOBEPXHOCTH AHAJOTHYHO LOHATHIO YPaBHEHUA
JWHUU, BBEIEHHOMY B Kypce IJIAHUMETDHH.

BbiBeneM ypaBHeHHMA IJIOCKOCTH O, IIPOXOASA-
mei ueped TOUKY M, (X, Yo 20) ¥ NEPIEHIUKYIIPHON
K HeHyJIeBOMY BeKTopy i {a; b; c}.

Ecnu toura M (x; y; 2), oram4dHasas ot M,,
NPUHAAJIEKHUT IJIOCKOCTH O, TO BEKTOPHl 7 {a; b; ¢} m

iy
MM {x — x40} Y — Yos 2 — 2} B3AUMHO IEPIEHIMKYIAPHEI,
MO3TOMY HX CHKAJNSPHOEe NpPOU3BEIeHHe PABHO HYJIO:

a(x—x)+b(y—-y)+c(z-2)=0. 3)

OrMeTUM, YTO KOOPAMHATHI TOUKH M, TaKxKe
VAOBNETBOPAIOT JTOMY YypaBHeHM1o, Ecam xKe Touka
M (x; y; 2) He IDUHAAIEXKUT NJIOCKOCTH ({, TO YI'OJ MEXK-

—

1y BekTOpaMu i ¥ M oM otauuaercsa or 90° (Ha BeIUUNHY

yria MeXay npaMoit M M u IJIOCKOCTBIO (1), U IIOITOMY

CKAIAPHOE ITPOM3BEIEHNEe STHX BEKTOPOB OTJIMUHO OT HYJS
¥, cJefjoBaTeJdbHO, paBeHCTBO (3) He BBHINOJIHAETCA.
HTak, ypaBHeHHO (3) YIOBJETBOPAIT KOOD-
THHATHI J000M TOYKHW IJIOCKOCTH (f M He YIOBIETEBOPAIOT
KOODAMHATHEI HUKAKOI TOUKH, He JieKalneil B 3TON MJIOCKO-
ctH. IlosToMy ypaBHenne (3) ABNACTCA YPABHEHHEM ILJIOC-
KOCTH, Mpoxoaauieii yepes Tourky M, (x4 Yo; 2¢) U IEPIIEH-

IMKYJApHON K HeHyJeBOMY BeKTopy 1t {a; b; c}.

3ameuanne
YpasHeHune (3) MOKHO 3aTIMCATEL TaKKe B BUJeE

ax+by+cz+d=0,

rae a’ + b? + c? # 0. Taknm 06pasoM, ypaBHEHHE ILIOCKO-
CTM B IPAMOYTOJBHOH CHCTeMe KOOPAMHAT HABISETCHA
YpaBHeHHMeM IIePBOH CTerneHH.

VpaBHEHMe ILIOCKOCTH MOKHO HCIOJIL30BATH
AJA BEYMCIEHUA DACCTOAHWA OT JAaHHOK TOYKH 0 3TOM
ILJIOCKOCTH.

75

ni
6 P,
- - - o/
a)
A7
_f@.dé
(PJ_: -
4% o
—
6)
Pne. 137



3anaua 3 .

Haiitu paccTodHme OT TOUKH A0 ILJIOCKOCTH, ec-
JU W3BECTHBLI KOOPAWHATHI TOUKH U YPABHEHMWE IIJIOCKOCTH.

Pemenne

Ilyers M, (xy; Yo3 20) — AaHHaAd TOUKA, 4x +
+by+cz+d=0 (a®+ b*+ c?#0) — ypaBHEeHHMe JAHHOIL
miaockoetu o, M, (xy; Y1 2,) — Opoeknusa Toukum M, Ha
IJIOCKOCTE . IIOCKONBEKY TOUKa M, JIE2KUT B ILJIOCKOCTH O,

T0 €€ KOOPAHHATH] YAOBJAECTBOPAIOT YPABHECHUIO 3TOH mJjIOC-
KOCTH:

ax, +by, +cz; +d=0. 4)

Bextrop M, M, (ecau Mml # 6), KaK U BEKTOP

n {a' b; ¢}, NepeHAUKYIAPEH K IJIOCKOCTH 0, NOITOMY
0M1 | 7 (ecmu M M, = 0, To Taxxe MOM1 || n). Cnenosa-

TeJbHO, CYHIeCTBYeT TaKoe YHCJA0 k, 4TO MOM , = kn. 3Ba-
IHIIEM 5TO PABEHCTBO B KOOPAMHATAX:

x,—xo=ka, Yy, -y, =kb, 2, — 2, = kc. (9
3ameTHM, HAKOHEI], YTO HCKOMOE paccTosd-

—_—
Hue | paBHO JAJauHe BeKTopa M M, T. e. paBHO

\/(xl —x0)2 +(y; —Yo)? +(2;, — 2y)%. Taxum o6pasom, c
YYeTOM PaBeHCTB (D) moJydaeM:

I=|k|va? +b2 +c2. (6)

Boipasum Tenepn KOOpAWHATBEI TOUKM M, us
ypaBHeHuW# (5) M moicTaBUM HX B ypaBHeHue (4):

aka+x)+b(kb+yg)+clke+2)+d=0.

Orcoga HAXOOUM

B _ ax0+by0+czo~d
a?+b%+c?

Taxnm obpasom, popmyna (6) npuHUMAeT BUJ
l_|ax0+by0+c20+di

VaZ+b2+c?

Sajaun

441 [au xydo ABCDA,B,C,D,. HaiinuTe yros Mex Ay BEKTODaAMH: a) Bl__ﬁ
nB_;_)C; 6) I—)—KI/IBTEI;B) ATI_C>1 HA_IE; r) EC?KA_C);H) B_)Bl Hﬁae)éz
HAT):; ) A1_51 I/IB_C>;3) A_A>1 HC—'I_E
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/\
5 » T
Yroa memxpy Bexkropamu AB u CD pasen ¢. Haiigmre yrast BA DC,
/\

BA CD, AE DC.

Pebpo kyb6a ABCDA,B,C,D, paBuo a, tTouka O, — HeHTDP TpaHU
A,B,C,D,. Boruucjure CKajiapHOe IpPOH3BEACHHUE BEKTODPOB: a) AD
uBC,;6) ACuC,A,;;8) DBu AG 1) BA, u BC,; 1) A0, u AC,;
e) D—la u BTO:; ) l§_>01 3¢ CI_E.

Jaub BERTOprE{].; -1; 2}, 5{—1; 1; 1} u ¢ {5; 6; 2}. Briuncaure @ ¢,
ab, b¢é, dd, {bb.

Tlaubl BeKTOPHL 4 =31 — 5]+ E u b = j — 5k. Boluucante: a) a b; 6) a i
) bj; r) (@+b)k; m) @-20)(k+1 - 2)).

Ilanbl BeKTOpHL & {3; —1; 1}, b {~5; 1; 0} u & {~1; —2; 1}. BriscEuTe, Ka-
KOH yroa (ocTpBIi, mpAMON WM TYIOH) MeXAY BEKTOpaMu: a) 4 u b;
6) buc B) d uc R N
,HaH/PeKTop @ {3; —=5; 0}. Ioxaskure, uro: a) ai < 90% 6) aj > 90°%
B) ak=90°.

Tansr BekTopst d {—1; 2; 3} u b {5; x; —1}. IIpu KAKOM SHAUEHHH X BHI-
nonHAeTcs yeaosme: a) db=3; 6) db=-1 B)aLb?

JaHbl BeKTODHI @ = mi + 3f+ AE u b =47+ mf— k. ITpu kakom 3Haue-
HAM M BEKTODHI 4 U b mepneHAuKynapHbI?

Tansl Touxm A (0; 1: 2), B (+v2; 13 2), C(W2: 2; 1) u D (0; 2; 1).
Hokamxute, uto ABCD — KBaapar.

BrruuciuTe yrol Mexay BexropaMu: a) a4 {2;-2;0) u b {3;0;-3};
6) @ W2;42;2) m b{-3;-3;05 ) d{0;5 0 m b{0; 3 1};
r) @ {-2,5;2,5; 0} mb {~5;5;5+2}; 1) d {(—2;-2; ~2}H5{ié§—;g;—1}-

BbIunciauTe yIiasl Mexxay BeKTopoM @ {2; 1; 2} 1 KOODAMHATHLIMM BeK-
TOpaMH.

HNanpr Toukn A (1; 3; 0), B (2; 3; -1) u C (1; 2; —1). BeluucauTe yroJa
mesxy BerTopamu CA u CB.

HaiguTe yribl, IepUMeTp M MJIOIIAAL TPEYTOJAbLHHKA, BEPINTMHAMU KO-
Toporo sisndores touku A (1; -1; 3), B(3; -1; 1) u C (-1; 1; 3).
Han ky0 ABCDA,B,C,D,. Beiuncianre KOCHHYC yIjla MEXKAY BEKTODa-

MH: a) Ajl)lnf{(_i;@ B_l_):nD_B:; B)D_Eﬂzﬁ.
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Han npamoyroabHbiit mapaanenenunens ABCDA,B,C,D,, B xoropom
— —
AB =1, BC = CC, = 2. BeruucauTte yroa mexay sektopamu DB, u BC,.
QN —/’: - — - - =
HssectHo, uto d¢ =bC=60°, |a| =1, |b| =|c| = 2. Bruucaure (@ + b) c.
JlokaxuTe CIpaBelIMBOCThL paBeHCTBa (4 +b +¢)d =ad + bd + ¢d.
Pemenue
3anumem cyMMy Tpex BeKTOpoB @, b u ¢ B Bume @ + b +¢ = (@ + b) + ¢.
ITonb3ysack pacnpeAeNuTeIbHBEIM 3aKOHOM CKAJIAPHOrO NPOM3BEACHUS
BEKTOpOB, moaydaeM (@+b+¢)d=(G@+b)+¢)d=@+b)d+¢d=
=(dd + bd) +¢d =dd + bd +¢d.
A\
BexTopul ¢ u b HepmeHIUKYJIADHBI K BeKTopy ¢, ab=120° |d|=
=|b|=|c|=1. Boruncaure: a) CKajJApHbIe IpousBeAeHu (d + b + ¢)(2b)
u @-b+8)@-C);6)|d-blu|d+b-¢l
JokasxuTe, YTO KOOPAWHATHI HEHYJIEBOrO BEKTOPA B MPAMOYIOJIbLHOH CH-
/\

-

cTeMe KOOpAMHAT DaBHHI{|d|cos ¢,;|d|cos¢,;|d|cos®,}, rae ¢, =

e o
¢, =dj, ¢; =ak.
Pemenue R
Ecnn BeKTOp @ MMeeT KOODIMHATHI {X; J; 2}, TO 4 = xi + yj + zk. YMHoO-
JKHUB 3TO PaBEHCTBO CKAJIADHO Ha | U HMCIOJNb3YA CBONHCTBA CKAIAPHOIO
OpouspedeHud, NOayuuM di=(xi+yj+z2R)i=x(@i)+y(i)+ z (Ei).
Tak Kak ii=1, fi =0,ki=0, To ai=x.C JApyroi CTOPOHBI, IO OIpe-
LeTeHHI0 CKAJIAPHOTO mpouaBefeHua di=|a ||i|cos ¢, =|a | cos @,.
Takum 00pasoMm, x =|d|cos@,. AHAJOTHYHO MOJyYaeM DPaBEHCTBA
y =|d] cos ¢,, z=|d|cosq;.
Bce pebpa TeTpasapa ABCD paBHbi ApyT apyry. Toukn M u N — cepe-

—>  — — —>
guHb pebep AD u BC. Hokaskute, utro MN AD = MN BC =0.
B napannenennnegse ABCDA,B,C,D, AA,=AB=AD =1, ZDAB = 60°,
LAAD = LAAB = 90°. Briuucaure:
— —> —> —> —> —> -
a) BAD,C,; 6) BC, D,B; B) AC, AC,; r) |DB,|; n) |A,C|;
T — T

e) cos (DA, D, B); x) cos (AC, DB,).

B rerpasape ABCD mporuBomosokHble pebpa AD u BC, a Takixe BD
u AC nepneHAUKYJIApHBI. [loKaKuTe, UTO IIPOTHBONOJOXKHBIE pebpa
CD n AB Tak:xe NepHeHIHKYJADPHEBL.

Pemenue

BBe,ueM BEKTOPBI d= DA b= DB é -—DC (puc. 138). Toraa AB b— a,
AC=¢- a, BC =¢-b. Io yenosuio AD L BC u BD L AC, 1'I03'I‘0My
al(- b) u bL(c —d). CruezmomaTreisbHO, 4 (€ — b) 0 u b ¢-ad)=

NN T T OO TR
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C,(0; 0; aV2) B,

A A( 5 ;%;OJ
a) 6)
Puc. 138 Puc. 139

Orciofa monydaeM a¢ =ab u be = bd. U3 3THX ABYX PaBEHCTE CIELyeT,
yro @¢=5b¢, wmu (b-d)é=0. Ho b-ad=AB, ¢=DC, mosromy
AB DC =0, u, 3uauut, AB L CD, uTo u Tpe6oBANOCH JOKA3ATh.
Boriuncante yroa mexnay npameiMu AB u CD, ecan: a) A (3; -2; 4),
B (4; -1; 2), C (6; -3; 2), D (7; -3; 1); 6) A (5; -8; -1), B (6; -8; ~2),
C (7; -5; -11), D (7; -7; -9); B) A(1; 0; 2), B (2; 1; 0), C (0; -2; —4),
D(-2;-4;0)r) A(-6;-15; 7), B(-7;-15; 8),C (14;-10; 9), D (14;-10; 7).
Jana npaBusbHas tpeyroibHad npusma ABCA,B,C,, B KoTopoit A4, =
= J2AB (puc. 139, a). Haitnqure yron mexny npsambiMu AC, u A B.
Pemenue

Ilycre AB = a, Torna AA, = \2a. Beenem IPAMOYTOJIBHYIO CUCTEMY KO-
OpJIUHAT TaK, KaK IIOKa3aHO Ha pucyHke 139, 6. Bepmnun A, B, A,, C,
MMEIOT Clefylomiie KOOPAUMHATH (00BACHUTE IoUeMy): A(f-;—a; %; O] ,
B(0;a;0), 4, (22;2;042 ) ¢,0;0;042)

Orcloza HaxogMM KOOpPAMHATHI BeKTOpoB AC, u 154::

AC, {‘ “‘z’rg;'—g—;ax/?}, BA, {"f;' g—;aﬁ}.

—_— —>
Bexrtopel AC, u BA, #BIAIOTCA HANPaBAAIOIIUMH BEKTOPaAMH OpH-

mbIX AC, u A,B. Mckombiit yI‘OJI ¢ MexXxJy HUMH MOKHO Ha¥TH 00 (op-
myae (2):

- 3 a2+1 2+2a
T4
_1 o
CoOsS @ =7 = =, oTKyZa @ = 60°.
=15, 1a+2a2. B2, 1,2,0g2 2 TVARQ
\4 4 Vda

B xy6e ABCDA,B,C,D, Touka M unexxur Ha pebpe AA,, mpuyem
AM : MA, =3 :1, a Touka N — cepeguua pe6pa BC. Brlunciaure Ko-
CUHYC yrjia Mekay upambimu: a) MN u DD,; 6) MN u BD; B) MN
un B,D; r) MN u A,C.

—d
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B npamoyroabHoM napanaenenunene ABCDA,B,C,D, AB = BC = %AAX.

Haiigure yron mexxay npameiMu: a) BD u CD,; 6) AC u AC,.

B npamoyroabaom napamnenenunene ABCDA,B,C,D, AB=1, BC =2,
BB, = 3. BeluuciauTe KOCHHYC yryia Mexny npsameimu: a) AC u D, B;
6) AB, u BC;; B) A\D u AC,.

B xy6e ABCDA,B,C,D, guarosanu rpanu ABCD mepecexaioTcsa B TOU-
ke N, a rouka M jxexur Ha peGpe A;D,, nmpuuem A/ M : MD,=1: 4.
Briuucnaure cuHyc yria Mexay npamoil MN ¥ IIJIOCKOCTBIO TpaHu:
a) ABCD; 6) DD,C,C; B) AA,DD.

B Tterpasgpe ABCD <ABD = £ZABC = 4ZDBC =90, AB=BD =2,
BC = 1. Boruncaure CHHYC yIJa MeKIy HOPAMOH, HPOXOAMAIIE uepes
cepenunbl pebep AD u BC, m maockocthio rpanu: a) ABD; 6) DBC;
B) ABC.

JlokaxkuTe, 4YTO YroJ MeXXAY CKPEIINBAOIINMUCA IPAMBIMH, OAHA M3
KOTOPHIX CONEDIKUT AMaroHajab Ky0a, a JApyrad — guaroHajb I'DaHH
kyb6a, pasern 90°.

Han kydo MNPQM N,P,Q,. Jokaxure, uro npamasa PM, nepuneHIuKY-
JSIpHA K ILIOCKoCTAM MN,Q, u QNP,.

Jlyuu OA, OB u OC o6pasyioT Tpu npameix yriaa AOB, AOC u BOC.
Haiigure yron mMemxay GmccekTpucamu yriaoB COA u AOB.

B npamoyronbuoMm napannaenenumene ABCDA B,C,D, £ BAC,=/DAC, =
= 60°. Haiinure ¢ = LA,AC,.

Pemenne z

3amaguM IIPAMOYTOJBbHYI CHCTEMY KOODIM- D c
HaT Oxyz Tak, KaK IOKa3aHO Ha pucyHkKe 140, ! 1
H PacCMOTPUM €AMHHYHBIH BEeKTOP d, CO- A B
. —_— - Al L 1
HaupaBiaeHHBX ¢ Bextopom AC,. BekTop a I
s
mMeer KoopaumHATEl {cos 60°; cos 60°; cos ¢}, ) ¢ ! !
. o 'l e
UIu {%, %;coscp}. Tak rak |a@a =1, To nomuy- D 2 —41—— _—
hynd AY
uuM paBeHctBo L + 1 icos?e =1 Orcioza N 4 o
4 4 J AT B X
2. _1 _ 4+ V2 i
cos?@ ==, nau cos @ = +t22, Tak kKak yroa ¢
2 2 Puc. 140

V2
2
B terpasape DABC DA =5 cm, AB =4 c¢m, AC =3 cm, £BAC = 90°,
< DAB = 60°, ZDAC = 45°. Haligute paccTosHue OT BEDPIIUHB A 10
TOUKHM IIepeceueHHs MeIuaH TpeyroapHuka DBC.

VYron wmexpy apumaronansio AC, IpAMOYTOJIBHOTO mNapajjejenunena
ABCDA,B,C,D; u rakawim u3 pebep AB u AD pasen 60°. Haiigure
LCAC,.

IIpoexma rouku K Ha maocKocTb KBaapata ABCD cosuajaer ¢ LiEeHT-
poMm aToro KBazapara. Jokaxure, 4To yroja Mexay npambomu AK u BD
paBen 90°.

OCTPBI#, TO COS @ = XZ, oTKyZa ¢ = 45°.
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ABuxenus

534 HonvpaasHan CUVMMeTPHUsT

B kypce maaHHMETPHH Mbl I03HAKOMUJIKMCH
C IBWXKEHUSAMH MJIOCKOCTH, T. €. OTOOpaXeHuAMU ILIOCKO-
CTH Ha cebsi, COXPaHAIIMMY PACCTOSHHA MEKIY TOYKa-
Mu. BBesem Temeppr MOHATHE NBUXKEHHS IIPOCTPAHCTBA.
IIpeaBapuTeasHO pasbACHUM, UYTO [HOHHMAETCH IO CJIOBA-
Mu oTobpaskeHue mpocTpaHcTBa Ha cebsa. JJomycTtum, 4TO
Kax 0¥ Touke M IpOCTPAHCTBA HMOCTARIEHA B COOTBETCT-
BHe HeKoropasa Touka M,, npuuyem Jmob6aa Touka M,
IIPOCTPAHCTBA OKA34J1aCh IIOCTABIEHHOH B COOTBETCTBHE
Kaxkou-To Touke M. Torga roBopAr, 4TO 3aAaH0O oTOOpaMe-
HHe IpocTpaHceTBa Ha ce6da. ['OBOPAT TaK)Ke, 4TO OPU AAH-
HOM oTofbpakeHHu Touka M mepexoaut (oTobpaskaercsa)
B Toury M,. Ilon ABMIKeHMeM IPOCTPAHCTBA [IOHNMAETCS
oTo0pasKeHHe IpocTpaHcTBa Ha ceba, Ipu KoTopoM JImodble
aBe TOUKH A u B mepexogar (oTodpa)carTcia) B KaKHe-TO
TOYKM A; u B, Tak, uro A,B; =AB. UusiMu cioBamMu, ABH-
JKeHHe NPOCTPAHCTBA — 3TO OTOOpaKeHMe MPOCTPAHCTBA
Ha cela, coxpamdomee PACCTOAHHA MEKIY TOYKAMH.
IIpnMepoM ABMIKEHUSA MOKET CAYIKUTH UEHTPAJAbHAS CHM-
MeTpua — oTo0pakeHMe IPOCTpPaHCTBa Ha cebA, MpH KO-
TOpoM Ji00asA ToukKa M mepexXogHUT B CHMMETPHUHYIO eH
TOYKY M, OTHOCHTEILHO AaHHOTO IeHTpa O.

HokakeM, UTO LWEHTPaJdbHAd CHMMETPHUA AB-
asierca aBuxkeHueMm. O6osznauum 6yKBoi O IeHTP CUMMeT-
pUH ¥ BBEJEM NMPAMOYTOJBHYIO CHCTEeMY KoopauHaT Oxyz
¢ HauaaoM B TouKe O. YCTAHOBUM CBSA3L MeKIY KOODIHHA-
ramu ABYX Touexk M (x; y; 2) u M, (xy; y,; 2,), CHMMeT-
PHYHBIX OTHOCUTEJbHO TOUuKH (. Ecan Tourka M He coBIa-
naet ¢ 1metpoMm O, to O — cepeauHa orpeska MM,. o
dopmysnaM KOOpAWHAT CEpPeJUHBl OTpe3Ka II0JIydYaeM
X+ x =0, y+un :O, z+ 2z —

2 2 2
2z, = -2. 9tu GoOpMyJEl BepHBl U B TOM CIyYae, KOrAa TOY-
krn M u O comagaioT (00bACHHTE IIOYEMY).

Paccmorpum Tenepr aBe TOUKH A (X3 Y;; 21)
u B (253 Ys5 25) M JOKAMKEM, YTO PACCTOAHNE MEMKAY CHMMET-
pUYHBEIMH MM TouKamu A, u B; paBHo AB. Touxu A, u B,
UMET KoopIUHATHI A, (—X1;3 Y5 —21) B B (—x4; ~Yas —22).
IIo ¢opmyae pacCcTOAHUA MEXAY ABYyMA TOUKAMH HAa-
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xopuM: AB=,/(x; — %)% + (Y, — 1)* +(2, ~ 2,)%, AB, =

= (=%, + x)* +(-y, + ¥)* + (-2, + 2;)*. {3 2TUX COOTHO-
eHul AcHO, UTo AB = A, B,, uro u TpefoBaliochk JOKA3aTh.

35 Cwenast cuvveTpus

OceBoil cuMMeTpHe#i ¢ OChI0 @ Ha3bIBaeTcsa Ta-
Koe oTOOpa)keHme HOpocTpaHcTBa Ha cebs, IPH KOTOPOM
aiobaa Touka M mepexoAnuT B CAMMETPUYHYIO el TouRy M,
OTHOCHTEILHO OCH d.

JlokaxkeM, 4TO oceBas CHMMETpHA SABJIAECTCHA
aBuxeHMeM. s 3TOro BBe#eM IPAMOYVIOJbLHYIO CHUCTEMY
KoopauHaTt Oxyz TaK, YToGE OCh OZ COBIIAJA C OCHIO CHM-
MeTpPHMH, U YCTAHOBUM CBA3L MEMKIY KOOPIUHATAMU IBYX
rouek M (x; y; 2) u M, (x; y,; 2;), CHMMETPUYHEIX OTHO-
cutenpHO ocu Oz. Ecan Touka M He jnexkut Ha ocu Oz, TO
ocy Oz: 1) OpoxoIuT dUepe3 cepeiHWHY OTpeska MM, u
2) mepneHAVKyJApHaA K Hemy. M3 mepBOro ycJoBHUA MO
dbopmynam AnA KOODAMHAT CEPeAMHEl OTPEe3Ka IoJy4YaeM
x';xl —0u YtHh -
YCJIOBHE 03HAYAET, UTO ANNIMUKATHI Touek M u M, paBHLI:
z, = z. Ionyuennsle GOpPMyabl BEpHHI M B TOM cJyuae,
rorga Touxka M JgexuT Ha ocu Oz (00BACHUTE IIOUEMY).

PacecmorpuM Temephr Ji0Oble  OBE  TOYKH
A(xy; yi5 21) B B (x5 Yo 2,) U DOKAXKEM, YTO PACCTOAHHE
MEX/JY CUMMETPUUYHLIMHI UM TOUKaME A, U B, paBHo AB.
Touku A, u B, uMelOT KoopiuHATH A, (-x{; —Y; 2,) H
B, (—x3; —y,; 25). Ilo hopmyie paccToaHNa MeX Ay AByMs TOY-
Kamm Haxozum: AB = \[(xz —x)2 +(y, —y)? +(2, —2,)2,
A,B, :\/(—x2 +x,)2 +(-y, +y)? +(2, —2,)?. HUs armx
COOTHOLIEHUH fCHO, 4T0 AB =A;B;, 4T0 H TpeboBaJIOCH
JIOKa3aTh.

0, otkyma x, =-x u Y, =-Yy. Bropoe

96 Jepraspras cuMMeTpH

3epkalbHON cHMMeTpMeil (cmMMeTpHell OT-
HOCHTEJIbHO HJOCKOCTH () HA3LIBAETCH TaKoe oToOpaxKe-
HUE IpOoCTpaHcTBa Ha cebs, npm KoTopoMm nibaa Tou-
ka M nepexoguT B CHMMETPHYHYIO el OTHOCHTEJIBHO
OJOCKOCTH O TOUKRY M,.

HokaxxeMm, 4TO 3epKaJbHAd CUMMETPHA ABJA-
ercsa ABMKeHHeM. J[Jis 9TOro BBeAeM NPAMOYTOJBHYIO CH-
cremy koopamHar Oxyz Tak, 4ToGR! II0CKOoCTh Oxy coBHa-
Ja ¢ IIIOCKOCTBI) CUMMETPHH, U YCTAHOBUM CBSI3H MEMIY
KoopAVHATaMu ABYX Todek M (x; y; 2) u M, (x5 Y15 21),

122



CUMMETPHYHEIX OTHOCHTENBHO ILIocKocTH Oxy. Ecau Tou-
Ka M me jexur B miaockocTH Oxy, TO 3Ta HJIOCKOCTH:
1) mpoxoauT uepes cepefuHy or1pesxka MM, u 2) nepnesn-
IUKYJIAPHA K Hemy. M3 mepBOTO YCJI0BHA IO (hopMyse Ko-
2

OpIHHAT CEepefVHBI OTpE3Ka IIoJyvaeM =0, OTKyOa

2, = —2. Bropoe ycnoBue osHaudaeT, uTo orpe3ox MM, na-
pamienesn ocu Oz, U, caeIoBaTENbHO, X, = X, Y, = y. Hoay-
yeHHble (GOPMYJILI BEPHEL M B TOM cJydae, Korga Touxa M
nexuT B maockocTH Oxy (o6bAcHUTE moueMy).
Paccmorpum Temepp ABe TOYKM A (x; Y5 21)
u B (x5 Yy 2;) 1 BOKa)KeM, UTO PACCTOSHHE MEXIY CHM-
METPHYHBLIMM MM TOYKaMmMu A; u B; paBHO AB. Touxu A,
¥ B, UMeIoT KoopawHaTel A; (X; Y13 —21) 4 By (X9 Yo3 —22).
IIo dopmyse paccToAHUS MeXJY HABYMsS TOYKAMHM Ha-

xomum: AB = \[(x, — ;)% +(y, — yy)? +(2, —2,)?, ABy=

= J(xy - x,)? +(y; - y,)? +{-2, + 2,)?. U3 srmx coorHo-
urenuit ACHO, uTo AB = A,B;, 4T0 1 TpeGOBANOCE OKA3ATh.

57 Napa uieapublif nepeHoc
Ilpusenem emie OAWH IpUMeD OBHIKEHUSA IIPO-
cTpaHCTBa. Bo3bMeM Kakoii-HuGynb BexTop p. Ilapaniens-

HBIM NEePEHOCOM Ha BeKTOD P HA3BIBAETCA OTOOpaskeHHe
npocTpaHcTBa HA cebdA, mpy KOTopoM Jaiobasa Touka M me-

PEXOOUT B TaKyo TOuKy M,, ato MM, = p (puc. 141, a). 7 M,
JlokaskeM, 4YTO NAapajledbHbIHl HNEpeHOC 5AB-
JAeTcA OBH:KeHHeM. [Ipyu nmapannesbHOM HepeHOCE Ha BEK-
TOp p m00ble ABe ToukK A 1 B nepexogar B Touku A, u B, .

- - _—> — M
TakHe, uro AA, = p u BB, = p. Tpebyercs gorasaTh, 4TO

—_—> —> —
A,B, = AB. Tlo mpasuny TpeyronpHuKa AB, = AA, + A, B,.
- —_— —_— —

C npyroit croponwel, AB, = AB + BB, (puc. 141, 6). Hs3 A, B,

— — — —
3TMX [ABYX paBeHCTB mosydaeM AA, + A B, = AB + BB,

a)

N — —> — —>

unu p+ A B, = AB + p, otkyza A, B, = AB. CnenosareJib-
HO, A|B, = AB, 4T0 ¥ TPefOBAJIOCH AOKA3ATh.

MosxHO moxasaTh (9TO AeJaeTcA TaK ke, Kak
M B IUIAHUMETPHUH), YTO IPH JIOO0M IBUKEHHUH OTPE3OK IIe-
PeXoauT B OTPE3OK, NPAMAA — B IPAMYIO, IJIOCKOCTH —
B ILIOCKOCTb. MOKHO AOKa3aTh TAKXKE, UTO IIOHATHE HAJIO- A B
JKEeHHUA, ¢ MMOMOINBI KOTOPOTO B HAallleM Kypce BBOAHUTCS
PaBeHCTBO puryp (cm. nIpuaoKeHne 2), COBIALAET ¢ IOHA-
THEeM ABHKEHUA, T. €. Jpboe HaJMOKeHWE SBJAETCA OBHM-  Puc. 141
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JKeHuem H, OﬁpaTHO, J11000€ ABHUMKEHNE SABJAACETCA HAJOKE-
HHUEM. ITO VTBepXOEeHHE NOKa3bIBaeTCA aHAIOTUI4YHO TOMY,
KakK 3TO JneJajioOCh B IIJIAHMMETPHH.

58*}ipeoipasesapne noradu
[MenrpansaniMm nmoxobuem c¢ nearpom O u Ko-
a¢pdunuenTom k # 0 naspiBaerca oroOpaskeHHe NMPOCTPaH-
cTBa Ha cefa, mpn KoTOpoM Kaxaasa Touxka M mepexommr

— —
B Takyio Touky M,, uro OM, = kOM.
Herpyaxo AOKaz3aTk, YTO €CJHH IPHU IEHTPAIDL-
HOM mogobuu ¢ Koadduuueutom £k Toukm A u B nepexo-
— R —

nar B Touku A, n B,, to A,B, = kAB (cm. npunoxkerue 1).
M3 sroro, B 4acTHOCTH, CJAEAyeT, UTO TPH UEHTPAILHOM
nogAobuu TPeyroJbHUK [EePexXOAUT B HOLOOHBIA eMy Tpe-
YTOJBHUK, MJIOCKOCTh, NPOXOAAINasA yeped Touky O, mepe-
XOAUT B cebd, He MPOXoaAIias uepes Touky O — B mapal-
JNeAbHYIO € IIOCKOCThb, a chepa ¢ nienTtpom C paguyca r
(T. . MOBEPXHOCTH, COCTOANIAA U3 BCEX TOYEK MPOCTPAH-
CTBa, PaCMOJOXKEHHBIX Ha PacCTOAHUM r OoT TouKu C) —
B chepy ¢ nentpom C, paauyca kr, rae O_C)'1 = kO_>C. Hoxa-
JKHTe 9TH yTBEePXIEeHUS CAMOCTOSTEJbHO.

Hentpanbuoe mnozobie ABAACTCA UYACTHBIM
cay4yaeM TaK HasbIBAeMOro IpeobpasoBanuda moaobud.
IIpeoGpasopanuem momoous ¢ xoahduuuearom k£ > 0 Ha-
8piBaeTcA OTOOpaskeHHe MJIOCKOCTH Ha cebs, IPH KOTOPOM
aio006ble ABe TOUKH A U B mepexoisaT B TaKle TOYKH A,
u B, uto A,B, = k- AB. [Ipumepamu npeoOpa3oBaHHsA IIO-
Zobusa ABIAIOTCH, OUEBHIHO, ABMiKeHHe (mpu 2ToM k = 1),
IleHTpaJbHOEe I0J00He, a TaKiKe Pe3yJIbTAT HX IOCJIeLoBa-
TEJHHOTO BBITIOJTHEHUS.

OxasbiBaeTcsi, BEPHO M 00paTHOE YTBepIKAe-
Hue: J000e mpeobpazoBaHue IMOOOMA NMPEACTABISET CO-
00l pe3yabTAT IOCJEAOBATEJLHOIO BBHINMOIHEHHSA JBHME-
HUA ¥ UEeHTPAJbHOTO MOJ00Md.

Horaxem sto. Paccmorpum npeobpaszosaHune
momobua ¢ xosdduuuentom k. IIpounsBosbHbIe TOYKU A U
B mepexomAT npu HeM B Takme TOYKU A, u B,, uTo
A,B, = k- AB. PaccMoTpuM Tenephb NeHTpANbHOE noxobue
C IPOHU3BOJLHEIM LeHTPOM O u KoadhdHuueHTOM %. Touxu

A, n B, nepexoiaT nIpu HeM B TaKUe TOUYKHU A, u B,, uro

A
A,B, = ZB‘. Tem caMBIM B Pe3yJIbTATE IOCJHELOBATEALHOTO

BBIIIOJIHEHHU A HpeoﬁpaaoBaHmI I'IO,ZIOGI/IH H LEeHTPaJIbHOTIO
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noao0Kusa Mpou3BOJbHEIE TOUKW A u B mepexonAT B Taxkue
k- AB
Touku A, u B,, uto A,B, = =AB. 910 osHayaeT, YTO

pes3yJbTATOM IIOCJIEHOBATENBHOTO BLINIOJHEHUS YKAa3aH-
HbIX IIpeo0pas3oBaHHUM ABJAETCA ABHKeHMe. B cBOIO oue-
penb, B pe3yJbTaTe MOCJAeAOBATEIBHOTO BEINOJIHEHUS ITO-
ro OBMMKEHHA M IeHTpaabHOro mojobua c¢ uenrpom O
1 Kos3bdunueHToM k£ Touykn A U B (B3ATHIe IPON3BOJBHO)
IepexojAT B Te JKe TOUKM A; M B,, 4TO 1 OIpu UCXOTHOM
npeobpasoBaHnu nojobms, Ho aTo H o3HauaeT, 4TO HC-
X0JHOe TpeobpaszoBaHue MOJOOUA ABIAETCA PE3yIbTATOM
MOCJeOBATENHHOTO BHIMTOJHEHUSA YKABAHHOTO TBUKEHHS
1 IeHTpadbHOrO momobusa ¢ meHtpoM O u KoaddHUIIHEH-
ToM k. YTBep:KIeHHE TOKA3AHO.

IIpeoGpasosanue momobusa 4YaCcTO HCIOJIBL3YeT-
cs B reomeTpuu. C ero momMoInsio, HalIlpuMep, MOMKHO BBEC-
TH NOHATHE II0JO00HS NPOM3BOJLHEIX TeJ: JBA Teja Has3bl-
BalOTCA MOJOOHBIMM, €CJIM CYHIeCTBYeT TaKoe mpeodpa3o-
BaHHE MOXOOHSA, NMPH KOTOPOM OAHO K3 HHX II€PEXOIHUT
B JIpyroe.

N BT

478 Haliagure KOOPAUHATEI TOUYEK, B KOTOPLIE MepeXoiaT Touku A (0; 1; 2),
B (3; -1; 4), C (1; 0; —2) mpu: a) IIEHTPANBLHOM CUMMETPUH OTHOCH-
TeJbHO Havajaa KoopAauHaT; 6) oceBOfl CHMMETPHM OTHOCHUTEJBHO KO-
OPAWUHATHLIX OCeii; B) 3epKAaNbHON CHMMETPUH OTHOCHTEJILHO KOOPAU-
HATHBIX IIJIOCKOCTeEH.

479 [Joxa)kmTe, UTO IPH HEHTPAJILHON CHMMMETPHUHU: a) IpAMAasi, He IIPOXO-
OAIAas uepes IEHTP CHMMETDHH, 0TOOpaykaeTcA Ha MapasijesbHYIO eif
npsmyio; 0) opAMas, DPOXOAAINIas Uepe3 IEeHTP CHMMETPUH, 0ToOpa-
JKaercsa Ha cebdA.

480 [loxaxkuTe, UTO IPU IEHTPAJIBLHOA CHMMETPHUHU: &) MJIOCKOCTH, HE IIPO-
XonAuiad depes IEHTD CHMMeTDHH, OTOOpaskaeTcA Ha NapasiesbHYIo
el nJiockocTh; 0) IJIOCKOCTH, HIPOXOIAIIAA Uepe3d LIEHTP CUMMeETDHU,
orobpaxkaerca Ha cels.

481 JloxakuTe, UTO NPHU OCEBOI CHMMETPHU: 4) HpAMad, HapasieibHas
OCH, OTOOpaskaeTrcA Ha NpPAMYI0, apaJJesbHYI0 ocH; 0) mpamas, o0-
pasyIoilas ¢ ochio Yrox ¢, orobpaskaercs HA IPAMYIO, TaKXKe 00pasyo-
HIYIO C OCbIO YToJ .

482 TIlpwm sepkaabHOR CHMMETPHHU IpPAMAaA ¢ 0TOOPaXKAETCA HA UPAMYIO G,.
HokaxxkuTe, 4TO NPAMLBIE @ U @, JieKaT B OAHOUI IIJIOCKOCTHU.

483 TIIpm 3epKanbHOI CHMMETPHUM OTHOCHUTEJBHO ILIOCKOCTH O ILIOCKOCTH 3
orobpaskaerca Ha maockocTb P;. Jokaxure, uro ecau: a) P | o, To
B, ||y 6) BLct, To B, coBmagaer c P.
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484

486
487
488

489

10

=y = =g
HOKaHCHTe, YTO NIIpU TapajileJIbHOM I[IepeHoce- Ha BEeKTOp p, rae p+# 0:

a) IpaMasi, He MapaJIIeJbHAS BEKTOPY p ¥ He CONepPIKaIas 3TOT BeKTOD,
oroOpakaeTcss Ha IapajUleJbHYIO eil npsamyio; 0) npaMas, Nnapajjeib-
HAS BEKTOPY P WM CONEPIKAIAA dTOT BEKTOD, 0TobpaxkaeTca Ha cebs.

TpeyronsHuK A,B,C, nosy4yeH napajieJbHbBIM II€PEHOCOM TPEYTOJbHU-
xa ABC na pextop p. Touku M, u M — COOTBeTCTBeHHO TOYKH Iepece-
YeHUsA MeJUaH TPEYTOJIbHUKOB A,B,C, u ABC. [loka:XuTe, 4TO IPH na-

pajiienprHOM IepeHoce Ha BeKTOp p Touka M HmepexoauT B TOUKY M.
HokaskuTe, 4TO NpH IABHMIKEHHH: a) IpAMaA orobparkaeTcd HaA IpHA-
My10; 0) ILJIOCKOCTBH OTOOpaKaeTca Ha IIJIOCKOCTB.

JokaskuTe, 4TO NMpU IBUIKEHHU: a) OTPes3sOoK oTobpakaeTcs Ha OTpe-
30K; 0) yrox orobpaskaeTca HA PABHBIA €My YroJ.

HokasxkuTe, YTO OpHU ABMIKEHUH: &) TapajijebHble IPAMBIE OTOOparka-
I0TCA Ha HapaJjUielbHBIE NpAMbie; 0) HapajyieJbHBbIE IJIOCKOCTH OTO-
OparkaloTcs Ha TapajuleNbHbIe ILJIOCKOCTH.

Hokaxure, 4T0 IpPU JBUIKEHUM: a) OKPYKHOCTHL OoToOpakaeTca Ha
OKPYJKHOCTDb TOrO Xe pagmuyca; 0) IPAMOYIOJbHBIF HapasijieselHIes
oTobparkaeTCA Ha NPAMOYTOJNbHBIA TapajeeTuIe] ¢ TEMH e U3Me-
PEHUAMHA.

Boipoes 1 raase V

Kark pacmonosena TOYKa OTHOCUTEJILHO NMPAMOYTOJLHONH CHCTEMBI KO-
OpIMHAT, €CJH: a) OJHA ee KOOpPAMHATa pPaBHa HYJI0; 0) IBe ee KOOD-
IWUHATHL PAaBHBI HYJi0?

O0BACHUTE, TIOUEeMY BCe TOUKH, JiexKaIllie Ha NPAMOM, NapajjenabHoOil
mwaockocTu Oxy, UMEIOT OfHY U Ty K€ alllJIMKaTy.

Haner Touku A (2; 4; 5), B(3; x5 y), C (0; 4; 2) u D (5; t; uw). Ilpu xa-
KWX 3HAYeHUAX X, Y, 2, [ ¥ U 3TH TOUKH JIeXKAT: a) B ILJIOCKOCTH, Ia-
panienabHOH miockoctu Oxy; 6) B ILIOCKOCTH, NapajIeIbHOM HJIOCKO-
ctu Oxz; B) Ha npsaAMoii, mapajjaeiabHo# ocum Ox?

— — —
Haiianre Koopaunats! BeKTopa CA, eciu AB {x,; y1; 21}, BC {x3; Yo} 22}
IlepBass ¥ BTOpas KOODAMHATHI HEHYJE€BOTO BEKTODA d DPABHBI HYIIO.
Kaxk pacmoJioseH BEKTOP d II0 OTHOIIEHHIO K ocu: a) 0z; 6) Ox; B) Oy?
IlepBasi KoOpAMHATAa HEHYJEBOI'O BEKTOpAa d paBHA Hymio. Kak pacmo-
JIOXKEH BeKTOp 4 II0 OTHOIIeHMIO: a) K IuiockocTu Oxz; 6) K ocu Ox?

Konnueeapusl JH BekTOPH: a) d {-5; 3;-1} u b {6; —10; -2};
6) @ {~2; 3; 7} m b {-1; 1,5; 3,5}?

Hdnuna paguyc-Bekropa Touku M pasHa 1. Moxet sgu abcnucca TOU-
KM M pasuaTtecA: a) 1; 6) 2?7 .
IauHa BeKTOpa d paBHa 3. MoskeT JH OofHA 13 KOOPAMHAT BEKTODA 4
paBHATBCA: a) 3; 6) 5?

A6cuucca Touku M, paBHa 3, a abcmucca Touku M, paBHa 6. a) Mo-
JKeT JIM JnuHa oTpe3dka M, M, 65Tk paBHO# 27 6) Kak pacmosoeH oT-
pesok M,;M, mo oTHomeHuI0 K ocu OX, ecau ero JJuHaA pasHa 37
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BeKTOpHI @ 1 b MMEIOT LJTMHEL 4 1 b. Uemy PaBHO CKAIAPHOE HPOK3Be-
JeHue BCKTOpOB a u b, eciu: a) BeKTODHI 4 U b COHANPABJIEHEI;
6) BEKTOPHI 4 M b OPOTUBOMOJIOMKHO HallpaBJIEHbI; B) BEKTODBI dub
NepHeHAUKYJISIPHLI; T) yro.n MeXJy BeKTOpaMH aub pasern 60°;
A) yTroJ MesKIy BEeKTOpaMH 4 u b pasen 120°?

IIpy KaKOM YCJIOBHH CHKAJIAPHOE IPOU3BeJieHNe BEKTOPOB d U b: a) mo-
JIOKHUTEJAbHO; 6) OTPHUIIATEJBLHO; B) PABHO HYJIO?

I[aH Kyb ABCDAIB C,D,. Hepnenp;nxynﬂpnm Jau BeKTopBI a) AD

nDCl, 0) BD u CCI, B) AC u AD r) DB HDCl, I) BBH AC"
IlepBbie KOOPAMHATH BEKTOPOB & U b PaBHEI COOTBETCTBEHHO 1u 2
Moxer nm cxanﬁpnoe Npou3BefieHNe BEKTOPOB 4 M b 6uITH: a) MeHb-
me 2; 6) paBHo 2; B) Ooubie 27

Kakue KOOpAMHATH MMEET TOYKa A, ec/iM mpu WEeHTPAJbHOH CHMMET-
puu ¢ ueHTpoM A rourka B (1; 0; 2) nmepexogut B Touky C (2; —1; 4)?
Kak pacrosoxeHa IJIOCKOCTD [0 OTHOIIEHWIO K OCAM KOOpAHMHAT Ox
Oz, eci1 TIpU 3epKAaJbHON CHMMETPUM OTHOCUTENBHO 3TOH HJIOCKOCTHU
Touka M (2; 1; 3) mepexogur B TOuKy M, (2; -2; 3)?

B npaByio mau JeByIo NepuaTKy IIepeXoaUT MPAaBas mepuaTKa Ipu 3ep-
KaJbHOM cuMMeTpHuH? 0CeBOi cHuMMeTpUN? NEeHTPAIbHOM cCHMMeTpUm ?

JoneannvensHnic 3a1atm

HMaur BekTOpHI 4 {—5; 0; 5}, b {~5; 5; 0} u ¢ {1; —2; —-3}. Haiigute Ko-
OpAMHATH BekTopa: a) 3b — 3d + 3¢; 6) -0,1¢ + 0,84 - 0,5b.
KoanuneapHsl JH  BekTopel: a) a{-bH;3; -1} m b {6; -10; -2};
60at-23T u b11535; »af- 2:3;-1} n b (6; -5; 9%
r) @{0,7; -1,2; -5,2) u b {-2,8; 4,8; —20,8}?

Hansr Tousku A (-5; 7; 3) u B (3; -11; 1). a) Ha ocu Ox Ha#aure Tou-
Ky, Gnmxaiimyio Kk cepegue otpeska AB. 6) Haiante Toukn, obmana-
IOIIVe aHAJOTHUHBIM CBOMCTBOM, Ha ocax Oy u Oz.

Komnianapes! i BeKTOpel: a) a {~1; 2; 3}, i+ ]?H -k 0) b {2; 1; 1,5},
i+j+Eui-jiB) a{l; ;1) 5{1;-1;2 u &{2 8 -1}?

Hansr Touxku A (3; 5; 4), B (4; 6; 5), C (6; -2; 1) u D (5; -3; 0). [Hoxa-
*kuTe, uTo ABCD — mnapajiieaorpaMmm,

Hanser Touku A (2; 0; 1), B(3; 2; 2) u C (2; 3; 6). Hatizure Koopauua-
THl TOYKH IIepeceueHra MeAmMaH Tpeyroabvuauka ABC.

Maun KoopauHaThl YeTelpex BepiuH napainenenunena ABCDA,B,C,D;:
A(3;0;2), B(2;4;5), A, (5;3;1), D(7; 1; 2). Haiigure KoopguHa-
THl OCTaJbHBEIX BEPIINH.

Cepennna orpeska AB jaexut B miaockocrn Oxy. Hailinute k, ecan:
a) A(2;3; -1), B(5; T; k); 6) A (0; 4; k), B (3; —8; 2); B) A (5; 3; k),
B (3; -5; 3k).

Vioosng
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Haiiaute KoopauHATHI eAHHHIHBIX BEKTQPOB, COHANPABJIEHHEIX COOT-
BETCTBEHHO C BEKTOpaMu 4 {2; 1; -2} u b {1; 3; 0}.
Ilnnea BekTOpa a {x; y; 2} pasHa 5. HaiiguTe opauHaTy BeKTopa 4,
ecaIu x =2, z= —Jg.
Mauwr Touxu M (2; -1; 3), N(-4; 1;-1), P(-3;1; 2) m Q (1; 1; 0).
BreluncanuTe paccTogHHe MeXIY cepeuHaMu oTpeskos MN u PQ.
Haitgure paccrosgsaue ot Touku B (-2; 5; \/§) 10 oceil KoOOpAUHAT.
Ha ocu opaunar HaiiguTe TOUYKY, PaBHOVAAJIEHHYI0O OT TOUYEK
A(13; 2; -1) u B (-15; 7; -18).
Haiigure kxoopauHATHI IEHTPa OKPYIKHOCTH, OIHMCAHHOI OKOJO Tpe-
yroapHHKa ¢ BepmmaaMu A (0; 2; 2), B (2; 1; 1), C (2; 2; 2).
Bepimabl TpeyroabEuka ABC pacmosioKeHbl IO OJHY CTODPOHY OT
IJIOCKOCTH O. M HAXOAATCH OT STOH NIJIOCKOCTH Ha PaceToAHUAX 4 oM,
51amM m 9 gm. Hafigute paccTodHUWE OT TOYKM II€pecedeHUs MeJuaH
TPEYroJbHUKA A0 ILJIOCKOCTH Of.
MeauaHoH TeTpasapa HA3BIBAETCA OTPE30OK, COEAHHSAIONINI BEPIINHY
TeTpas/pa C TOUKOM IlepecedyeHus MeJUAH IIPOTHBOIOJOXKHOI I'pDaHu.
Joraxure, uTo MeIHAHBI TETPAdApa NEpeceKaloTcs B OAHON TOUKE, KO-
TOpasd JeMUT KaXKAYIo MeuaHy B OTHOMICHNN 3 : 1, cunMTas OT BEPLIMHBL.
Ians1 BekTOpH 4 {—1; 5; 3}, b {3; 0; 2}, ¢ {0,5; -3; 4} u d {2; 1; O}.
Briuuciure: a) ab; 6)ac; 8)dd; r)(@+b +¢)d; m)(@-b)( -d).
B rerpasape DABC DA= DB=DC, ZADB = 45°, Z BDC = 60°, Brrumc-
— — —_— —> —> —_—
JuTe yroj Mexxkay Bextopamu: a) DA u BD; 6) DBuCB; B) BD u BA.
Bce pefpa terpasapa ABCD paBHBI APYT apyry, D; — OPOeKIUA TOY-
ku D ma nnocxkocrs ABC. IlepneHIUKYJAAPHLL JIU BEKTODH: a) lﬁ
—— i — —— . — —
u D,D; 6) DD, u BC; 8) DA u BC; r) D,B u DC?
BriuvcauTe wKocuHyc yrja MexaAy npameimu AB u CD, ecian:
a) A(7; -8; 15), B(8; -7; 13), C (2; -35 5), D (-1; 0; 4); 6) A (8; -2; 3),
B (3; -1; 4), C (5; -2; 0), D (7; 0; -2).
B ky6e ABCDA,B,C,D, rouka M — LEHTp rpanu BB, C C. Briuncaure
YIroJa MeXIy BEeKTODaMU: a) A Dnu AM 6) MD 1 BB
B napannenenunene ABCDA,B,C,D, £BAA, = ZBAD ADAAl = 60°,
AB =AA, = AD = 1. Brluucaute IJIAHB BEKTOPOB AC u BD
IIpoexnusa Toukyw M Ha naockocTs pomba ABCD coBmagaer ¢ Toukoi O
nepeceueHus ero guaroHasmeii. Touxka N — cepeguHa cTopoHbl BC,
AC =8, DB = MO = 6. BriuucjiuTe KOCHHYC VIJia MeXay mpamoit MN
u npamoii: a) BC; 6) DC; B) AC; r) DB.
B kyoe ABCDA,B,C,D, touka M Jjexur Ha pebpe BB,, mpuueMm
BM : MB, =3 : 2, artouxka N jexut Ha pebpe AD, npuuem AN : ND =
= 2 : 3. Briuncanre cusyc yriaa Mexay npamoit MN M INOCKOCTBIO
rpauu: a) DD,C,C; 6) A,B,C,D,.
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Jdyuu OA, OB, OC u OM pacnonoxeHn Tak, uro LAOB = ZBOC =
= /ZCOA = 90°, LAOM =¢,, £BOM =¢,, LCOM = ¢;. [oxkaxure,
uTo cos® @, + cos® @, + cos? @, = 1.

JIyvaun OA, OB u OC pacnososKeHE! TakK, uTto /BOC = Z/BOA = 45°,

ZLAOC = 60°, [Ipamaa OH nepuneHaAuKyasapHa K nJjockocta AOB. Haii-
aure yroja Mexay npameumu OH u OC.

Han asyrpanewiit yron CABD, pasuniit ¢ (¢ < 90°). H3BecTHO, UTO
AC 1 AB n £DAB = 6. Haitnure cos ZCAD.

Orpesku CA u DB neprneHUKYAAPHE K pebpy AByrpanHoro yriaa CABD,
pasaoro 120°, UssectHo, utro AB = m, CA=n, BD = p. Hatinure CD.
TIpn aBukeHMHN IpsiMas @ oToOpaskaeTcsa HA HNPAMYIO @,, 4 ILIOCKOCTH
O — Ha IJIOCKOCTH 0,. HMoxamwure, uro: a) ecam a | o, 10 a, | oy;
6) ecnm a L o, TO a, L .

IIpn 3epKaJbHOI CHMMEeTPHUM OTHOCUTENBHO IIOCKOCTH O IIOCKOCTE [3
oToGpaskaercs Ha MJIOCKOCTD P,. J[OKakuTe, UTO eCNH IJIOCKOCTh B 06-
pasyeT ¢ MIOCKOCTHIO Ol YTOa ¢, TO B ILIOCKOCTE [3; 06pa3yeT ¢ IIOCKO-
CTBIO O YTOJ O.

Jokacute, 4TO IPU MApajeNbHOM NepeHoce Ha BeKTOp p: a) ILIOC-

KOCTb, He MapajiebHasA BeKTOPY P ¥ He COAep:Kalias TOT BEKTOP, OTO-
GpakaeTca Ha NMapAJUIENILHYIO el IJIOCKOCTh; 0) IJIOCKOCTE, HApalIelh-

Hasg BEKTODY P WJIH COZEDPIKAl[as 9TOT BEKTOD, OToGpaxkaeTcs Ha cebs.



I’'naBa VI
HMuauaap, KOHyC # map

N MuauaAp

59 Ilousitue HMIMHIpPA

PaccMOTpYMM OPOM3BONLHYK ILIOCKOCTE O
M OKpYKHOCTB L ¢ meHTpom O paguyca r, JeKaIyio B 3TOR
IIocKocTH. Yepes KaXAYI0 TOUKY OKpY>KHocTu L mposegem
MPAMYI0, HEPIEHANKYAAPHYIO K IJIOCKOCTH (. Il0OBepXHOCTD,
06pa30BaHHAA 3THMHU IPAMEBIMH, Ha3BIBAETCA HUJIMHAPHYE-
CKOl MOBEePXHOCTHIO, 4 CAMH IIpPAMEIe — 00pa3yIOIMUMHM IH-
JTHAAPHYECKO MoBepxXHOCTH. [IpAMasi, IPOXOAALIAA YEpes
TouKy O HepHeHANKYJIAPHO K ILIOCKOCTH O, HA3BEIBAETCS
OCHI0 IWIIMH/IPHUYECKOH MOBEePXHOCTH. IIOCKOIBKY BCe 00-

pasyomye U OCh NEePHEeHAWUKYIAPHE K ILIOCKOCTH O, TO
OHN TapajleJbHBI Apyr aApyry (cm. m. 16).

PacemoTpum Temepr NIOCKOCTD 3, mapaljieib-
HYIO IJocKocTH ¢ (puc. 142). Orpesku o0pasyoimux, 3a-

KJIOUYEHHLIE MEXIY ILJIOCKOCTAMH ¢ M [}, HmapaJjejbHbL
. 1 paBHEI APyr Apyry (cM. m. 11). ITo mocTpoeHUI0 KOHIIBI
9THX OTPE3KOB, PACHOJIOMKEHHBIE B IJOCKOCTH O, 3aIoJI-
HSIOT OKpPysHOCT: L. KoHOBI ke, pacnoJio’KeHHbIe
B IUIOCKOCTH 3, 3alOAHAIOT OKPYXHOCTs L, ¢ meuTpom O,

pazguyca r, rae 01 — TOYKa IepeceueHud IJIOCKOCTH B
C OCBIO IIPIJIHH,E[DI/I‘IGCROﬁ IIOBEPXHOCTH. CIIpaBEHJII/IBOCTb

OcHoeaHue
yuaundpa

Boxosas nogepxHocmsw

O6pasyouwue yununopa
yuaurndpa

Ocuoeanue

yururdpa

Ocb yurundpa

130

Huauaap
Puc. 142

Huruudp, worye u wap



9TOr'0 YTBEDPsKAECHUS CIAELYET U3 TOTO, YTO MHOIKECTBO KOH-
1oB 06pasyiomux, JEKAINX B IUIOCKOCTH [3, mojydyaeTcd
U3 OKPYKHOCTH L mapaijejsHHIM [ePeHOCOM Ha BeKTOp
OO, . TlapanjieJbHBEIN II€PEHOC ABAAETCA ABUKEHHEM W,
3HAYNT, HAJOXKEHHWEM, a IPU HAJIOXeHuHu Jiobas durypa
IepeXOfUT B PaBHYIO ed Qurypy. CiaeoBaTelbHO, IpU
napajijiesbHOM DepeHoce Ha BeKTop OO, OKpy»XHOCTH L
mepeiijieT B paBHY10 el OKPYKHOCTb L, paguyca r ¢ LeHT-
poMm B Touke O;.

Teso, orpaHHYeHHOE TMINHAPHICCKON TTOBEPX-
HOCTLIO ¥ ABYMS KpyraMu ¢ rpanunamu L u L, HassIBaer-
ca muauaapom (cM. prc. 142). Kpyru HaseBAaOTCA OCHOBa-
HHUAMM IMJIMHIPA, OTPEe3KM 00pasyioniux, 3aKJII0YeHHEIe
MeKIY OCHOBAHUAMH, — 00pa3yIIMMHN IHJIHHAPA, a 00-
pazoBaHHad MMM YACTh HUJIHMHAPHUYCCKOHN NMOBEPXHOCTH —
60KOROIl TTOBEpXHOCTHIO MHIAHHAPA. Och MUJIHHIPUYECCKON
TIOBEPXHOCTH HASEIBACTCS OCHI0 IMIMHAPA.

Kak yxke oTmeuanoch, Bce oOpasyloliue I[H-
JUHApPA DapajjeJbHBI M PABHEI APYT ApPYyry. Hnuua obpa-
3yI0Iiell Ha3biBA€TCA BBICOTOM IUJIMHAPA, a PAAUYC OCHO-
BaHUA — pagHycoM IHJIHUHIPA.

[Iunuaap Mo)XeT OBITH IONYYEH BpalleHueM
IPAMOYTrOoJbHHKA BOKPYT OOHOH H3 ero cropox. Ha pucys-
ke 143 wn3obpakeH WUJIUHAD, IMOJYUEHHBIH BpallleHHeM
npamoyroibarka ABCD Boxpyr cropoust AB. Ilpu atoM
O0KOBasA MOBEPXHOCThH NUWIMHApPaA o6pa3yeTcA BpalleHHUEM
cropousl CD, a ocHOBaHMA — BpaieHueM cropod BC u AD.

PaccMoTpuM ceueHus IUIMHIPA PA3IUUYHBIMU
II0CKOCTAMH, EcaM CeKyllas IIOCKOCTh IIPOXOLUT Uepes
oCh IIUJAWHJpPa, TO CEeUeHHe npeacranBasieT cofoil mpamo-
yronsHug (puc. 144), ABe CTOPOHEI KOTOPOTO — 00pasyio-
Imue, a ABe APYrue — AUaMeTpPbl OCHOBAHHUHE ITMJIUHADA.
Takoe ceyeHHe HABHIBAETCSA OCEBBIM.

Ecau ceryiias MIOCKOCTE IMEPHEHAUKYJISPHA
K OCM NUJHUHIPA, TO CeUYeHue ABJIAeTCA Kpyrom. B camom
JeJse, TaKad CeKylljad IJIOCKOCTh (IJIOCKOCTh Y Ha PUCYH-
Ke 145) orcexaeT OoT JaHHOIO MHJIUHAPA TEJO, TAKXKE ABJIA-
ouleecsa NUAnHZpoM. Ero ocHOBaHUAMY CJOYXKAT OBE Kpyra,
ONWH M3 KOTODHIX M €CTh PaccMaTpUBaeMOe CeuyeHUe.

3amMeuanue

Ha nmpaxTrke Hepegko BCTpeUalOTCA IpegMe-
Thi, KOTOPBIe UMeIT ¢opMy 6GoJiee CJAOMHBIX IAJHHIPOB.
Ha pucyake 146, g uzobparkeH MUIUHAD, KaXXJ0e OCHORA-

o 131

HMunuuap nojaydueH Bpaie-
HAEeM NpAMOYTOJILHUKA
ABCD Borpyr cTopoHEI AB

Puc, 143

OceBoe ceueHNE LUAJIUHDA

Puc. 144

Ceuenne UWIMHApaA IJIOC-
KOCTBIO, IepIeHAWKYJIAD-
HOIt K ocH

Puc. 145
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HHE KOTOpOro IIpeACTaBIAeT c0o00i (puUrypy, orpaHmdeH-
HYI0 JacThi0 mapabospl 1 oTpeskoMm. Ha pucyuxe 146, 6
n300pakeH IUIMHAD, OCHOBAHHSAMH KOTOPOTO SABJAIOTCS
Kpyru, Ho ofpasyoiyue NUWIMHAPA He NepIeHAHUKYJIAPHEI
K ILIOCKOCTAM OCHOBaHMH (HakJOHHBIN muwinuap). OgHaxo
B JajbHedIneM MH OyAdeM paccMaTpMBaTh TOJBKO TAKUE
IUIMHAPE], KOTOPBIE GBI ONpefAesie sl B 9TOM HMyHKTe, X
HA3bIBAIOT MHOTJA NMPAMBIMH KPYTOBBIMH IWJIHHIPAMH.

60 ITliomaner NMOBEPXHOCTH IMJIMHIpPA

Ha pucynxke 147, a wusobpaskeH IHIAWHAD.
IIpeacrarum ceGe, uTo ero HOKOBYIO IOBEPXHOCTH pa3pesa-
Ju 1o obpasymwmieii AB 1 pasBepHyJIM TaAKUM 00pazoM, 4TO
Bce o0pasylolljiie OKas3aJHCh PACHOJOKEHHBIMH B HEKOTO-
poit mwockocty o (puc. 147, 6). B pesyiasTaTe B ILJIOCKOCTH O
IOJNYYUTCA IPAMOYToabHUK ABB'A’. Cropoun AB u A'B’
TIPAMOYTOJbHUKA MPEeACTABIAIT co00#M ABa Kpas paspesa
00KOBOI IIOBEPXHOCTM HUJIUHADPA 10 oOpasyiomieii AB.
ITOT MPAMOYTONbHUK HA3LIBAETCS Pa3BepTKOil 60KOBOMH 1O-
BepPXHOCTH mMiaMHApa. OcHoBanme AA’ UPAMOYTONBHHUKA
ABNSETCA PA3BEepPTKON OKPY)XHOCTH OCHOBAHUS IUIMHADA,
a BeIcOTA AB — ofpasyromel HUINHApPA, moaroMy AA" = 2nr,
AB = h, rge r — paguyc DHJIUHIpa, h — €ro BHICOTA.

3a nmiomanb 0OKOBOM IOBEPXHOCTH LHUJINHIPA
NIpHHEMaeTcH TLIOMIakb ee Pa3BePTKH.

Tak Kak naomans IPAMOYroanHuKa ABB'A’
paBua AA’ - AB = 2nrh, To AJisl BHIYMCJEHHUA IIOIIAKH Seoy
GOKOBOI IMOBEPXHOCTH IMIAMHAPA PafHUyca ' U BEICOTH A
nojayuaerca Gopmyna

Se.. = 2nrh.

Hraxk, naomaabs OGOKOBOH NINOBEPXHOCTH M-
JUHApPA PABHA IPOU3BENEHHIO [JIHUHLEI OKPYKHOCTH OCHO-
BaHHMA HA BBICOTY LMJIHHIAPA.

napaboaa

OKPYICHOCMb
o)
Puc. 146

s : B

e ]

BI

a) 0)
Puc. 147

132
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ITnomanbio 1OMHOM ITOBEPXHOCTH NIHJIHHADA

Ha3plBaeTCA CyMMa IJomageil OOKOBOM IIOBEpXHOCTH
n jgByx ocHoBaHMi. Tark kaxk miaomazs KasKIOTO OCHOBA-
HUA paBHA 7r’, TO AJSA BBIYMCICHHA IIOWAK S,,, TOTHOH
NOBEPXHOCTH IUIMHAPA HoJjyuaeM dopmynay

521

522

523

524
525
526

527

528

529

530

531

Sy = 2rr (r + h).

Sagaum

Jokamure, 4TO oceBoe cedeHHe LIUIMHADPA SABIACTCA IIPAMOYIOJb-
HHKOM, JABe IPOTHBONOJIOMKHEIE CTOPOHBI KOTOporo — obpasyiotiue,
a EBe Jpyrue — nWaMeTphl OCHOBaHHMU nuinuuapa. Hadizure puaro-
HaJIb 0CEBOI'0 CeYeHMdA, €CJU Pajuyc MUIMHApa paBeH 1,5 M, a BHICO-
Ta paBHa 4 M.

JduaroHans OCeBOTO CeueHHMA IUINHApPa paBHA 48 cM. Yroyg MexAy
3ToHl AmMaroHanbl0 M ofpasymoilelt nmumameapa paseH 60°. Haignure:
a) BBICOTY IMJIMHApa; 6) paamyc IHUIHHAPa; B) ILIOMAAh OCHOBAHUS
HMUIHHIDA.

OceBoe ceueHMe HHUAMHAPA — KBAAPAT, LHATOHAJL KOTOPOrO paBHA
20 cm. Haiigure: a) BeicOTY DMUAMHAPA; 6) NA0IaAk OCHOBAHHA ITH-
JHHIpA.

OceBble ceueHNs ABYX NHJIUHLPOB PABHEI. BepHO JIM, UTO BBHICOTHI ABYX
LUANHAPOB PABHLI, €CJAH PaBHBI MX OCEBbIe CeUeHUA?

IInomans oceBoro ceuenus LUAMHApPa paBHa 10 M2, a miomazns OCHO-
BaHus pasHa 5 m?. Hailisjure BHICOTY IMIMHAIDA.

IInomanr OCHOBAHHMA LUAHHAPA OTHOCHTCA K IJIOLALH OCEBOTO cede-
HASA KaK 37 : 4. HaiiguTe: a) yroa Mexay AHAroHAJbI0 OCEBOTO ceue-
HIA DUJINHAPA U ILJIOCKOCTBIO OCHOBaHUA; §) yroJ MeXAy AMATOHAJIA-
MH OCEeBOTO CeUeHHs.

Konupsr orpeska AB seKaT HAa OKPY)KHOCTSX OCHOBAHW ITWJIMHApA. Pa-
Juyc UWJIVHJPa PaBeH r, ero BHICOTA — H, & PACCTOAHHNE MEXAY IpAMOLL
AB u ocsio muauEApPa paBHo d. Haiinure: a) k, ecoiu r = 10 am, d = 8 am,
AB=13 gm; 6) d, ecitu h=6 cm, r=5 cm, AB =10 cm.

JOKa)KUTe, UTO €CNH CEeKYINad IUIOCKOCTh Mapa/UlefbHa OCH IMIMHIPA
M DACCTOSIHME MEXKAY 3TOM IJIOCKOCTLIO U OCBIC LUJIMHAPA MEHLIIEe ero
paguyca, TO CeUCHNe IWJINHAPA IpeACTaBIsSeT C000H MpPAMOYIOJLHUK,
JABe NPOTHUBOIIOJIOHBIE CTOPOHBI KOTOPOro — ofpasyiolie IMJINHADA.
Bricotra munuaapa paBHa 8 c¢M, paguyc paBeH b cMm. Haligure niomans
CeUYeHU s MUIUHAPA IIJIOCKOCTHIO, IIapalJIeIbHON ero OcH, eCJIM PACCTO-
AHMEe MEXKAY 5TOH IJIOCKOCTBIO M OCBI0 DMJIMHApA PaBHO 3 CM.
Bricora mmuauaapa pasHa 12 ¢m, a pagmyc ocHoBamma paBeH 10 cm.
IInauEAD nepeceueH MIOCKOCTHIO, MapaUleJibHOM €ro OCH, TakK, 4TO
B CeUeHHU TTOAyunJica KBajgpar. Haligure paceroanue or ocH IUJIMHIDPA
N0 CeKyIiell TI0CKOCTH.

Bricora mununaapa pasna 10 am. Ilmomanp ceyenwma UMIMHAPA ILIOC-
KOCTBIO, HapajlielbHON OCH IMJIMHAPA U yAaJeHHON Ha 9 OM OT Hee,
paBHa 240 am®. HaiiguTe pasumyc UMIHHIPA.
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Yepes o6pasyoinyio AA; MUIMHAPA OPOBEAeHb! JBe CEKYINHE ILIOCKO-
CTH, OJHA U3 KOTODEIX IIPOXOAUT Uepe3 oCh HUINHIApa. Hainure oTHO-
mieHue nuomiageit ceueHUi MUIMHAPA 3TUMU IJNOCKOCTAMH, €CJIH YIoJ
MeXAYy HUMH DaBeH 0.

BricoTa muamHApa paBHa k£, a OJaonagb OCEBOro ceueHHs pabBHa S.
HaiinuTe mnomajns cedeHWA IUIMHIPA ILJIOCKOCTHIO, IapaJjielbHOH
ero OCH, eCJI¥ PACCTOSHMEe MEXKJY OChI0 MUJIWH/APA U IJIOCKOCTLIO ceue-
HuA paBHO d.

IlnockocTh, mapajjelbHasd OCHU IIMJIHHIAPA, OTCEKAeT OT OKPY KHOCTHU
ocHoBaHMA aAyry B 120°. HaliauTe nnomaask cedeHNs, €CIAHA BRICOTA I[M-
JUHAPA DPaBHA /i, a pAcCTOSHHE MEXXAY OChI0 IUIHHAPA U CeKymel
IJIOCKOCTBIO PaBHO d.

ITnockocTe, mapajieNbHas OCH IHIHHIAPA, OTCEKAET OT OKPYKHOCTH
ocHoBaHHA Zyry B 60°. OOpasyiomasa OuJIKNHIpPa paBHA 10+/3 cm, pac-
CTOSIHWE OT OCHU 10 cerylleil nmiaockoctu paBHo 2 cMm. Haiiante mio-
Wagb CeYeHHA.

Yepes 06pasywIyi0 UMJINHAPA IIPOBEJEHEI B B3AHNMHO NEePIEHIUKY-
JIApHBIE ILIOCKOCTH. ILIoIans KaKAOrO M3 MOJYYEHHBIX CEUEHMI paB-
Ha S. HaliguTe miomaib OCEBOT0 CEUEHUA IMUJIWHADPA.

OduaMeTp OCHOBaHMSA IIJIHHApPA paBeH 1 M, BHICOTA ITUJIWHApPA paBHA
OJIVHE OKPY:KHOCTH OCHOBaHHA. Halimmre mromaas OCOKOBOH mIOBEpX-
HOCTH IIMJIMHADA.

IInomaas OOKOBOH TOBEPXHOCTH HUIHEAPA paBHa S. Haitaure mao-
MAaAb OCEBOTO CEUeHWA I[UIMHAPA.

CKoJIBKO IIOHANOOHMTCA KpacKM, YTOOLI MOKPACHUTEL 0AK IUJIHMHIpPHYE-
CKO# opMBI ¢ JUaMeTpPOM OCHOBaHHA 1,50 M M BrICOTOM 3 M, €CaHM Ha
OMWH KBaApaTHBIH MeTp pacxoxyercs 200 r kpacku?

Bricora nuiauHEzApa Ha 12 cM GoJbllle ero paguyca, a IUIOMAAbL TIOJHOUN
noBepxHoOCTH paBHa 288m cm?. Haiinure paguyc OCHOBaHHA U BBICOTY
OUINHADA.

CKOJBbKO KBaJDATHEIX METPOB JHUCTOBOM JKECTH IOMAeT Ha H3TOTOBJE-
HUe TPYyObl ANMHON 4 M u auamerpoM 20 cM, ecyi Ha IIBH HEOOXOAH-
Mo Ao6aBuTh 2,5% maomazm ee GOKOBOI NOBepXHOCTH?

Yron Mexay ofpasyiomeil MUINHAPA W IUAFOHAIBIO OCEBOTO CEUCHHUA
paBeH ¢, IJIOILAAL OCHOBAHKMA IUAMHZAPA paBHa S. Hafigzure niomans
GOKOBOM MHMOBEPXHOCTH IIMJIHHIPA.

¥Yron mexay avaronansaMu pasBepTKH GOKOBOI MOBEPXHOCTH IUIHHJ-
pa paBeH ¢, auarosasis pasua d. Haliaure niomany 60KOBOI U MOJHOM
MOBEPXHOCTEN ITMIHMHAPA.

N3 kBagpaTa, AumaroHasb KOTOpPOTo paBHa d, cBepHyTa 6OKOBas IIOBEPX-
HOCTh IMAMHIpa. HaifiauTe IMI0Iagb OCHOBAHUA 3TOr0 I[AJIMHAPA.
Hunuaap nmonayyen BpalljeHMeM KBaApaTa CO CTOPOHOH @& BOKPYT OX-
HO#A m3 ero cropod. HailiguTe miomans:

a) 0oceBOro CeYeHUs UJIHHAPA; 6) G0KOBOM IOBEepXHOCTH IMJIMHIDA;
B) TIOJHOM MOBEPXHOCTH I[HUJIWHJIPA.
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546 OauH UHJIHHIP NOJy4YeH BpalieHHeM OpAMoyroJbHuka ABCD BoKpyr
npamoit AB, a Apyroi NMJIHHAD — BpaIleHUEeM 3TOTO JKe NPAMOYIrob-
HHKa BOKpYTr npamoit BC. a) Horkamure, uro naomiasn GOKOBBIX IIO-
BEePXHOCTEH aTHX OHUIMHAPOB paBubl. 6) Halinure oTHomeHue mioiuia-
Zell MOJHEBIX IIOBEPXHOCTEH aTHX IHMJIUHAPOB, ecan AB =a, BC =b.

', Konyc

i

Thousitee couved
PaccMorpum oxpy:kHOCTH L ¢ unentpom O
n npamyio OP, nepneHAUKYJIAPHYI0 K TJIOCKOCTH O 3TOH
OKPYXHOCTH. Heped TOUKY P M KasKAYIO TOUKY OKDYKHO-
ctu npoeejeM npsamyo. Ilosepxmocth, o0pasoBaHHAS 3TH-
MU TPAMBIMK, HA3BIBAETCA KOHMYECKOH IOBEPXHOCTHIO
(puc. 148), a caMu OpsAMbIE — 00Pa3yIOHIMMHA KOHHYECKOi
nopepxnoctd. Touka P HasblBaeTCsi BEPUIMHOHM, a IpHA-
mMaA OP — 0chl0 KOHMYECKOM IMOBePXHOCTH.

Teno, orpaHHYeHHOE KOHWYECKOH IIOBEPXHO-
CThI0 M KpyroMm ¢ TrpaHuIei L, HaspIBaeTcd KOHYCOM
(puc. 149). Kpyr HaszbIBaeTCs OCHOBaAaHMEeM KOHYcCa, Bep-
HIMHA KOHHYECKOH NOBEPXHOCTH — BEPIIMHON KOHYCa,

OoCb KOHYca

OTPe3KU O0pasyoIHUX, 3aKJIIOUeHHBbIe MEeMKJIY BEepHIMHOLM B:f)ﬁ‘yuc’fla
U OCHOBaHHWEM, — O0Opa3ylomumMu KoHyca, a 00pazoBaHHas
MMM YaCThb KOHHYECKOM NMOBEPXHOCTH — GOKOBOI mMoBepx- ! obpasyioujue

HOCTBIO KOHYCA. Ock KOHHMUECKOH IIOBEPXHOCTHU HAa3LIBAa- Konyca

€TCA OCBI0 KOHYCA, a4 €€ OTPe30K, 3aKJIUEeHHBIH MEKIY
BEPIIHMHONA M OCHOBAHUEM, ~ BBICOTOH KoHyca. OTMeTHM,
yTo BCe 00pasywlue KOHYcA PAaBHBI ApYyr Apyry (o6s-

6orosas
noeepxHocmb

KOHYCQ
ACHHUTE MOYEMY).
Konyc mMoskeTr OBITH IOJTYUEeH BpalljeHUeM - ocuoeacnaue
KOHY

MOYTOJIBHOIO TPEYroJbHMKa BOKPYr OZHOrO M3 ero Kare-
ToB. Ha pucyake 150 usobGpameH KOHYC, IOJYYEHHBIH
BpallleHueM IPAMOYIOJBHOro TpeyrojbHuka ABC BOKpDYT
karera AB. IIpu aToM G0KOBasi NOBEPXHOCTH KOHyca obpa-
3yercd BpamieHueM runorenysnl AC, a OCHOBaHMe — Bpa-
meHuem Karera BC.

PaccMOoTpMM ceueHue KOHYcCA PasJIUYHBIMH
ILIOCKOCTSIMU, ECIM ceKyInad IJIOCKOCTh IIPOXOAUT uepes
ock Kouyca (pmc. 151), To ceuenme mpeacTaBaseT coboi
paBHOOEAPEHHBIN TPEeYroJbHUK, OCHOBAHHME KOTOPOTO —
JUAMETP OCHOBAHMSA KOHYyca, a GOKOBBIE CTOPOHBI — 00pa-
3yie KOHyca. JTO CEUEHHE HA3BLIBAETCA OCEBBIM.
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Ecau cerymasa nJOCKOCTH HepPNEHAHUKY/IADHA
K ocu OP konyea (puc. 152), To ceuenue KOHyCa NpPeACTaB-
aseT coboii Kpyr ¢ menTpoM ), PACHOJOKEHHBIM HaA OCHU

0,

P
konyca. Pagmuyc r, sToro xpyra pased o /> The r — pa-

JUYC OCHOBaHUA KOHYCA, YTO JIETKO YCMOTPETh U3 IIOX06us
OpPAMOYIrOJBHEIX TpeyroabHuKoB POM u PO, M,. Ilokasa-
TeJIbCTBO 3TOT0 (haKTa IIPUBELEHO B pellleHuH 3agauyn 556.

62 IInomaapr MOBEPXHOCTH KOHYCA

BokoByio moBepxHOCTh KOHyCA, KakKk U OOKoO-
BYIO IIOBEPXHOCTE NUAHHADA, MOMKHO PA3BEepPHYTH Ha ILJIOC-
KOCTb, paspesaB ee IO OHHOH wm3 00pasyomux
(puc. 153, a, 6). PaspepTKoil O0KOBOII ITIOBEPXHOCTY KOHY-
ca ABJIAETCH Kpyroevoid cekrop (cm. puc. 153, 60), pazuyc
KOTODPOTr'0 paBeH o6pasyiomieif KOHyca, a JIUHA LYY CeK-
TOpa paBHA AJAMHE OKPYKHOCTH OCHOBAHHA KOHYCA.

3a nnomaasr OGOKOBOH ITOBEPXHOCTH KOHYCA
NpUHUMAETCA ILTOINaAh ee pasBeprkd. BeIpasum mJIO-
wanb S, 60KOBOH MOBEPXHOCTH KOHYyCA 4Yepes ero obpasy-
0Inyo | 1 paguyc ocHoBaHUA r. Ilaomans KpyroBoro cek-

TOpa — pa3BepTKH OOKOBOHM IIOBEPXHOCTH KOHyca (cM.
T

2
puc. 153, 6) — paBHa 3%6“’ rage o. — rpajgycHas mMepa fIy-
‘" ABA’, moaToMy
1 2
Sﬁox = 3—66(1' (1)
Bripasum o uepes [ u r. Tax kar gnusa 1ny-
ru ABA’ paBHa 27r (IJIMHEe OKPYKHOCTH OCHOBAHHSA KOHY-

ca), TO 21trzf%a, OTKYZa azﬁf.

BHIpaskeHNe B ¢opmynay (1), momyuum

Soo = Trl. (2)

IloacTaBuB 9TO

Takum ofOpas3oMm, miomagb OOKOBOH moBepx-
HOCTH KOHyca PaBHA INPOHU3BEACHHUI0 MOJIOBUHEI JJIMHBI
OKPYHOCTH OCHOBAHMA Ha 00pPa3yHIIYIo.

Haomaneio Mool NOBEPXHOCTH KOHYCA Ha-
3BIBAETCA CYMMa IUIOIa el GOKOBOM ITOBEPXHOCTH U OCHO-
BaHUA. [ BEIYHMCIEHUA TEJIOIIALN S, . IOJHOH II0BEPXHO-
CTH KOHYCa mojydaercs GopMmyta

S =Tr({@+r).
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Ocepoe cedeHHe KOHYCa
Pune. 151

Ceuenne KoHyCa  ILIOC-
KOCTBIO (, IEPHeHANKYJIAD-
HOA K ero ocH, — Kpyr
¢ umextpoM O; paauyca

Puc. 153
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63 ¥YceueHHBIH KOHYC

Bo3pMeM IIpOMBBOJIBHBIA KOHYC M IIPOBEIEM
CeKVINYyIo MJIOCKOCTh, MePIEeHINKYIAPHYIO K ero ocu. Ita
IJIOCKOCTL IIepeceKaeTca € KOHYCOM TO KpPyry H
pasbuBaeT KoHyC Ha ABe dacTu. OfHA U3 yacTel (BepxHAA
Ha pucyHke 154) npencrasager coboit KoHYC, a Apyras Ha-
3BIBAETCA yceUeHHbIM KonycoM. OcHOBaHME MCXOAHOIO KO-
Hyca W KpYr, HNOJIYYeHHLIH B CeUueHMH 3TOT0 KOHYycCa TIJIOC-
KOCTBIO, HASLIBAIOTCA OCHOBAHHAMHU YCEUEeHHOro KOHYyCa, a
OTPE30K, COEAUHSAIONINI UX IeHTPH,— BBICOTOI yCceueH-
HOTO KOHyCA.

YacTh KOHMYECKOH TOBEPXHOCTH, OTDAHHMYH-
BaOIas YCEeUYEHHBLIH KOHYC, HA3LIBAETCS ero GOKOBOM
IOBEPXHOCTHIO, 4 OTPEe3KH 00pasyiomiux KOHHYECKOU NO-
BEPXHOCTH, 3aKIIOUEHHBIE MEXX/]Y OCHOBAHUSMW, Ha3bIBa-
10TCA 0o0pasylomuMHN YCeUueHHOr'0o KoHyca. Bce obOpasyio-
II¥e YyCeYeHHOTO KOHYCa PaBHBI APYT APYry (HOKamKHuTe 3TO
CaMOCTOATEJNBHO).

YcedeHHBIH KOHYC MOYKET ObITH IIOJIVUEH Bpa-
1leHHEeM NPAMOYTOJBHOM Tpalelnun BOKPYT ee GOKOBOM CTO-
poHbl, IepIeHAUKYIAPHOI K ocHoBanuaM. Ha pucynke 155
u300parkeH yCeUYeHHBI KOHYC, MOJYYEHHEIN BpalleHueMm
npamMoyronsHoit rpamenum ABCD Bokpyr cropoHm CD,
NepPIeHAUKYIAPHON K ocHoBaHuAM AD u BC. Ilpu arom Go-
KOBasi IOBEPXHOCTh, 00pasyeTcss BpallleHreM GOKOBOH CTO-
POHBEI AB, a OCHOBAHMA YCEYEHHOTO KOHYCa — BpPAIleHUEM
ocEoBaHmii CB u DA Tpanenumn.

HoxraskeM, UTO IJIOIEAAEL GOKOBOI NOBEpPXHO-
CTH yCEeUYeHHOT0 KOHYCa paBHA IMPOH3BEJCHHIO MOJAYCyMMBbI
IJIUH OKPYJEHOCTell OCHOBAaHMH Ha o0pasylomyio, T. e.

Se=T(@r+r)l,
Iroe r M r, — paguycsl ocHOBaHMIi, | — oOpasyromasn yce-
YeHHOro KOHYCa.
V¥ IlyeTs P — BeplIMHA KOHYCa, H3 KOTOPOTO 1O-
JydeH ycedeHHBIH Kouyc, AA, — ogHa H3 00pa3yroIux

yCceueHHOro KOHyca, I > ry, Touku O u O, — UeHTPHI OCHO-
BaHui (puc. 156). HUcnioabsya dopmyny (2), morydaem

S&,R=1U"PA—TU‘1 -PA1=TCT'(PA1+AA1)—TU‘1 'PAI.
Orcroga, yuuTeiBasi, uTo AA, = |, HaxomguM

S = ML+ T (r — ry) PA,. (3)
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OCHOBaHUE
Konyca

obpasyiou,a

6oxo8asn

OCHOBAHUE KOHYCA
YceueHHBIA KOHYC

Puc. 154

YceueHHBIN KOHYC IOJTyYeH
BpaLleHUEM IIPSIMOYTOAb-
Hoii Tpamenuu ABCD Bo-
Kpyr cropousl CD

Puc. 155

Puc. 156
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Bripasum PA, uepes [, r u r,. IIpaMoyroiasHbie

rpeyroinsHUKU PO A, n POA nogobHbI, TaK KaKk HUMET 00-
Ui ocTphIH yroa P, mosTomy '
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Se =T (r+r)l.

St

BricoTa KoHyca pasHa 15 cM, a paguyc oOcHOBaHUA paseH 8 cvm. Haiian-
Te oOpas3yoIIYI0O KOHYycA.

Q0pasyromaa KOHyca, paBHad 12 c¢M, HaAK/JIOHEeHa K ILTOCKOCTH OCHO-
BaHUA NOA ymioM ¢. Hailigure niomaibh OCHOBAHMA KOHYyCa, €CIu:
a) o= 30° 6) a=45% B) a=60°

Bricota komyca pasHa 8 M. Ha KaxkoM pacCTOAHUN OT BEPIIMHLI KO-
Hyca HAZ0 IPOBECTH ILJOCKOCTB, IapajleJIbHYI0 OCHOBAHHIO, 4YTOOBLI
IIomanh ceueHHs OblJla PaBHA: &) IOJOBHHE IJIOMIAAH OCHOBAHWUSI;
6) 4YeTBepTH ILJIOIIAAU OCHOBAHMA?

OceBoe cedeHHE KOHyca — NPAMOYIOJNbLHHEIHE TpeyroacHuk. Haligmre
IJIOIaAb 3TOrO CeYeHHUA, eCJN Paguyc OCHOBAaHUA KOHyCa paBeH 5 cMm.
OceBoe ceueHnne KOHYyCA — OPaBUIBHLIN TPEYroJpHUK CO CTOPOHOI 2r.
Haitgure nnomans ceuenus, IpoBeIeHHOrO Yepes ABe o0pasyouine Ko-
Hyca, YroJ MeXIy KOTOpeIMH paBeH: a) 30°; 6) 45°; B) 60°.
Bricora KoHyca paBHA h, a YroJI MeKAy BBICOTOH M 00pasywoineil KoHY-
ca paBeH 60°. Haiizure nuomiager ceueHus KOHyca IIJOCKOCTHIO, MPOX0-
IAIEH 4Yepe3 ABe B3aMMHO TEPHEeHANKYJIAPHBIE 00pasyioniue.
Hajigure BBICOTY KOHYcCa, €CJH ILIONIALL ero OCeBOTO CeUeHMUs paBHA
6 av?, a nJOmAaAL OCHOBaHMSA paBHa 8 AM’.

Obpasywimaa KOHyca paBHa [, a paguyc ocHOBaHUA paBeH r. HaiinuTte
ILIOIIaAbL CEUEeHNS, IIPOXOIAMIIEr0 4Yepe3 BepIIHHY KOHYCA U XOPAY
OCHOBaHMHA, CTAMHBAWOINYIO nyry: a) B 60° 6) B 90°.

Bricora konyca paBHa 10 cm. Hafizure miomans cedeHusd, NPOXOLA-
IIIeTOo depe3 BepIINHY KOHYCA M XOPAY OCHOBAHWA, CTAFHBAIOILYIO IYTY
B 60°, ecsiM IIOCKOCTD ceyeHHUs 06pasyeT ¢ MJIOCKOCTHI0O OCHOBAHUA KO-
myca yroa: a) 30° 6) 45° B) 60°.

OcHoBaHVMEM KOHyca ¢ BepIINHON P sBasgercsa Kpyr paguyca r C IeHT-
pom O. Jloka)kure, 4TO ecJiu CeKylllad MIOCKOCTD O MePIeHANKYIAPHA
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K OCH KOHyCa, TO Ced€HHe KOHyca IpeacTaBiseT coGoM Kpyr ¢ IeHT-
pom O, paauyca ry, rae O, — TOUKa nepecedeHUs IIIOCKOCTH O ¢ ockio PO,
arn = %r (cm. puc. 152).
Pemenue
HokaxeMm cHauasa, uTo Jiobaa Touka M, Jekainas B ILIOCKOCTH O HA
OKPYKHOCTH pajuyca r; ¢ mearTpoMm O,, JeXNT Ha HEKOTOPO# obpasyio-
me#l KoHyca, T.e. SBIAETCA TOYKOH pacCMaTPMBAaeMOTO CEYeHHA.
O603HauuM OykBOM M TOUKY nepecedueHHsA jaydya PM, ¢ IJIOCKOCTHIO
OCHOBaHMA KoRyca. M3 mozo0msa INpAMOYIrOALHBIX TPEYroJIbHUKOB
PO, M, u POM (oHu nofobHH, TaAK KAK MMeIOT 061uil ocTpsiii yroa P)
. — PO - PO
Haxoaum: OM = 70, oM, = 0.
OKPY’KHOCTH OCHOBaHMA KoHyca. CiemosarenbsHo, orpe3ok PM, Ha KoTo-
poM JIeXXUT Touka M,, aBiasercsa obpasyloieil KoHyca.
JokaskeM Tenepb, uTo Jiobas Touka M, Jemxamasa KaK B IJIOCKOCTH O,
TaKk ¥ Ha OOKOBOA IOBEPXHOCTH KOHYCA, JEXHT HA OKPYXKHOCTH
paguyca r; ¢ nentpom O,. HeHAcTBUTENBHO, 13 I0400HA TPEYrOJIbHUKOB
PO,M, u POM (PM — ofpasyouias, OIpPOXOoAANias 4Yepes TOYKy M)
POy oar — PO
PO PO
paguyca r; ¢ ueHETpomM Q, fABIAeTCA cedeHHEeM OOKOBOH I[IOBEPXHOCTH
KOHyCa ILJIOCKOCTBIO O, IO3TOMY KPYT, I'DaHHIedl KOTOPOTO ABIAETCHA
3Ta OXPYIKHOCTH, PEICTaBIAET coOO0OH ceueHHE KOHYCa ILIOCKOCTHIO (L.
JBe ceryiue IJIOCKOCTH INEPIeHAUKYISPHEL K OCH KoHyca. JJoraxure,
YTO ILIOWIAAM CEYeHHMA KOHYCA STUMM ILJIOCKOCTAMHK OTHOCATCA Kak
KBagpaThl PacCTOAHMUM OT BEepINWHBI KOHYCA A0 3THX IIJIOCKOCTEMH.
Pa3BepTKoil GOKOBOII MOBEPXHOCTH KOHyCA SIBAAETCA CEKTOP ¢ LYroi o.
Haiigure 0, ecau BricoTa KOHYyca paBHa 4 ¢M, 4 paguyc OCHOBAHHA pa-
BeH 3 CM.
Haitaure nyry cexropa, IpeacTaBIAKINEro coboii pasBepTKy GOKOBOM
[OBEPXHOCTH KOHYCAa, ecau o0pas3ylonasa KOHYCa COCTABIAET C IIJIOCKO-
CTHIO OCHOBaHWA yroa B 60°.
Hajdigure yron npu BepliuMHe OCEBOI'0 CeUeHHA KOHYCa, €CJIH pasBepT-
KoM ero GOXKOBOM NOBEPXHOCTH ABJAETCHA CEKTODP € OYTO#l, pPAaBHOM:
a) 180°; 6) 90° B) 60°.
Briupcaure maolmaab OCHOBAHHA M BBLICOTY KOHyCa, €ClIH pasBepTKOH
ero G0KOBOH IOBEPXHOCTH ABJAAECTICH CEKTOP, PAAHYyC KOTOPOro pPaBeH
9 cMm, a ayra paBua 120°,
Yron wmexay ob6pasymolieil M OCbi0 KOHyca paBeH 45°, ofpasymoimas
paBHa 6,5 cv. Haiigure miaomaapk G0KOBOI HOBEpDXHOCTH KOHYCA.
IInomaae oceBoro ceueHua Kowyca pasHa 0,6 cm®. BricoTa KoHyca paB-
Ha 1,2 cM. BrpluncanTre maomianb MOJHOH NMOBEPXHOCTH KOHYCA.
O6pasyromas KOHyca HaKJIOHEHA K ILIOCKOCTH OCHOBaHHUSA IOJ yIVIOM (.
B ocHoBanue KOHyca BIHNCAH TPEYIrOJBHMK, ¥V KOTOPOro OJHA CTOPOHA

rp=r, T.e Touka M Jjexur Ha

umeem O M, = r=r,. Takum o6paszoM, OKPYKHOCTH
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paBHa @, a NPOTHBOJIEKAINHA yroJ paBeH o. HaAanTe mjiomiagb IIOJHOH
IMOBEPXHOCTH KOHYyCA.

IIpaMmoyronsHEIT TPEYTrOJBHEK ¢ KaTeTaMu 6 ¢cM 1 8 cM BpalaeTcs BO-
Kpyr MeHbIIero Karera. BeIYucANTE ILIOIAaAH OOKOBOM M IIOJIHOH IO-
BepXHOCTel 06pas0BaHHOrC MPK 3TOM BpAIlleHHNYM KOHYCA.
PasHOGepeHHEIM TPEYTrOJLHHUK, GOKOBAas CTOPOHA KOTOPOTO paBHA M,
a yroJ mpu OCHOBAHHH pPaBeH (), BpAI[aeTCA BOKPYr ocHoBaHuA. Haii-
JUTEe IJOIAAs MOBEPXHOCTH TeJja, IMOJAYUYEHHOrO IIPH BPAMIEeHHU Tpe-
YTOJIBLHUKA.

Haiiante 06pasyoilyio yceueHHOTO KOHYCa, ecId paguyCchl OCHOBaHHI
paBEnl 3 ¢cM M 6 cM, a BeICOTa paBHa 4 CM.

Paguycel ocHOBaHHI yceueHHOro KOHyca paBHbl b eMm m 11 cM, a obpa-
syomasa pasHa 10 cm, Haiigure: a) BBICOTY YCEUEeHHOTO KOHYCA;
0) maoimaab 0CeBOTO CEYEHHA.

Paguycel ocHOBaHMi yceueHHOro KOHyca paBHel R ur, rge R > r, a 06-
pasymolilas COCTaBIAET ¢ IJMIOCKOCThIO OCHOBaHuA yroja B 45°. Haigure
ILJIOLIadh OCEBOTO CEeUeHHS.

Ilromazne 60xoBOH mMOBepxXHOCTM KOHyca paBHa 80 cm?. Yepes cepenu-
HY BBICOTHI KOHYCA ITPOBeAEHA IIJIOCKOCTh, NePIEHANUKYAAPHAA K BbICO-
Te. Haligure naomans 60KOBOI MOBEPXHOCTH 00pPa30BABIIErocA IIPHU
9TOM YCEUEHHOT0 KOHyCA.

Jana tpanemusa ABCD, B roropoit ZA = 90°, 4D =45°, BC =4 cm,
CD = 3+/2 cM. Briuncante Iwomany 60KOBOH H NMOJHON IOBepXHOCTEH
yCedeHHOro KOHyca, 00pasoBaHHOTO BpallleHHeM NAaHHOM Tpalelyy BO-
Kpyr c¢TOpoHHI AB.

Beapo umeer ¢popMy ycedeHHOI'o KOHYCa, PafUyCLl OCHOBAHHI KOTOpO-
ro paBHH 15 ¢cm m 10 cm, a obpasyomas pasHa 30 cm. CKOABKO KHIO-
rpaMMOB KDACKH HY)XHO B3ATh IJA TOro, 4YTo6Bl NOKPACHTH C obGemx
cTopoH 100 Takux Benep, ecau Ha 1 m? Tpebyerca 150 r xpacku? (To-
IVHY CTeHOK BeJep B pacueT He NPHHHAMATL.)

Coepa

64 Cdepa u map

mas U3 BCeX TOYEK MPOCTPAHCTBA, PACHOJIOMKEHHBIX Ha
JaHHOM PacCTOAHHH OT JaHHOH TOukH (pumc. 157).

(rouxka O Ha pucyuke 157), a fagHOe paccTosiHUe — paju-
ycom cdepnl. Paguyc cheprl wacTo 0003HAUANOT JATHH-
cxoil OykBo# R.

Cdepoit HassIBaeTCA INOBEPXHOCTb, COCTOMA-

Manmasg TOYKA Ha3bpIBAeTCI HEHTPOM cdepbl

JI1060i1 OTpE30K, COeIWHAIOINUN IEHTP M Ka-

KYI0-HNOYAb TOYKY cbhephl, TaK)Ke HA3HIBAGTCA PAAMYCOM  Ppyc. 157
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cthepor. OTpe3ok, CoOeaUHAIOMUN ABe TOUKH cepHl U IpOo-
XOJAUTUH Yepes ee HeHTDP, HA3EIBACTCA JUaMeTPOM cdepsl.
OueBupno, fuaMeTp chepsl paBen 2R. OrmeTuM, uTo che-
pa MoKeT ObIThb IOJy4YeHA BpaleHHEM IOJAYOKPYEKHOCTH
BOKDYT ee nauamerpa (pme. 158).

Teno, orpaHuYeHHOe cdepoif, Ha3LIBAeTCA A~
pom. IleHTp, pagmnyc n guaMeTp cdephl HASBLIBAIOTCH TaK-
JKe HeHTPOM, pagHycoM u AuamerpoM miapa. OueBuino,
map paguyca R ¢ menTpom O cOzep:KuUT BCe TOUKU IIPO-
CTPAHCTBA, KOTODEIE DACIOJOMEHH! OoT TouKK O Ha paccTo-
AHUHM, He npeBpmIameM R (Bkiaiouaa # Touky O), u He
COREPIKHUT APYIHX TOUEK.

65 Ypasuenne cdepnr
BoiBeneM ypaBHeHMe chepsbl (cM. Hadago m. 53)
pazuyca R ¢ merTpoM C (xo; Yes 2,) (puc. 159).
Paccroanue o Ipon3BoaLHEOM TOUKY M (x; y; 2)
Io Touku C BRIYMCAsieTcA 1o Gopmyle

MC = J(x-2,)% +(y-yo)? +(2-2,)%.

Ecnu Touka M nexuT Ha JaHHOH cdepe, TO
MC =R, unu MC? = R%, T. e. KoopauHATHI TOYKH M yHos-
JIeTBODHIOT YPaBHEHHIO

(x—=20)2 +(y~yo)? +(2—2,)% =R2. (1)

Ecnnm ke Toura M (x; y; 2) He JIeKUT Ha JaH-
HOM cdepe, To MC? # R%, T. e. KoopauHATHI TOUKU M He
yZOoBAeTBOPSIOT ypaBHeHHUIO (1). CirezoBareasHo, B IPAMO-
yroJabHON CcMCTeMe KOODAMHAT ypaBHeHHMEe cdepnl pamuy-
ca R ¢ uenrpom C (x4; yo; 2o) UMeeT BUJ

(x—2x0)2 +(y~yo)? +(2-2,)* =R2.

66 Bsaumuoe pacnosioikeHnune

ctepsl U LIOCKOCTH

Uccnegyem BsaumHoe pacnosiosxeHne cdepsl
M IJIOCKOCTH B 3aBUCHMOCTH OT COOTHOLIEHUS MEXIY Dai-
ycoM cdeprl U paccTOSHUEM OT ee IeHTPa A0 MIOCKOCTH.

ObGosaaunm paguyc chepst OykBoil R, a paccTo-
fHHE OT €e HIEHTpa J0 NJOCKocTH O — OykBoil d. Beaem
cucTeMy KOODAMHAT TaK, KAK IOKA3aHO Ha pucynke 160:
ILUIOCKOCTH QXY COBHAKAET C ILIOCKOCTHIO O, a meHTp C cie-
PBI JIESKUT Ha II0JIOXKUTENbHOM noayocu Oz. B aToi cucreme
xoopauuar Touka C umeer Koopamuarhl (0; 0; d), moaromy
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cepa umeer ypaBHerne x° + y? + (2 — d)? = R?. ILtockocTs O
COBIAJ8eT C KOOPAWHATHOH NJIOCKOCTBHIO OXY, U MOITOMY
ee ypaBHeHHe mMeeT BHI 2z = 0 (00bACHMTE MOYEMY).

Eciu koopamHaTel KaKOW-HUOYABR  TOYKH
M (x; y; z) ynoBIeTBOpAIOT 000MM ypaBHEHHAM, TO Touka M
JIEXKUT KaK B IUTOCKOCTH O, Tax U HA cdepe, T. e. ABIAETCA
obreit Touko# maockocTH M ceprl. Ecam ke cucrema
9THX ABYX YyPpaBHEeHUII He uMeeT pelleHMi, TO cdepa
U IJIOCKOCTEL He MMeloT o0mux Touek. TakuM obpasom, BO-
IIPOC 0 B3AMMHOM PacCHONIOKEHHH cdepsl U IIOCKOCTH CBO-
IATCS K WCCJeNOBAHUIO CHCTEMEBI ypaBHEHHH

z2=0
x? +y? +(2-d)? =R?.
IToxacraBuB 2 = 0 Bo BTOpOEe ypaBHEHUE, HOTYIUM
x?*+y®* =R?-d%. 2

BoamosxHBI TPH caydasd.
1) d < R. Torga R? — d? > 0, u ypaBaenue (2)
SABASETCA YPaBHEHUEM OKPYKHOCTH paguyca r =+ R? —d?
¢ neuTpom B Touke O Ha miaockoctu Oxy. Koopauuats! mio-
601 Touru M (x; y; 0) 3TOil OKPYHHOCTU YAOBJIETBOPAIOT
KAK YPaBHEHWIO IIJIOCKOCTH O, TaK M YPaBHEHHIO CepHI,
T. €. BCé TOUKU 5TOH OKPYHHOCTH ABIAIOTCA OOILIUMHU TOU-
| KaM# IJI0cKocTH u cdeps: (cM. puc. 160, a). Takum obpa-
30M, B HJAaHHOM cJjiy4ae cdepa ¥ NJIOCKOCThH IepeceKalorcs
no okpyxHoctu. Utak, ecjJu paccTosnHe OT meHTpa cde-
phl 10 IUIOCKOCTH MeHbille paxguyca c{epbi, TO ceueHHe
ceprsl NIOCKOCTHIO €CTh OKPYKHOCTH.
flcHO, YTO cedeHHMe HIapa ILIOCKOCTBI® €CTh
Kpyr. Eciu cexyliaa nIoCKOCTs NPOXOAUT Uepes LEeHTP Ina-
pa, To d = 0 u B ceueHuM mosyuaercs Kpyr paguyca R, T. e.
KPyr, Paguyc KOTOPOro papeH paauycy miapa. Taxoil Kpyr
HasbiBaercA Goasmimm Kpyrom mapa (puc. 161). Ecam ce-
Kyoiad IJIOCKOCThL He IPOXOJHUT uepe3 LeHTp Iapa, To

d > 0 u paguyc ceueHus r = R? —d?, oueBHZHO, MeHbIIIe
paamyca miapa (cm. puc. 160, a).

2) d = R. Torga R? — d® = 0, u ypaBHenuio (2)
VIOBJETBOPAIOT TOJABKO umcna x =90, y=0. Cuemona-
TeJIBHO, TOJbKO KoopauHATH Touku O (0; 0; 0) yaoBseTBo-
PAIOT 000MM YpaBHEHHAM, T. €. O — eAHMHCTBEeHHaA obImas
Touka cheprl ¥ maockoctu (cMm. puc. 160, 6). Mrak, ecan
paccrogHHe OT UeHTpa cdepsi O0 IJOCKOCTH PaBHO

s

s
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pagnycy cthepsl, To cdepa U MIOCKOCTE HMEIOT TOIBKO O1-
HY OOLLYI0 TO4YKY.

3) d > R. Torma R? - d? <0, n ypaBHenmo (2)
He YAOBJETBOPAIOT KOOPAWHATH HuKako# Touku. Creno-
BaTeJLHO, €CIH PacCTosiHIe OT HeHTpa cdepsl 10 NI0CKOo-
ctu Gonpme pagmyca cdepsi, To chepa u NIOCKOCTE He .
HMerT o6mux touek (cm. puc. 160, 8). Puc. 161

67 KacareapHas ILIOCKOCTH K cdepe

Paccmorpum Gosiee moapobHO caydai, Korga
chepa M ILIOCKOCTh MMEIOT TOJBKO OfHY o0myio TOUKY.
IlnocKOCTs, HMeOHmIad co c(epoil TOJIBKO OJHY OOIIyIO
TOYKY, HA3BLIBAETCA KacaTeabHOH ILTOCKOCTHIO K cdepe,
a mX o0Imad TOYKA Ha3LIBAETCHA TOYKOH KaCaHHA ILJIOC-
KocTH U cdephl.

Ha pucyske 162 miockocTs 0 — KacaTelbHAA
K chepe ¢ nearpom O, A — Touka Kacanua. Kacareibnas
IJIOCKOCTE ¥ cdepe 00/1amaeT CBOICTBOM, AHAJOTUYHBIM
CBOMCTBY KacaTeabHOM K OKpykHOCTH. OHO BHIDa*XeHO
B cienyioieil Teopeme: Puc. 162

Teopema

Panuye cdepsl, IpoBeAeHHEIH B TOUKY KACaHUA cdephl U
IJIOCKOCTH, NMepNeHANKYIAPeH K KACATEIbHOM IJIOCKOCTH.

e

[loka3aTenbCTBO

PaceMOTPHUM ILTOCKOCTH O, Kacalolryocda coe-
pel ¢ nearpom O B Touxe A (puc. 162). [lokamkem, 4TO pa-
auyc OA mepmeHAMKYJIAPEH K IJIOCKOCTH O.

IIpexmoJsioakuM, uTo 9T0 He Tak. Toraa paguyc
OA sBnfAercsa HAKJIOHHOM K MJIOCKOCTH O, U, C€IOBATE]Ib-
HO, PACCTOAHHE OT IeHTpa cephl OO IJIOCKOCTH O MEHBIIIe
pazuyca chepsl. IlosToMy chepa H ILIOCKOCTH Mepecexa-
oTesH 1o oKpy:kHocTH. Ho 5TO DpOTHBOPEYHT TOMY, YTO
ILIOCKOCTh 0L — KacaTejbHasd, T. €. cdepa W ILIOCKOCTh O
KMEIOT TOJIBKO OAHY 001y TouKy. llosyueHHOE MPOTHBO-
peune OOKasblBaeT, 4To paguyc OA mnepneHAHKYJIApeH
Kk niaockoctd o. TeopemMa nmokasaHa.

HorasxeM o6paTHYIO TeopeMy.

Teopema

5 L A g

R IRPAE -~ Ny A T AR A
Ecam paauye cdepsbl NepHeHTHKYIAPEH K IVIOCKOCTH, MIPO-
xoufAImeil yepes ero Komell, Jeskammii Ha cdepe, TO ITA
IJA0CKOCTEh ABJfAETCA KACATEJBHOU K cdepe.
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JloKkas3aTeabCTBO

W3 ycnoBusi TEOpEMBI CIEAYET, 4YTO MaHHBIH
paguyc ABJAAeTCA MNepHeHAUKYIAAPOM, IIPOBEJEHHEBIM U3
neHTpa cheprr K AaHHOM miaockoctu. IlosTomy paccrossane
OT LIeHTpa cdeprl A0 IJIOCKOCTA PaBHO paguycy chepsl, H,
CJeJOBATEJIBHO, chepa U HIOCKOCTh MMEIOT TOJIBKO OJHY
ofaryo TouKky. 3T0 1 03HAYAET, UTO JAHHAA NJIOCKOCTh AB-
JaeTcHa KacaresqbHON K cthepe. Teopema moxazana.

68 ILmomans cdepsi

B oTnmume oT 60KOBOI MOBEPXHOCTH HAJIMHADPA
UIn KoHyca chepy Henb3s Pa3BEpHYTH Ha ILIOCKOCTDL, H,
CJIEJOBATEJIEHO, A Hee HEeIPHUTONeH CIoco0 oIlpefeseHHs
¥ BBIYMCJIEHUS ILIOLIAAH IIOBEPXHOCTH ¢ IIOMOHILI0 pas-
BepTKH. Jada onpegesenusa miaomasH chepbl BOCIONB3yeMCA
TIOHATHEM ONHMCAHHOI'O MHOTOrpaHHHMKa. MHOrorpaHHUK Ha-
3LIBAETCA ONMCAHHBIM OK0JO cepsl (1m1apa), eciu chepa
KacaeTcsa Bcex ero rpaseii”. Ilpu sToM cdepa HaswIBaercs
BIACaHHOM B MHOrorpamHmk. Ha pmcyHke 163 usobpaxe-
HBI OMMCAHHBIE OKOJIO chephl TeTpasnp M KyO.

PaccMoTpUM TOCHEAOBATEIBHOCTE ONMMCAHHBIX
OKOJIO ZaHHOH cdephl MHOMOrpaHHHKOB, B KOTOPO#H YHUCJIO
rpaHeil MHOTOrpaAHHWKA HEOrPAHWYEHHO BO3pacTaeT U IpH
aTOM HauboabImuil pazMep KaX<Joii rpaHN’ MHOTOrpaHHU-
KA CTPEMUTCH K HYJ 0. 3a mmomans cdepsl IpuUMeM Ipe-
IeJ IOCAeHOBATEILHOCTH ILIOMajell HOBEPXHOCTEM OSTHX
~ MHOTOTPAaHHHUKOB.

B n. 84 MBI JOKa)XXeM, 4TO 3TOT MIpeaes cylle-
CTBYyeT, H NOJYYUM CIEAYIONIYIO (GOpPMYAY ANA BEIYHCIIE-
HUAA maoitanu chepsl paguyca R:

S = 4nR:.

69* BaaumHoe pacnoyio:keHue
cepsl U NpPAMOH
Hccaenyem B3auMHOE DpacHoJioskeHHe cdepnl
¢ nearpoM O u OpPAMOH @ B 3aBUCUMOCTH OT COOTHOIIECHUA
MeXay paguycoM chepbl R u paccrosrmeMm d OT LEeHTPa
chepsl g0 TmpaAmMoil a.

* ToBopAT, uTo cepa KacaeTcA rPAHM MHOTOIPAHHMKA, €CIM ILIOC-
KOCTh T'DaHH ABIsETCA KAcATeJLHON K chepe M TOUKA KacaHUA
NPUHALJIEKUT T'PaHH.

**HanGoabmaM pasMepoM rpaHM MbI Ha3biBaeM HaubOJIbIliee Ppac-
CTOAHHME MEXAY ABYMsa ToukaMu rpaHu. Tak, HampuMmep, €cau
rpaHb SABAAETCA NPAMOYTOJBHAKOM, TO ee Hauboibiiui pasmep
PaBeH AMarOHAaJIHU.
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IIpoBegeM uepes 1eHTP cdepbl U NPAMYIO G
IJIOCKOCTS O (ecM IeHTp chepHl JIeXKUT Ha OPpAMOHA a, TO
B KauecTBe ILTOCKOCTH (( BO3bMeM JI00YI0 IIIOCKOCTh, IPO-
Xodamyo depes npamyn a). OHa nepecexaerT cdepy IO
okpy:xkHOCTH L ¢ neHTpom O paguyca R. fcro, uTo Bce 06-
mue TOYKH cdepbl M NpAMOil a (eciM OHH €CTh) JIeKaT
B ILJIOCKOCTH O H, CJIeJOBATENBHO, HA OKpyskHOCTH L. BO3-
MOYKHEL TPH CJIyUad:

1. d > R. B atoM ciyuae OKpY)XHOCTh, L u
npsgMana @ He UMEIOT ofIuX TOYeK, MO3ToMYy cdepa M mpe-
Masf @ TaKiKe He uMeloT obmux Touex (puc. 164, a).

2. d=R. B »romM ciy4yae OKpPYXHOCTL L u
OpAMad ¢ UMEOT POBHO OZHY OOIYIO TOUKY, IIO9TOMY cde-
pa U DpAMas a TaKXe AMEIT POBHO OJHY OOIMYI0O TOUKY
{puc. 164, 6).

3. d < R. B artoM cay4ae OKpPYXHOCTHL L M
npAMaf @ UMeIOT POBHO jBe 00lIMe TOYKH, HO3TOMY cdepa
B OpaMad 4 TaKKe UMEIOT POBHO ABe Oo0M[He TOUKH
(puc. 164, s).

IIpamas, nmeromasn co cgepoil poBHO OAHY 00-
Imy1o TOYKY, HA3LIBAETCH KacaTeJdbHOH K cdepe, a obmiasa
TOYKA — TOUYKOH KacaHMa NpaMoil M cdepsl.

JoKkaxuTe caMOCTOATESBHO, YTO:

paguyc coepsi, NpoBeIeHHLIl B TOYKY Kaca-
HUS c(eprl M NMPAMOil, NepHeHAHKYJIAPEH K 9TOH IMpAMOIi;

) ecaHn paguyc cdepnl mepueHIUKYJIAPEH K MpA-
MoOii, IPOXONAIIEeH uepe3 ero KoHel, Jexamuii Ha cdepe,
TO 3Ta NpaMas ABJAETCH KacaTeJbHOH K cdepe.

PaccmoTpum remepr gBe KacaTeJabHBIE K cdepe
¢ HeHTpoM (O, IPOXOAAILHNE Yepe3 TOUKY A ¥ Kacaloljuecs
ctepnl B Toukax B u C (puc. 165). Orpesxu AB u AC Ha-
30BeéM OTPE3KAMH KAacaTeNbHBIX, IPOBEASHHLIMH M3 TOU-
ku A. Ouu ob6samaoT CAeLYIOIN[AM CBONCTBOM: OTPE3KH
KacaTeJJbHBIX K cdepe, npoBeJeHHBIE M3 OJHONH TOYKH,
PABHEBI M COCTABIAIOT PABHLIE YIJILI C IMIPAMOM, MpOXoxsd-
me# 4Yepes 9Ty TOYKY M HEHTD cdepbl.

9TO cieayeT M3 PABEHCTBA NPAMOYI'OJIBHBIX
TpeyroabEUK0B ABO u ACO (0oHM MMeIOT O6LIYI0O TUIOTe-
Hy3y AO u xaretm1 OB u OC, paBHBIe paguycy cdepsbr).

70% Crepa, BOMCAHHAN B LMJIMHIPHYECKYIO
1HOBEPXHOCTD
T'oBopar, uro cdepa BnmcaHa B IMAMHIpHYE-
CKYI0 IOBEPXHOCTD, €CJIM OHA KACcAeTCs BcexX ee 00pa3yoIInX.
PaccMorpuM IMIMHAD, OrpaHUMYEHHBIH Kpyra-
mu ¢ neHTpaMum O u O; paguyca r ¥ IUIMHADUYECKOM
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MOBEPXHOCTBIO, a TaKxe chepy S ¢ nearpom O paauyca r
(puc. 166). ITockoabKy paccTossHHEe OT TOYKH O IO Kax-
Ioi#t n3 obpasyroniux paBHO paguycy cheprl, To aTa chepa
KacaercA BceX oOpasymomux, T. e. ABjsAeTcA chepoit, BIn-
CAHHOM B IUJIMHAPHUYECKYIO IOBEpXHOCTH. OTMETHM TaK-
JKe, YTO MHOYKECTBO BceX oO6mmx TodeK cephbl S U IHINH-
JIPHUUYECKON MOBEPXHOCTH NPeLCTABAAEeT coOD0i OKPYIKHOCTh
OCHOBAaHUSA IMJIHHADA.

PaccMoTpuM  Temeph Kakyloo-HuOyAp — IJIOC-
KOCTb O, IIepeceKalollyio OgHy u3 o0pasyIomInX Halmed itm-
JUHIPHYECKOH [TOBEPXHOCTH M, CJICHOBATEJILHO, HEPECEKAIo-
my Bce oOpasyiomue. [JoxaxkeM, 4To cymecTByeT cdepa,
Kacaomaacy IMIOCKOCTH O M MAJANHAPHYECKOH NOBEPXHOCTH.

IIpoBenem u3 Toukm O mepneHuKyaAp OH

K ILIOCKOCTH O (ciyuai, KOrZa IJOCKOCTh O IPOXOAUT 4e-
pes touxky O, pacCMOTPHUTE CAMOCTOATENLHO) U 0003HATUM
O0yxBOoif A TOuKy mnepeceueHusa Jayua OH u cdeprl S
(puc. 167, a). Ecin Touku A m H coBmagamoT, TO Cde-
pa S — mckomas (oBocEyiiTe aT0). Ecoiu oxe Touku A u H
He COBHAJAIOT, TO IIPOBENEM uHepe3 TOUKY A NpPAMYIO, Ia-
panineabHEYyI0 obpasyiomieii, u o603HaUMM OGYKBOE B TOUKY
ee TepeceuyeHHA C ILUIOCKOCTHIO O. Ilpm mapasjieabrHOM Ire-
peHOCe Ha BEKTOp A_B> cthepa S mepexogut B chepy S’ pa-
. amyca r ¢ umeHtpom O’, nexamuMm Ha mnpamoin 0O,
(puc. 167, 6), nosromy aTa chepa KacaeTcs OUIMHIPUYE-
cKoil noBepxHocTU. PaccTosinme or Touku O A0 ILIOCKOCTH
o paBao O’'B = OA (o6bsicHUTE TOYeMy), T. €. PABHO pagu-

yey r. CrmemoBaTennHo, chepa S’ Kacaercsa IJIOCKOCTH O,
T. €. ABJIAETCA MCKOMOH. YTBep)XJeHue TOKa3aHo.

71% Cpepa, silMCAHHAY B KOBAYECKYIO

OOBCPXt 3¢ Th

FoBopar, 4uTO chepa BOHCAHA B KOHMYECKYIO
IIOBEPXHOCTh, €CJIM OHA KacaeTcf BcexX ee oOpasylomimx.

PaccmMoTpuM KOHYC € BepHinHOIl P, orpasnden-
HBIA KpPyrom ¢ eHTpoM O ¥ KOHHMYECKOH MOBEPXHOCTBIO
(puc. 168). Ilycrs ¢ — yroa me:xay opamoit PO u obpasy-
omeit, S — chepa ¢ wmerTpom O pagumyca PO -sin @.
TlockonpKy paccrosiaune oT ToukH O X0 Kaxgoil us obpasy-
IOIUX PaBHO paguycy cdeprl, TO 3Ta cepa Kacaercss BCeX
o0pasyomux, T. €. ABIAETCHA chepoi, BINCAHHOH B KOHH-
YeCKYI0 NOBEPXHOCTHE. OTMETHM TaxKiKe, YTO MHOMKECTBO
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BCeX OOIMUX TOo4YeK cdephl S M KOHMYECKON IIOBEPXHOCTH
npeacTaBadeT coboi OKPYKHOCTD, JICKAIYIO B ILJIOCKOCTH,
Napa/uleJIbHOM IJIOCKOCTH OCHOBAHUA KOHYCAa, U VIAaJIeHHOH
OT BEPIIUHEI KOHyca Ha paccrosaue PO - cos? ¢ (mosap3yacs
pucyHKoM 168, qoxaKure 3TO CAMOCTOATENIHHO).

IIycte PA — ozzma 13 00pasyioliux KOHYCA.
PaccmoTpuM Kakylo-HUOYAR NJIOCKOCTH (f, IEPECEKAIoNIYI0
obpasymonyo PA KORMYeCKON MOBEPXHOCTH B TO4YKe B, 1e-
skamteil Ha ayue PA. JlokaxeM, 4TO cymecTByer cdepa,
KACaoIMAAca IIOCKOCTH O, M KOHMYECKOH IOBEPXHOCTH.

IIposenem us toukm O nmepmenamryasap OH
K IJIOCKOCTH O (caydail, KOTga OIAOCKOCTE O TIPOXOAUT Ue-
pe3 Touky O, paccMOTpHTe CaMOCTOATEJbHO) M 00603Ha-
ynMm 6ykBoil C TOUKy mepeceuenus gyda OH u cheprr S
(puc. 169). Eciu Toukm C um H cosmagaioT, TO coe-
pa S — mcxoman (obocuyiiTe ar0). Ecau ke touxku C u H
HE COBIAJAIOT, TO IPOBexeM uepe3d TOUKY C KacarejbHYIO
m1ockKocThb B K chepe S. IIyers PM u PN — nepuneHgury-
JAApBI, NPOBeJEeHHbIe M3 TOUKM P K TmjockocraMm o u f.

IIpu nenTpansHOM noao6uH ¢ HeHTPOM P u KosddumueH-

TOM, PABHBLIM }113_1\13— (cm. 1. 58), nimockocTs B mepexomuT

B ILIOCKOCTH O, a chepa S, Kacawmilasacsa KOHEIECKOH IO-
BEPXHOCTH U ILIOCKOCTH [, mepexoaur B chepy S’, Kacaro-
IIYI0CH KOHMYECKOH MOBEPXHOCTH M IJIOCKOCTH O (jJOKa-

kute »s1o). Caemomarensno, cdepa S — ucxomad.
YrBepiKeHne TOKa3aHOo.

72% Ceuenusa MUAUHIPUUECKOH MOBEPXHOCTH

Ms1 sHaeM, UTO €CIM CeKyINasd IJIOCKOCTD IIep-
NeHJUKYJIApHa K 06pasyioileld MUINHAPUYEeCKOH [IOBEPXHO-
CTH, TO CEUYEHHEM HABJAETCHA OKDY:KHOCTb., EcIm cerymiasa
IIJIOCKOCTb TIapajitesibHa o0pasyioleidl IHIMHAPUYECKOH
MOBEPXHOCTH, TO C€UEHWEM SABAAIOTCA [BE IapajjejbHbIe
upsamele (00bACHUTE HOoUeMy). A Kak BRIMIALUT cedeHUe
9TOH MMOBEPXHOCTH MJIOCKOCTBIO O, IPOXOASIIEN 0h yIIoM
¢ k obpasymomeit opu 0 < ¢ < 90°?

I[Iyers M — mpOWM3BOABHASA TOYKA CEYEeHH,
F, — Touka KacaHUs IJIOCKOCTH O X cephl S,, KacawoIeii-
A TUINHAPHAYECKOH NMOBEPXHOCTH, L, — OKPYXHOCTH, CO-
cToAIad U3 TOUeK KacaHud chepsl U IMIWHAPDHYECKOH 10-
BepxHOCTH, M, — TOUKa OKpysMHOCTH L,, Jexkamias Ha
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onHO#l obpasyiomieit ¢ Touxkoit M (puc. 170, a). Orpesxku
MF, 1 MM, aBaAAI0TCA OTPE3KAMH KacaTeJbHBLIX, HpoOBe-
JeHHBIME U3 Touku M k chepe S,, nosromy

MF, = MM,.

Paccmorpum Tenepr cdepy S,, Kacaiomyiocsa
OUWINHIPUYECKOH MOBEPXHOCTH IIO0 OKPYIKHOCTH L,, a 1joc-
KOCTH O — B HeKOTopoil Touke F, (chepa S, cumMeTpuuHa
cthepe S, OTHOCHTENLHO TOYKN NEPeCcedeHMA ILIOCKOCTH O
¥ OCH IWINHAPHUYECKOH moBepxHocTH). IIycrs M, — TouKa
OKPYKHOCTH L,, Je:Kalasd Ha GAHON oOpasymoomei ¢ TouKoH
M. Orpesku MF, u MM,, Oyayu# OTPE3KAMH KacaTelb-
HBIX, NPOBeJeHHLIMKH U3 TOYKM M K cdepe S,, paBHBI:

MF2 =MM2-
Taxkum o6pasom,
MF1+MF2 =MM1 +MM2=M1M2.

Mu Bugum, uto ans aoboit Touku M pacemar-
puBaeMoro ceyeHusi cymma MF, + MF, pasea M, M,, T. e.
pPaBHA PACCTOSHHUIO MEXKAY NApaJIIeNLHLIMH IIJIOCKOCTAMU
okpykHOCTe# L, m Ly, ¥ MODPTOMY He 3aBHUCUT OT BhIOOpA
Toukn M. CnenomsarelbHO, BCe TOYKM CEUEHHMS JEXKAaT HA
annunce ¢ hoxycamu F, u F,, pacuoyio:KeHHOM B ILIOCKO-
ctu O (cMm. m. 97).

JlokaxkeM Temeps, uTo JO6Gast Touka N yKasaH-
HOI'0 JIJIMIICA ABJSETCH TOUKOM ceueHudAa. IIposeseM uepes
TOYKY N Kaxkyio-HUOGYAbL IJIOCKOCTH [, OPOXOAAIIYIO Uepes
IBe ofpasyoiie HUAHMHAPA (HampuMep, IJIOCKOCTbL OCEBOr0
ceueHus). OHa 1mepeceKaeT pPaCCMATPUBAEMOE CeUeHHe
B IBYX TOUKAX, JIEKAIHNX HA JIVHUU G TMEePeCedyeHus ILIOC-
KocTelt 0 U [, IpuueM Ka)kJas U3 3THX TOUYEK (COIVIACHO JO-
KasaHHOMY) IPHHALJIEKHUT aJaauncy. Ho npamaa a He Mo-
KeT HMeTh Oojiee IBYX OOIMMX TOYEK C JIAUICOM (CM.
n. 97). CnepoBaresnHo, Touka N ABIseTCA OZHOM M3 STHX
IBYX TOYEK, T. €. SABIAETCA TOYKOH CeueHUH.

Nrak, cevenneM NUIHHAPHYECKOH MOBEPXHO-
CTH NJIOCKOCTHIO O, ABJSETCH 3IJIHIIC.

3aMeuaHue

Tor GaxT, UTO BCe TOUKHM CEUEHMS JeXKAaT Ha
ajunce ¢ Gorycom F,;, MOKHO ycTaHOBUTh mMHAude. IlycTh
b — NUHHNA [epeceueHUA MJIOCKOCTH O C ILJIOCKOCTBHIO
oKpyxHOCTH L,, MH — 1NepneHauKyJsp, NPOBEACHHEIN
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u3 Touku M cedeHnsa K npamoit b (puc. 170, 6; Ha aTOoM
pHucyHKe n3obpaxkeHueM npamoit b caysxur rouka H). To-
rna ZHMM, = ¢ u moaromy

M,

= cos §.

Ho MM, = MF,. CregoBaTeJIbHO, OTHOMIEHUE
PAacCCTOAHUSA OT KakAoM TOukKM M ceuenms o TOUkm F,
K pPacCTOoAHHI0 OT TOYKM M mo npaMoH b paBHO YHCIY
cOS {, He 3aBUCANIEMY OT TOUKU M m MeHbmemy 1. Munl-
MU CJIOBAMM, KaXKJIad TOYKA CEHEHUA JEeKUT Ha JJLJINAICE C
tdorycoMm F,, ZUPEeKTpHCOH b M SKCLEHTPUCHTETOM COS @.

73% CeueHnst KOHMYECKON MOBEPXHOCTH

PaccMoTpuM ceveHHA KOHHYECKOU IIOBEPXHO-
CTH PAa3JIMYHEIMU ILTIOCKOCTAMH. Ecin cexyias miIoCKOCTh
IPOXOZUT 4Yepe3 BePIUMHY KOHHYECKOH NIOBEPXHOCTH, TO
ceueHUEM ABIAOTCA Jubo ABe ofpasyoniue, 160 ogHA 06-
pasyrouiasa, 1ubo ofHa TOUKA — BepIIMHA KOHHUYECKOLl 1o-
BePXHOCTH (00BACHATE NOYEMY). A KaK BRITVIATUT CeUCHHE
ILJIOCKOCTHIO O, HEe MPOXOIAIIEH uepes BepPIIHHY?

Ilycrs @ ~ yron Meay IJIOCKOCTBHIO O I OChIO
KOHHUUYEeCKOH IIOBEPXHOCTH (T. €. OCBI0 KAKOT0o-HUOYIL KOHY-
¢a, OTPaHMYeHHOI'0 KPYyroM M 3TOH IOBEDPXHOCTHKW). Ecian
¢ =90°, TOo, KaK MBI 3HaeM, CEUCHHEM SABJIAETCH OKPYXK-
HocTh. Ilyers @ #90° 0 — yrom MexZy OChIO KOHHYECKOH
TIOBEPXHOCTHU U ee o0paayiomeif, M — IPOU3BOJLHAS TOY-
K& ceyeHHd, F — TOUKA KacaHWsd IJIOCKOCTH O u chepsl S,
Kacamomieiics KOHAYeCKO# IT0BePXHOCTH, L — OKPYKHOCTE,
COCTOAIAA U3 TOUEK KacaHma cheprl ¥ KOHHMYECKOH IOBepX-
HOCTH, M, — TOoukKa OKpy:kHOCcTH L, Jeixaulad Ha OJHOH
obpasyromeit ¢ Toukoit M (puc. 171). Orpesku MF u MM,
ABIAIOTCA OTpe3KaMu KacaTeJbHBIX, HNPOBEJSHHBLIMH U3
rouku M k cdepe S, moaromy MF = MM,.

IIposegem u3 rourkum M nepnenguryaap MK
K InockocTu P okpyxHocT L, oGosHaumMm OyKBo# b -
HUIO0 TepeceyeHu A MJIOCKOCTeH O M B M mpoBeJeM M3 TOY-
ki M nepneHaukynap MH x nupamoit b. Torga
LKMM, =0, ZKMH = ¢ ¥ 13 IPAMOYTOJbHBIX TPEYTOJb-
BuxkoB MKM, mw MKH wHaxogum: MK = MM, cos 0,
MK = MH cos ¢. Yuuthisas, uro MM, = MF, npuxogum
X PaBEHCTBY:

MF _cOS(p
MH ~ cos9’
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Mu: Bupum, uto ecau cos ¢ < cos O, TO Bece

TOYKH CEUEeHHM JIe)KAT Ha 3jaunce ¢ dokycom F U Jupex-
Tpucoii b, ecinu cos @ = cos 6, To Ha nmapao.re ¢ doxycom F
¥ aupeKrpucoi b, a ecau cos @ > cos 0, To Ha runepboJie
¢ ¢porycom F u aupexTpucoit b. [loxazarenbCTBO TOr0, UTO
KaJasa TOYKa YKA3aHHLIX JUHUMN ABJIAETCA TOUYKOH cede-
HMA (QHAJOTMYHOE COOTBETCTBYIOUIEMY JAOKA3aTEJILCTBY
B I. 72), mpoBeIuUTEe CAMOCTOATEJBHO.

HrTak, B 3aBHCHMOCTH OT YIja MeXAy CeKy-

neM MIOCKOCTHI0O H OChI0 KOHWYECKOM IOBePXHOCTH cede-
HHE MOKeT GBITh JLIMIICOM, MapaGoaoi nau runepGonoii.
ITo s710#i npuumne sanunc, napadosay m runepOOIy 4acTo
00beANHAIOT OOIINM HAa3BAHWEM KOHHMYECKHE CedeHH.

3ameuaHHN
1. B cayuae cos ¢ # cos 8 MOXXHO paccMOTpeThb

emie 0ogHY chepy, KacarmomIVIOCH IIJIOCKOCTH O M KOHUYe-
CKOil MOBEePXHOCTH, M IIPUBECTH eIlle OJHO JOKa3aTeIbCTBO
TOTO, UTO KAXKJAAA TOUKA CEUEHUA JEKHUT AuUGO HA SJIJIHI-
ce, 1ubo Ha rumepbone. IlogymatiTe, KaK 9TO CAeaaTh.

2. I3 [OOKa3aHHCI'O YTBepIKAEHUA CHeAyer,

YTO LEHTPAJbHOM NPOEKIMedl OKPY>KHOCTH MOKEeT OBIThb
Jaunbo sanune, 1u60o mapadoia, Au60 ogHA M3 BeTBEH ruiep-
Goanl (o6bACHHUTE MOYeMy). ITOT (HAKT XOPOIIO HU3BECTEH
HAM ¥3 onbeiTa. Tak, OJAMKHUIE cBeT aBTOMOOHIBHON (daphl
ocBeimaerT dYacTb achaapTa, OrPaAaHHYECHHYIO 3JIJIHIICOM,
a panpHAit — runep6oJioii.
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SERHU

Touku A u B nexar na cepe ¢ nearpom O ¢ AB, a Touka M XeXUT Ha
orpeske AB. Jlokaxute, uro: a) ecam M — cepeanmsa orpeska AB, To
OM 1 AB; 6) ectu OM | AB, to M — cepenuna oTpeska AB.
Touka M — cepennHa orpe3ka AB, KOHUBI KOTOPOrO JiexKaT Ha cepe
painyca R ¢ menrpom O. Haiigure: a) OM, ecnu R=50cm, AB=
= 40 cm; 6) OM, ecnu R =15 MM, AB = 18 mm; B) AB, ecau R =10 gm,
OM =60cm; Y AM, eciu R=a, OM = b.

Touku A u B nexar Ha chepe pagnyca R. Halimure paccroanme ot
neHTpa chepsl o npsamoit AB, ecan AB = m.

Hamumure ypasBHenne cdepbl pagmyca R ¢ medtpom A, ecau:
a) A(2;-4;7), R=3; 6) A(0;0; 0), R=+2; ) A(2; 0;0), R=4.
Hanumure ypaBHenue chepsl € IEHTPOM A, IPOXOJAIeil depes TOU-
Ky N, ecam: a) A(-2; 2; 0), N (5;0; ~1); 6) A (-2; 2; 0), N (0; O; 0);
B) A (0; 0; 0), N (5; 3; 1).
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Ha#inuTe KoOpauHATHI IEHTpa M paguyc cdepbl, 3afaHHON ypaBHeHH-
em: a) X2+ ¥ +2°=49;6) (x-3)*+(y+2)*+2%=2.

HJokaxuTe, 94TO KaXKJ0e U3 CAEIYIOLIUX YPaBHEHHI ABJISAETCA ypaBHe-
HHeM cdepni. Hafimre KoOpAWMHATHI IEHTpa M paamyc 3roil cte-
pel: a) x*~4x+y?+2°=0; 6) x*+y2+2°-2y=24; B) ¥°+2x +
+y¥P+22=8;r) X*-x+yt+3y+2"-22=2,5.

IHap pagmyca 41 gM nepeceuyeH NNOCKOCTHIO, HAXOAsIIIeiCcss HA paccTo-
aaun 9 M or menrpa. Haliamre miomiaze ceueHHs.

Bepmiuaer Tpeyroabauka ABC JexaT Ha chepe paguyca 13 cm. Haii-
IHUTEe PACCTOAHME OT HEeHTPa cdepsl 40 MIOCKOCTH TPEYyTOJLHUKA, €CJIH
AB=6cm, BC=8cm, AC =10 c™.

BepmiuHEI TpAMOYTOILHUKA JIeKaT Ha chepe paguyca 10 cm. Haiigure
paccTofAHne OT IeHTPa chepbl A0 IJOCKOCTH IPAMOYIOJBHUKA, €CJIH
ero AuarcHaJb pasHa 16 cM.

CTopoHEBI TpeyroJbHUKA KacaloTcA cheprl paguyca 5 cm. Hafiaure pac-
CTOSIHHE OT UeHTpa cdeprl A0 IJIOCKOCTH TPEYTOJILHUKA, eCIU ero CTo-
poubl paBubl 10 cM, 10 cm u 12 cm.

Bce cropom TpeyroasHuka ABC kacaiporca chepsl pagmyca 5 cM.
HaitiaguTre paccToanme or meHTpa chepHl /10 IMJIOCKOCTH TPEYIOJLHUKA,
ecan AB =13 cm, BC = 14 ¢m, CA =15 cm.

Bce croponrr pom6a, qJuaroHasiu KoToporo paBeHbI 15 ¢m u 20 cM, Kaca-
oTes chepnr paguyca 10 cm. Haitamre pacerosimme oT UeHTpa cdephl
IO IJIGCKOCTH pomba.

Otpesoxk OH — BreicoTa Terpasgpa OABC. BelACHUTE B3aMMHOE pac-
moJgosxeHue ceprl paguyca R ¢ uertpom O m nnockoctu ABC, ecau:
a) R=6aM, OH=60cm; 6) R=3m, OH=95cm; B) R=5 1M,
OH=45c¢m; r) R= 3,5 am, OH =40 cm.

PaccToAHue OT IleHTpa mapa paamyca R oo cexkyilei ILIOCKOCTH pasb-
HO d. Briumeaure: a) nmnomans S cedenus, ecau R=12 cMm, d = 8 cm;
6) R, ecau miomanb ceyeHusd paBHa 12 cm?, d = 2 cm.

Yepesa TOUKY, NedsAIVIO PAAUYC cdephl momoaM, IpoBeJeHa CeKyIas
MJIOCKQCTh, NEPIEHAHNKYIAADPHAA K aTOoMy paamycy. Paguyc cdepsl pa-
ser R. HaiiquTe: a) paguyc IOJYYHBUIErOCH cedeHud; 6) maomaas 6o-
KOBO#l IOBEPXHOCTH KOHYCAa, BEPIIUHOH KOTOPOTO SBIAETCT IEHTP
chepsl, & OCHOBAaHHEM — MOJIYYEHHOE CEUCHHE.

Cekymas ILJIOCKOCTb IIPOXOAUT Hepe3d KOHell auameTpa cdepsl pa-
muyca R rak, 4uTo yroa MexIy AUAMETpPOM M ILJIOCKOCTBIO PaBeH O.
Haiiaure RAMHY OKPYsKHOCTH, MNOJYUYMBINEHCA B CEUYEHUM, €CJIH:
a) R=2cMm, 0 =30° 6) R=5mM, a=45°

Yepes TouKky chepsl paguyca R, Koropas ABIsdeTcd I'PAaHULECH JaHHOTO
1mapa, OpPOBeJeHEl ABE IJIOCKOCTH, OJHA U3 KOTOPRIX SABJAETCS Kaca-
TeJabHOH K chepe, a ApPyrad HAKJOHEHA IIOJ YIVIOM ¢ K KacareJbHOH
mrockocTu. HalauTe maomanb ceyeHHMs: JAaHHOTO IIapa.

Cdepa racaerca rpaseil ayrpanHoro yrja B 120°. Haiiaure pamuyc
chepbl M paccToAHHE MeXIY TOYKAMH KaCcaHWfA, eCJM DPACCTOAHUE OT
neHTpa cdepbl 10 pebpa IBYrpaHHOTO yIJla PaBHO 4.
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o =1 & W

Pagmnyc cheprst paBern 112 cm. Touka, Jnekamiaa Ha IIOCKOCTH, Kaca-
TeJbHOH K cdepe, yiajieHa OT TOUYKH KacaHusa Ha 15 cm. Haligure pac-
CTOSIHHE 0T 9TOH TOUKHM A0 Onmiraiiueil K el Touxku cdepsl.
Haiigure mnomangs chepnr, paguyc KoTopoll paseH: a) 6 cm; 0) 2 am;
B) V2 m; r) 23 cm.

ILromanb ceueHus chepsl, MIPOXONALIEro Uepes ee IEHTP, paBHa 9 Mm%,
Hainure naomans chepsl.

Tlnomans chepnl pasHa 324 cm®. Haiigure paguwyc cdepsi.
Joxamure, 4T0 IIOWIAZN ABYX ctdep OPOIOPLMOHAJBHBI KBagparaMm
UX DPagnyCoB.

BriuucauTte paguyc Kpyra, ILIOIAAL KOTOPOro PaBHA IUIOMIafu céhepsl
paauyca 5 M.

Pagmycel ABYyX mapajjielbHBIX ceueHUWH cheprl paBHEI 9 cMm u 12 cm.
Paccrosinme MeKIy CEKYIHMH I[LIOCKOCTAMK paBHO 3 cMm. Hafiaure
womans chepsl.

Pagnycel ceuenuit chepsl IByMA B3AMMHO IIepHeHINKYIAPHBIMU LJIOC-
KOCTAMY PaBHEI ', U . Haliaure niomaae cdepsi, ecin ceueHUd UMe-
10T eAUHCTBEHHYI0 OOIYIO TOUKY.

Jokakute, 4TO IJIOIIAAb IIOJHOW NOBEPXHOCTH IIMJIMHIDA, HMOJY4YeH-
HOT'O IIpH BpAallleHUM KBaJpaTa BOKPYr OAHON M3 ero CTOpPOH, paBHa
mnomanu cheprl, pagnyc KOTOpod paBeH CTOPOHE KBajpara.

Bonpocsr & raase VI

Uemy paBeH yroJ MeXKAY IIJAOCKOCTbI0 OCHOBAHUA MIJIMHApA U ILIOC-
KOCTBIO, MpOXoxdanieil uyepes o6pasyoIyio MuIHHEApa?

Yro mpezacTaBasieT cODOH ceUueHHe LUIMHADPA MJIOCKOCTHIO, Mapaielb-
HOH ero o6paasyromniei?

Ha ocHOBaHMAX THUJHHAPA B3ATHI JBe He NapajljeIbHLIE APYr APYrY
xopAbpl. Moxker JM KpaTdafiniee pPacCTOAHME MEKAY TOYKAMH OTHX
XOpX ObITh: 8) paBHBIM BhIcOTe HUIWHAPA; 6) OOJibIe BHICOTHI HUJIKH-
Ipa; B) MEHbIIe BBICOTHI I[WJIWHIDPA?

[dBe mUAMHIPHUUYECKHUEe NeTAaNIM IOKDHIBAIOTCS CJIOeM HUKeJs OJMHA-
KOBOH TOJIIMHBI. BricoTa mepBo#l JeTaay B gBa pasa 00JbIIe BHICOTBI
BTOPO#i, HO PaAWyC ee OCHOBAHMWA B JBa Da3a MeHbHIe PAXHUYCa OCHO-
BaHUA BTOpoH Aerasu. Ha xakyio m3 gmeraneii pacxoxayercsa GoJbiie
HEUKens?

PaBHBI M Jpyr Apyry VYrabl Mexxay o6pasyioluMu KOoHyca H:
a) IJIOCKOCTHI OCHOBaHHA; 0) ero ockio?

YUro npexpcraBiaseT cofoi ceueHME KOHYCA ILIOCKOCTBHIO, NpoxXonsmiei
yepes ero sepmnuay?

Touku A w B mpmHajgjge)xkaT mapy. IIpUHaAZIEKUT JTHU ITOMY IIapy
ad06asa Touka orpesxa AB?

MoryT iz Bce BepIIIMHbI NPAMOYTOJLHOTO TPEYroJbHHKA C KaTeTaMu

4 cm u 24/2 e nesxate Ha cthepe pagmyca V5 cm?
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Moryr nm xBe cthepbl ¢ OOUINM IIEHTPOM M ¢ HEPABHBIMM paguycaMu
HMeThb OOIIYI0 KacaTeNbHYH ILJIOCKOCTH?

Yro mpeacrasiasgeT coboil MHOMKECTBO BCEX TOUEK IIPDOCTPAHCTBA, H3 KO-
TOPHIX JAHHBIH OTPE30K BUJAEH HOJ NPSAMBIM yriom?

I[OHOJIHHTBJIBHBIB 3afaUu

IInomaapk oceBoro cevenms muamuapa pasHa S. Haligure niomans ce-
YeHUS MUJINHAPA IIOCKOCTHIO, NPOXOAAINEH uepes cepeAHHy paguyca
OCHOBAHUS IEPHEHIUKYJISPHO K 3TOMY pagmycy.

Bepmunsr A 1 B npaMoyronsHUKa ABCD ne:kaT HA OKPYSKHOCTH OZ-
HOI'O U3 OCHOBAHHMH IIMIMHAPA, a BepimuEsl C 1 D — Ha OKPYIKHOCTH
APYroro OCHOBaHUsA. BEIUKMC/INTE pPagnyc NIUIUHAPA, eCJIy ero o6pasyo-
masa paBHa a, AB = a, a yroa Mexay npsmoii BC ¥ II10CKOCTBIO OCHO-
BaHuA paBeH 60°.

Jokaskure, YTO eCNM IIJIOCKOCTE 1apaJjijieIbHa OCH IMHUINHAPA U PACCTO-
AHHEe MeXXAy 5TOH IJIOCKOCTEIO M OCBIO PABHO PaAWyCy HUJIHHIPA, TO
IIJIOCKOCTL COAEPYKHT 00pasyIomyio HHJIMHIPA, W IPUTOM TOJBLKO OfA-
Hy. (B 3TOM ciaydae ILIOCKOCTb HA3bIBAETCHA KacCaTeJbHOM IIJIOCKOCTHIO
K IIMJIUHAPY.)

Ilpu Bpamenum npAMOYroJbHHEA BOKPYI HepPABHLIX CTOPOH IOJyYa-
10TCA MUIWHADPKI, ILIOIAaAA IMOJHEIX IMIOBEPXHOCTEH KOTOPHIX PAaBHEI S,
u S,. Haiigure gmaroHaar NpAMOYroJbHHKA.

Haitgute oTHolueHHe miomiazei moJHOH u GOKOBOH MOBEepXHOCTEH
OUJAUHApPA, €CJHA OCeBoe CceueHHe MNUJINHApA IpeACTaBIsAeT CcofOii:
a) kBagpart; 6) npamoyroabiux ABCD, B xoropom AB: AD=1:2.
Ilnmomaar GOKOBOM HOBEpPXHOCTH NUWJIHHAPA paBHa IJIOIALH Kpyra,
OMIHMCAHHOT'O OKOJIO €ro OCeBoro ceuenud. HailiguTe oTHoIlleHHe paguyca
IMJIXHAPA K €ro BEHICOTE.

Haitgute BoIcOTY M paguyc DUJINHAPA, HMEWINEro HanOOJABIIYIO ILJIO-
alb OOKOBOH NOBEPXHOCTH, €CJH IEPHUMETP OCEeBOT0O CEeYeHHsA IIU-
JUHApPa PaBeH 2p.

Tonnmpua G0KOBOI CTEHKM UM JHA CTAaKaHa IUIHHIPHUYECKOH (HOopMBI
paBHa 1 cM, BeIcOTA cTakaHa pasHa 16 cM, a BHYTpeHHHHA paguyc pa-
BeH 5 cM. Brrumceanre miaomagb MOJHONM MNOBEPXHOCTH CTAKAaHA.
YeTBepTh KpyTa CBEPHYTA B KOHHYECKYIO IOBepXHOCTb. Jokamure, 4TO
o0pasymolas KOHyca B uUeThipe pasa OGoJbIlte paguyca OCHOBAHMS.
HaiiguTe KocuHyC yriia Ipu BEPIIMHE OCEBOTO CeUeHUS KOHYCca, MMEelo-
ero TpU NIONAPHO IepHeHIMKYJISpHbIe 06pa3yIomiue.

IInouwsane ocHOBaHHA KOHyca paBHa S,, a ILTOWIAAL OOKOBOH IOBEPX-
HocTH paBHa S,. HaliauTe Iromanb OCEBOro ce¥eHUs KOHYca.
OrHomeHue IJIOINAajell GOKOBOM M IIOJHON IIOBEePXHOCTEH KOHYCAa

paBHO %. Haiizure yroa MeXay o0pas3yoineil U IJI0CKOCTHIO OCHOBA"
HHUS KOHYycA.

Yepes BepIIHHY KOHYCA M XOpAY OCHOBAHHSA, CTATHBAIOIOVIO AVIY
B 120°, mpoBeseHo cedyeHMe, COCTABIAIINIEE C MIOCKOCTHIO OCHOBAHUA

yrox B 45°. HaiiguTe maoLialb CeUeHUs, €CJH PAJHyC OCHOBAHUSA Pa-
BeH 4 cMm.
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Ha#igure yroa Mexay odpasylolleid M BBICOTOH KOHyCa, BCJIH Pas3BepT-
KOii ero GOKOBOI MOBEDXHOCTH SBJSETCA CEKTOp ¢ Ayro# 270°.
IIpaMoyroabpHLIH TPEYTOMLHHK ¢ KaTeTaMU d U b BpalnaeTcda BOKDPYT
runoTeHysel. Haliaure mioliab MOBEPXHOCTH MOJYYEHHOTO TEJa.
PaBHOoOegpeHHAasA TpamelyA, OCHOBAHMUS KOTOpoi paBHBI 6 cM 1 10 cm,
a ocTpeI#t yroa 60°, Bpalaercsa BOKPYr GoJIbINIEro OCHOBaHUs. Brruunc-
JNTe ILIOUIAlb NMOBEPXHOCTH IIOJIYUEHHOT'O TeJa.

Bricotra xoHyca pasHa 4 cM, a paguyc OCHOBAHUA paBeH 3 cM. Borumc-
JIUTe IJIOLIEAAb ITOHOM NOBEPXHOCTU NPABHUJIBHOM 71-YyTrOJBHOA OHpPAMHU-
Ibl, BIIMCAHHON B KOHYyC™, ecau: a) n=3; 6) n=4; B) n =6.
Juzarosanu oceBOT0 CEUEHHs YCEUEHHOTO KOHYCa NMePIeHIUKYJIADPHBI.
OzH0 M3 OCHOBAHUI 0CEeBOTO ceueHHsA pasBHO 40 cM, a ero miomanhb
parHa 36 gm%. BorumcamTe miomagu GoOKOBOH M IOMHOM moBepxHoOCTet
yCeueHHOrc KOHYCA.

Jokaxxure, 4T0: a) ILEHTP chephbl ABAACTCA HEHTPOM CHMMETPHH Cde-
pol; 6) aobasa Ipamas, OPOXOAAINAA 4yeped LEHTP chHEDBI, ABJIAECTCH
OCBI0 CHMMeTDHH cdepbl; B) Ji06ad IJIOCKOCTH, IPOXOASAIIAA 4Yepes
1IeHTD cdepbl, SABJIAETCH IIJOCKOCTHIO CHMMeTPUH cdeps.

Bepuinakl IpsiMOYToJILHOTO TpeyrolbHUKA ¢ Kareramu 1,8 cm u 2,4 cm
Jexar Ha cdepe. a) HoxamuTte, 4To ecan paguyc cdhepsl pasen 1,5 cm,
TO IEHTP cephl JeKUT B IJIOCKOCTH Tpeyroabanka. 6) Haliaure pac-
CTOSHME OT IEeHTPa cephl A0 MIOCKOCTH TPEYTOJbHUKA, €CJU Paguyc
cheprr pasern 6,5 cMm.

Touka A nmekUT Ha paguyce AauHOHN chepsl ¢ nentpom O U JedXUT 3TOT
paguyc B orHomeHum 1 : 2, cuuraa or menTpa chepbi. Yepes Touky A
IPOBeJeHa IIJIOCKOCTh O TaK, YTO pamuyc cdephl ¢ meHTpoM O, Kacaio-
miedicsa ILIOCKOCTH O, B 6 pas MeHbIIe paguyca gauHok chepni. Hahignu-
Te: a) yroJ Mexay npamoi OA M OJIOCKOCTBIO ¢f; 0) OTHOILIEHME ILJIO-
IIAZHN CeYEeHNA BaHHOH cepsl IVIOCKOCTRIO O K ILJIOLIaay caMo# cdeprl.
Haligure KoopauHaTHE TOYEK nepecedyeHUA cheprl, 3aJlaHHONA ypaBHe-
gueM (x — 3)° + y? + (2 + 5)* = 25, ¢ ocAMM KOODAMHAT.

Haiinure paauyc ceuenua chepsl x° + y? + z2 = 36 ma0cKOCTHIO, IPOXO-
pammeit yepes TOuKy M (2; 4; 5) ¥ mepueHIUKYJIAPHOH K ocu abciuce.
J{Ba IpPAMOYrOJbLHUKA JIeKaT B PABJIMUHLIX IIJIOCKOCTAX W MMEIOT 006-
myio cropony. JOKaMuTe, UTO BCe BePIIMHBI TAHHBIX NPsIMOYTrOJALHH-
KOB JIeKaT Ha OJHOM cdepe.

PaccrofaHune Mexay LIeHTPaMu ABYX PaBHBIX cdep MeHBIle UX JHAMETDA.
a) IoxaKuTe, YTO ImepeceueHMeM 3THX cdep ABIAAETCS OKPYKHOCTD.
6) Haiinute pazuyc 5TOH OKpPYKHOCTH, €CJIA paguychl chep paBHH R,
a paccTodHMe MEXKAY HX LeHTpaMHu paBHO 1,6R.

Touxu A, B, C u D nexar ua chepe paguyca R, npuuem ZADB =
=4BDC = LCDA =2¢, AD=BD=CD, Haiigure: a) AB u AD;
0) mnomank ceuenusa cdepbl maockocteio ABC.

* v
IMupamMuga Has3sIBaeTCA BMHCAHHOA B KOHYC, €ClIH €€ OCHOBaHMeE
BIKMCAHO B OCHOBaHMe KOHYC&, & BEDHIWHA NHAPAMUIbl COBIIANAET
C BepIINHOW KOHYCa.
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Bue cdepr1 paguyca 10 cm fana rouka M Ha paccroaHuH 16 cM ot Guiu-
xKadmreil Toukm chepnl. Haliaure AauHy Takol OKpPYKHOCTHA Ha cdepe,
BCe TOUKH KOTODOH yaajeHHl OT TOYKKM M Ha paccrogHmue 24 cM.
Teso orpanuueno AByMsa cepaMu ¢ obiuM 1weHETpoM. JlokaskuTe, 4TO
IJI0IDAOb €r0 CEYEeHUHA NJIOCKOCTHIO, IIPOXOAAlINell Yepesd MEeHTPH cdep,
paBHa IJIOMIAAM CEYEHMA IJIOCKOCTBLIO, KacaTelbHOH K BHYTDeHHeH
chepe.

Pasnpie wiaum Ha MHOYOEE R, TTTHEP.

KOHYC it ap

IToAcHUM HeKOTOpBIE TEPMHUHBI, KOTOPbie BCTPEYAIOTCA B 3ajadax 9ToO-
ro pasgena. HamoMHMM, YTO MHOTOTPAHHUK HABBIBAETCS ONMUMCAHHBIM
oKx0J10 cepsl, ecau chepa KacaeTcsa Bcex ero rpaHeit. IIpu aTom chepa
Ha3bIBAeTCA BIMCAHHOM B MHOTOTPaHHMK. MHOTOrDaHHMK Ha3bIBAeTCHA
BOMCAHHBIM B chepy, €CJIH BCE €ro BepIIHHE! JeXaT Ha chepe. Ilpn
3aTOM cepa Ha3LIBAETCSA ONMMCAHHON OKOJO MHOIOrpaHHHMKA.
Horasxure, YTO eCiaM OJHA M3 TpaHell BHHCAHHON B IUJHHAD Tpe-
YroJIbHOM PHM3MEI" IIPOXOAUT Y€pes OCh NMIMHAPA, TO ABe APYTHEe Ipa-
HY B3AaHMHO NEPIeHAUKYIAPHBI.

B xouyec BricoTolt 12 ¢cM BOncama mupaMuga, OCHOBaHUEM KOTOPOH sB-
JAEeTCA IPAMOYTOJbHHK cO cTopouaMHu 6 cm u 8 cm. Hafigure orHolme-
HHe mJjoulajeil MOJHBIX IIOBEPXHOCTEH MUpaMEABI M KOHYCA.

B yceuenHLIN KOHYC BIMCAHA NMPABEAbHAA YCEeUCHHAA N-YroJbHAA MIH-
paMuga (T. €. OCHOBAHHMA MUPaMHUIbI BIMCAHBI B OCHOBAHUA YCEYE€HHO-
ro KolHyca). Paguycsl OCHOBaHHMH yceueHHOTO KOHYCa paBHBI 2 CM
1 5 ¢M, a BRICOTA paBHA 4 ¢M. Briunciunre niomaab NOJHOH MOBEPXHO-
CTH mupaMmiel npu: a) n=3; 6) n=4; B) n=26.

HoraxuTre, 4TO €CJM B NPABIJILHYIO IPHU3MY MOXKHO BIMcATh chepy,
TO HEHTPOM chephl ABJIAETCA CEpeINHa OTPE3Ka, COeANHAIOIIETO MEeHT-
pHl OCHOBAHMI 9TOH IPH3IMEI.

Hoxaxxure, uTo IeHTP ¢deprl, BONCAHHON B IPABUJBHYI0O HHpaMHAY,
JIEXKUT HA BBICOTE 3TOM NIHUPaAMHIEL.

HaiigpTe nnomank NOJHONH NMOBEPXHOCTH OMUCAHHOTO OKOJO cdephl
paguyca R MHOrorpaHHHKA, €CJH 3STOT MHOTOIPAaHHHK: a) Kyo0;
6) mpaBMJIbHAas MIECTHYTOJbLHAA NPU3Ma; B) TPAaBUJILHBIA TeTpasip.
Oxroxo c¢hepsr paguyca R onmucana IpaBMALHAA YEeTHIPEXYTOJAbHAR MU-
paMuga, IIOCKHE yroJ IpM BepIIMHE KOTOPOil paBeH O.

a) Haifigure nnowazb 60KOBOM MIOBEPXHOCTH IIMPAMHUIBI.

6) Briuuciure sty miaomagk npu R =5 em, o = 60°.

HokasxkuTe, 4TO €CN¥ B NPABHNLHYIO YCEUECHHYIO UETHIPEXYTOJBHYIO
IUpaMHUIy MOXXHO BoHMcaThk chepy, To amodemMa nNUpaMuabl paBHa mo-
JyCyMMe CTOpPOH OCHOBaHHiII ee O0OKOBOIl rpaHiu.

* o
ITIpnaMa Ha3bIBAeTCA BIIMCAHHOH B IHJIMHAP, €CJIM €€ OCHOBAHUSA
BIIHCAHBI B OCHOBAHHA IIMITHHADA.
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a) 6)
Puc. 172 Puc. 173

HokaxknTte, 4TO UeHTp cdepnl, ONHCAHHOH OKOJO: a) HpaBUIbHOM
IPU3MEI, JIEXXHUT B cepeliHe OTPe3Ka, COeTUHAIOIEro IeHTPhI OCHOBA-
HUI 3TOH IIPHU3MBI; 0) IPABUILHON MHPAMHUALI, JIEXKUT HA BBICOTE STOH
IHPAMUALL HJIH €e IPOJOJIKEHUH.

JokakuTe, YTO: a) OKOJO JIOOOTO TeTpasZpa MOXHO onucaTh chepy;
6) B a1060if TeTpasAp MOXKHO BIOHcaThk cdepy.

Pannyc chepn paBern R. Haliaure miaomans IOJHON ITOBEPXHOCTH:
a) BnucaHHOro B cdepy Kyba; 6) BOMCAHHON NIPABUABLHON IIeCTH-
YroJIbHOH IIPH3MBI, BBICOTAa KOTOpPOH paBHa R; B) BIHCcaHHOTO Ipa-
BHJBHOIO TeTpasipa.

B npaBuabHOH! TpeyroJbHON HmUpaMuje CTOpPOHA OCHOBAHHNA pPaBHA a4,
a GoroBoe pe6po paBHO 2a. Haligure paguycsl BOIMCAHHON U ONHCAH-
HO# cdep.

B npaBuinbHOI UeTHIPEXyrOJILHON NIMpaMule PAAUYChl BIIMCAHHOH U OIH-
caHHOI ctep paBHH 2 c¢cM u 5 cM. HaliguTe cTOPOHY OCHOBaHUS U BHI-
COTY TIHPaMMILL.

Cdepa Bnucana B nuauHAP (T. €. OHA KacaeTcd OCHOBAHMM IMJIMHADA
A KaXJoH ero obpasymueil, puc. 172, a). HaliguTe oTHOIIEHUE mJIO-
maau chepsl K IUIOMIAAU IOJHON IIOBEDXHOCTH LIUJIKMHIPA.

B koHyC ¢ yrsioMm ¢ npm BepHIMHE OCEBOr0 CEUEeHHWA M PAJUyCOM OCHOBA-
HUSA I BOUCaHA cdepa paguyca R (T. e. cepa Kacaercs OCHOBAHHUA KOHY-
ca M KasKgo# ero obpasyiomeii, puc. 172, 6). Haiigure: a) r, ecau us-
BecTHRI R 1 ¢; 6) R, ecyii ©3BECTHHI " 4 @; B) @, ecit R=1cMm, r = V3 em.
B xonyc Bomcana cepa paguyca r. Hafigure naoimazgb IIOJHON IOBEPX-
HOCTH KOHYCa, €CJIM YIOJ MeXAYy o0pasylomeil U OCHOBAHMEM KOHYyCa
PaBeH O.

nauaap Buucad B chepy (T. €. OCHOBAHNA UWINHAPA ABAAIOTCA cede-
HUAMHK cdeprl, puc. 173, a). Haiizure oTHOIEHHNEe MIOIIAAMN MOJHOMN
NOBEPXHOCTH LUJIHHAPA K ILIOMaAu chephl, ecJau BBICOTA IAIHUHIAPA
paBHA AMAMETPY OCHOBAHUS.

Konyc ¢ yrioM ¢ mpu BepuivHe 0CEBOF0 CEYEHHUA U PAJMyCOM OCHOBa-
HUSA r BOxcaH B chepy pagzmyca R (T. e. BepmiyuEa KOHyCa JIEXKHT Ha
ctepe, a ocHOBaHHE KOHycCa SIBAsieTcs ceueHueM cdepri, puc. 173, 6).
Hatinure: a) r, ecnu usBecTHEl R u ¢; 6) R, ecau U3BEeCTHH I U ©;
B) ¢, eciu R =2r.
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I'masa VII

0O0BeMbI Tea

0O6BpeM IPAMOYTOJLHOIO
nmapaJjiejenunena

S

74 Iloustne oobmeMa

ITousaTue o6beMa Tejia BBOAUTCA II0 aHAJOTHH
¢ IOHATHEM ILIOIIAAH ILIOCKOH ¢urypsl. 13 Kypca nianu-
METPHUHM H3BECTHO, YTO KAaKABIM MHOTOYIOJBHHK HMEET
ILI0IaAb, KOTOpAsd HU3MEPAETCHA € IOMOINLIO BHIOPAHHOM
eIUHUILI KM3MepeHUs ILIoInafeit. B KadecTBe eIMHHILBI
u3MepeHUsd miommaneil ofvluHOo OepyT KBazpar, CTOPOHA
KOTOPOTO paBHa eJHHUIlE M3MEPEHMA OTPE3KOB.

AHajmormuHo 6yAeM CUHMTATh, UTO KaKIOe U3
paccMaTpHUBaeMbIX HAMH TeJI MMeeT 06beM, KOTOPBIA MOXK-
HO U3MEPUTEH C IMOMOIILIO BEIOPAHHON eAWHHIILI M3MEpeHUuA
06BpeEMOB. 3a eIWHHIY H3MepeHHA 00beMOB IpuMeM KYO,
pebpo KOTOpPOro paBHO eAUHHUIIE U3MepeHUusT OTpe3KoB. Kyb
¢ pebpoM 1 cM Ha3LIBAIOT KyOMUYECKHM CAHTHMETPOM U 000-
3HAYAIOT CM°. AHAJOTWYHO ONpeJeNdnTcd KyOudecKuii
merp (M%), Ky6uueckuit muiaumerp (Mm®) u T. I.

Ilpouenypa wuszMepenus o0BEMOB AHAJIOTHMYHA
npoueAype u3MepeHnns mioltageii. Ilpu BLIOpanHO# eguHHALE
H3MepeHHA 00'beM KasKJOTO TeJa BLIPAYKAETCS IIOJIOHCHTE Ib-
HBIM YMCJIOM, KOTOPO€ IIOKa3bIBAeT, CKOJIBKO e€MMHUIL, 13Me-
peHEsi 00beMOB M UYacTeil eIMHHWIIBI COAEeP KHUTCA B AAHHOM
tejie. lcHO, 9TO UMCIO, BhIpasKawilnee o6beM Teja, 3aBUCHT
oT BEIOOpa eUHUIILE] HBMEPEeHUA 00'EEMOB, M 1I03TOMY €IUHM-
oa USMepeHus 00'BEeMOB YKAashIBAETCA ITOCJE 3TOTO UHCJA.
Hanpumep, eciu B KauecTBe eIUHUIIEI M3MepeHUS 06HeMOB
BaaT 1 cM® u npu sTOM 0GBeM V HEKOTODOro Tesa OKA3AJICS
paBHEM 2, To numyt V = 2 cm®,

Ecou aBa Tesa paBHBI, TO KaMXJ0e U3 HHUX
COZEDKHUT CTOJBKO JKe eIMHHI H3MEepPEHuA 00BLEMOB H ee
yacTei, CKOJIBKO ¥ JPYroe TeJo, T. €. HMeeT MeCTO cle-
Ayiolliee CBOMCTBO OOHLEMOB:

1°. PaBHEIe Tesla HMeEIOT paBHLIe O0beMEI.

3ameuanne

PaBencrBo aByX ¢uryp, B UYacTHOCTH ABYX
TeJ, B CTEPEOMETPHH ONpPeAeHdAeTCA TaK e, KaK U B ILja-
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HAMETPHM: [Ba TeJla HA3BIBAIOTCA PABHBIMHU, €CIM HX
MOYXHO COBMECTHThL Ha/joXeHuWeM, IlprmMepaMmu paBHBIX
TeJ ABJAIOTCH JABa IIPAMOYTOJBHHIX Mapajelenunena
¢ COOTBETCTBEHHO pPaBHBIMH u3MepeRHAMH (puc. 174, a),
ZIBe IpAMBIE IPU3MbI C PABHBIMHM OCHOBAHHAMU W DaBHBIMH
BBICOTAMH, ABe MPABUJILHEIE MHUPAMHUALI, ¥ KOTOPHIX COOT-
BETCTBEHHO DpPaBHBI CTOPOHBEI OCHOBAHMH HM  BBICOTHL
(puc. 174, 6). B Ra:XaA0M U3 YKA3aHHBIX CHYUAEB PABEHCT-
BO ABYX TeJ MOXXHO OKa3aTh HA OCHOBE 8KCHOM HAaJIOXe-
HUA ¥ paBeHCTBa puryp (cM. npuioxenve 2).
PaccMoTpuM ellle OMHO CBOIMCTBO 0OBEMOB.
IIycTs Tesmo cOCTABIEHO M3 HECKOJBKUX Ted. IIpu 5TOM MEI
mpeanojiaraeM, 4To Jio0ble ABa U3 DTUX TeJ He UMEIOT 06-
X BHYTPEHHUX TOYEK, HO MOTYT MMeTh O0IBWE I'paHMY-
Hble TOUKHM (CM. PHCYHOK 175, Ha KOTOpOM IHJIWUHAD @
H KoHyC F mMeror ob1Ine rpaHHMYHbIE TOUKM — TOYKH HX
obutero ocHOBaHudA). FIcHO, YTO 06'BLEM BCETO TeJIA CKJIAIBI-
BaeTca U3 00HEMOB COCTABAANIUX ero Tea. MTak,
2°. Ecam Teno cOCTABIEHO M3 HECKOJBLKHX
TeJ, TO ero o6beM paBeH cyMMe 00HEMOB 3THX Tell.
CroiictBa 1° 1 2° HA3LIBAIOT OCHOBHBIMH CBOIi-
cTBaMH o0bemMos. HanmoMEMM, 4YTO aHAJIOTMYHBEIMH CBOIi-
cTBaMM 06JaJal0T AJUHEI OTPE3KOB W ILJIOIAAH MHOIO-
YTrOABHUKOB. B ganpHelillleM HA OCHOBE 3THX CBOMCTB MEL
BEIBeZleM (DOPMYJIBI /1A BRIYHCACHNA 06beMOB Tapasiee-
nHAnena, NPU3MBI, ODUPAMUBI, NUJHHApPa, KOHYCA, IIapa.
IlpegBapuTesbHO OTMETHM OZHO CHENCTBHE M3
ceoitets 1° u 2°, PacemMoTpuM Ky6, NPHHATHIN 32 eIUHHULY
u3MepeHusa o6LeMoB. Ero pe6po paBHO eguHHIE H3MEePEHUA
oTpeaxoB. PazobfbeM Kakgoe pebpo aroro Kyba HA n pas-
HBIX Yacreil (7 — MPOM3BOJABHOE IIEJI0e YUCI0) U IINOBEJEM
yepes TOUKM Pa3bMeHUsA IVIOCKOCTH, IePHeHIUKYIAPHLIE K
aTomy pebpy. Ky6 pasobberca Ha n® paBHBIX MaJleHBKHX

Ky0OOB Cc pebpoM % Tak Kax cymMMa 00REMOR BCEX MAJeHB-

KHX KyGoB paBHa ob6neMy Bcero xyba (cmoiictso 2°), T. e.
1

paBHa 1, To 00beM KaKA0OT0 M3 MaJeHbKUX KyOOB paBeH —3
n

(00beMBI MaTIEHBKUX KY0OB PaBHBI APYr APYry 1O CBOMCT-
By 1°), Urak, o6mem Kyba ¢ pedpom % paBen —13—
n
OtoT dakKT HaM NOHAAOOGHTCA B CjEOYIOIEM
OYHETE IPH BBIBOAE (GOPMYAsl o0beMa IPAMOYIOJLHOTIO

nmapaJujesienunena.
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75 O06bem npsMoyrodasHorc NapaiieicHnie\ -
Teopema

O6BeM NpAMOYroJsHOrO mapajiielienuIiea paBeH NPou3-
BeAEHHIO TPEX €ro H3MepeHHil.

V HoxKa3aTelabCTBO

ObosHauuM H3IMEpEHHA IPAMOYIOJLHOI'O IIa-
parnenenunena P 6yksamu a, b, ¢, a ero oobeM 6yxBoii V,
M JZOKayKkeM, uto V = abc.

MoryT npeacTABUTRECH ABA CIYUYaf.

1) Uamepenus a, b u ¢ npeacraBnAmT coboit
KOHEUHEIe JeCATHYHEIE AP006H, ¥ KOTOPBIX UKHCJO 3HAKOB
nocjie 3anaToil He IPEeBOCXOAUT N (MOXXHO CUHTATh, YTO
n > 1). B srom cayuae ymena a - 10", b - 10" m ¢ - 10"
ABJAIOTCA menbIiMu. PasobbeMm Kaskgoe pebpo nmapasnieie-

nuneja Ha paBHbIe 4ACTH QJIHMHEI 10% H 4epes3 TOYKH pas-
6MeHHS TpOBeAeM IJIOCKOCTH, IepHeHJUKYJISpHEIe

K oaromy pebpy. Ilapanmenenumnea P pasobberca Ha
abc - 10%" paBHBIX Ky60B ¢ pe6pom 1—;—"—. Tak kark o06bem

—13— (cm. m. 74), To 00BEM
10°"

BCero mapasieienunesa P papex abe - 10%" . 13,,
- 10

Kaxaoro Takoro Kyﬁa paBeH

= abc.

Urax, V = abc.

2) Xorsa ObI 0ZHO M3 UBMepeHUy a, b u ¢ nopex-
cTaBjafgeT cob0oi OeCKOHEUHYIO AeCATHYHYIO apobs. Pac-
CMOTPUM KOHEUHBIe JeCATHYHELIE ApobH a,, b,, ¢,, KOTOPEIe
NOAYyYalTea U3 uucena a, b, ¢, ecan oTOPOCUTL B KaKIOM
M3 HUX Bce uMGpH Iocje 3amATo¥, HaumHas ¢ (n + 1)-i.
OueBHaHO, @, S a < a,, Tnea,=aqa, + ﬂ)lT’ U aHAJOTUYHEIE

HepaBeHCTBA cIpaBefJuBbl Ajad b u c. IlepeMHOXKHUB 5TH
HepaBeHCTBa, HNOJYYUM

a,b,c, <abc <a,bic’,rme b,=b,+ ln,c;=c,,+11 . )

10 or
Ilo pgoxasaHHOMY B IEepBOM CJydae JeBas
vacth (1) npeacrasaseT coboii 06beM V, NpAMOYroJbHOTO
nmapajuienenuiiefa P, ¢ u3aMepeHuaMH a,, b,, c¢,, a IpaBas

yacTh — 06meM V), npsMOYroJibHOTrO napaJjneienumnesa P,
C U3MEpEeHUAMHE a,, b, ¢,. Tax kax napaiaeaenunes P co-
IepXuT B cebe mapaiienemunex P,, a caM COLEPIKHTCH
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B napainenenuneae P, (puc. 176), To o6vem V nmapanneme- -

4

nuiesia P sakiaioue” Mexay V, =a,b,c,uV,/ =a’ b’ ¢, T. e.

abec, SV<apc,. 2)
1

Ofl

ByneM HeorpaHHYeHHO YBEIWYHBATH 7. TOrxa YHCJIO I

Gyaer CTAaHOBUTHCHA CKOJIb YTOAHO MaJbIM, H IO3TOMY YHCJIO
a,b,c, 6yieT CKOJBL YrogHO MaJ0 OTAHYATHCH OT YHC-
Jna a,b,c,. Orcioma B cuy HepaseneTs (1) u (2) caenyer, uro
4KucI0 V CROJIb YTOTHO MAJIO OTJIHAUYAEeTCH OT uncia abe. 3ua-

YUT, OHM paBHEI: V = abc, uTo u TpeGOBAJOCE IOKA3aTh. N\

Caegcrsue 1

Puc. 176

06beM MNpPAMOYroJABHOrO HNapajjejienuIena
NJIOIIATH OCHOBAHHA HA BBICOTY.

paBeH NpPOU3BCICHHIO

B camoM jese, mpuMeM rpaHb ¢ pebpamMu a u b
s3a ocHosaHume. Torza miomazas S OCHOBAaHHA paBHa ab,
a BbICOTA h mapajiielsenuneza paBHa ¢. CregoBaTelbHO,

V =abc = Sh.

Cnexgcreue 2

0Q0beM npaMoOif NPU3MBI, OCHOBAHMEM KOTOpPOH ABJASEeTCA NPAMO-
YTOABHBIH TPEYroNbHHME, PaBeH NPOM3BEeIEHHIO ILIOINATUA OCHOBAHUA

HAa BEBICOTY.

Ina nokasaTennCcTBa 3TOrO YTBEDPXKIAEHHUA I0-
TOJIHUM IPSAMYIO TPEYTOJIBHYIO HMPU3MY ¢ OCHOBanmeM ABC
(£A npaMoil) K0 IPAMOYTOJbHOTO IIAapAJLIETENHIIela TakK,
KaK MOoKa3aHO Ha pucyHKe 177. B cuay caeacrBud 1 o6mb-
€M 9TOro napasiejenuiena pased 2S,pc - A, rae S,zc —
maoags rpeyronsenka ABC, h — BeicoTa mpusMmsl. ILnoc-
kocTh B,BC pasbuBaeT napajijiejieIune] Ha JBe DaBHbe
IpAMBIE IPU3MBEI, OZHA U3 KOTOPHIX — JaHHadA. (I9TH
NPpU3MBEI paBHBI, TaK KAK HMEKT pABHBIE OCHOBAHHHA
¥ paBHBEIE BhEICOTHL.) CremoBaTensHO, 06beM V maHHOLM
NIPU3MEL PaBeH IOJIOBUHE 00'beMa Iapajiejienuilesa, T. €.
V = 8S,pc + h, 4TO U TPeOOBAJIOCH OKA3ATH.

3ameuanue

Paccmorpum KBajgpar co cropoHo# a. Ilo
Teopeme Ilumdaropa ero AMAroHANAL pPaBHA J2a, MO3TOMY
ILTOIIaAbh HOCTPOEHHOrO Ha Hell KBaJpaTa BABoe Oosbime
IIomaayu AaHHOTO KBaaparta. Takum obpasom, He COCTAaB-
Jser TpyAa IOCTPOUTh CTOPOHY KBajapaTa, IJIOMagb KOTO-
poro BABOe OOJBINE ILIOIIAAM AAHHOTO KBajpara.
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Paccmorpum Temeps KyO co cTopoHoi a. Bos-

HHUKAeT BOIIPOC: MOYKHO JIM C IIOMOIIbI0 UPKYJIA U JINHEH-
KU IDOCTPOUTL CTOPOHY Kyfa, 06eM KOTOpOro BABOe GOJb-
me o0beMa JgaHHOro Kyba, T.e. NIOCTPOHTHL OTPE3OK,
paBHbIl %/2a? Dra 3azava, MoNy4YMBIIAA HasBaHHe 3amada

00 yaBoeHuH Ky0a, Obiia chopMyIHpOBAHA ele B TVIYOOKOLH

IPEBHOCTH.,

N aume B 1837 r. ¢dpaHOyscKHE MaTeMATHK

IIeep Jlopan Basuens (1814—1848) gmokasaj, 94To TaxKoe

IIOCTpOEeHNEe

HeBO3MOXKHO. OIHOBpeMeHHO uM 6hLIa JOKA3a-

Ha HEpA3PEINMOCTh eIlle ONHOH 3aJaduM Ha IIOCTPOSHHE —
3aJa4YH O TPUCEKIHH yIJja (IPOU3BOJbHBIHA AAHHRIA YyIroJ
pa3ZeJHTb Ha TPH PABHBIX yrya). HamoMHNM, 4TO K YHCIY
KJACCHUYEeCKUX Hepa3pelInMbIX 3aJatY Ha MOCTPOEHUE OTHO-
CHTCA TaKJKe 3ajadya O KBaJpaType Kpyra (IOCTpOHTBH
KBagpaT, IJOMIaAh KOTOPOrO paBHA HOAOIALU JaHHOTO
kpyra). HepoaMoKHOCTH TAKOT'O IIOCTPOEHUS OBIJIA AOKA34a-
Ha B 1882 r. memenkmm matematTuxoM Kapaom Jlynsom
Depaudangom JInngemanom (1852—1939).

647

648

649

650

651

652

653

654

6 —JI. C. Arauacsu

daaun

Teno R cocrouT u3 Tea P ¥ @, UMEeHIIUX COOTBETCTBEHHO 00'HEMBI V,
u V,. Boipasure o6bem V Teaa R uepes V; u V,, eciun:

a) te1a P u @ He mMeloT O0IIMX BHYTPEHHHX TOYEK;

6) tena P m @ umelor oIy dactb, 06beM KOTOpPOH paBeH —;—Vl.

Haitaute 0o6beM IpAMOYTOJBHOTO Napaieienuinesa, CTOPOHBI OCHOBA-
HUA KOTOPOro paBHEI @ WM b, a BEICOTA paBHA h, ecim:
a) a=11, b=12, h = 15; 6) a =342, b=+/5, h=10410;

B) a=18, b=543, h=13; r)a:S%, b=45, k=0,96.

Haiigure o6wmem Ky6a ABCDA,B,C,D,, ecau: a) AC =12 cwm;
6) AC,=3+/2 m; B) DE=1cm, rae E — cepenuna pebpa AB.
Hsmepenna mpAMOYroJBHOTO TapaJjieletunena paBHE 8 cMm, 12 cm
u 18 cm. Haiigure pe6po Kyba, 00beM KOTOPOTO paBeH 00beMy 3TOTO
napaJjiesyenumnesa.

Kupnnu mmeer GopMy HPAMOYrOJLHOTO mapajileienuiela ¢ u3Mepe-
auamu 25 cMm, 12 em u 6,5 em. ILnoreocTs KMpnHua pasHA 1,8 r/cm®.
Haiigute ero maccy.

Haiigure o6meM mpaMoyroabHOro napanneienunena ABCDA,B,C,D,,
ecan AC; =13 cMm, BD =12 cm u BC, =11 cm.

Jumarosanb npAMOYroJILHOrO IIapaJjejenuiena pasga 18 ¢cMm u cocras-
JasgeT yroa B8 30° ¢ mI0CKOCThI0 HOKOBOH r'paHu ¥ yroj B 45° ¢ 60KOBBIM
pebpoMm. Haligute 00beM Iapajjielenurmena.

JuaroHaJb NOpAMOYIOJLHOTO HNapaJljiesellneia COCTaBIAET VIOJI O
C ILTIOCKOCTHI0O OOKOBOM IpaHM M YroJ [ ¢ IJIOCKOCTBIO OCHOBAHUA.
Haiigure o61eM mapanjerenunnena, ecjid €ro BBICOTA paBHA A.
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655

656

657

658

76

v

CTOpOHB! OCHOBAHMA HPAMOYIOJIBHOTO Mapajaeseninesa PABHLL @ U b.
Mnaronans mapajiejenumesa COCTABIAET ¢ GOKOBOH IpaHbio, COZEP-
ameil CTOPOHY OCHOBaHMA, PaBHYIO b, yroa B 30°. Haiinurte o6pem
napaJLieJienuiesa.

B mpamoyroasnom napasmenenunese ABCDA,B,C,D, munarouans B,D
COCTaBISAET C INIOCKOCTHIO OCHOBAHUSA yroj B 45°, a aByrpaunsiit yron
A,B,BD pasen 60°. Halizure o6'beM mapa.ielenunena, €Caud THATO-
HaJIL OCHOBaHUA paBHA 12 cm.

HaiiznTe 00beM NPAMOYrOJLHOTO Mapaisesenuuena ABCDA,B,C,D,,
ecmu: a) AC,=1m, Z£C,AC =45°, ZC,AB=60° 6) AC,= 24 cwm,
£C,AA, = 45°, gmaronans AC, cocrariseT yroa B 30° ¢ ILTOCKOCTBIO
0OKOBOI rpanu.

Hajizure obbem mnpamoii npusmmi ABCA,B,C,, eciu ZBAC = 90°,
BC =37 cmM, AB=35cMm, A4, = 1,1 am.

N O6beMBbl MpAMOI HPUSMBbI ¥ IUJIMHAPA

06bemM NpsaAMON NPU3MEI

Teopema
RS i AT P i R S

O6peM NpaAMOil MPU3MBI PaBeH NMPORIBEIEHHUIO ILIOUIATH
OCHOBAaHHMS Ha BBHICOTY.

Jloka3aTeascTBO
CHauana pokameM TeopeMy AJA TPEYroib-

HOH NpAMON NPM3MBI, & 3aT€éM — /JJA IPOM3BOJBHOMN
IPAMOM NpPH3MBbI.

1. PaccMOTpDUM INIpAMYIO TPEYTOJLHYIO MPU3MY

ABCA,B,C, ¢ o6remom V u BoicoToit h. IIpoBegem Takyio Bbi-
cory tpeyronsHuKa ABC (orpe3ok BD mHa pucyrke 178), ko-
TOpasi pasAensieT 3TOT TPEYTOABHUK HAa JBA TPEYroJbHUKA
(oo xpaiineit Mepe, OZJHa BHICOTa TPEYTOJBbHUKA 3TOMY YCIIO-

BUI0 ymosierBopser). Ilmockocts BB,D paspenser JaHHYIO
TIPpU3MY Ha [Be NMPU3MBI, OCHOBAHUAMHU KOTODBIX SABJIAIOTCA
IPAMOYTONBHBIe TpeyroabHuku ABD u BDC. TTostomy 065-
embt V; u V, 3TUX DpH3M COOTBETCTBEHHO DaBHEI S,z -
u S BDC ° h.

V=840 h+8Sgpc+ b =(Sisp + Szpc) - h. Takum o6pasom,

Ilo ceoiictBy 2° ofwemoB V=V, +V,, 1.e.

V=84 h (1)

2. JoxasxeM TeopeMy [JA HPOU3BOJBHOM

IPAMON NPU3MBI C BEHICOTOM A ¥ HIOMIAAbI0 OCHOBAaHHMA S.  Puc. 178
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Taxyio DIpU3My MOYKHO PasOUTE HA IPAMBIE TPEYTOJbHbBIE
npu3Mbl ¢ BeIcOTOi A. Hampumep, Ha pucynke 179 usobpa-
’KEeHa BBINYKJAA NATUYIoJbHaA MPHU3Ma, KOTopad pasdura
Ha TPH IPAMBIE TpPeyroJbHble IPu3Mbl. BeIpasum o6beM
KaKIZoH TpeyrosbHoif mpusMel mo ¢gopmyae (1) ¥ cioxum
oTu 00'beMbl. BriHOCA 3a cKODKN 001U MHOMKATEND A, 11O-
JYYHM B CKOOKax CyMMy NJOINaAedl OCHOBAHHUHA TPEyroJib-
HBIX IIPH3M, T. €. ILIOIIAAb S OCHOBAHMUSA HCXONHOM IIpH3-
mel. Takxum obpazoM, 00BeM MCXOJHOH NPHUSMEI DABEH
npoussefeHuno S - h. Teopema gokasaxa. 2

77 0O0beM LMIMHIpPa

T'oBopAT, UTO IPU3Ma BIHHCAHA B WHIHHIAP, €C-
JH €ee OCHOBAHWA BIMCAHLEI B OCHOBAHUA IMJIHHIPA
(puc. 180, a), ¥ npuaMa onHucaHA OKOJO0 IHJIHMHAPA, €CIH
€e OCHOBaHWs ONHCAHBI OKOJO OCHOBAHHMH IMJIMHApPA
(puc. 180, 6). flcuo, uTo BBICOTA JAIOOOI MPHUIMLI, BIIUCAH-
HO¥ B IMJIWHADP WK OMHCAHHON OKOJIO HEro, paBHA BBICOTE
caMoro LHJIMHAPA.

Teopema

06Bem IMJIMHOAPpA paBeH npousnenenmo nnomann OCHOBA-
HHMA HA BBICOTY.

V¥ Moxa3aTelnCTBO
Bounrem B maHHbIN DUIUHAP P paguyca r U BbI-
COTHI i TPAaBUIBLHYIO N-yTrONbHYI0 Npuamy P, (puc. 181). ITxo-
maas S, OCHOBAHUA 3TOH MPU3MBI BHIpasKaeTca GopmyJsoil

S : 180° 180

. =nrsin =—r cos ~=— pusma P, ITunundp P

IIpusma, BumcanHad IIpusma, onucaunas

B NUIHUHAD OKOJIO IHUInHAPa
Puc. 180 Puc. 181
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My @,, OOHCAHHYIO OKoJO muauuzpa P (puc. 182). Ilno-
aZb €e OCHOBAHWA paBHA

pe P, a nunuugp P cogep:kUTCA B npusMme @,, To obbvem V
nuIMHApa P yaoBIeTBOpAET HEPABEHCTBAM

Tak KaK Opu n— 00 COS ——

Hapsany c npuamoit P, pacCMOTpMM IIpH3- ITpusma @,

o S
nr tg180 £ .

03 2 180
n

Ilockonbky npusma P, COXep:KUTCA B ITUJIUHJ-

S,
S, -h<V<—"2 _.h (2)
2 180°
n
ByZeM HEOrpaHMYEeHHO YBEIMYMUBATH YHUCJIO 1.
180

— 1, a S, — nr?, To mpasas

¥ JieBas YacTu HepaBeHc'rB (2) crpemarcs k Beauumme PHc. 182
nrih. CnemosaTennbHoO,

V=nrh. 3)
0O603HauYNB NJOIIAABL 77 2 OCHOBAHWUA IMJIMHJ-

pa 6yksoii S, u3 dopmysas (3) ITOIYUNM

V=S8 -+ h.

Teopema moxasaua.

659

660
661

662

663
664

Boupocsl 1 zajiaum

Haiiqure o6bem npsamoit npusmel ABCA,B,C,, ecau: a) £BAC =120°,
AB=5cm, AC =3 cMm u HamOoJblIasd U3 IIOMIafeHl GOKOBEIX rpaHeil
pasHa 35 cm®; 6) LAB,C = 60°, AB, =3, CB, = 2 u IByrpaHHBI}# yroa
¢ pebpom BB; npamoii.

Haitnute o6mem npamoift nmpusmel ABCA,B,C,, eciu AB = BC =m,
ZABC =¢ u BB, = BD, rape BD — BricoTa TpeyrosbHuka ABC.
Haiinure o6beM npamoit npusmnl ABCA,B,C,, eciu AB = BC, ZABC =q,
auarosans A,C pasHa [ 1 cOCTaBJIAeT C IJIOCKOCTHIO OCHOBAHUA yroi f.
OcHoBauneM npsaMoii Mpu3Mbl ABNAseTCs Napasieaorpamm. depes cro-
POHY OCHOBaHWf, PABHYIO d, ¥ MPOTHBOJEIKAIIYIO €ff CTOPOHY APYroro
OCHOBAHHUSA IIPOBEJEHO CeuyeHMe, COCTABJIAIOLIEe YIoJ [3 ¢ IJIOCKOCTHIO
ocHOBaHusA. Ilnomazb cewenuda pasHa Q. Haiigure o0BeM naHHOM
IPU3MEE.

HaiiaguTe 06beM OpaBUILHOM N-yrojbHOM NPHU3MEL, ¥ KOTOPOHM KasKIoe
pebpo paBHO a, ecan: a) n=3; 6) n=4;8) n=6; 1) n=8.

B npaBMaIbHON TPeyroJibHON NMpHU3Me Yepe3 CTOPOHY HHKHETO OCHOBAa-
HUA ¥ IIPOTUBOJIEKAINYIO eif BEPIIMHY BepPXHero OCHOBAHUSA HPOBEICHO
ceuyeHue, cocTapiAwoLee yroa B 60° ¢ nnockocTe0 ocHoBarusi. Habigu-
Te 06beM MPHU3MBI, €CJIH CTOPOHA OCHOBAHHUA DaBHA d.
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665

666

667
668

669
670

671

672

Haubonsiaa guaroHaJb OIPaBHJABHOHM IIeCTHYTOJBHON NMPU3MBEI paBHA
8 cm u cocraBasgeT ¢ 6oxoBeIM pebpoM yron B 30°. Hadigure o06bem
TNIPU3MEI.

Iyere V, r u h cooTBeTCTBEHHO 06'€M, PAAHYC M BhICOTA ITMIHHADA.
Haitnure: a) V, eciu r=2v2 cM, k=8 cm; 6) r, ectu V=120 cm?,
h=3,6cm; B) h, ectu r = h, V = 8rn cm®.

AnmoMuHUEBLI OpoBoA auamMeTpoM 4 MM mMmeeT macey 6,8 xr. Hafgu-
Te JJAMHY NIpoBOAa (ILIOTHOCTH adioMuHusa 2,6 r/cm®).

Kakoe konuuecTBo HedTH (B TOHHAX) BMeIllaeT UHUJIMHIPDHYECKAA IIU-
crepHa AuaMeTpoM 18 M ¥ BBICOTOM 7 M, €CJIH ILTOTHOCTHh Hed)TH paBHa
0,85 r/cm®?

IInomank OCHOBAHHA IIMWJIHHAPA paBHA @, a ILJIOMIAL €r0 OCeBOro Ce-
yeHua paBHa S. Haligure o6beM muiamuagpa.

CBuHNDOBag TpydOa (miaoTHocTs cBuHIA 11,4 v/cM®) ¢ ToMmMEON cTeHOK
4 MM uMeeT BHyTpenHU auamerp 13 mm. Kakosa macca TpyOsni, ecan
ee aauHa pasHa 25 m?

B nmauHAp BIHCAaHA [IPABHJIbHASA 71-yroJbHas npuama. Haiinure oTHOIIe-
HHe 00'beMOB MPHU3MBI H I[MJIHHADPA, €CIu: a) n=3; 6) n=4; B) n=6;
r) n=8; A) n — TPOU3BOJLHOE IIeJI0e YHCJIO.

B pnamaap BomcaHa IIpusMa, OCHOBAHMEM KOTOPOH SBJAAETCA NPAMO-
YTOJNBLHBIHA TPEYTOJABHHK C KATETOM @ ¥ IPHUJIEKAIIHM K HEMY YIJOM O.
Haiignre 00BbeM LuawHIPa, €CJIM BHICOTA IIPH3ME! pPaBHA A,

O0beMBl HAKJOHHON IPU3MBI,
NIUpaMUALl 1 KOHYyCA

§

78 Bbmuuciaeane o0neMoB Tell

C HOMOIIBIO OIPEIeJeHHOr0 MHTerpacia
PaccMoTpuM cmocob BEIYMCIEHHA 00'bE€MOB TeJl,

OCHOBAHHBIA HA MOHATHH MHTErpajia, KOTopoe N3BeCTHO N3
Kypca anre6pbl M HauaJ aHaJIH3Aa.

IIyers Temo T, 06beM KOTOPOr'o HYJKHO BBIYHC-

JUTh, 3aKJIOUEHO MEXXJAY ABYMS IADaJlJIebHBIMU ILJIOCKO-
cramu o 1 B (puc. 183). Beenem cucremy KoopamEHAT Tax,
yTo6bl Ooch Ox Oblyia NEepHeHZUKYJISIPHA K ILJIOCKOCTAM O
u B, u ofosHaunm OyxkBamMu a u b abCcIUCCH TOYEK Iepece-
geuna ocu Ox ¢ aTuMH naocxkocTAMHE (a < b). Bygem cuu-
TaTh, UTO TEJO TAKOBO, YTO ero cedeHue P {(x) mIOCKOCTHIO,
OPOXOAAIIEH uepe3 TOUKY ¢ abCIHCCOd X M IepHeHIUKY-
JaapHo# K ocm Ox, ABnsgerca JubO Kpyrom, Jaubo MHOro-
YTOJBHUKOM g moboro x € [a; b] (mpu x = a 1 x = b ceve-
HHE MOMKET BbIPOKAATHCA B TOUYKY, KaK, HAMPUMED, IIPH

165
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R

P(x)  P(x,)

Xo=a X, X,

Puc. 183

x = a Ha pucyHke 183). O6oznaunum miomans Gurypsl @ (x)
uyeped S (x) U TPeAnoNoxRuM, 4uTo S (X) — HempepHBHAA
byEKnMA Ha YuCAOBOM OTpe3Ke [a; bl.
V¥ Pazo6nem uncaoBoil orpesox [a; b] Ha n pas-
HBIX OTPE3KOB TOUKAMHU & = Xy, X;, X3, ..., X, = b H uepes
TOUKHU ¢ abcruccaMy X; HpoBeJeM ILIOCKOCTH, IePIeHIU-
KyaapHble K ocu Ox (puc. 184). 9t maockocTn pasbusa-
wrreao Twanmren: T,, T,, ..., T,.
Ecau ceuenne @ (x;) — Kpyr, TO oGbem Teaa T,
(BLIIEICeHHOTO KPAacHBIM IIBeTOM Ha pucyHxe 184) mpubau-
"JKEHHO paBeH O0BeEMY umnl;mnpa ¢ ocHoBanuem D (x))
-a

M BHICOTOU AX, =X, — X;_{ =

n
Ecaun @ (x;) — MHOIOYyroJIbHUK, TO 00beM Te-
ada T, npubau:keHHO paBeH O00BeMy NPAMOM IIPU3MEL
¢ ocHoBanueMm @ (x,) u BRICOTOH AX;.
1 B ToM u B jgpyrom crayuae obnem Tesa T,
npubiuKeHHEO paBeH S (x;) - Ax;, a o6weM V Bcero tena T
MOXHO HPUOIMKEHHO BHIYUCIUTHL 0 GopMmyie

V=V, =) S(x)Ax,.
i=1
I[Ipubamxenrnoe sHauerHme V, obnema Tena T

TeM TOYHee, 4YeM OoJybllie n W, CJlIeOBaTeJIbHO, MEHb-
me Ax,. [Ipumem 6e3 mokasareabcTBa, uto lim V, pasen
n— oo

obbemy Tesra, T.e. V=1imV .

n—oo

C npyroii cTopousi, cymma V, ABJAAETCA HHTEr-
PaJIbHON CcyMMOI ANA HempepbIiBHOI ¢yHKOINUHM S (x) Ha
YUCJIOBOM OTpesKe [a; b], mosromy

166

Xio1 X b=x,

Puc. 184
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b
lim‘ V.= Sx)dx. A

B peaynnTaTe mosyuaeTca ciaepyiomas Gopmy-
JIa AJ1d BRIYHCAEHUA 00BeMa TeJa ¢ IOMOMILIO HHTErpaia:

V=j: S (x) dx.

Hazosem ee ocHOBHOH (OpPMYJI0H AJA BHIYMCICHHA 00b-
emoB Tei. Iloas3ysach 3ToM HGOPMYNOil, BHIYMCIUM 00BEMBI
HEKOTOPHIX TeJ, M3yuYeHHBIX HaMu B raasax III u VI.

V 3ameuanue.

W3 ocuoBHO¥ GQOpPMyJb AJA BEIYHUCIEHUS 00B-
€MOB TeJ CJAeAYET, YTO OTHOIIEHHEe 00beMOB HOAO0OHBIX TeJ
(cMm. 1. 58) paBHo Ky0y ko3ad¢pummenta momoomsa. Iloxy-
MaliTe, KakK »9To JAOKasathk. A

79 00bemM HAKJIOHHOU MPHIMBI

Teopema

g ey o neTh W e e v ptiingirety
O6beM HAKJIOHHOM IPHU3MBI DaBeH Npou3Beae-
HHI0 IJIOIaxAH OCHOBAHMA HA BBICOTY.

V¥ Jloka3zaTeabCcTBO

Jdoka)keM CHayajla TeOpPeMY JJf TPEYroJbHOH
OPHU3MEI, & 3aTeM — JJA HPOUSBOJBHON IIPHU3MBIL.

1. PaccMOTpHM TpeyroJibHYIO IPH3MY C 00B-
eMoM V, maomiageio ocHOBaHUAA S 1 BeICOTON k. OTMeTuM
TouKy O Ha OJHOM M3 OCHOBAHWH NPHU3MBI M HaIpaBUM
ock Ox NEepuneHIUKYJIAPHO K ocHoBaHUAM (puc. 185, a).
PaccMoTpuM ceueHMe DPH3MEI HJIOCKOCTBIO, IIEPIEHAUKY-
AApHOK K ocm Ox M, 3HAYHUT, NAPAJJIEIbHON IITOCKOCTH
ocHoBanud. O6o3HayuM OyKBOH X abclucCy TOURH Iepece-
YeHHA HTOU MIOCKOCTH ¢ ockio Ox, a uepes S (x) — mwio-
Miafh NOJYUHUBIINETOCA CEUeHHS.

HorkasxkeMm, uro maowmwaas S (x) paBHa ILIoIa-

u S ocHOBaHWUA NOpu3Mbl. JIA4 3TOro 3aMeTHM, UTO
EpeyronLHmcn ABC (ocuoBanue npuambl) u A B,C, (ceue-

e MPU3MBI paccMaTPHBaeMO# IIJIOCKOCTHIO) paBHEI. B ca-
MOM JieJie, UYeThIPeXyroJbHUK AA,B;B — mnapaueJorpaMm

)rpesku AA, u BB, paBHBI M IapaJljIeIbHbI), IIOTOMY
A,B,=AB. AwmnajioruuHo japokKaswsiBaercs, uto B,C,=BC 0)
un A,C,=AC. Uraxk, tpeyronsHuku A,B,C, u ABC paBHBI II0  Puc. 185

1 67 Ofacunt me.



TpeMm cTopoHaM. CaemoBaTesnbHO, S (x) = S. IlpuMmenss Te- .

neph OCHOBHYIO (JOPMYJY AJISL BLIUMCJIEHUA OOBEMOB Tel
npu a =0 u b =k, moayuaem

h k h h
V=J.S(x)dx=J.de=dex=S-x|o=S-h.
0 0 0

2. JorakeM Tenephb TEOPEMY HJs IIPOHUSBOJb-
HOW IIPM3MEI C BLICOTOHN A M IJIOINaAbio ocHopanua S. Ta-
KYI0 IIPU3MY MOKHO Da30HTh HA TPEYroJbHbIE HPU3MbI
c obuiedl BrIcoTOit h (Ha pucyHkKe 185, 6 noxazaHo pasbue-
HHe JJA BBIIYKJIOH NATHYIOJLHOI UOPH3MEI). Bnipasum
00'beM KayKAOH TPEeyroabHOM IpPHU3MBI IO JOKAa3aHHON Ha-
mMu dopMyJe U CI0KHUM 5TH o6meMbl. Boinocs 3a CKOGKU
00Ul MHOMKHUTEND A, MONYYUM B CKOOKAxX CyMMY ILIOIA-
Jell oCHOBaHMH TpeyroJBHBIX NOPU3M, T. e. IJIOHIAAEL S
OCHOBaHUA UCXOAHOM npuaMsl. TakuM o0pa3oM, 06HEM HC-
XOaHOU HpU3MEI paBedH S . h. Teopema jgoKaszaHa. N

3aMmeuanune

JAnsg HAKJIOHHON NPHU3MEI CYIIECTBYET U ADY-
roii crmoco® BhIuMCJAEHHA oO0bema, a MMEHHO: 00beM Ha-
KJIOHHOH IIPDM3MBLI DaBeH TPOU3BeAeHUI0 OOKOBOro pebpa
HA MJIOMIaJh CeYeHHA NPH3MBI IJIOCKOCTLIO, TEPIEHAUKY-
aapHoii K O0KOBBIM peGpam ¥ nepecexawimeil ux. KopoTko
TOBOPAT TaK: 00beM HAKJIOHHOH NPH3MBI PaBeH IpPOHU3Be-
neHHI0 00KOBOro pefpa Ha IVIOWAADB NEePHEHIUKYAAPHOTO
emMy cedyeHus (cM. 3azauy 682).

80 Ob6vev mupamu bl

Teopema

O6heM nUpPaMuILI paBeH OHOIl TpeTH NPOU3BeNeHHd

IIomagn OCHOBaAHMA HA BBICOTY.

¥V oka3areabCTBO

CHauaa AOKAKeM TeopeMy [AJs TPeyTOoJbHOHN
NUpaMUAbl, & 3aT€eM — IJA HPOM3BOJBHOM NHpaMUILI.

1. PaccMorpumMm TPEeyIroJLHYIO [MHPaMHUIY
OABC ¢ obseMoM V, maoiagbpio OCHOBAHUA S H BEICOTOH A.
IIpoBegem ocy Ox (puc. 186, a, rne OM — BpIicoTa IIHpA-
MUABI) ¥ paccMoTpuM cedenme A,B,C, mupamMujs!l ILJIOCKO-
CTBIO, IEePIEHANKYIAPHOM K ocu Ox U, 3HAUUT, HAPAJIENE-
HOM ImJIocKOCTH ocHOBaHHA. O0osHaumM uepes x abciuccy
TOuKM M, IepeceueHus 3TOil MIOCKOCTH C Oochbio Ox, a uepes
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S (x) — nnomank ceuenna. Beipasum S (x) uepes S, h u x.
3aMeTuM, 4TO Tpeyroabuuku A,B,C, u ABC nogobusr. B ca-
MoM fene, A, B, || AB, mosromy AOA,B, ©» AOAB. Cregosa-
AB;, _OA,
AB ~ O0A
OA,M;, nu OAM rTakxe 1nONOOHBI (OHM WMeOT oOUIWH

. " A, OM
ocTphiit yron ¢ BepmmuO# O). IMosToMy —-=-__ ' =%

OA OM h
. AHanoTWYHO [LOKAa3LIBAETCH,

TEJILHO, I[IpsMOyrosbHele TPEYTOJLHUKH

A B
Takum obpasom, ;BI
BiC _x 4 Cid: _x
BC h cA R
n ABC nopoGHBI ¢ KoapdunuerToM moxobus % CnenoBa-
TeJIBLHO, %(ﬂ =( % )2 S

h2
IIpuMeHsA Teneps OCHOBHYIO QOPMYJIY IJISl BBI-
yycJeHusa oosemMoB tex opu a = 0, b = h, noayuaem

X
h
YTO

Hrax, TpeyronsHuku A,B,C,

unu S (x) = = x2.

h

h h h
_ ~[ 8 _ 8 _ 8 x] _1
V—J.S(x)dx-‘[h—{xzdx—;z—szdx—h—z% 0=3
1] 0 0

2. IToxa)keM Temepk TeOpeMy IJS IIPOMU3BOJIb-
HOI MHpaMUABI ¢ BHICOTOH A ¥ IIoMIagbio ocHOBaHusa S. Ta-
KYI0 IMpaMUAY MOXHO PasbuTh HA TPEYroJibHbIE IIMPaMHUIbI
¢ o0meit BrIcOTOH A (ma pucyHke 186, 6 mokasano pasbue-
HY€ AJIA BBINYKJIOH NATHYTOJBLHOM NIHUpaMHIbI). BsIipasum
o0beM KaKmO# TPeyTroJLHOH NHPaMHALI IO NOKA3aHHOH Ha-
mu bopmysre n coKuM 3T 00BeMbl. BriHocA 3a CKOGKH 00-
LIV MHOMKUTENE %h, OOJYYHM B CKOOKaxX CyMMYy ILIOLIaAeH

OCHOBAHMI TPEYTOJBLHEIX MHUPAMHKJ, T. €. ILIOUIaLb S OCHOBA-
HAA UCXOAHOH nmpamMuabl. TaxkuMm o6pa3oM, 00BEM HCXOJ-
HOH mIHpaMuZBI DaBeH %Sh. Teopema pgorasaHa.

Caexcreue

1 1
V=§(S1 + 8y + Sg)h = ESh

6}
Puc. 186

0O6Bem V yceuenHO# mupaMHIbI, BEICOTA KOTOPOI paBHa h, a miaoma-
Od OCHOBaHMII paBHbI S M S,, BeIYMcAAeTcHa Mo Gopmyne

V=§h($+s1 +./8-8,).

ITone3ysck TeM, YTO yceueHHas NMUpPaMUAa II0-
Jydaerca U3 OOBITHOM MHPAMUJL IYTEM OTCEYEHUA OT Hee
MeHBIIIe! TUPAMUJBI W, CJIEHOBATENBHO, 00beM YCeUeHHOM!
IHpaMUALI PaBeH DAa3sHOCTH O0BEeMOB AAaHHOH NHpaMHUAEI
¥ OTCe4YeHHOM, BbIBeAUTE 3Ty (POPMYaTy CAMOCTOATENBHO.
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81 Oo6mem ronyca

Teopema

O61eM KOHYCa paBeH OJHOM TPETH IIPOM3BeJeHUuA ILIOLIA-
A¥X OCHOBAHHA HA BBICOTY.

V¥ Jloka3areJabCTBO

PaccemorpuMm kKomyc ¢ oGwemoM V, pagmycom
ocHoBanua R, BricoToil £ u BepminHO#i B Touke O. Beegem
ock Ox Tak, KaK NMOKAasaHo Ha pucyHre 187 (OM — och
koHyca). IIpousBosbHOe cedyeHHE KOHYCa IJIOCKOCTBIO,
NEePIeHAUKYAAPHON K ocu Ox, ABIfAEeTCA KPYroM C LEHT-
poM B TouKe M, mepecedyeHMs STOM IIOCKOCTH ¢ OCchbio Ox
(. 61). O6GosHauuM paguyc dTOro Kpyra uepes R,, a 1mio-
mazbL ceueHusa uepesd S (x), rge x — abemumeca Touku M.
Nz nopobud mNpsaMOyroiAbHBIX TPeYroJdbHHKOB OM A,
u OMA cneayer, 4To

oM, R,

oM R’

nwin

x _ By
e Y *
h R Puc. 187

oTkyza R, = E . Tax rax S (x) = nR:, To
1

S(x)=“f—22x2.

IIpumeHAa OCHOBHYIO QOPMYJIY OIS BREIUMCIIE-
Hust o6bemoB Ten upu a =0, b = h, moayyaem

h h h
vV =J nR? yidx = TR Ixzdx: mR: 2% | = Llnppep
h2 e rZ 3 0 3 ‘
0 0
IMaomans S ocHOBAaHMWA KOHyca paBHa TRZ,
MO3TOMY V=%Sh. Teopema pokasaHa. A Puc. 188

CaencrBue

O6Bem V yceueHHOro KOHyca, BBICOTA KOTOPOrO paBHa h, a IJIOLIAIM
OCHOBaHMil paBHHEI S ¥ S,, BEIUHCAAETCA MO Gopmy:ae

V=§h(s+sl +.8-8,).

ITonsaysack pucyakoMm 188, BeiBeauTe 3Ty Qop-
MYJy CaMOCTOATEJIbHO.
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673

674
675
676

677

678

679

680

681
682

®Y

Puc. 189 Puc. 190 Puc. 191

Jazauu
CeueHnue Tesa, U300paXeHHOr0 Ha pucyHKe 189, miockocThio, mep-
NEHAUKYAAPHOA K ocm Ox M OPOXOAAINEH depes TOUKY ¢ abciuc-

coil x, ABAAETCA KBAJPATOM, CTOPOHA KOTOPOTO paBHA 1 Haitaure
00bEM 3TOTO TeJia. *

durypa, 3amTpUXOBaHHAA Ha pucyHke 190, BpamjaeTcsa BOKPYr ocHu
Ox. Haiigure o0'beM IONYUYEHHOI'O TeJiA.

durypa, 3amITPUXOBAHHAA Ha pucyHke 191, BpamiaeTca BOKPYTr ocH
Oy. Hajigure o0beM TONYYEHHOTO Teja.

Haiigute 06beM HAKJIOHHOM MPHU3MBI, ¥ KOTOPOH OCHOBAHWEM ABJIAETCSH
TpeyroJsrHUK co cropoHamu 10 cm, 10 cm u 12 cm, a 6oxoBoe peGpo,
paBHOe 8 cM, COCTaBJfieT C ILJIOCKOCTBIO OCHOBaHMA yroix B 60°.
Hadigute obbpem HarjgouHo# npusmbel ABCA,B,C,, ecin AB = BC =
=CA=a, ABB,A, — pomb, AB, < BA,, AB, =), JaByrpa"Hb#l yron
¢ pebpom AB mpAMOi.

OcnoBanuem npuamel ABCA,B,C, #ABiseTcd paBHOCTOPOHHHUII Tpe-
yroasauK ABC co cTopoHO#H m. Bepminza A, npoeKTHpyeTcda B IIeHTD
39TOTO OCHOBaHUHA, a pedpo AA; cocTaBjageT C IJIOCKOCTHI0 OCHOBAHHUA
yroa ¢. Hailizure obbeM mpuambi.

OcHoBanuem HaKJOHHOM mpuaMbl ABCA B,C; ABaseTca OPAMOYIOJib-
HEI TpeyroabHUK ABC ¢ Kareramu AB =T ¢ n AC = 24 cm. Bepmu-
HAa A, paBHOyJZajdeHa oT BepiinH A, B u C. Haiigute o6peM OpPU3MEI,
ecau pebpo AA; cocTaBiafAeT C IIJIOCKOCTHIO OCHOBAHMA yroa B 45°,
OcHOBaHNEM HAKJOHHOTO IapajlieelIniefa SBAAETCA OPAMOYIOJb-
HHUK €O cTopoHaMu a u b. BokoBoe pe6po AJUHLI ¢ COCTABJISET CO
CMEXXHBIMU CTOPOHAMM OCHOBAHUSA Yribi, paBHBIe ¢. Hailinure o6neM
napaJuiesienunesna.

Bce rpamu mapasnnesenuiena — paBHBEIE poMOBI, AMATOHATH KOTODBIX
paBHEI 6 cMm 1 8 cm. Haiigure o6beM mapaJiesenuiesa.

Hokaxure, 4TO0 00'beM HAKJIOHHON IIPH3MBI PAaBEH IIPOM3BELeHHIO 00-
KOBOr0 pefpa Ha NJCHIAAL CEYEHHA HPU3MBI IJIOCKOCTBHIO, IIEPHEHIH-
KyIApHOH K GOKOBHIM pefpaM M mepeceKaromeil mx.
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685
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687
688
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690
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692

693

694

695

Haiiante 06beM HAKJOHHOM TPEYroJbHON IPH3MBI, €CJH DPACCTOSHHU
Mexay ee G0xkoBbiMH pebpamMu pasuHbl 37 cMm, 13 cm m 30 cMm, a mio-
majb 60KOBOI moBepxHOCTH paBHa 480 cm?.

Haifignre 06beM nmEpaMugbl ¢ BeICOTOH h, ecun:

a) h =2 M, a OCHOBaHMEM CJIY)KHUT KBaJIpaT cO CTOPOHOI 3 M;

6) h =2,2 M, a OCHOBAHHEM CJIY}XHT TpeyroanbHHK ABC, B KoTOpoM
AB =20 c¢m, BC =13,5 cm, LABC = 30°.

Hajignre 00beM NpaBHJABHOR TPEYroJbHON NHPAMHILI, BLICOTa KOTO-
poil pasHa 12 c¢cM, a ¢cTOpOHa OCHOBaHHMA paBHa 13 cM.

HaiiauTe 06beM IPaBUILHONR TPEYTOJLHON MUPAMUALI ¢ OOKOBBEIM peb-
pomMm [, ecnu:

a) 6oxoBoe peGpo COCTaBJIAET C IJIOCKOCTBIO OCHOBAHHSA YIoJ O

6) 6oxoBoe pebpo cocTaBiafgeT ¢ IpHIEKAIIeHl CTOPOHOM OCHOBAHUSA
yroa o;

B) IJIOCKHH yroJ IOpH BepIIHHe paseH [.

B mpasuabHO# TpeyroabHONH NHpPaMUAE MJIOCKHH YroJ IPHU BepIIuHE
paBeH @, a CTOpoHA OCHOBaHUA paBHa a. Hailizure o6beM nupaMuIbL.
Hailianre 00beM DPaBMABHOH UeThIPeXYrOJABHOH IHPAMHIALBI, €CJIH:
a) ee BeICOTA paBHA H, a JBYrpPAHHEIN YroJ IPH OCHOBAHHUHU DaBeH [;
6) cropoHa OCHOBaHMS PaBHA M, a MJIOCKHI YyroJl OPH BepIIIUHE PaBeH (.
BokoBoe pebpo MPaBIIBHOH YETHIPEXYTOJBHOR HHPAMHUABI PaBHO M
H COCTABJAET ¢ IJIOCKOCTBIO OCHOBAHMA yroa ¢. Hafaure o6bem nu-
pPaMUIbI.

Haiigure o6beM 1 ILIOINAAL OOKOBOM IIOBePXHOCTH IIPABUJILHOH
MIeCTUYroJbHOM NHpaMUAbI, ecjau ee OoroBoe pebGpo paBHO 13 cM,
a guaMeTp Kpyra, BIINCAHHOTO B OCHOBaHUWe, paBeH 6 cm.
OcHoBaHWe MUPaMHILI — paBHOOEAPEHHBIN Tpeyroabuuk ABC, B KOTO-
pom AB = BC =13 em, AC = 10 cm. Kasxknoe 60k0Boe pefpo MUpPAMUIBI
obpasyer ¢ ee BeicoTO# yros B 30°. Berunciure o6beM mUpaMUILI.
OcHOBaHNEM NUPAMHILL ABJIAETCS NPAMOYLOJbHEIR TPEYIrOJbLHUK C Ka-
Tetamu a u b. Kaxxkzgoe ee O60KoBoe pedpo HAKJIOHEHO K IJIOCKOCTH
ocHOBaHUA mox yriom ¢. Halizure ob6beM nupaMmibl.

JoKaKuTe, YTO €CAM B HNAPAMHIY MOKHO BNUCATL IIap, TO 00beM V
MAPAMHABI MOYKHO BBIUHCJNTE IO (hbopMyJie Vzés-r, rae S — mjo-

Wagb IIOJHON NOBEPXHOCTH IHpPAMHIbLI, a I — PajHuyCc BIHMCAHHOIO
B IEpaMULy Imapa.

OcHOBaHMEM HHUpaMUAbl ABIsieTca poMb co cropoHoil 6 cm. Kakawrit
U3 IBYTPaHHBIX YIJIOB IPH OCHOBaHHUY paBeH 45°. Halimure o6bem nu-
paMuabl, ecji ee BbicoTa paBHa 1,5 cm.

Haitgnre 06meM TpeyrosbHOE mupamuigsl SABC, ecou:

a) ZCAB=90°, BC=c, £ABC = ¢ u xayxka0e 00K0Boe pedpo cocTas-
JfeT ¢ IJIOCKOCTLI0 OCHOBAHUA yroi 0;

6) AB=12 cm, BC = CA =10 cm u gByrpaHHsie yribl IPH OCHOBAHUH
paBHBEI 45°;

B) O0KOBBIe pefpa ITONAapPHO HEPIEeHAUKYJIAPHL 1 UMEIOT JJIUHBL d, b 1 C.
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OcHopanuem nupamuanl DABC ABIAETCA TPEYroJbHUK, B KOTOPOM
AB = 20 cm, AC = 29 c¢m, BC = 21 cm. I'paan DAB u DAC nepneHiu-
KYJAAPHEL K ILTIOCKOCTH OCHOBaHU#A, a r'pant DBC cocTasiseT ¢ Hel
yrox B 60°. Haiigure 06beM mUpaMUAELI.

CTOpOHS! OCHOBAHMI IIPABUJILHON YCEUEHHOI TPeyroJbHOM NUpaMuZbl
paBHE a 4 0,5a, anodema OOKOBoOi1 rpaun paBHa a. Haitgure o6bem
YCEeUYeHHOH THpaMHObI.

OcHOBaHMSA YCEUEHHON IHpPaMUILI — DPaBHOOEApPEHHLIC IIPAMOYIOJIb-
HEI€ TPEeYyTOJLHUKH, THIOTEeHY3bl KOTOPBIX paBHBI m u n {m > n). Ose
OOKOBEIE I'DAaHH, COfEpKAallllie KATeThI, MEPIeHAUKYJIAPHL K OCHOBAa-
HUIO, & TPETHA COCTABJAET ¢ HUM yroia ¢. Haiiagure o6BmeM yceueHHON
OUpaMUABI.

OcHOBaHUEM MHPAMUILI ABJIAECTCA IPAMOYIOJbHBIA TPEYrOJbLHUK, Ka-
TeThl KOTOporo paBHBI 24 1M u 18 am. Kaxxpoe 6oxoBoe pe6po paBHO
25 gm. IlupaMnza mepeceueHa MIOCKOCTHIO, IapallebHON IJIOCKOCTH
OCHOBaHHA U Jesained 6okosoe pebpo momoaam. Haltgure 00peM moay-
YeHHOH ycedeHHOH NHpPaMHIBI.

B npaBuabHOM yceueHHON UeThIPEXYTOJIbHOM IUpaMUe CTOPOHEL OCHOBA-
HUHA paBHBI 6 cM U 4 ¢M, a IJIOIMIaAL CEYEHUA MUPAMUZEI ILJIOCKOCTHIO,
OpoxofAleil yepes ABa OOKOBEIX pebpa, He IPUHAIIEKAITNX ORHOM I'pa-
HHU, paBHa 15 cm? Haiimute o6beM yceueHHOM NMHpAMMIBI.

IIyers b, r 1 V COOTBETCTBEHHO BBICOTA, PAJHyC OCHOBAHUSA M 00HEeM
KoHyca. Hadigure:

a) V, ectu h =3 cm, r=1,5cm;

6) h, eciu r = 4 cm, V = 487 cm®;

B) r,ectm h=m, V=p.

Bricora xomyca paBHa 5 cM. Ha paccrosEum 2 ¢cM OT BepIIMHBI €I'0
mmepecexaeT IJIOCKOCTb, NapaiiejbHas ocHoBaHuioo. Haranre obnem
UCXOJHOr0 KOHYCa, €CJIM 00beM MEHbBIIIEro KOHYCa, OTCEKaeMoOro OT HC-
XOMHOTO, paBeH 24 cm®.

Hafigute o6meM KOHyca, ecJaH ILJIOHIagb €ro OCHOBAHWUS paBHaA @,
a mjomank 00KOBOH moBepxXHOCTH paBHaA P.

BricoTa KoHyca paBHa gmaMeTpy ero ocHoBanus. Haligute o6beM Ko-
Hyca, ecJIHu ero BeIcoTa paBHa H.

Haiinure o6peM KoHyca, ecnu ero obpasyroiiasa papHa 13 cM, a miomangs
oceBoro ceuenus pasHa 60 cm?.

Bricora KoHyca paBHa 12 cM, a ero o6mem paBen 324w cm®. Haitgure
YToJI CeKTOpa, KOTOPHIHM MOJIYUNTCA, €CJIN GOKOBYIO MOBEPXHOCTEH KOHY-
ca pasBEPHYTh HA IJIOCKOCTE.

IInomans NOJMHOM IOBEPXHOCTH KOEyca paBHa 457 gm’. PasBepHyras
Ha IIOCKOCTH GOKOBAf MOBEPXHOCTL KOHYyca IpejcTaBiaser coboif cek-
TOp ¢ yriom B 60°, Hailiiure o6beM KOHyca.

Paguychsl oCHOBaHU yceueHHOTO KOHYCA PaBHBI 3 M 1 6 M, a o6pasyro-
was pasHa 5 M. Haigure o6peM yceueHHOT0 KOHYCA.

B yceuenHOM KOHyce M3BeCTHEI BbIcoTa i, o0pasywomada [ u mromans S
60KO0BO# moBepxHocTu. Halimmre miaomaas OCeBOrO CeUueHUA U o0beM
YCeueHHOT0 KOHYCA.

1 73 (@RI



§ O6beMm miapa u IJIOIIAAL Cepnl

82 O0wvem mrapa

Teopema

LS b B A RO TR R SR T S T e THAARINES G5 LR O S SR

Oo6vem mapa pan yca R paBen —1'cR3

V¥ Jloxa3aTelbCTBO

Pacemorpum miap pagmyca R ¢ meHTpoM B
Touke O u BrbepeM ock Ox HOPOMBBOJBLHEIM 06pasoM
(puc. 192). Ceuenne mapa MI0CKOCTBIO, MEPIEHIUKYJISAD-
HOIl K ocH Ox m mpoxopsameii depes Touky M sToil ocH,
SIBJIAETCH KPYroMm ¢ meHTpoM B TouKe M. OGosmauum pa-
INyC 3TOTO Kpyra 4depes r, a ero mjomanb depes S (x), rie
x — abcnucca Touku M. Bripasum S (x) uepes x u R. Uz
IpAMOYrOJBHOrO TpeyrogbHnka OMC Haxogum

r=y0C?-0OM? =R? -
Tax kak S (x) =7ré ro
S (x) =7 (R*- x?). 1)

3aMeTHM, 4TO 3Ta GopMyJa BepHA A1 J1060T0
nonoxenua rodku M Ha amametrpe AB, T. e. 4idA Bcex x,
yAoBJjeTBOpAKIIUX yeaoBuiw —-R < x < R, Ilpumensasa
OCHOBHYIO (GOPMYNy AJA BBIYUCHEHHA 00BLEMOB TeJ NpH
a =-R, b =R, noxyuyaem:

R R R
V=_JRR(R2 - x?)dx = tR? :[Rdx—nszdx=

R

R
3
— nR? nx =4 . p3
—TtR xI_R'—T|_R——§ER .

Teopema goxasaHa. 2\

83 0061beMbI NIAPOBOIO cerMeHTa,
HIAPOBOre CJI0A M HIAPOBOTO CEKTOpa
a) lllapoBpIM cCermMeHTOM Ha3bIBAETCH 4YaCTh
miapa, orcekaemasi Or Hero RaKOﬁ-HIIIGYJIB JIOCKOCTRIO. Ha

pucysnke 193 cekymasa IJIOCKOCTB (f, NMPOXOAAIIAA dYepes
TOYKY B, pasgesser map Ha ABa MIAPOBHIX cerMeHTa. Kpyr,
NMOJYUYUBIIHIICA B CeUeHUM, HA3LIBAETCS OCHOBAHHMEM

174
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KaXJOro U3 3THX CerMeHTOB, a AJIUHBI 0Tpe3koB AB u BC
zguaMerpa AC, IepHeHAUKYJIAPHOTO K CEKYIlell IIJIOCKO-
CTH, HA3LIBAIOTCA BHICOTAMH CETMEHTOB.

Ecnu paguyc mapa paBex R, a BbICOTA CerMeH-
Ta pasHa h (Ha pucynke 193 i = AB), To o6bem V maposo-
ro cerMeHra BHIUHCJAAETCH IO Gopmyse

V:nhz(R—%h].

V¥ eiicTBHTeNbHO, MpoBeneM ock Ox IIepIeHIH-
KVAApHO K ILTocKocTtu ¢ (cM. puc. 193). Torma maomaznn
S (x) IPOMU3BOJBHOTO CEYEHMS LIAPOBOTO CEeTMEHTA ILIOC-
KOCTBIO, MEePIEeHAUKYIAPHON K ocH Ox, BEIpa:Kaerca dop-
mynoii (1) npu R — h < x < R. IIpumensas ocEoBHyI0 (dop-
MYJy AJA BRIYHMCJIeHUA 0o6beMoB Tennpua=R - h, b=R,
MoJIyuaeM:

R 3 R
V=n J'(RZ —xz)dx=n(R2x—%)lR_h =nh2(R—%h). A

R-h

6) IHapoBeIM ciroeM Ha3BIBaeTCs YACTh LIapa,
3aKJIIOUEHHASs MEXAY ABYMS Iapajlie]bHBIMH CeKYIINMH
niaockoctaMu (puc. 194). Kpyru, moayuuBbiiimecsa B cede-
HUU IIapa 9THMH ILIOCKOCTAMHM, HA3EIBAIOTCA OCHOBAHHA-
MH IIAPOBOrO CJI0d, 8 PACCTOSIHNE MEMKAY ILJIOCKOCTAMH —
BBICOTOH ITTAPOBOTO CJIOS.

O0BeM LIApPOBOrO CJI0A MOYKHO BBIYHCIHNTL KaK
PasHoCcTh 00BEMOB ABYX MIAPOBHIX cerMeHTOB. Hampumep,
o0BeM IAPOBOTO CHOH, M300pasKeHHOT0 HAa pucyHKe 194,
paBeH pa3HOCTH O0BEMOB MIAPOBBIX CErMEHTOB, BBICOTHI
KOTOpHIX paBHHI AC u AB.

B) IllapoBmIM ceKTOpOM Ha3bLIBAETCH TEJO,
TICJIYYeHHOE BpallleHNeM KPYyroBOTO CeKTOpa ¢ YIJIOM, ME€Hb-
muM 90°, BOKpPYr npaAMOii, cojaepskallieii oquH M3 orpa-
HUYMUBAIOMIAX KPYroBofi cekrop pajuycos (puc. 195).
IMapoBo# cexTOp COCTOMT M3 IMAPOBOI'0 CEIMEHTA 1 KOHY-
ca. Ecau paguyc mapa paseH R, a BbICOTa INAPOBOTO cer-
MeHTa paBHa h, To o6beM V IIapoBOro CeKTOpPa BBIYMCIA-
eTcda 1o gopmyJae

vV =2nR2%h.
3
BreiBeauTte sTy GOpMyay caMOCTOATEIBHO.
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84* ITlaowanp chepsi
B n. 68 M1 npuBenu Ges JoKasaTeabcTBa (hop-
MyJy AJs BHIUMCIeHHMs Iromanu S chepsl paguyca R:

S = 4nR%

Brisegem aTy popmysry, NoJab3ysach QOpMYJIOH
Insa ofbeMa 1mapa.

Paccmorpum cdepy pazumyca R ¢ IeHTpoM
B TouKe O ¥ OMUCAHHLIH OKOJIO Hee MHOTOIPpaHHUK, UMEI0-
Wy n rpaHeil. 3aHyMepyeM rpaHH B IPOHUIBOJLHOM IIO-
paaxe u oGosmauum uepes S; muowans i-i rpasu (i = 1,
2, ..., n). Coeagnuusp 11eHTp O cdheprl OTPE3KAMH CO BCEMU
BEpIIMHAMH MHOTOTDAHHHMKA, MOJYYUM 71 IHPAMHUI C 00-
meil BeputnHON (O, 0CHOBAHUAMH KOTODBLIX ABIAIOTCA I'DaHHU
MHOrOTPDAHHMKA, a BBICOTAMHU — Pafuychl cdeprl, IIPoBe-
JeHHble B TOYKM KacaHWdA IpaHell MHOrorpaHHHKAa co cde-
poit. CrexoBaTebHO, 00BEM i-ii IHpAMHIBEI PaBeH %SiR,

a ob6bem Vn BCEro ONHCAaHHOTO MHOI'O'PDAHHUKa PaBeH:

n
rge P, = ZSi — IJIOLaAb TOBEPXHOCTH MHOTOTPAHHUKA.
’ i=1
Orcoza mosmyuaeMm

3V
P, =21,

(2)

Bynem Temepr HeOrpaHMUYeHHO VBEIMUUBATE 71
TaKAM 00pas3oM, 94To6b HaubOABIIMH pasMep KayKIoH rpa-
HU OINMCAHHOI'O MHOTOTDAHHHKA CTPEeMMJICA K HYJK. [Ipu
arom o6beM V, ONMCAHHOI'O MHOTOI'pDAaHHMKA OymeT cTpe-
MHUThCA K 00Bbemy mapa. B camoMm fiesre, ecai HauGoabIINH
pasMep Ka)XKAoH TIpaHH OIHCAHHOIO MHOTOIPaHHHKA HeE
NPEeBOCXOJHT O, TO ONMHCAHHEIN MHOrOIPAaHHUK COXEPIHUT-
ca B mape paguyca R + & ¢ mernTpom B Touke O. C Apyroit
CTOPOHBI, OIMUCAHHBIA MHOTOTPAHHYUK COAEPAKNAT MCXOTHBIH
map paguyca R. Iostomy %nR3 <V, < %n (R +8)3.

Tax Kakx %n(R+8)3 —»%RRQ' mpu & — 0, To

n Vn—*éﬂ:R3 npu 6 — 0 (n — ©0).
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Ilepexoma sarem K mpegeny B pasedHcTBe (2),

3V, 3 .. 3
n— oo R R n— 0o r R

-%nR3 = 4nR?.

Ilo onpenenenuso maomanu cheprt S =lim P,

n—> 00

S =4nR%

Bomnpocsr u 3a1aum

IIycts V — o6wmem mapa paguyca R, a S — naomajab €ro mOBePXHOCTH.
Hatinure: a) Su V, ecnu R=4c¢m; 6) Ru S, ecin V= 113,04 em?;
B) Ru V, ecnu S = 64n cm?.

Jduamerp JIyHul cocraBader (IpHOIN3UTENLHO) YETBEPTYIO HaCTh JUAa-
MeTpa Semnu. CpaBauTe 00beMEl JIYHBI 1 3eMiIH, CUNTAA MX IIapaMH.
ITap 1 UMINHAP UMEIOT paBHLIEe 06'beMEI, & IHAMETP HIapa paBeH AHa-
MeTPy OCHOBAHHMA IMJIMHApA. BeIpasuTe BhICOTY LMIMHAPA Uepes pa-
JUyC mapa.

CrakaHYMK JJIS MODOXKEHOrNo KOHMYeCKOi ¢(opMbI HMeeT INIyOMHY
12 em u quaMeTp BepxHeit wacTy 5 ¢m. Ha Hero csepXy moaoKuiam gBee
JIOKKH MOPOJKEHOTO B BuJe moJayluapuii gmamerpom 5 cMm. Ilepenos-
HAT JM MOPOXKeHOe CTAKAHYHMK, €CJHM OHO pacTaeTr?

B nuausAputIecKy0 MEH3YPKY AuaMeTpoM 2,5 ¢M, HANOJHEHHYIO BOZOH
JO HEKOTOPOTC YPOBHA, OMYyCKAalOT 4 pPaBHBEIX METAJIMYECKHUX INapUKa
guamerpoM 1 cM. Ha cKONBEKO N3MEHUTCA YPOBEHL BOALI B MEH3YpKe?
CroabKo KybOMETPOB 3eMIH IOTpeOyeTcda AJA YCTPOHCTBA KJIyMOBI,
uMempIeil (GopmMy IIapoBOro CErMEHTa C PAANYCOM OCHOBAHUA 5 M
1 BbicoTOM 60 cm?

JBa paBHBIX MIapa PACHOJOKEHHl TAK, YTO LEHTP OAHOTO JEMHUT Ha
IoBepXHOCTH Jpyroro. Kak oTHocurca o6bem oO0Ileil 4acTH IIapoB
K obbeMy OZHOro mapa?

Hafigure o0bem 1uapoBoro cerMenTa, €CJIH PajuyC OKPYYKHOCTH €ro
ocHoBanusa paseH 60 cM, a pagwyc mIapa paBeH 75 cM.

JuaMerp 1mapa pasfesieH Ha TPH PaBHBIE YACTH ¥ YePe3 TOUKM JeileHHsA
IPOBeJeHBl IIOCKOCTH, EeplHeHANKyAsipHEIe K auameTpy. Haiigure 06b-
€M TIOJIYYMBIIIErocA IMAPOBOTO CJIOA, eC/AH paguyc miapa paBeH R.

B miape mpoBefieHa NIJIOCKOCTH, NEPHEHAUKYIAPHAS K AUAMETPY U Je-
agauiag ero Ha yactH 6 cm u 12 cm. Hafinure o6beMbl ABYX TOJIyYEH-
HBIX uacTell Imapa.

Haiinute 06beM 1U1apOBOTO CEKTOPA, €CAN PAAUYC OKPYIKHOCTH OCHOBA-
HUA COOTBETCTBYIOILEI'0 IIAPOBOrO cerMeHTa paBeH 60 cM, a paauyc
mapa paBeH 75 cM.

Kpyroeoit cexrop ¢ yraom 30° u paguycoM R BpaijaeTcsa BOKPYT OZHO-
TO U3 OrPAaHMYMBAOIINX ero paguycos. Haiignre o0beM mMOJYUUBIIETO-
cf MAapoBOTO CEKTOopAa.
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Bopa mokpsiBaeT mpubGIM3UTENIBHO % 3eMHOM mnoBepxHOCTH. CKOJBKO

KBAJpATHLIX KHJIOMETPOB 3€MHOII NOBePXHOCTH 3aHWUMAST cyma?
(Pagnyc 3emau cuuraTe paBHBIM G375 KM.)

CKOJBKO KOXH TOHZeT Ha NHOKPBIIKY (yTOoJbHOTO Msua paguyca
10 cm? (Ha mBr1 gobaBuTek 8% oT nyoiiagu IMOBEPXHOCTH MsAYA.)
Hokaxure, 4T0 Mioalk chepsl paBHa IJICIIAAH HOJHON NOBEPXHOCTH
KOHYCa, BHICOTA KOTOPOro PaBHA AMAMETDY cdepsnl, a JHaMeTP OCHOBA-
HUA paBeH obpaaymoieii KOHyca.

Bonpocsr k raase VII

Kaxkum coorHOmeHneM cBasaubl oowemer V, u V, ten P, u P,, ecnu:
a) teno P, comepskurcd B Texe P,;

0) kKaxpoe u3 Ten P, u P, coctaBneno u3 n Ky6oB ¢ pebpom 1 cm?
Kakyio uacts o6beMa FaHHON NPAMOM TPEyroJbHOMN IPU3Mbl COCTABIIA-
er o6’beM TpPEeyroJbLHOH HpPH3MbI, OTCEUEHHOH OT JaHHOM HIJIOCKOCTHIO,
POXOAAMIeH Yepe3 CpeaHUE JHHAM OCHOBAHMH?

HUsmenurcs 1 o0beM HUINHAPA, €CJAH IHAMETD ero OCHOBAHUSA yBeIH-
4YnTh B 2 pas3a, 4 BRICOTY YMeHBIINUTHL B 4 pasa?

Kak mamennrtcss 06'beM IIPAaBHABHON NMHPAMUABI, €CJIM ee BBICOTY VBe-
JHYHUTH B /1 Pa3, a CTOPOHY OCHOBaHHM: YMEHBIIHUTH B N pas?
OCHOBaHMAMH JBYX ITMPAMHJ ¢ PABHBIMH BBICOTAMU ABJIAIOTCA YEThbI-
PEXYTOJbHAKH C COOTBETCTBEHHO PABHLIMHM CTOPOHaMH. PaBHBI Ju
00'beMbl 3THX NUPAMHL?

Kak orHOCATCA 00bEMBI LBYX KOHYCOB, €CJIH MX BBICOTHI PABHBL, 4 OT-
HOIIEeHHE DPAAWyCOB OCHOBAaHUMEH paBHO 27?7

M3 xakux TeJ COCTOMT TeJIO, MOJyUYeHHOe BpallleHrneM paBHOOEAPEHHON
Tpameuuu BOKPYr GOJBLIEr0 OCHOBAHHA?

OfuH KOHYC MOJYYeH BpallleHMeM HepaBHOOeIDPEeHHOrO IPAMOYTOJIbLHO-
ro TPeyroJIbHHKA BOKPYT ONHOrO H3 KATETOB, a APYroil KOHyC — Bpa-
IeHueM BOKPYT APYroro kKarera. PaBHBI MU 00beMBbI 3THUX KOHYCOB?
JdmaMeTp oZHOTO IIapa paBeH pagmycy Apyroro. YeMy paBHO OTHO-
HIeHHe:

a) paguycoB 3THX IIapOB;

6) o6bemoB mapos?

CKOJMBKO HY’KHO B3ATh IIAPOB paguyca 2 cM, YTOOBI CYyMMa HX 00B-
eMOB paBHAJach 00'beMy Hiapa paauyca 6 cm?

Bo cxoabko pas o0beM IIapa, ONMCAHHOIO OKO0J0 Ky6a, 6oabiie o6b-
eMa IIapa, BIIMCAHHOIO B 3TOT Ke Ky0O?

Kax uamenuTca maomank chepbl, ecau ee paguyc:

a) yMeHBINHTH B 2 pasa; 6) yBeamunrb B 3 pasza?

Orsomenne 06beMOB ABYX HmIapoB paBHO 8. Kak ormocaTcsa miomamgu
UX IIOBepxXHOCTEH?

B xaxom oTHoOmIeHUHM HAXOZATCH 00BEMBI ABYX IIAPOB, €CJIH ILJOIAAN
UX TOBepXHOCTEH oTHocaTCcA Kak m? : n®?
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JTomoaHuTE IBHBIE 3a1aUM

IInomazn Tpex MONAapHO CMEMKHBIX IPaHed NPAMOYIOJBHOIO IapaJi-
Jenenunesna pasHH S;, S,, S;. Brlpasute 06beM 3TOro mapaJiiesenu-
nmexa yepes S,;, Sy, S; ¥ BrIuucaHTEe ero npu S; = 6 am?, S, =12 am?,
S; = 18 am2.

B npamMoyroinpHoM IapajuiejenuIene AUaroHaAHW TpeX rpaHel, BBIXO-
AAIIMe U3 OJHOH BepINMHLI, PABHLI 1 cM, 8 cMm u 9 cm. Halizure o6bem
napajielenunIena.

Bokosoe pe6po nmpAMOYTOJBHOIO HapaJliejiennuiea pasHo a. Ceuenue,
MMpOBeZleHHOE Yepe3 ABe CTOPOHLI PA3HBIX OCHOBaHMM, ABIAETCA KBaj-
paroM c¢ mnomanabic @. Hailigure o6bem mapajinenenumesna.

CTopoHbI OCHOBAHUS IPSMOro mapajjejenuiesa paBabl 7 cM U 3 J2 cM,

a OCTPLIH YroJl OCHOBaHUSA paBeH 45°. MeHbImag AUaroHaJIb napasiese-
NHIeAa COCTABIAECT Yo B 45° ¢ NIOCKOCTLIO ocHOBaHus. Haiiamre 06-
eM napajulesenunena.

B npamom mapamnenenunese ABCDA,B;C,D, nnarormanu BD, u A,C
B3aMMHO TIePHeHIUKYIAPHL U pasusl 6 cm u 8 ¢cm, AB = 3 cm. Hadigu-
Te o0bEM HmapaJiyellenuIena.

B npsamoil mpmsMe, OCHOBaHHEM KOTOPOI SABJSETCA IIPAMOYTOJAbHBIN
TpeyroNbHUK, IATHh pebep paBHLI 4, & OCTAJBHEIE YETHIpe pebpa paBHbI
apyr apyry. Hatizure 00'beM IPH3MBI.

O0npeM mpamoil Ipu3Mbl, OCHOBAHNEM KOTOPOH ABJSIETCA IPAMOYIOJib-
HBIH TPeyTOJIbHMK, paBeH 3 M°, a HauMeHbINasg 1 HauGoJbIIas U3 ILIO-
miajeit 60KoBEIX rpaHeil pasHe 3 M2 u 3 V5 M2, Haiigure IJUHE pebep
IPU3MEI.

JuaroHasb 60KOBOH rpaHy IPaBUIBHON TPEYroJbHOM HPU3MEBI paBHA d
M COCTABJIAET YTOJ ¢ C ILIOCKOCTBIO Apyroil 6okxoBoill rpanu. Haiigute
06beM IPHU3MEIL.

Iokaxure, utTo 00'beM TPEYIOJLHON NPH3Mbl PaBeH IIOJIOBHHE IIPOU3-
BeJleHUA IIOHmIaAY OOKOBOM IpaHM HA DPACCTOSHUE OT STOM IpaHU 0
napaJjiejbHoro e peGpa.

Ha Tpex fauHbIX NapasiesibHBIX NPAMBIX, He JIeMKAIUX B OGHOH ILIOCKO-
CTH, OTJIO}KEHEI TPHM DPaBHBIX oTpedka AA,, BB, u CC,. [lokaxxure, 4To
00'beM IIPHU3MBI, GOKOBBIMU peGpaMi KOTOPOM ABJIAIOTCA 3TH OTPE3KH, He
3ABUCHUT OT TOJIOMKEHHA OTPE3KOB HA JAHHEIX IIPAMBIX.

IInomann GOKOBBEIX TpaHell HAKJIOHHOM TPEYroJbHOH NPH3MBI IPOIOD-
uuoHaNbHEI ymeaam 20, 37, 51. BoxoBoe pebpo pasHOo 0,5 am, a IJO-
magb 60K0BoiT moBepxHOCTH paBHa 10,8 aM®. Hafigute 06beM mPU3MEL.
Haitnute 06beM IPaBHJIBLHON TPeYTroJbHOM NUpaMHABI, ecau 6oKOBasg
TPaHb COCTABJIAET ¢ IUIOCKOCTHIO OCHOBAHHUSA YTOJX @, 8 He JIeKaias B 9TOH
I'pDAHH BepLINHA OCHOBAHMA HAXOAMTCH HA PACCTOSHMM M OT Hee.
BoxoBoe pebpo mpaBHIbHOH YETHIPEXYTrOJIBHONH IHPaMHABI COCTABJIAET
C OCHOBaHMEM YyTOJI ¢, & CepeiUHA 3TOF0 pebpa yAajleHa OT OCHOBAHUA
IHpaMUIbl HA PACCTOAHME, paBHOe m. Haligure 06beM mupaMuzbl.
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BricoTa nmpaBuBbHOH TPeyroJbHOHW MHUPaAMHUALI paBHA R, a ABYIDaHHBIN
yroa, pe6poM KOTOpOro fABjsercsa OOKOBoe peGpo mupaMuAbl, paBeH
2¢. Hafinutre 06beM IHpaMMIBL.

B npaBuabHO#A n-yTroJbHON NEpaMuie IJIOCKUE YIoJ IPH BEPIIHHE pa-
BeH 0, a CTOpOHA OCHOBaHMS paBHA a. Hailinure oO6beM IHUpaMUIbI.
OcHOBaHMEM IHPAMMABI ABJAAETCA TPEYTOJLHHUK, ABA yIja KOTOPOTO
pPaBHHI @, U ¢,. BeIicOTa mupaMuLH paBHa k, a Kaxmoe 60KoBoe pebpo
COCTaBJAET ¢ ILIOCKOCTHIO OCHOBAHUA Yyron ¢y. Hadfigure o6bem nupa-
MHIBI.

OcHOBaHNEM YETEIPEXYTOJIbHOM TMPAMMIBI, BEICOTA KOTOPOR paBHa H,
ABJIgETCA napanjejorpaMm. JuaroHaam napanieorpaMMa IepeceKa-
0TcA oA yriaoMm . [lomapHo paBHBIe IPOTHBOMOJIOXKHEIE O0KOBbBIE PEl-
pa nupaMuALl 06pasyIOT ¢ IJIOCKOCTHIO OCHOBAHUA yrusl B u y. Hafiau-
Te 00bEeM HUPAMHAALI.

OcHoBaEMEM HHPAMHIEI ABJAETCH poMO co cTOPOHOI a. [IBe GOKOBBIE
TPAaHU MHAPaMUAE NEePIEHANKYIAPHEL K IJIOCKOCTH OCHOBAaHUA U 00pa-
3yI0T Tymo# IByrpasHblii yroa ¢. lIBe apyrue 60KoBBIie rDaHU COCTaB-
JAIOT ¢ TJIOCKOCTHLI0 OCHOBAaHUSA IBYrpaHHBIe yrinl 6. Hafaure o6beMm
OUpaMUAHI.

JBa pebpa Terpaszpa paBHBI b, a ocTajlbHbIe YeThIpe pefpa PaBHBI d.
Haiigute o6bem Terpasapa, eciu pebpa Aamuel b: a) umeloT obmne
TouKH; 6) He HMeloT OGINX TOUEK.

B yceueHHOI nupaMuze COOTBETCTBEHHBLIE CTOPOHLI OCHOBAHHII OTHO-
cATeca KakK 2 1 5. B KAaKOM OTHOLIEHMH AETHUTCS ee 00'beM IJIOCKOCTBIO,
npoxoname uyepe3 cepefMHY BBLICOTBI 3TOH IHPaMHIbl IIapaJjjieibHO
OCHOBaHHUAM?

Hajignre 06beM nmUIMEApPaA, €CJAN: a) ILJIOIAAb OOKOBOM IIOBEPXHOCTH
paBHa S, a TJIOIIALb OCHOBAHUSA paBHA §; 6) OceBoe cedeHUe ABJIAETCS
KBaJpaToM, a BelcoTa paBHa h; B) oceBOe ceueHUe SBJISETCH KBaipa-
TOM, a IJIOIIAZL TTOJIHO¥M IOBEPXHOCTH DaBHA S,

Hokaxute, 4T0 060'BEMBI ABYX [UJAHHAPOB, Y KOTOPHIX MioIIaxu GoKo-
BBIX IIOBEPXHOCTell PABHEBI, OTHOCATCA KaK HX PagUyCHI.
Kounueckuit 6ak umeer rnybuny 3 M, a ero KpyrJjbelif Bepx HMeeT pa-
auyce 1,5 M. CKOIBKO JHUTPOB KUAKOCTH OH BMeniaer?

PasHele 33, 1aUH HA MHOrOrPAHHMEH, ITWJIMHAP, KOHYC M 1IAp

B xouyc BnucaHa mupamuja, OCHOBaHMEM KOTOPOH SABJIAETCHA IIPAMO-
YTOJBHUK. MeHbIIAad CTOpPOHA IPAMOYTOJbHHMKA PaBHa @, a OCTPBIH
YTOJI MEXIY ero JAaroHANSIMU paBeH ¢,. BoxoBas rpans, cojep:xalnas
MEHBINYI0O CTOPOHY OCHOBAHUSM, COCTABJAET C IIOCKOCTHIO OCHOBAHUSA
IBYTPaHHEIA yroua ¢,. Halizute o6beM KoHYycCa.

OcHoBaHMEM OUPAMHALI ABJIseTcsT PoM6 CO CTOPOHOII @ U OCTDPHIM
yriaoMm ¢. B nmMpaMuay BrucaH KOHyC, o0pasylomas KOTOPOr'O COCTaB-
JAeT ¢ ILJIOCKOCTLI0O OcHOBaHUA yroa 6. Hatigmre 0o6bmeM KoHycCa.

B munumanp somcan map. Hadfizute oTHomieHme 00BH€MOB ILIMJIHHADA
¥ miapa.
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Haiinure 06bEM KOHyCa, e€C/M pajUyC €ro OCHOBaHWA paBeH 6 oM,
a pasguyc BIMCAHHON B KOHYC chepbl paBeH 3 AM.

B konyc, paznyc oCHOBAaHUsS KOTOPOTO PaBeH r, a ob6pasyioliaa pas-
Ha l, Bnucana cepa. Hatiaure nauny aMHENYA, IT0 KOTOpPOil chepa Kaca-
eTcA GOKOBOH IIOBEPXHOCTH KOHYCA.

B yceuenHBINT KOHYC, pagHychl OCHOBAHHI KOTOPOTO PABHEL ' ¥ 7, BIIH-
caH map. Haiinure orHoleHmMe 00BEMOB YCEUEHHOr0 KOHYCA M Iapa.
B npaBuaLHyo TPeyroJbHYI0 ITHPAMHAY C NBYIPAHHBIM YIJIOM O IIDH
OCHOBaHUH BIHcaH 1map obbema V. Haligure 06beM mupaMuabl.

B nupammzy, ocHOBaHMEM KOTOpO# sABigeTCA poMO CO CTOPOHOH a
U yIJIoM O, Biucal map. Hafigute o6bem mapa, ecau xaxaada 6oxkoBas
rpaHb MUPaMHABLl COCTABJIAET C OCHOBaHWMEM yrox f.

B cdepy paauyca R BIHCaH LMAMHAD, AMArOHaJNbk OCEBOI'C CEUYEHHHA
KOTOPOTO COCTAaBJIAET C OCHOBaHueM yrox o. Hatizure o0beM muinHipa.
B map snucad NUIMHAD, B KOTOPOM YTOJ MeXKJY AHUATOHAJIAMU OCEBO-
ro ceueHus paseH 0. O6pasyiomias nuareipa pasua [. Halizure o0meMm
mapa.

B 1map BunmcaH KOHyC, pafuyc OCHOBAHHA KOTOPOrO PaBeH r, a BBHICOTA
paBHa H. Haiimure maomiaab TOBEPXHOCTH U o0BbeM IIapa.

B map Bnumcana mTHpaMuZa, OCHOBAHMEM KOTOPOH ABJIAETCA UPAMO-
VTOJIbHBIA TPEYTOJbHUK C T'HIIOTEHY30#H, paBHOK 2 cMm. Haiiante mao-
Imank IOBEPXHOCTH M 00'bEM 1Iapa, ecl’ Kaxkjaoe GoxoBoe peGpo nupa-
MHUZABI COCTABJIAET C OCHOBAHHEM YTOJ CL.

B map BnmcaHa IMpaMHAa, OCHOBAHWEM KOTODOI SABASETCA NIPAMO-
YroJbHUK ¢ guaroHaiabio 10 cm. Kamoe 60kxoBoe pebpo mHpaMUAE
cocTaBiAsgeT ¢ OCHOoBaHMeM yroa P. Hadigure nioiage MIOBEPXHOCTH
u o0beM Iapa.

ITnctepna umeer bopMy LUANHADPA, K OCHOBAHHAM KOTOPOrO IPHCOEHH-
HeHbl paBHbI€ MIAPOBbI€ CErmMeHTHI. Pammyc nuamHpa paseH 1,5 M,
a BeicoTa cermeHTa paBHa 0,5 M. Kakoi aiauHb aoaxHa 6BITHL 06pasyio-
mas MUINHAPA, YTOGBI BMECTHMOCTbL IIMCTEDHE! paBHAkach 50 wM°?
Ky06, map, TuInHAP B KOoHYC (Y ABYX IMOCJeSHUX TeJ JUaMeTpPhl OCHOBA-
HHUIl DaBHBI BBICOTE) MMEIOT DaBHBbIE MJIOIaAM IoBepxHocTeii. Kakoe u3
3THUX TeJ NMeeT HauboabIIHi 00beM M KaKoe — HAUMEHbINUi?
Byner siu niaBaTe B BOAE NMOJIBIA MeAHBIH Iap, AHaMETP KOTOPOr'o pa-

BeH 10 cM, a TonmuHa creHku: a) 2 mm; 6) 1,5 mm? (ILnoTHOCTE MeIn
8,9 r/eM.)

Saaum s NOBTOPEHU s

B npasunbrO#l TpeyroabHO# npusme ABCA,B,C, cropoHa oCHOBaHUA
paBHa 6 cM, a 6oxoBoe peGpo paBHO 3 cM.

a) Hafigunte mmomaibs ceueHHsA NPU3MBI NJAOCKoCcThI0 ABC,.

6) Hokaxure, uTo npamas A;B; mapannenbHa maockoctu AC,B.

B) Haiigure yros, Koropslil cocraBnser npamasa B;C ¢ mrockoctsio ABC.
r) Hafizure yron Mexxay maocxkocramu AB,C u ABC.
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n) Hasigure anuny BexrTopa BB, - BC + 24,4 - C,C

e) Haiizure 06b€M TPHU3MBI.

B npaBuiBHO# 4eThIpexyroabHOH nupamujge MABCD cropoua AB ocHo-
BaHHUsA paBHA 642 cM, a GokoBoe pebpo MA pasuo 12 cm. Haiinure:
a) mroImanbk OOKOBOi IIOBePXHOCTH HWPaMHEL;

0) o0beM IMpaMUALI;

B) YToJI HAKJOHA OOKOBOIl I'DaHUM K IIJIOCKOCTH OCHOBAHM;

r) yroa Mexzay OoOKoBBIM peGpom u TJI0CKOCTBI0 OCHQBaHHA;

I) CKaJApHOe HIpousBeleHune BEKTODOB (AB +AD) AM

e) miomanb chepbl, ONUCAHHON OKOJIO MUPAMH/ILL.

B mpaBusnbHO# TpeyroawsHOIl mupamuage DABC Bsicota DO paBHa 3 cwM,
a 6oxopoe pebpo DA pasuo 5 cMm. Hailigure:

a) MIomAaAbh TMOJHOH NMOBEPXHOCTH NHPAMUILI;

6) ob6beM IHpPaMHZEI;

B) YroJ MexJy OOKOBHIM peOpoOM M IIOCKOCThI0 OCHOBAHMS;

I') yroj HakJOHa OOKOBOM IDPaHM K IIJIOCKOCTH OCHOBAHUSA;

I) CRaJIApHOe IIPOUu3BE/leHUEe BEKTODOB %(D_g + D_C>)J\Z>4, rae M — cepe-

nuHa pedbpa BC;

€) paguayc 11apa, BIOIMCAHHOTO B NHPAMHAY.

B npaBuiabHOI uyerhipexyrosnbHoit nupamugze MABCD 60kKo0Boe
pebpo MA, paBHOe 8 cM, HAKJOHEHO K IIJIOCKOCTH OCHOBAHHUA TOJ
yraom 60°. Haiiaure:

a) maomanb GOKOBOM IIOBEPXHOCTH MHPAMUZKI;

0) o0meM DHpPAMUALI;

B) YTOJ MEXJAY HIPOTHBONOJOMKHLIME GOKOBBIMU IPAHAMIK;

I) yroa Mexay OOKOBOH I'PAaHBIO M ILIOCKOCTHID OCHOBAHMS;

— —_—
I) cKaJsipHoe TIPOu3BeJleHHEe BeKTOPOB %(MB+MD)MK, e K —

cepeguna pebGpa AB;
€) pazuyc ONHCAHHOIO OKOJO IHMPaMHUALI LIapa.

3axaud NOBBIIIEHHOW TPYIHOCTH

B ocHoBaanm nupamuzasl MABC nexut tpeyroiapHuK ABC, B KoTOpOM
ZC =180°, AC =4 cm, BC =3 cm. I'pasr MAC nepneHAVKYJIApPHA K
ILTOCKOCTH OCHOBAHUA, & JBe APyrHe OOKOBBIE I'DAHU COCTABJAIOT PAB-
HbIe YTJIBI ¢ IJIOCKOCTBIO OCHOBAHHA. PacCTOAHUE OT OCHOBAHUS BBICO-

sf

el MH nupamuzgs go rpaau MBC paBHo —= c¢Mm. HaiiguTe miomangb

00X0BO¥ TIOBEPXHOCTH HHUPaAMHABI.

HMoxakuTre, 4TO €CJH OLHA U3 BBICOT TETPARAPA MPOXOAMUT UEPE3 TOUKY
nepeceyeHUs BHICOT IPOTHMBOIOJIOMKHON I'DaHM, TO U OCTAJBLHLIE BBLICO-
THI 9TOT'O TETPAdAPA IPOXOAAT UepPes TOUYKH IIepPecedyeHns BICOT IIPOTH-
BOIIOJIOKHBIX T'DaHei.

Bce nnockue yrawl terpasapa OABC npu Bepmune O pasabr 90°. Io-
Ka)KuTe, UTO mIonjanh TpeyroabHuka AOB paBHa cpeiHeMy PeoMeTpH-
YecKOMY ILIOoINagei rtpeyroabankos ABC u O,AB, rge O, — mpoexnus
Touku O Ha naockocTts ABC.
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Yepes pebpo TeTpasapa mOpoBedeHa IJOCKOCTh, Da3Aesdloniad ABY-
TPAaHHBIN yroJ npm 3toM pebpe momosiaM. MokaskuTe, UTO OHA JEJIHUT
TIPOTHEOIIOJOKHOE Pebpo TeTpaszpa B OTHOILIEHWH, PABHOM OTHOIIE-
HUIO OJomagell rpaHeid, 2aKJIOYAIOIHMX 3TOT ABYIPAHHBIM YIOJ.
Cx0/IbKO CYIIECTBYET MJOCKOCTel, Kajkgada U3 KOTOPhIX PaBHOyZajeHa
OT YeTHIpeX AAHHBIX TOUEK, He JIeKAINUX B ONHOI IIocKocTu?
HorkaxkuTe, 4TO NMpsaAMas, epecexaromas IBe TpaHu JByrpaHHOTO yIJia,
obpasyeT ¢ HHMH PaBHBIE YIVIBL TOT'a ¥ TOJLKO TOrfa, KOTAa TOUKH Ie-
peceyeHMA paBHOYZAJEHBI OT pebpa.

JokaKuTe, 4TO ceueHHeM KyGa MOKeT OBITH IPAaBUJIBHBIN TPEyroyb-
HUK, KBaJpaT, TPABUNLHEIA IIECTUYTOALHHK, HO He MOKeT OLITh IIpa-
BUJIBHBEIH NATHYTOJbHUK M IIPABUJIBHBIN MHOTOYT'OJBHHUK C YHCJIOM
cTOpoH 0oJee IIEeCTH.

Joxkamure, 4TO CyMMa KBaJIpPaTOB pPACCTOSHUNA OT BepIHIMH Kyba [0
OpaAMOi, MPOXOAAIIeil Uepe3 €ro IeHTp, He 3aBUCHUT OT IOJIOMKEHUS
3TON TIPAMOH.

PasbeiiTe Ky0 Ha HIeCTh PABHBIX TETD&3IPOB.

Komuara umeer dopmy ryba. Ilayk, cupamiuii B cepeaune pebpa, xo-
yeT, ABHrafdch II0 KpardaimeMmMy NyTH, IHOHMATh MYyXYy, CHAAINYIO
B OJHOM M3 CaMBbIX yVAaJleHHBIX OT HayKa BepIiuH Kyba. Kak mosxeH
OBUTATHCA MAyK?

[orkaxure, uTo B KyGe MOKHO BbIPE3aTL CKBO3HOE OTBEPCTHE, YEPES KO-
TOpOEe MOXKHO MIPOTAIUTL KY06 TAaKKUX JKe K JaKke OONBIINX PasMEpOB.
Ilnomanss GOKOBOII rpaHu IIPABMJIBHON IHECTUYTOABHON HHPAMEIBI
pasHa S. Haiigure miaomaas ceyeHNa NUPAMHUABI NJIOCKOCTHIO, IPOXO-
LAmreil yepes cepegUHY BBICOTHI IHMPAMHILI M IIaPaJeJbHOH IJIOCKO-
cTu OOKOBOH T'paHH.

Kakyio HanboJbIIyI0 AJIMHY MOMET MMeTE pefpo ImpaBUALHOI'O TETpa-
37pa, KOTOPEIA moMemaercd B KOpoOKYy, HMelomyio (GopMmy Kyba
¢ peopom 1 cm?

Han xky6 ABCDA,B,C,D,. Hokakure, YTO IepecevyeHye TeTPad3IAPOB
AB,CD, u C,BA,D ecTb npaBuJbHBEIA OKTA3IP.

Hoxamure, 4TO K3 KOHEYHOIO YMCJIA HOIAPHO PA3IHUYHBIX KYOOB HeNb3s
COCTABUTHh IPAMOYTOJNbLHBIH Tapajjieenunes.

BryTpu xyba ¢ peGpom 1 cm pacrosoxeHa JoMaHas, IIpuueM Jirobas
ILIOCKOCTD, mapajieasHas 60 rpanu Kyba, mepeceraer ee He 6osiee
4eM B OJHOH TouKe. J[[IoKaKuTe, 4TO AJIMHA JOMAHOM MeHbme 3 cMm. Ho-
KayXUTe, YTO MOYKHO IOCTPOHUTEH JIOMAHYK, 00JIafaioiiyi0 yKasaHHBIM
CBOIMCTBOM, AJIWHA KOTOPOI CKOJIb YIOAHO MA&JIO OTJIHYAETCA OT 3 CM.
Orpesku AB n CD mepeMemIaIOTCA II0 CKPEIMBAIOIIMMCS IIPSAMBIM.
Horaxure, uro o6beM Terpasipa ABCD npu 3ToM He U3MEHAETCH.
Hoka:KuTe, UTO IEHTPHl TPaHed IPABHJIBHOTO AOAEKa3[Apa ABJIAIOTCH
BepIINHAMHU ITIPABUJIBLHOTO MKOCA3pa.

Hokasure, YTO TEHTPH TrpaHeil NPaBHJIBHOrNO HKOCA3ApAa ABJIAIOTCH
BEPIIMHAMY IPaBHJIBHOIO [OAeKasapa.

B npaBunnHOoM TpeyroasHuke ABC cropoua paBHa a. Orpe3ox AS anu-
HE @ TepuneHAMKyaapeH ¥ miocxkocrtu ABC. Haitgure paccrosiHue
u yroa mexay npameimu AB u SC.
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B npaBuabHOM Tpeyroarauke ABC cropoHa pasHa a. Ha coHanpasJeH-
HBIX JyuaXx BD u CE, nepneHIUKYJIAPHBIX K maocKocTu ABC, B3ATH

touku D u E Tak, uro BD = 4?2 ,CE =a+/2. JJoKaXxXuTe, YTO TPEYTOJhb-
HUK ADE npaMoyroabHbI#, U HAWANTE Yoy MeXay IiaocKkocTamu ABC
n ADE,
Hcnons3ysa BeKTOPHI, JOKAXHUTE, UTO CYMMa KBaJPaTOB YeThIpeX XHa-
roHajleil mapaJjiieyienIuIiefa paBHA CYMMe KBaJpPAaTOB JABEHALIIATH €r0
pebep.
OcuoBanue ABC Tetpasapa OABC mpo3pauHoe, a BCe OCTaJbHbIe 'DAHHA
3epkayibHble. Bee nyockue yrunl npu Bepmune O npameie. [okaxure,
YTO JyY CBeTa, BOUIEAIINH B TeTpasAp Yepes ocHoBaHume ABC mox mpo-
H3BOJIBHEIM YIJVIOM K HEMY, OTPa3MBIINCh OT I'PaHeil, BLIMAET B IIPOTH-
BOIIOJIOXKHOM HAamnpaBJIEHWH IO OTHOIIEHWI0 K Bxoasimiemy Jayuy. (Ha
3TOM CBOHCTBE OCHOBAHO YCTPOHCTBO YroJIKOBOT'O OTpaKaTejs, KOTO-
puiii, B YaCTHOCTH, OBLI 3amylneH Ha JIVHY A M3MEPEHUs PDACCTOAHUSA
JO Hee C IIOMOLIBIO Jia3epa.)
W3 Touxku A uexopar derwipe ayua AB, AC, AD u AE rak, 4To
ZBAC =60°, ZBAD = /DAC =45°, a nyu AE nepueHguKyJapeH
K minockoctu ABD. Haupure yron CAE.
JOKakuTe, YTO BLICOTHI TETPasApa IepecekalTca B OJHOH TOUKe TOrxa
M TOJBKO TOTAA, KOUJa ero IPOTHBOMOJOKHBIE pebpa IepHIeHAHKY-
JAPHBI.
Tpu OokoBEIX pebpa TeTpasiapa paBHBI Apyr apyry. Iokaskute, dTO
npamad, o0pasyolnaa pasrHble YIVIBI ¢ STUMHU pefpaMu U Iepecexalo-
mas IUIOCKOCTH OCHOBAaHHA, NEPICHINKYJIAPHA K 3TOH IJIOCKOCTH.
Bce niockme yrasl terpasapa OABC npu Bepmuue O npsamble,
Jokaxnre, uTo npoeknusa pepinmuHanl O uHa naockocTs ABC ecTp TOUKa
mepecevyeHud BHICOT TpeyroabHuKa ABC,
M3 Toukw ceprl IpoBefeHkbl TPHU IOMAPHO MePIeHIUKYJIAPHBIE XOPIbI.
JOKaRuTE, UTO CyMMa HMX KBAJAPATOB He 3aBUCHUT OT IIOJIOMKEHUS
3TUX XOPA.
HaiiguTe MHOXKeCTBO IEHTPOB BCEX CEUEHHH ITapa ILJIOCKOCTAMH, IPO-
XOJALIMMH Yepe3 AAHHYIO IIPAMYIO, He IepeceKalolIyio Iuap.
HaiiznTe MHOXKECTBO BCEX TAKMX TOUEK, U3 KOTOPBHIX MOXKHO IIPOBe-
CTH K AAaHHOH cdepe TPH MOIapHO HEPIEHAMKYJAPHEIE KacaTeJbHbIe
IpAMBIE.
B rerpasazp c¢ BbicoTamMu h,, h,, kg, h, BumcaH map paguyca R.
Jokaxure, aro 11 41 4141
R~ hy Ry hy Ry
Kakomy ycaoBuio TOJKHBLI VIAOBJIETBOPATH PAjgMYChl TPEX IIapoOB, IIO-
HapHO KacCamIuxca APYT Apyra, YToObBl K HUM MOKHO GBLIO IIPOBECTH
00IyI0 KacaTeJbHYIO IJIOCKOCTL?
Ha miaockocTH JekaT 4derwsipe mapa pazuyca R, OpadeM TPHU H3 HUX
IOoIapHO KacalTcda APYT APyra, a YeTBepThIH KacaerTcd ABYX U3 HHX.
Ha 3Ty mapel HOJOXKeHBI CBEepXY [OBa Iapa MeHLHIEro pajxuyca r,
Kacaloliuecd ApPYyr OApyra, mpHueM KaXXAHIH M3 HUX KacaeTcs Tpex
foabmux mapos. Haiigute paguyc MaaeHbKHX IIapoB.
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Ha naockocTn Jexatr Tpu mapa paguyca R, momapHo Kacalomipecs
apyr apyra. OCHOBaHMe KOHYCA JIEKHUT B YKA3aHHOM MJIOCKOCTH, & AaH-
HBle IIapbl KacaloTcA ero msBHe. Beicora xoHyca paBHa AR. Hatigure
paguyc ero OCHOBAHHS.

ILnockoctn AB,C, u A,BC pasbuBaioT Tpeyroabryio npusmy ABCA,B,C,
Ha uyeTbipe yacTH. Halizure oTHOIIeHHE OG'BEMOB ATHX dacTed.

HoxaxuTte, 4T0o 00'beM TETpPa3Apa PaBeH %;-abc sin @, rge a u b — mpo-

THBOIIOJIOXKHEIE pefpa, & ¢ 1 ¢ — COOTBETCTBEHHO YroJ M PACCTOAHUE
MEXIy HEMH.

HokakuTe, 4YTO INOCKOCTL, IIPOXOAALIAs uepe3 pebpo U cepeauHy MIpo-
THBOIIOJIOXKHOTO pebpa TeTpasipa, pasiessdeT €ro Ha JBe 4acTH, 00b-
eMBI KOTOPHIX PaBHBEI.

OcuoBanuem nupamuiasl OABCD sapasiercss napasienorpaMm ABCD.
B KakoM OTHONIEHHWH AEJUT O0BbeM IHPAMHIBI INOCKOCTH, IIPOXOA-
maf yepes nIpAMyI0 AB U cpeaH10 JHHHIO rpanu OCD?

Hasel Tpu mapajjeibHble IPAMEBIE, HE JeKaline B OHOU IJIOCKOCTH,
Ha oauoit 13 HUX B3AT 0Tpe3oK AB, a Ha ABYyX apyrux — Touku C u D
coorBeTcTBEeHHO. [oxakuTre, uro o6beM Terpasapa ABCD He 3aBUCHT
ot BbiGopa TOouek C m D,

Touxku E n F — cepegunn: pebep DC u BB, xky6a ABCDA,B,C,D, ¢ peb-
pom 1 cm. Hafigure o6bem rterpasgpa AD.EF.

B aByx mapajiieJbHBIX IJOCKOCTSX B3ATHI JBa MHOrOyrojbHHKa. Wx
BEPIIKHLI COeIUHEHEI OTPE3KAMH TaK, UTO Yy IOJYUEeHHOrO0 MHOTOTPAH-
HUKa Bce OOKOBBbie FpaHM - TPaleIHy, TPeYTOJbHHUKHM WU IapajLiesio-
rpammel. JfoKaxuTe, 4TO

=2(8, +8, +45,),

roe V — o6bpeM MHOrorpaHEMKa, i — ero BbIcOTa, S; M S, — ILIOMIA-
I OCHOBaHUIM, 8 8; — IJIOmMAaAh CeUeHU MJIOCKOCTHIO, [1apaliebHON
ILJIOCKOCTAM OCHOBAHMU M PaBHOYZAJNEHHOI OT HHX.

IIBa paBHBIX IMJHHDPA, BLICOTHI KOTOPHIX 00JipIIe MX AHAMETPOB,
pacHmoJIOXeHbl TaK, UTO WX OCH IIepeCeKarTCsa IO IIPAMBIM YIJOM
U TOYKA IepeceuyeHUsd ocell paBHOyJaJieHa OT OCHOBAHHH LIUJIUHIPOB.
Haiigure 06bem o6111eii yacTy 5TUX IUJIXHAPOB, €CJIH PajUyC Ka'KIOTI'0
u3 HUX paBeH 1 cM.

Boxpyr gaEHOrO mapa ommcad KOHYC C YIJIOM (. IIPM BepIIHHEe 0CeBOTO
ceueHns. [Ipn KaKoM 3HAUYEHHUH (. KOHYC UMEET HAUMEHBIIIHNI 00beM?
B konyc Bmucan map. [orkaxure, 4TO OTHOLIeHMe OOHEMOB KOHYyCa
¥ IIapa PaBHO OTHOIIEHHIO ILIOIIAJeH IOJHON HOBEPXHOCTH KOHYCAa
u ctepbl, ABIAIONEHCA paHUIleN IIapa.

IIpaBunpHAs YeTHIPEXYTOJALHAA IUPAMKa, ¥ KOTOPOH CTOPOHA OCHO-
BaHHUA PaBHA @, a MJIOCKHI yroJ IpU BeDINUHE PAaBeH (., Bpalljaercsa BO-
Kpyr IpaMoil, npoxoadmieil uepes BepIIMHY NapayeIbHO CTOpOHe
ocHoBaHuA. Halifure 06beM TOJYUYEHHOrO Teja BpAIlleHHA.
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Hlap oOpasoBaH BpalieHHMeM IOJYKPYTa BOKPYT IIPAMOil, coaepsKaliei
guameTp. IIpu 3TOM IIOBEpXHOCThL, 06pa30oBAHHAA BpalleHUeM HeKOTO-
po#l XOpAbl, OAUH KOHEN KOTOPOH CORBRMAZAET C KOHIOM NaHHOTO IUa-
MeTpa, pasbuBaeT map Ha ABe paBHBIEe 0 o0bemy dacrm. Halinure
KOCHHYC yrjia MeXJay 3TOH XOpAOH M AUaMETPOM.

Bce BBICOTHI TeTpasapa nepeceraloTca B Touke H. [ToKaxmure, 4TO TOU-
Ka H, uentrp O onucaHHOI cepbl n Touka (G mepecedYeHus OTPE3KOB,
COEMHSIONNX BEPIINHLI ¢ TOUKAMU IlepeceueHUsA MeAUaH IIPOTHEBOIIO-
JIOXKHBIX I'paHeil TeTpasapa, J€KaT Ha OZHOH HpAMOl (nmpamaa Jise-
pa), opudyem TOUukKM O u H cUMMeTpUYHBEI OTHOCHUTEIBHO TOYKH (.
aH TeTpasAp, Bce BLICOTHI KOTOPOrO MMEepeceKaroTcsd B OJHOH TOUKe.
HokaxuTe, YTO TOYKH IlepeceYyeHHs MeAMaH BCeX rpaHei, OCHOBaHUA
BEICOT TeTpPasApa M TOYKHM, KOTODhIE AEJIAT KAaKABIl U3 OTPEe3KOB, CO-
eIUHAIOUINX TOUKY IIepeceueHUs BHICOT C BepPIIMHAMHU, B OTHOILIEHHN
2:1, cuuTad OT BepIIHMHEI, JeXXaT Ha OJHOH cdepe, IIEHTP KOTOPOM
pacmosiokeH Ha npamoi ditgepa (chepa Sitnepa).



I'masa VIII*

HeROTOpBIe CcBeJeHnda U3 NJAaHMMETPpHH

Yrasl U OTpPe3KH,

§ CBSI3AHHEIE C OKPY>XHOCTBIO

85 Yroa Mekay KacaTeXbHOM M XOPIOM

Mzl 3HaEM, UTO BIHCAHHBIR yroj m3MepsAercs
MOJIOBMHOHN AyrM, Ha KOTOPYI0 OH onupaerca. [lokakem
TeopeMy 06 yrile MeXAy KacaTeJbHOW M XODHOH.

Teopema

k AURRCRET S T R

Yron Mexay KacarelbHOH M XOpAoH, NMpoxoasamieil uepes

TOYKY KacaHHA, M3MepAeTCA IOJOBHHOM 3aKJI0YCHHOH

B HEM JyIM.

JlokazaTeJbCTBO

IIycte AB — pansasa xopaa, CC, — KacaTeinb-
Has, mpoxogamas uepe3 Touky A. Ecaim AB — puamerp
(puc. 196, a), To saxniouenHas BHYTpH yraa BAC (u Tak-
e yraa BAC,) gyra ABJseTCA MONYOKPYKHOCTHIO. C npy-
roit croponsl, yrasl BAC u BAC, B 3TOM ciydae — mp4-
MEle, IIO3TOMY YTBepP)KIeHHe TeopeMbl BEpPHO.

IIyeTs Temeph xopja AB He ABIseTCA LAAMET-
pom. Pagu ompenenenHoctn GyzeM cuuTaTh, 4TO TOYKH C
u C, Ha KacaresJbHOH BHIGpaHbl Tak, uro yroa CAB —
oCTpHI, 1 0603HAUUM OYKBOH O BEJIUYHUHY 3aKJIOUeHHON
B HeM ayru (puc. 196, 6). IIposegem nuamerp AD u 3ame-
THUM, UTO TPeyroibHUK ABD — IPAMOYrOJbHBIM, HO3TOMY
Z/ADB = 90° — Z/DAB = /BAC. Tlockoabky yrox ADB —
BNMCAHHBIH, To LADB = %, a sHaumT, u ZBAC = %. Urax,

yron BAC mesxay xacarenbHoit AC u Xopaoit AB uameps-
ercs [OJOBMHON 3aKJIIOUEHHON B HEM OYIH.
Anajoruunoe yTBep)XJeHHMEe BEPHO B OTHOIIIE-
Huu yraa BAC,. IletictsurennHo, yrasl BAC u BAC, —
o  360°

-Q o
5= 5 C gpyroii
croponsl, (360° — @) — aT0 BesmumHa Ayru A DB, 3aKiio-
gennoi BHyTpu yria BAC,. TeopemMa noKasaHa.

cMexHBIe, mosToMy LBAC, = 180° —

187
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Hegomophte caedenus
ug nadHUNempuu



86 /Ise Teopembr 00 oTpe3Kax,
CBA3AHHBIX C OKPYKHOCTHIO

W3 TeopeMbl 0 BOUCAHHOM YIJIe CJIENYeT, UTO
BIOMCAHHbIE YIJIBI, OMKPAIOIMEeCA HA OAHY U Ty K€ AYTY,
paBEB. BocmosbdyeMca 3THM HaOJIOJeHAEeM [IJs JA0Ka3sa-
TeJILCTBA TEOPeMEI 00 OTpPe3Kax mepeceKaloliuxcs XOopia.

Teopema 1
IIpousseaeHue OTPe3KOB OXHOIL H3 JBYX MepPeCceKalOMUXCa
XOpJ, PaBHO NPOH3BENEHUIO OTPE3KOB IPYrod XOpPABI.

Joxa3aTesIbCTBO
ITycrs xopast AB n CD mepeceraioTcd B TOU- C
Ke E (puc. 197). Mokaxem, uro AE - BE = CE - DE.
TpeyroabEuku ADE u CBE nmomgo0HBI IIO IIep-
BOMY OpPH3HAKY MDON00MA TPEYrOMbHHKOB: £1 = /2, Tak
KaK 3TH YIJBI OONMPAIOTCS Ha ORHY M Ty ke ayry BD, yraer A B
3 m 4 paBHBl KaK BepTHKAJbLHEIE, CiemzoBaTelnHO,

AE _ DE
TE - BE’ unu AE - BE = CE - DE. Teopema JokasaHa.

BamupiM caescTBMeM H3 TeopeME 00 yrie
MeX Ay KacaTeJIbHOH W XODACH ABJIAETCA TeopeMa 0 KBaj- D
paTe KacaTeJbLHOIi. Puc. 197

Teopema 2

rhEi } PIVAT SONTER S RCTIPENRTY R R R R
Ecau qepea TOYKy M mnpoBedeHbI cercymaﬂ, nepeceualo-
madg OKpy#HOCTs B Toukax A u B, m KacareasHag MK
(K — Touxa kacaHua), To MA - MB = MK?>.

Kpatko sty TeopeMy GOpMYIHPYIOT TakK:
npou3BeeHHe CeKylleil Ha ee BHEIIHIIO 4acTh PaBHO
KBaJpaTy KacaTeJbHOH.

JokasaTeJabcTBO

IIposeaem otpesku AK u BK (puc. 198). Tpe-
yronbHUK AKM u KBM nozo6uul: yron M y HuxX — 06-
muit, a yrael AKM u B paBHBI, TAK KaK KaXKIbI¥M M3 HHUX
MK _ MB
MA MK’

usMepsaeTca moaosuHoi ayru AK. CremosaTenbHo,

i MA - MB = MK2. Teopema nokasaHa.

3ameuanue

HUs poxasaHHOII TeopeMbl CJIEAYET, YTO eCJIH
TouKa M JIeKUT BHe OKPY’KHOCTH M Yepe3 Hee IIpoBeJeHA
CEeKyINas, Mepeceraiomasn OKPYyXHOCTb B TOUKaX A u B, To A
npousasesenne MA - MB He 3aBHCHUT OT MOJOMKEHHUA CEKY-
el — 3TO IIPOU3BEAEHME PABHO KBaJpaTy KacaTeJbHOI,
npoBefeHHO# n3 Toukw M. C gpyro# CTOpoHBI, KBagpaT Puc. 198

1 8 Hewomopere cacdenus
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KacateqpHOll MK pasen OM? - R?’, rme O — meHTp
OKDY’KHOCTH, R — ee paamyc (puc. 199, a). Urax,

MA - MB = OM*® - R (1)

PaccmoTpuM Temeph TouKy M, NEIKALIYIO BHYT-

pH oKpyxHocTtu. IlpoBesem uepe3 Hee Kaxkyio-HHOyAbL Xop-

Iy AB (puc. 199, 6). U3 teopems! 1 crnegyer, 4To mpoussene-

Hne MA - M B He 3aBHACHT OT NOJIOKEHNS XOPDALI — OHO paB-

HO IIPDOM3BEAEHHIO OTPE3KOB AUaMeTpa, MPOXOAAIIETO Yepes

Touky M, T.e. paBHO (R + OM)-(R - OM)= R?- OM?.
WUrax, B 3TOM ciyuae

MA - MB=R? - OM?, (2)

®opmyanl (1) m (2) moxoxu Jpyr Ha Apyra.

Ecau Bocnosn30BaThCA CKAJAPHBIM IPOU3BEEHUEM BEK-
TODOB, TO HX MOMKHO Jake 00beZNHUTb B OOHY GODPMYIy:

MA -MB=0M?*- R%,

87 ¥Yranl ¢ BepuMHAMM BHYTPH M BHe Kpyra
Teopemsl 0 BIHCAHHOM yrje M 00 yrijie MeXAY
KacaTeJbHOM M XOpAOI 1I03BOJAIOT BRIPA3UTH YIJbl C Bep-
OINHAMH BHYTPH H BHE KPYyra Uepes 3aKJIOUeHHBIE BHYTPH
HHX Ayru. PaceMoTpum mpuMephl TAKHX VIJIOB.

¥Yroa MeKAY ABYMHA IePeceKaliHMUCH X0p-
IaMHM HM3MepHaeTCH IOJYCYMMOM 3AKIIOUYEHHBIX MekXKAY
HHMH AYT.

B camom gene, paccmorpum xopael AC n BD,
nepecekawineca B Touke M, u mOposemem xopay BC
(puc. 200). Tak xaxk LZAMDB — BHEIIHUH# Yyroa Tpeyrojb-
Huka BMC, to ZAMB = /1 + Z2. Ilo TeopemMe 0 BIHCaH-
HOM yriae Z1 = % v CLD, £2 = % v AKB, mosToMy

ZLAMB = % (v CLD + v AKB),

YTO U TPeGOBAJIOCH JAOKA3ATE.

¥Yroa MeKIy ABYMS CEKYI[MMH, IIPOBEeNEHHLI-
MY M3 OZHOH TOYKH, H3MepHEeTCHA MOJYPa3sHOCTHIO 3aKJII0-
YeHHBIX BHYTPH Hero /yr.

Ob0patuMca K pucysKy 201. Vrox 1 — BHem-
HH yroy TpeyroabHuKa AM@, nosromy £1 = £2 + LAMB.
IMockoaeky yrisl 1 m 2 — BOucaHHBe, TO £1 =% v AB»

22 =1 U pg. Crexosarennyo,
2
ZAMB= (v AB- v PQ),

qTO A TpGGOBaJIOCI: TOKa3aThk.
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¥roa Meskay KacaTeJdbHOH M CeKyiei, MpoRe-

JeHHHBIMH M3 OJHOH TOYKN, M3MepdAerci INoJypasHOCTHIO
3aKJAIOUYEHHLIX BHYTPHM HEro AyT.

Obpatumca K pucydry 202, a. ¥Yroa 1 asiaser-
¢l BHEMIHUM YIJIOM TpeyroabHuka AMK, nmosromy Z1 =
=/2 + ZAMK. 1lo TeopeMe 06 yriie Mexay KacaTeabHOif
u xopaoi /1 = % v AK, a o TeopeMe 0 BIIMCAHHOM YTIJe

L2 = % v BK. CaegosaTreibHO,
ZAMK = % (vAK - v BK),

yTo U TpeboBaoch AOKA3ATH.

¥Yroa MexAy AByMA KacaTeJbHBIMM, IPOBEICH-
HBIMHM M3 OXHOM TOUKH, paBeH 180° MuHyc BeIHMUYHHaA 3a-
KJOYEHHOH BHYTPH HEro Ayri, MeHbIIei NOoJyOKPY:KHOCTH.

B caMoM jejne, IOCKOJBKY OTPE3KU KacaTellb-
HbBIX, IIPOBEJEHHBIC U3 OZHOH TOYKHM, PABHBI, TO TPEYrOMb-
Huk KML ua pucyuke 202, ¢ pasrobenpenusiii. I1o Teo-
peMe o0 yriie MesKAy KacaTeJbHOI U XOpAoH cymMMa YIVIOB
K u L npm ero ocHoBanuu pasHa - KIL. CiemoBaTenbHO,
ZKML = 180° — v KL, uto 1 TpeboBamochr J0Ka3aTh.

88 BrnucaHHBIi ueTHIPEXYTOJBHUK

HanmoMHHM, 9YTO MHOTOYrOJLHHK, BCE BepIIH-
HBI KOTOPOTO JIEKAT Ha OKPY/KHOCTH, HASHIBAETCA BIIMCAH-
HBEIM B OKDPYKHOCTb, @ OKPYsKHOCTH — OHNHCAHHOH OKOJO
3TOr0 MHOT'OYIOJLHHKA.

B otimune oT TpeyrombHMKAa OKOJO YETHIPEX-
YroJlbENKAa He BCErga MOKHO OIIMCATh OKPYKHOCThH. Ecanu
K€ OKOJO UYeTHIPEXYTOJBHMKA MOYKHO OIMCATH OKPYIK-
HOCTb, TO TAaKO#l YeTHIPEXYTOJbHUK ABJIAETCH BBITYKJLIM
(mokakuTe 5T0), a ero yrJisl 06JaaloT CAEAVIOUIAM 3a-
MedYaTeJbHBIM CBOHCTBOM: B JIOGOM BIIHCAHHOM 4Ye€THIpeX-
YroJsHHKEe CyMMa IPOTHBOIOJOKHEIX YIJIOE paBHa 180°,

9TO CBOMCTBO JIErKO YCTAHOBHTb, €CJM 00pa-
TUTHCA K PUCYHKY 203 M BOCIOJB30BATHCA TEOPEMOH 0
BIHcaHHOM yryie. B camom gene,

4A=%VBCD, AC=%uBAD,

II03TOMY
LA+ £C= _;- (v BCD + < BAD) =% - 360° = 180°.
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OkasbiBaeTcd, BepHO H 00paTHOe YTBepXKIe-
HHe (MpM3HAK BOHCAHHOTO YeTHIPEXYroJbHHMKA). ecam
CyMMa NPOTHBONOJOKHBIX YIJIOB YeTHIPEXyroJLHIUKA PAB-
Ha 180°, TO OKOJI0 HETr0 MOYKHO OMHCATH OKPYIKHOCTS.

JeifcTBHTENIBRHO, PACCMOTDHM BHINYKJALIA ue-
TEIpeXyroJbauk ABCD, B KoTopoMm ZA + ZC = 180°, u xo-
KakeM, uTo Bepmiuaa C JIeXKUT HA OKPYKXHOCTH, IIPOXOA-
mieit wepes touku A, B u D (¢cm. puc. 203).

[Ipeznosoxxum, 4TO 5TO He Tak. Torija nps-
Mble CB u CD nubo ABAAKTCA KACATEJbHBIMH K yKasaH-
HOll oKpy»xHoctu (puc. 204, a), aubo xoTA OBI OJHa M3
HUX, HanpuMep, npamvaa CB, aBiafaeTca ceryilei mo OTHO-
LIEHUI0 K 3TOH okpyskHocTH (puc. 204, 6, 6). Paccmorpum
3TH CAYYaM B OTAEJILHOCTH.

Ecau npamiie CB u CD — KacaTejlbHBIE, TO
ZC =180° — UBD (cM. . 87), T03TOMY

4A+4C:-;-uBD+180°~—uBD:180°—éuBD< 180°,

a4 3TO TIPOTUBOPEUYUT YCIOBHUIO.

Ecnu ke nmpamaa CB — cexkyias, TO oHa Ie-
peceKaeT OKpPYJKHOCTH eIne B oOZHOM ToukKe E (cm.
puc. 204, 6, 8). IlockonbKy ueTHIpexXyroJbHUK ABED —
BIIUCAHHBIA, TO LA + Z/ZE =180°. Ho ZE # Z/C, Ttak kKak
OJVH U3 3TUX YIJIOB ABJIAETCA yriaom Tpeyroasuura DCE,
a Ipyro#l — BHEIIHUM YIJIOM 3TOTO TpeyroiabHuKA. Ciemo-
BATEJNLHO, B 5TOM cayuae LA + ZC # 180°, u MBI CHOBa
MPUXOJUM K IPOTHBOPEYUIO C YCJIOBHEM.

Takum obpasom, BepmuHa C JEKHAT HA OKPYXK-
HOCTH, NPOXOoAAlLel yepes Touky A, B u D, uro u Tpedo-
BaJIOCh [OKAa3aTh.

3ameuanne

W3 jgokaszaHHOTO YTBepIKIeHMs, B YaCTHOCTH,
cJeayeT, UTo ecqu yribl A u C deTnipexyroarHuKka ABCD
IIpAMbBIE, TO OKOJO HEro MOYKHO OIHNCATh OKPYsKHOCTD,
npuYeM guaroHanab AC fABJsgeTCA AUAMETPOM 3TOH OKPYHK-
HocTH (00BACHUTe IoueMy). IHBEIMU cjloBaMHM, TOUKH B u D
JeXaT Ha OKpYy»KHocTH ¢ auameTrpoMm AC. CmpaBeisivBo
u GoJee oOlee yTBep:KACHIE: MHOMKECTBO TOUYEK IJIOCKO-
CTH, COCTOfAlIee M3 ABYX JAaHHBIX ToueK A U B u Bcex ra-
KHX Todek M, 118 KoTophIiX yroa AMB — npamoii, npex-
cTaBJsAeT CO00M OKPYMKHOCTh ¢ AuamerpoMm AB.

B camomM gene, MOCKOJBKY OJA JHO00HM TOUKH
M OKpyKHOCTH C¢ AuameTpoM AB, otauuHoill or A u B,
BOHCcaHHBIH yroa AMB — npamoit (puc. 205), To nwobas
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TOUKA 9TOM OKPYIKHOCTH HNPMHALJIEKNAT YKA3aHHOMY MHO-
akecTBy. Ocranmoch MOKA3aTh, UTO e€CaM TOuKa M mpuHan-
JEKUT PACCMATPHBAEMOMY MHOYKECTBY, TO OHA JEKHUT HA
OKDPYKHOCTH ¢ zuamerpom AB. IlokaxkeMm aTo. A

PaccMOTpUM OKPYXHOCTH, OIIMCAHHYIO OKOJIO
rpeyroapHuKa AMB (¢cM. puc. 205). Yron AMB, Boucas-
HBIN 10 OTHOIIIEHHIO K 3TOM OKPYIKHOCTH, — IIPAMOMH, IIO-
aToMy 0oTpe3ok AB — ee guametrp. Takum obpasom, Tou-
Ka M JeXHAT Ha OKDPYKHOCTH ¢ aumamerpom AB, uro m  Puc. 205
Tpe6oBaJOCh AOKA3aTh.

OrMeTHM, YTO MHOXKECTBO BCEeX TOUeK, obyaja-
OIIHX KaKUM-JTH00 reOMEeTPHYECKHM CBOMCTBOM, HHOIZAA
HA3bIBAIOT TeOMETPHYECKHM MecTOM ToueK. MOXXHO CKa-
3aTh, B YACTHOCTH, UTO T€OMETPHUYECKUM MECTOM Touex M,
IJIT KOTOPEIX yronl AMB npamoit (A 1 B — na"ubie T04-
KH), ABASAETCA OKPYXKHOCTEH C guaMeTpoM AB, U3 KOTOpPOii
yLaneHpl TOYKH A u B,

89 OnucaHHBIH YeTHIPEXYrOJIbHHK

HanmoMHuM, 9TO MHOTOYTOJBLHHK, BCE CTODOHBLI
KOTOPOT'0 KacalTCsa OKPYKHOCTH, HABEIBAETCA OIMHCAHHBIM
OKO0JIO OKPYSKHOCTH, 8 OKPYXXHOCTh — BIIICAHHOH B 3TOT
MHOTOYTOJbHUK.

B orsimune OT TpeyroJsHMUKA He B JIFOO0M UEeTHI-
'peXyroAbHMK MOYXHO BIIMCATHL OKPY’KHOCTL. EcCiE e B ue-
THIPEXYTOJBHUK MOXKHO BIOHCATb OKPYMKHOCTB, TO €ro CTO-
POHBI 00JIafaI0T CJIERYIOIIMM 3aMeYarTeJIbHBIM CBOHCTBOM:
B JI060M ONMMHCAHHOM TeTHIPeXYTroJAbHHKE CYMMEI IIPOTHBO-
TOJOKHBIX CTOPOH PABHBI.

B camom pese, oO6parumcsa K pucyHky 206, Ha
KOTODPOM OZHHMMH M TeMH Ke OyKBaMu 0003HAUEHBI pABHLIE
OTPE3KH KacaTeJabHBIX. MBI BHAMM, YTO

AB+CD=a+b+c+d, BC+AD=a+b+c+d,

nostromy AB + CD = BC + AD.
CopaBeanuBo u ofpaTHOoe yTBep:KieHune (mpH- b ¢
3HAK ONMCAHHOIO YeTHIPEXYroJbHHKA): eCJAH CYMMBI Ipo-
THBOIOJIOMHBIX CTOPOH BBIYKIION0 YeThIPEXYTOJLHHKA
PABHBI, T0O B HET0 MOJKHO BIIMCATH OKPYXHOCTb.
HeiicTBATENBEHO, PACCMOTPUM BLINYKJEBIHA 9€THI-
pexyroasHuK A BCD, B KoTopoMm AB + CD = BC + AD. Tou-

ka O nepeceuenus OGucceKTpHuc yrios A u B pasHoyaajena
or crtopor AB, AD u BC, mosToMy MOKHO IIPOBECTH
OKDY2KHOCTH ¢ IeHTpoM O, Kacalolyocs YKa3aHHLIX TPeX  Puc. 206

1 Flewoniopae cosdeitun
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cropoH (puc. 207, a). [JJokaxeM, 4T0 3Ta OKPYKHOCTE Kaca- .
ercA Takxe CTOpoHsl CD M, 3HAYMT, ABNAETCA BUOMCAHHOM C
B UeTHIpeXyroJbHUK A BCD.

Hpeanonoxum, 9¥To aTO0 He TaK. Torma nps-
mad CD nu6o He mmeeT ODIINX TOUEK ¢ OKPYKHOCTHIO, JIU- 0
60 gaBaserca cexkymeili. PaccMoTpuM mDepBuIi cayuait
(puc. 207, 6). Ilposegem kacateabHylo C’D’, mapajuieins-
Hy10 cropore CD (C’ u D’ — TOuKM IepeceveHHs KacaTeib- A
Hoii co croponamu BC u AD). Tak xax ABC’D’ — onucan- D
HBIM 4eTHIPEXYTOJLHMK, To AB + C’'D’' = BC’ + AD’, niu a)

AB+C'D'=BC-CC+AD-D’'D. B

3amMeHdsA B IPABOi YACTH 9TOI'0 PABEHCTBA CYyM- ¢ ¢
my BC + AD Ha cymmy AB + CD, IpuxoauM K pPaBeHCTBY
C'D’+C'C + D'D =CD, r. e. B yueThipexyroabuaure C'CDD’ 0
OJlHA CTOPOHA PABHA CYMMe Tpex Apyrux ctopoH. Ho sToro
He MOXKeT OHTh, M, 3HAUUT, Halle IPeANROJIOKeHHe (O TOM,
4yro npamasa CD u OKPY)KHOCTb HE MMEIOT OOIMHX TOYeK)
HeBEepHO. AHAJIOTMYHO NOKAa3kIBaeTcsd, uTo npsamaf CD ne
MOXeT ObITh CeKylmell II0 OTHOUIEHWIO K OKPY>KHOCTH. 6)
CaenoBaTesIbHO, OKPYsKHOCTL Kacaerca cTOpoubl CD, uro  Puc. 207
#u TpeboBANIOCH AOKA3ATh.

3anauu
816 Uepes Toury D, mexaniyio Ha paauyce OA oKpyskHOCTH C IeHTpoM O,
npoBezieHa xopaa BC, nepneraukynspHas Kk OA, a uepes TouKy B mpo-
BeflcHa KacaTeJibHad K OKPYIKHOCTH, IIepecekaloinas npamyo OA B Tou-
ke E. Hokammure, uro ayu BA — Ouccektpuca yraa CBE.
817 [IBe OKPYKHOCTH MMEIOT eMHCTBeHHYIO 06myio rouxy M. Uepes sty
TOYKY IIPOBEJEHBHI JBE CeKyllue, IepPeceKalomiHe OJHY OKPYKHOCTH
B TOukax A m A,, a apyryio — B Toukax B m B,. [oxaxure, uro
AA, || BB,.
818 [IIpamas AC — kacaTeJlbHAas K OKDPY’XHOCTH C LeHTpoM O,, a upamas
BD — racartenpHad K OKPYMKHOCTH ¢ IeHTpoM O, (puc. 208). Toxaxu-
Te, uro: ay AD || BC; 6) AB2=AD - BC; B) BD?: AC*=AD : BC.
819 Touxa M neXUT BHYTPY UeTHIpexyroapHuxa ABCD. Joxaxure, uToO
LAMD = ZABM + ZMCD Torga # TOJNLKO TOT[la, KOI'Zla OKPYXHOCTH,
ONHCAKHLIE OKOJIO TPEyroJbHukos ABM u D ‘ A
MCD, nmeror B Touke M o06my10 KacaTeyb-
TpeyroibEuka ABC u nepeceKaerT CTODOHY ’&
BC B Toukax P u @, BP = CQ. Ioxaxure, B
uTo TpeyroabHuK ABC paBHOOeApeHHBIH. Puc. 208

HYIO.
9 Heromopore caedemsi
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OKpPYKHOCTB OTCEKAeT Ha ABYX IPAMBIX, KOTO-
pPBle IIepeceKaloTcsa B TOUYKe, He Jekalleil Ha
OKPY’XHOCTH, pPaBHBIe xXopanl. [JoxaskuTe, 4TO
PAcCTOAHMUSA OT TOUKM IIepecedeHUA STHX IIpA-
MBIX /10 KOHIIOB TOH U JPYTO¥M XOpZABI COOTBET-
CTBeHHO PAaBHBI MeXXIy c00oii.

Yepea Touky K, mexaniyi Ha OKPYKHOCTH
¢ uenTpom O, npoBenensl xopia KA u xacareib-
Has KB, a 4epe3 Touxky O mpoBeleHa mpsMas,
epIeHIUKYIApHas K npamoii OA u mepeceKalo-
maa xopay KA B Touke M, a KacaTeJabHYIO
KB — B Touxke N. Hokamure, yro NK = NM.
Touku B, u C, — cepenutbl ayr AB u AC (puc. 209). Jokakure, 4TO
AM = AN.

Tourku A, B, C n D JexxaT Ha OZHOM OKPYXKHOCTH, Jy4 BD comepxur
ouccekrpucy BM rpeyroasauxka ABC. [Tokaxure, uro LZAMD = /BAD.
Xopawl AB u CB B3aMMHO NepNeHANKYAAPHEI, dy4 AB aBnsercsa Guc-
cexrpucoit yrina BAE. [lokaxute, uto AE | BC. PaccmoTpuTe BCe BO3-
MOYKHEIE CJydaH,

Orpesxu AA, u BB, — BbIcOTBEl TpeyroabHuKa ABC. JloKaXuTe, UTO
TOouKM A, B, A; u B, nexaT Ha OJHOH OKPY'KHOCTH.

HokaxkuTe, YTO ecju AUATOHANM BIMCAHHOTO YeTHIPEXYTOJbHHUKA MEpP-
NEeHAUKYJAAPHEL, TO CYMMA KBaJIPATOB MPOTHBOIIONI0MKHEBIX CTOPOH YeThbI-
pPeXyroJnHHKA paBHA KBaJpaTy AHaMeTpa OIHMCAHHOH OKPYKHOCTH.

B yernipexyroabHuKe A BCD, BINCAHHOM B OKPYIKHOCTh, OMCCEeKTDUCHL
yrioB A m B mepeceKaloTcs B TOYKe, Jexamen Ha cropore CD. Jloka-
sure, yro CD = BC + AD.

Jlokaxure, 4TO B JIIOOOM 4YeThIpEXYyroJbHHKE, BOIMCAHHOM B OKDPYX-
HOCTh, IPOM3BEeHINE AUATOHAJEH pAaBHO CyMMe IPOU3BeJeHuil IpOoTH-
BOIOJIOKHBEIX cTOpOH (reopema IITomemes).

Ha okpy»XHOCTH JaHBI yeThipe TOUKH A, B, C 1 D B yKa3aHHOM HODAX-
rke. Touxa M — cepeguna xyru AB, K — Touxa nepecedeHusa xopa AB
u MD, E — touka nepecedeHnsa xopx AB u MC. [ToxaskuTe, 4TO OKOJIO
yeThIpexyroabHEKa CDKE MOMXHO OIMCATH OKPYIKHOCTD.
IIpOTHBOIIOIOIKHEIE CTOPOHB! BBHINIYKJIOIO YETHIPEXYTOJbHUKA IIPOTOJI-
SKeHBl 20 IepecedeHusn. JOKaKHTE, UTO OKOJIO YETLIPEXYTOJBHUKA
MOXKHO OIHCATh OKPYsKHOCTH TOr[a M TOJBKO TOrAd, KOTAA OHCCeKTPH-
Cchi 00pa30BaBIINXCSA YIJIOB B3aMMHO MEPIEHIUKYJIADPHEL.

JoKaxuTe, YTO B BHINYKJIBIH MHOTOYTrOJABHHEK MOJKHO BHVICATH OKPYJK-
HOCTB TOrZAa M TOJBKO TOTHA, KOTJa OKPY’XKHOCTH, BIIMCAHHBLIE B IBa
TPEeyrolLHHNKA, HA KOTOpBIE OH pas3feaseTcss THATOHANBLIO, KACAIOTCH
9TOH JAMAroHAJH B OZHOM TOYKe.

Joramure, 4TO ILUIOIIAAEL MPAMOYTOJIbHONR Tpalellni, ONMCAHHOMN OKO-
JIO OKPYsKHOCTH, paBHA NPOU3BEAEHUIO €€ OCHOBaHUIA.

Puc. 209

Heromopsie caederius
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834 B Tpanenuio ABCD c¢ ocHoBanuamu AB u CD
(AB > CD) BnucaHa OKpy>KHOCTh. Haiinure
ILIoIaaAL Tpaneuuu, ecau CD=a, DK =b n
AK =d, rpe K — TOuKa KacaHHUA OKPY’XKHO-
CTH ¥ CcTOpPOHBI AD.

835 Ha ka0l M3 CTOPOH BHIIIYKJIOTO YeThHIPEX-
YIOJILHUKA OTMEYEHEI ABe TOUKU. ITH TOUKHU CO-
€HHEHb] OTPE3KAMH TaK, KAK IMOKA3aHO HA DH-
cyuke 210. MaBecTHO, uTO B KaKABI U3 3aKpa-
LIEHHLIX YEeTHIPEXYTrOJILHUKOR MOJKHO BIIMCATH
OKDYsKHOCTD. JIOKaKuTe, YTO M B MCXOTHBIN Ye-
THIPEXYTOJBHAK MOMKHO BIIMCATH OKDPY)XHOCTb.

§

Pemierne TpeyroJbHUKOB

[T1]

/T 1

[_]

Puc. 210

90 Teopema o Meauase

HamoMHUM, 4YTO pelieHneM TPEYroJbHWKAa Ha-
BLIBAETCS HAXOMKIEHWE erc 3JIEMEHTOB IO TPEM AaHHEIM
BIIEMEHTAM, OIPEAEJIAIOINIAM TpPeyroJdbHuK. A pemrenus
TPEYTOJLHHUKOB MCHOJIb3VIOTCHA, KaK IMPAaBUJIO, TEOPEMBI CH-
HYCOB M KocUHYcoB. IIpuBeseM IpuMep TEOpeMBI, JOKA3a-
TEJbCTBO KOTOPOH OCHOBAHO Ha DENIEHUHN TPEeyTOJbHUKOB.

Teopema

- e . R TS ”‘[fiﬁ'i

Kragpar menunansl AM tpeyronsauka ABC BeIpakaercs

2 2 2
dopmymnoii AM* = Ag + Ag - B‘i

JdoKazaTeILCTBO

3Hasa CcTOpoHHI TpeyroabHurka ABC, MOXHO
HaliTh, HampuMep, KocuHyc yria B. [na sroro Hy»XHO
BOCHIO.IL30BATLCSL  TeopeMoil  KocumHycoB  (puc. 211):
AC?=AB? + BC?® - 2AB - BC cos B, oTkyna
AB?+BC2-AC?

2AB-BC

PaccMorpum Tenephb TpeyrolbHUK ABM. Yun-

TeIBas, 4T0 BM = Bzc, II0 TeopeMe KOCHHYCOB HAXOZHM!:

cos B =

?2_ ap2z, BC? _ . BC A AB2+BC2-AC? _
AM®=AB + = 2AB T AR BO — "
- AB? | AC® _ BC?

2 2 4

Teopema AoKa3aHa.
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Caencraue

Cmea KBaaparTos AUArOHaAJeH mapajajejgorpaMMma paBHa CyMMe

KBaaApaToOB €ro CTOpoH.

B camoM [gene, paccMOTPpMM HaPAJLIEJIO-
rpaMmM ABCD, guaroHaJM KOTOPOro IIepeceKaloTcss B TOUKe
O (puc. 212). ITocKOABLKY AMATOHAJHA MapaJjjesorpaMma
TOYKOH mepecedyeHHd AEIATCHA MOHOJIAM, TO OTpe3oK AQ,
paBHEE mosoBuHe AC, ABIAETCA MEIHAHON TPEYroJabHH-
ka ABD. CaenosarensHo, AC?=4A0% = 2AB? + 2AD? - BD?,
orkyaa AC®+ BD?2=2AB? + 2AD*=AB?+ CD?*+ AD? +
+ BC?, uro u Tpe60OBAJIOCH AOKA3aTh.

91 Teopema o GuCCceKTpHCE TPEYrOJIbHUKA

Teopema

o S S iy o gt Ak

R R LT

B C

A D
Puc. 212

o U R e

Buccexrpuca 'rpeyrom.nmca nemt'r ero CTOPOHY HA YaCTH,

NPONMOPIHOHAJIbHBIE JBYM IPYTMM CTOPOHAM.

JlokazaTeJbCTBO
Ilyerse AD — OHcCeKTpPHCA  TPeyTOJLHHUKA

DB _ DC
ABC. Hoxaxem, uTo —= 2B = ac (puc. 213).

Pacemorpum cHauasia TpeyroasHuk ABD. Ilo
DB 4B orxyna

sin Z1 - sin £3
DB _ sin/1
AB  sin /3’

- TeopeMe CHHYCOB

AHaJIOTHYHO, paccMaTpPUBasA TPEYTrOJbHHUK

ACD, moayyaem:
DC _ sin 42

AC  sinz4’

Ho £2 = £1 no ycnosuio, £4 = 180° — £3, no-
aTOMY sin £2 =sin £1 u sin /4 =sin /3. CinegosarennHO,
DB _ DC
AB~ AC’

Teopema foKa3aHa.

Caencreue

B Tpeyronsauke ABC co croponamu AB=c, BC =

Tpucoii AD uMelOT MecToO paBeHCTBA:
DB="%_ DC=_"%_
b+e’ :

b+ec

a, CA =b u 6uccek-

(1)

B camMom [gene, u3 [OOKA3aHHOH TEOpPEME!
ciaenyet, uro DB - b = DC - ¢c. Kpome Toro, DB + DC = a.
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Bripakas ma aTHx ABYX paBeHcTB DB u DC, npumxogum
K Gopmyaam (1).

BocmonpsyeMes 3THM cneacTBHEM AN perie-
HHA CJIeAyIOIIeH 3azadu.

3agaua

Bripasuts Ouccexrpucy AD TpeyroJbrHHUKA
ABC 4epe3 cTopoEsl AB=¢, AC=b u yron A.

Pentenne

Iycrs BC = a. IIpuMeHAsA TeopeMy KOCHHYCOB
K TpeyroabHuUKy ABD ¥ wnucnoan3ysa mnepByio GopMyay
n3 (1), nmonyuaem (cm. puc. 213):

_a%c®_ _ AD? 4 - 2cAD cos 4. 2)
(b+c)? 2

Anajornuro us TpeyroabHuKa ACD Haxoaum:
@%b _ AD?. p?— 9bAD cos A. 3
(b+c)? 2

YmMHOxaa paBencTsa (2) u (3) COOTBETCTBEHHO
Ha b® 1 —¢?, a 3aTeM CKJIAALIBAA UX, IPUXOJUM K DABEHCTBY

0=AD2(b+c)(b—c)—2bc(b—c)ADcos‘;.

Takum ob6pasom, nopm b # ¢ nmoaydaem:

AD=2b¢_cog 4, 4
b+c 2

@opmyaa (4) BepHa U wpu b = ¢ (mpoBepbTe
3TO CAMOCTOATENBHO).

3amMeuyaHusn

1. IIycts K — TOuKa nepecedeHus IPSMOM,
npoxojameil yepe3d Touky D mepneHAmKyaApHO K AD, ¢
6osbmiel u3 cTopod AB u AC (co cropoHoit AC Ha PUCYH-
ke 214). 13 dopmyasnl (4) caexyeT, 4To AIUHA oTpe3ka AK
3ABHCHT TOJBKO OT AJHH OTHX CTOPOH U HE 38BMCHT OT Be-

awauAsl yriaa A: AK = AIA’A =7)—2£C—c. 9ToT GaKT MOXKHO

cos

YCMOTpPeTh M HENOCPeACTBeHHO. B camMoM jeise, OYCTh
AE = AB. Toraa orpesok DK — 6ucceKTpHuCca TPEyrOJbHHA-
xa DCE (moxaKuTe 3TO caMOCTOATENbHO). CllefoBaTeIbHO,
AK-c _EK _DE _DB _c
b-AK KC DC DC b

AK = 2bc
T = .
OTKyZAa b+o

2. Ecin BeJUYUHY COS % BHIpasuThL u3 ¢op-

Myar (4) u moacraBuTh B dopmyay (2), To moayumrcs
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thopmyna, ceasnBaomaa duccekTpucy AD co CTOpOHaMU.
TPEYTOJBHUKA:

C yueroMm dopmysinl (1) OHA TPUHUMAET COBCEM
opocToil BUA:

AD?=bc— DB - DC.

92 ®opMyJsbl IJIOIIAAM TPEYTrOJbBHUKA

Teopema 1

Ilnomans S TpeyroJdbHUKa Bmpamaerc opmy.noﬁ
S=pr, ()

TAe p — MOJYIEPHMETD TPEYroJbHUKA, I — PAafnyc BIH-
caHHON B Hero OKPYKHOCTH.

JloKa3aTeabCcTBO

CoegUHMM BEpIINHEI TPEYTOJLHUKA € LEHTPOM
BIMCAHHOHN B Hero oKpy:xHoCcTH (puc. 215). Torga Tpeyroib-
HHUK OKa)XeTcA pasgefleHHBEIM Ha TPHM TPEyroJbHHKAa, ILIO-
mlagbk KaKJoro M3 KOTOPHIX PaBHA IIOJIOBMHE IIPOM3BEke-
HUS COOTBETCTBYIOIIEH CTOPOHBI Ha pajuyc r BIHCAHHOH
okpysxHocTH. CKJI8ABIBAA 9TH ILIOIAZM M BBIHOCA OOI[UI
MHOMKHTEIL % 3a CKOOKM, mpuxoamm K dopmyae (5). Teo-

‘peMa [0Ka3aHa. Puc. 215
Hrak, Mbl monyuynnn ¢GopMyJy, CBA3IBAIOIIYIO

IICHIafb TPEYroJbHUKA € pPaJuycoM BIHCAHHON B HETO

oxpy:xuocT. Urobsl HaliTy GopMYySy, CBA3HIBAIONIYIO ILIO-

manzhb TPEYTOJLHHKA ¢ pajuycoOM OIHMCAHHOM OKOJIO Hero

OKDYKHOCTH, JOKa)XeM CJENYIOIYyI0 TEeOPeMY, YTOUYHSAIO-

Y0 TeOpeMy CUHYCOB.

Teopema 2 *

B tpeyronsumxke ABC co croponamu AB=¢, BC=a

u CA = b UMeIOT MeCTO PABEHCTBA
a — b — [ — 2R
- ?

sinA  sinB sinC
rae R — paguyc OKpY:KEHOCTH, OITHCAHHOM OKOJIO TPEYTroJib-
auKa ABC.

Jokxa3aTeabCcTBO

B rpeyronsaurke ABC xoTd 6Bl OOJWH H3 yT-
J0B — octpeifi. Ilycre, Hampumep, OCTPHIM ABJAAETCH
yron A. Ilposegem muamerp BD (puc. 216) u paccmorpum

Herxomopbie ceedernusn
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TpeyroasHuKk DBC. ¥Yroa C sT0r0 TpeyroabHHKA — MIPA- : A
Mo, /D = /A, NIOCKOJBKY yKa3aHHBIE BOUCAHHBIE YIJIBI

OnMpalTCHA Ha ofgHy u Ty ke ayry BC. CunepoBarenbpHo, D
a = BC = BD sin A = 2R sin A, oTkyga si:A = 2R. Tlonkay-
“ (e}
fICh TEOPEMOH CHHYCOB, IIOJIydYaeM: B C
a _ b _ ¢ =92R

sin A sin B sin C

Teopema goKasaHa. Puc. 216

Caencrene 1

I[Iaouranes S TpeyroJdbHHKA cO CTOPOHAMH d, b U ¢ Bhipa:kaeTca ¢op-
MyJoHn = abc (6)
4R’

rae B — paauyc onMCaHHOH OKOJIO HEro OKpPYXHOCTH.

B camom gese, ecau A— YroJ, IpoTHUBOJIEKA-

Ui cTOpoHE @, TO S = % besin A, a sin A = ﬁ, OTKyZla 1

moJay4yaeTcs yKasamHaa dopmyJia.
Caencrsue 2

Haomans S Tpeyronsauka ABC BeIipakaercsa ¢opmynoi
S = 2R? sin A sin B sin C,

rae R — paguyc onnMcaHHOH OKOJI0 HEro OKPYXHOCTH.

Insa nokasaTesbCTBa 3TOTO YTBEDMKAEHUA A0-
CTATOYHO BOCIOJIB30BaThcH dopmysoin (6) u Teopemoit 2.

93 dPopmyaa epona
B aToM nyHKTe Mbl BEIBeZEM QOPMYJY ILIOIA-
I S TpeyroJiLEUKa CO CTOpOHaMH @, b U ¢, XOTODPYIO CBA-
3BIBAIOT C UMEHEM [JPEeBHETPeUSCKOro MaTeMaTHuKa U HHXKe-
Hepa I'epona Anexcangpuiickoro (ok. I B. H. 3.):

S=\p(p~a)(p-b)(p-o),

— NOJYIIePUMETD TPEYTroJbHUKA.

e p=

a+b+c
2

Paccmotrpum Tpeyroapauxk ABC co cTopoHaMu

AB =¢, BC =a u CA = b u BbIpa3uM ero miomajb S uepes
a, b u c. I[IockoaBKY

S=1bcsinA, )

TO JOCTATOUHO HANTH Sin A. 9TO MOMKHO CHEJAThb, IIOJIb3Y-
fICh TeopeMON KOCHHYCOB M OCHOBHBIM TPHIOHOMETpHUE-
CKHM ToOMJAecTBOM. B caMoM ZeJsie, 13 TeOpeMEI KOCHHYCOB

Hexomopbie ceroerus
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clefyeT, 49To CcoS A = 2—1? ®? + ¢ - a?). VunreiBag, UYTO

sin A > 0, U3 OCHOBHOI'0 TPUI'OHOMETPHYECKOT'O TOXKAECTBA
HaXOAMM:

sinA=+1-cos? 4 = ﬁ\/sz%z —(b% +c2 —a?)2.

Ho,z[KopeHHoe BbIpaXXeHue MOXXHO PAa3JIOHTDb
Ha MHOXXHTEJHN CHACAYIOINM o6pa30M:

Rbc+b+c2-a®)(2bc - -t +a’)=
=b+c+a)yb+c—-a)a-b+c)(a+b~-c)=

=%-2(0-0a)-2(p-b)-2(-o)

IlogcTaBaAa MOJYUEeHHOE BhIPAXKEHHE IJIA
sin A B dopmyany (7), npuxoaum K dopmyne I'epona.

3ameuanue

Ilycrs h,, h, m h, — BBICOTHI TDPEYTOJbHHKA,
TIpoBeJeHHKIe K CTOpPOHaM a, b u ¢, S — ero mwiomazb,
R u r — pazguychl OIMCAHHON M BIIMCAHHOH OKPYKHOCTEM.
ITockoaery

_28 28 28 p_ abe _ 28
h, = a » By = b’ hc—_c—’ R_4S’ "= arbre

(cm. 1. 92), 1o bopmyna 'epona mossosAeT BHIPA3UTH Be-
JAUYHHH h,, Ry, B, R ¥ r 4epe3 CTOPOHEI TPEeYTrOJbHUKA.

94 3ajiaua Jiaepa

B sToM nmyHKTe MBI IIPHBEJEM pellleHne O0JHOM
M3 KpacHuBeAIINX 3a7a4 'eOMEeTpHH, TOJYyIUBIIeil HazsaHue
3amava Jdiinepa. Haurem, ofHaKO, ¢ TAKOTO ONpeLeIeHUA:
IEeHTPANbHLIM nonodueM ¢ neHTpoM O ¥ Ko3(dduIMeHTOM
k # 0 naspiBaeTca oTO0pa’keHHMe IUIOCKOCTM Ha ce(a, IpH
KOTOpOM KaxXaaa Touxka M mepexogMT B TaAKYyH TOURy M,,

—
aro OM 1= kOM.

Herpyzso nokasaTh, YTO €CJH IPH IEHTPAIb-
HOM nogobuu ¢ xko3godpunmuenrom k Touku A n B nepexo-

— ——
IaT B Toukn A, u B,, to A,B=FkAB.
B camom peue,

AB,=0B, - OA, = kOB - kOA = k (OB - OA) = kAB.

Hs aToro cmexyer, 4To UpH IEHTPAIBHOM IIO-
pobuy npAMas, NPOXOoAAIlas yeped TOUKy O, MepexoguT
B cebs, He mpoxoaAmias deped TouKky O — B mapajiefb-
HYIO eif IDAMYIO, OTPE30K IMEePeXOfAT B OTPE30K, TPEYIroJib-
HUK — B INOAOOHBIN eMy TpeyrojJbHWK, a OKPYXHOCTH
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¢ neatpom C pajuyca r — B OKPYIKHOCTE C eHTpoM C,; pa-
— e

auyca | k | r, rme OC, = EOC. [lokaxuTe 5TH yTBePKAeHAA
CaMOCTOHTEJLHO.
Ilepeiifem Temepr K 3ajaue Jityepa.

3ajaua Jitmepa

JlokasaTh, YTO B IPOM3BOJIBHOM TPEYTOJIbHHKE:

1) Tourmu, cuMMeTpHuUHble TouKe H mepece-
YeHMA BBICOT (MAM UX NOPOROIMMKEHHI) OTHOCHTEILHO
CTOPOH TPEYTOJIbHHKA M MX CEPEeAUH, JIeJKAT HA ONMCAaH-
HOH OKPVKHOCTH;

2) cepeauHBI CTOPOH, OCHOBAaHHA BBICOT K Ce-
PEAUHBI OTPE3KOB, COCAMHAMINAX TOYKY H ¢ BepurmHamu,
JIEKAT HA OJHOH OKPY’KHOCTH, LIEHTPOM KOTOPOH ABIAET-
e cepeUHA OTPe3Ka, COeJUHAIINEro ToUKy H ¢ mentpom
OIIMCAHHON OKDPYKHOCTH, & €€ Paguyc B ABa pasa MeHbIIe
paamMyca OONMCAHHON OKPYMKHOCTH (3Ta OKPY’KHOCTL Ha3bl-
BaeTCA OKPYKHOCTBIO Jiijepa);

3) TOYKA mepecevYeHHs MeAWaH JIEXKHT Ha OTPe3-
Ke, COeAMHAIONEM TOUKY H ¢ IeHTpOM OIMHCAHHON OKPYIKHO-
CTH, U AEJHAT 3TOT OTPe3OK B oTHomeHmH 1 : 2, cuuras OT
[IEHTPa ONMMCAHHON OKPYKHOCTH (IIpAMas, Ha KOTOPO# JierKaT
JyeTeipe TOYKH — TOouKa H, TOYKa IepeceyeHMs MeEOHAaH,
IEHTD OIIMCAHHON OKPYKHOCTM U IEHTP OKPYKHOCTH Jilie-
pa, HA3BIBAETCH IpAMOi Jiliepa);

4) TOYKM, CHMMETPHYHEIE LEHTPY OMHUCAHHOH
OKPYXHOCTH OTHOCHUTEJLHO IIPSAMEIX, COJEPIKAIUX Cpel-
HEe JUHUHA TPEYTOJbHUKA, JIeKaT Ha OKPYKHOCTH Jiiepa.

Pemenne

IIyers ABC — pauHBIM TpeyroabHUK (puc. 217).
YcenoBumesi o cineayiowux ob6o3HaueHnAX: G — TouKa ITe-
peceueHnsa meauan, O — UEHTP ONHCAHHOM OKPYYKHOCTH,
R — ee paguyce, A,, B, u C, — cepegunsl cropoH BC, CA
u AB, A,, B, u C, — ocHOBaHUA BBICOT, IIPOBeAEHHBIX
K 9THM CTOpOHaM, A;, B; u C3; — cepeguHbl oTpeskos AH,
BH unCH, A,, B, u C, — TOYKH, CAMMETPUYHbIE TOUKe H
OTHOCHTEJNbHO CTOPOH TpeyrojJbHuKa, A;, B; u C, — TOU-
KM, CHMMEeTPHYHbIe TouKe I OTHOCHTEJIbHO CEpefHH 3THX
CTOpOH, Ag, Bg 1 Cy — TOUYKH, cuMMerpuyHbIe TouKe O OT-
HOCHTEJBHO npamux B,C,, C;A, u A, B, (Ha puCyHKe OHHU
He orMeueHEI). IIpueTynuM Telleps K peLIEHHIO 3aJa4M.

1) Ecau ogun u3 yrios TpeyrojbHuxka ABC,
Haupumep yron A, — npamo#, to Toukum H, B, u C,
COBIAZAIOT ¢ TOYKOH# A, TOuKa By — c Toukoii C, a TOU-
ka C; —c¢ Touxoii B. Ilockomsky <ZBA,C=/£BA,.C=
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C,
B
C2 3 A4
4,
Cs Cy H As
Oy
G
A
3 g /O
-
=
== R
=
A B, B, ¢
B5 B4
Puc. 217

= ZA = 90° 7o Tourku A, A, 1 A; JeKaT HA OKPYKHOCTH
¢ nruamerpoM BC (cm. n. 88). TaruMm oGpasoM, TOUKHU A,,
A;, B,, B;, C,, C; nexarT Ha OKPY>KHOCTH, OINNCAHHOH
OK0J0 TpeyroasHuka ABC.

HomycetumMm, uro TpeyroasHur A BC me aABIserca
npamoyroababIM. Ilockonbry LAB,H = ZAC,H = 90°, To0
Touku B, m C, ne)xar Ha OKPYKHOCTH C auaMmeTpoMm AH
(cMm. 1. 88). CremoBarensHO, BIMCAHHBIE IO OTHOIIEHUIO
K aTo# oxkpyxmoctu yrasl B,AC, u B,HC,, a 3gauut, u
yrasl BAC n BHC, au6o paBHBI, 1100 COCTABAAIOT B CyMMe
180°. I B Tom, 1 B gpyrom caydae sin ZBHC = sin ZBAC.
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IIyers R, — pajguyc OKPY»KHOCTHM, OIIMCAHHOH
oxoJ10 Tpeyronsuuka HBC. B cooTBercTBHM ¢ TeopeMoil 2 U3
1. 92 BC = 2R, sin «/BHC = 2R sin ZBAC. Ho sin ZBHC =
=sin ZBAC. 3uauur, R, =R. U3 atoro caexyer, dUTO
OKDYJKHOCTH, OIHCAHHLIE OKOJIO TPeyroJbHUKOB ABC mu
HBC, cuMMeTpHYHBI OTHOCHTEJILHO IpaMoi BC u oTHOCH-
TeJbHO cepesuHEl oTpeska BC. Touka H JeKHAT HA OKPYIX-
HOCTH, OMHCAHHON O0K0J0 Tpeyroasuuxa HBC. Cuenosa-
TeNbHO, CHMMETPHYHLIE €l TOUKM A, u A, JeKaT Ha
OKPYsKHOCTH, OIUCAHHON OKOJIO TpeyroasHuKa ABC. AHa-
JOTUYHO JOKA3BIBAETCA, YTO TOUKU B,, B, C, u C; Takxe
JIEXKAT Ha BTOM OKPYKHOCTH.

2) PaccMOTpUM LieHTpaJbHOE Noaodue ¢ MeHT-
pom H u xoadhdpunmernTom % IIpu 2ToM momoOMu OmMHMCAaH-

Hafd OKPY'KHOCTEH IEPEXOAHUT B OKDYYKHOCTL pajmyca %,

nentp Oy KOTOpPO# ABAAeTCA cepefuuoil orpeaxka OH (cM.
puc. 217), a Touxu 4;, B, C;, A,, B,, C,, A, B, C onucan-
HON OKDYIKHOCTH IEPEXOAAT COOTBETCTBEHHO B TOUKHU A,
B,, C, (cepepunsl cTopoH), A,, B, u C, (ocHOBaHMA BHI-
coT), A, B; u C, (cepeaunn: orpesxos AH, BH, CH). Cxe-
JoBaTesabHO, Touku A, B, C, A,, By, C,, A;, Bg, C,; nexat

Ha OKpPYXHOCTH ¢ uenTpom O, paguyca %' Yreepx-

JeHWe XOKA3aHO.
3) PaccMoTpuM Temeph LEeHTpagkHOe Iomobue

¢ neaTpoM G u KoabhUIUEeHETOM — —% MenuaHB TPEyronb-

Huka ABC peasarcda Toukod G B orHomenun 1 : 2, nosroMy
OpY PacCMATPHBAEMOM HEHTPAJBHOM IIOAOGHU BEPIIWHEI
A, B u C nepeiinyr B cepepunnl A;, B, u C; IpOTHBOIO-
JOXHBIX cTopoH. ClemoBaTenbHO, IIPAMBIE, COZEPIKAINME
BEICOTEI TPEYTOJIBHUKA, MePeUIyT B OpAMbLIE, IePIEHAUKY -
JApHLIE K ero CTOPOHAM M IIPOXOAAIINE HUepes3 UX CEepeAu-
HbI, T. €. B Cepe[MHHBIe IEPHCHAUKYJNAPH K CTOPOHAM.
IToaTomy Tourka H neperizer B nesETp O 0INCaHHOH OKPYK-
HOCTH. 9TO 03HAUAET, YTO TOYKa G JIeKUT Ha oTpeske OH
¥ JeJIUT ero B oTHoumieHHHu 1 : 2, cumraa or Touyku O, uTo
¥ TpeboBATIOCH JOKA3aTh.

4) Kakx TOJBKO YTO OTMEYANOCH, HPU IEHT-

pajibHOM HOAO6HU ¢ meHTpoM G ¥ KospPuUuUMeHTOM - 5

BepmuuHel A, B u C mepexomAaT B cepenWusl A,, B, u C,
IIPOTUBOIOJIOKHEIX CTOPOH, a TouKa H mepexoAuT B TOU-
Ky O. W3 sroro ciregyer, UTO: a) OKPYKHOCTBH, OIIMCAH-
Hasg OKOJIo TpeyronbHuKa ABC, NEePexOfHUT B OKPYKHOCTh
Jitnepa; 6) Touru A,, B, m C, onucanHON! OKPYYKHOCTH,
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cuMMeTpHuuHEEle TouKe H orHOocHTenrHo npameix BC, CA.
n AB, nepexogaT B Touku Ag, Bg u Cg oxpysxHOCTH Diine-
pa, CHMMeTpHU4HBle Touke O OTHOCUTENLHO NpAMEX B,C,,
C,A, u A;B,. Takum o6paszom, Touku Ag, Bg u Cg JexaT HA
OKDYHHOCTH DiJepa.

836

837

838

839

840

841

842
843
844

845

3agaun

Ha cropore BC Ttpeyroabauxa ABC ormeuena Touxka D Tag, uro
BD : AB = DC : AC. [lokaxkure, uTo oTpesok AD — GuccexTpuca Tpe-
yroasauka ABC.

BuccexTpuca BHemIHero yrija IpH BepilnHe A TpeyroabHurka ABC ne-
pecekaeT npaMyio BC B Touke D. Horamure, aro BD : AB = DC : AC.
Buccexrpucer AA,, BB, u CC, rpeyroasEuxka ABC co cropoHamu
AB =¢, BC = a n CA = b nepecekarworca B Touxke O. a) Haifigure orHO-

AQO BO cO AQO BO co _
eHNna 04’ 0B’ 0C," 0) Hdoxasxure, UTO + =+ == =2,

AA, ' BB, CC,
04, OB,  0OC, _
a4, TBB, TC, T 1. B) MosxeT aqu xoTda 6B 0fHa 13 ODHUCCEKTPHC Tpe-
YTrOJbHHKA AENUThCA TOYKOH O momonam? r) JlokamKuTe, YTO OHA M3
b6uccekTprc Jeaurca Toukoil O B ormomeHuu 2 : 1, cuUTas OT BepIIH-
HBI, TOTAA ¥ TOJBKO TOTZa, KOTJa OAHA U3 CTOPOH TPEYroJbHHUKA paBHA
IOJIYyCYyMME IBYX APYTrHX CTOPOH.
Jokaxure, 4TO IpousBefeHNe JBYX CTOPOH TPEyroJBLHUKA PABHO IIPO-
M3BeJEeHUIO BbICOTH, [IPOBEIEHHOM K TpeThell CTOPOHE, Ha AWaMeETD
ONMUCAHAOM OKPYIKHOCTH.
BryTpu Tpeyroabuumka A BC B3sara touka M. JJokaxkure, 94T0 ILIOIIALM
TpeyroabHNKoB BAM n BCM paBHEI TOTZa H TOJBKO TOTLa, KOTAA TOY-
Ka M jnexuTr Ha MeauaHe TpeyroibHuka ABC, npoBedeHHOU M3 Bep-
muHELl B.
Joxamure, 9TO N3 MEAMAH ZAHHOTO TPEYIOJLHHKA MOXHO IIOCTPOUTH
TPeyroJbHUK, W HANIUTE OTHOIIEHUE er'o IJIOIAAY K ILJIOUIaAM JaHHO-
ro TPEyroJbHWKA.
Haiizure niaomans TpeyroJLHUKA, €CJIN €0 BLICOTHI PABHEI 3 ¢M, 4 ¢M
u 6 cm.
Haijigure miomazgb TpeyroJabHHKA, €CJAH €ro MeZMaHbl paBHBI 9 cM,
12 ¢cm u 15 cm.
OKpy’KHOCTH, BOUCAHHAA B TpeyroabHuUK ABC, xacaeTcs ero CTOpoH
B Toykax L, M n N. JokrakuTe, 4TO OTHOIIEHNEe IJIOMWAAY TPEYIroJb-
HHKA LMN K muomanu TpeyroabHuKa A BC paBHO OTHOLIEHHIO paguy-
Ca OKPY>KHOCTH, BOUCAHHOH B TPeyroasHuK A BC, K 1uaMeTpy OKPYIK-
HOCTH, OIMHMCAHHOI OKOJIO 9TOTC TPEeyTroJLHHKAE.
OKDYsKHOCTh, Kacaoomasaci CTOPOHEI TPEYTOJLHHKA M IPOAOIIKEHMH
IBYyX JOPYTHX CTOpPOH, HasbiBaeTcd BHeBnucaHHOH. Ilokaxmure, dUTO:
a) mnowmank S TpeyronbEuKa ABC Bripakaerca (opmyisoin S =
=r, (p - a), TRe r, — pagUyC BHEBIIHCAHHOM OKDYKHOCTH, Kacaloueiics

Flinemopeie oot il
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846

847

848

849

850

cropoasl BC = a, p — NOJIyIIEPEMETDP TpPEyrojb-
HUKa; 0) S= ,/rrarbrc s % + % + % = %, rae
r — pajguyc OKpYsKHOCTH, BIMCAHHOH B Tpe-
YTONBHUK, 'y, Ty, e — PAAUYCHI BHEBIIMCAHHBIX
OKPYKHOCTEH.

JIOKayKuTe, 4YTO IJIOMIaAb S BRINYKJIOTLO YeThHI-
PEXyroJLHHUKA CO CTOpPOHAM¥u a, b, ¢, d u mo-
JIyIepuMeTpoOM p  BhIpaskaercss  Qopmyiioit
S=r,p-a)+r,(p-c), THC 1, U I, — pATHY-
Cbl BHEBIIMCAHHLIX OKDPYXHOCTEH, Kacaromux-
cs CTOPOH, PaBHBIX a M ¢ (puc. 218).
Joxaskure, uTO: a) KBajApaT miomwasu S
BBINYKJION0 YeTHIPEXYTOJBHHKA €O CTOPOHAMM
a, b, ¢, d 1 HmoOIynepuMeTPOM P BBIPAKAETCH
dopmynoit SP=(p-a)(@-b)(p-c)(p-d)-
— abed cos? B;D;
YeThIPpEXYrOJIbHUKA BhIpakaeTca Gopmytoi

S = J(p -a)(p—-b)(p—c)(p-d); ucxonsa us 9Toil GOPMYIsI, IOAYUKTE

6) nuomiazk S BIUCAHHOTO Puc. 218

dbopmyny Tepora ana ImjIommazy TPeyrojbHUKA.
HoxaxxkuTe, 4TO: a) IIOMAAb S YETHIPEXYTOJIbHUKA CO CTOPDOHAMH 4,
b, ¢, d, omIUCAHHOTO OKOJIO OKPYYKHOCTH, BhIpakaercs dopmysoit S =

= vJabed sin B;D ; 6) ecJIH UeTHIPEXYTOJBLHHK CO CTOpOHaMM a, b, ¢, d

ABJAETCS OJHOBPEMEHHO OINKMCAHHLIM ¥ BIIMCAHHLIM, TO €ro ILIOLIAAb S
BeIipakaercsa dopmynoil S = abed.

Orpesku AD, AH u AM — Guccexrpuca, BEICOTa U MeJHaHA TPEYTOIb-
HuKa ABC, BOucanHas B TPEYTOJBHUK OKPY’KHOCTH KACAETCA CTOPDOHHI
BC B rouke K. Moxaxure, uro MK?=MD - MH.

B tpeyroarauke ABC co croposaMu AB=¢, BC=aguCA=b ruR —
PAZAMYCHl BITUCAHHON ¥ ONMCAaHHOHA OKpy:KHOCTeH, S — Miomaxb, To4-
Ka O — IeHTp ONUCAHHON OKpYy:KHOCTH, H -— TOUKA mepeceyeHUd BHI-
cot, orpeaku AD u AM — BricoTa M MezumaHa. oxaxxure, 4TO:

. - . |A-B
a)a+b=4Rs1nA;Bcos |A23|; 6) |a-b|=4Rcos A;Bsm‘ 5 I;

1
tg=|A-B
gzl |. a?_p2

la-bl _ ;1) A5 =a cos B ~ b cos A;

a+h tg%(A+B)

B)

o) a+b+c=8Rcos:‘2-‘—cos§cosg;

e) cos’® A =sin® B + cos® C — 2 sin A sin B cos C;
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4 B a sing sin—g.—
k) r=4R sin = sin < sin ;3) r=
2 2 2
COS—2—

n) AH = % (0" + ¢ — a®); x) OH® =9R* - o’ - ¥ - % ) DM =

”

$ Teopemsl Menenasa u Yessl

p2~c2|
2a

95 Teopema MeHeaasa

Paccmorpum Tpeyronbauk ABC u oTMeTHM Ha
npamuix AB, BC n CA Tourku C,, A,, B,, He cOBIaJaIH1e

¢ ero BepmmaamMu (pnc. 219). Ilycts R)l = pC—1—§, Iﬁ =

—_— >

= gA,C, CB, = rB,A. Tlockoneky Touku C,, 4,, B, He corna-

OaT ¢ BepInuHaMu TpeyroabHuxka ABC, To yucna p, ¢, r

OTJIHYHEI OT HYJs. KpoMe TOoro, Kaszoe U3 3THX YHCeN OT-

auqHao OoT —1. B camom zese, ecam, Hampumep, p = —1, To
——

— — — — —
AC, =-C,B, orxyza AC, + C;B=AB =0, T. e. Bepiiuasl A
1 B coBOAgamT, a 9TO ITPOTHBOPEUUT YCJIOBHIO.
ITocTraBuM Temepb TAKOH BOMPOC: IIPU KAKOM
. COOTHOIIEHUM MeXAy umcjamu p, ¢, r Touku C,, A, B,
Jnexar Ha omHOH npamoii? OTBeT Ha ATOT BOIIPOC JAET TEOo-
peMa, cBfzagHaA ¢ uMeHeM Menenasa AJjexcanHIZpuiicKoro,
IPEBHETDEYECKOr0 MareMaTHKa W ACTPOHOMA, KHBIIIETO
B I B. H. 5.

Teopema

Cy
Puc. 219

G R e T e e R e i B ]

l'ch'rl. Ha c'roponax HMJH OPOAOJKeHUAX cTopoH AB, BC u
CA tpeyroasauxa ABC ormeuens: touxkm C,, Al, Bl, He

COBNMAJAIONIHe ¢ €ro BEepIIMHAMM, IIPHYEM ACl pC B,
— —_— —> —_—

BA,=qA,C, CB, = rB,A. Torga ecau Ttoucu C,, A,, B, ne-
JKAT HA OJHOM NpAMoOi, To pqr=-1; obparHo: ecan
pgqr =-1, to Toukn C,, A,, B, aexar Ha oFZHOH npaMoii.

JdoKa3aTeascTBO

1) Homycrum cHauana, 4uto Touku C,, A, B;
JlexxaT HA OLHOH HpAMOM, U JOKaykeMm, uTo pgr=-1.
Beegem npamoyronbHyio cucreMy KoopauHar Oxy Tak,
y1obbl TOuru C,, A,, B, aexanu va ocu Oy (puc. 220).
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Ilycts a, b u ¢ — abcoucesl Touex A, Bu C. Hsz pa-
BEHCTBA f_la = pCTl-E caenyer, uto 0—a=p (b - 0), T. €.
a = —pb. AHaJOTHYHHIM O006pa30M U3 PaABEHCTB B_A>1 =
2 B —3

=¢gA,C u CB,=rB;A monyuaem: b=—¢gc um ¢ =-ra.
Taxum ob6pasoM, a = —~pb = pgc = —pgra, uma a (pgr + 1) =0
noastomy Jubo a =0, ambo pgr=-1. Ecam a=10, ToO
c=-ra=0ub=-gc=0, 1. e. Touku A, B u C nemxar
Ha ofHo#l mnpamoii (ocu Oy), a 3TO TPOTHBOPEUUT
yenosur. CaegoparensHo, pqr=-1, 4ro u Tpebosa-
JI0Ch ZOKA34Th.

2) HonycTtuMm Tellepb, YTO pqr = -1, U noka-
®eM, 4ro Touku C,, A, B, 1exaTr Ha ofHOI IpAMoii. Bee-
AeM IPSAMOYTOJBLHYIO CHCTeMY KoopiuHatT Oxy Tak, 4TO-
o1 Touku C; m A, gexanu Ha ocum Oy (cm. puc. 220).
IIycts, Kak u npexnme, a, b u ¢ — abecumuccel Touex A, B

— —
u C, x — abecnucca Touxu B,. Ua pasencrs AC, = pC,B

—

n BA, =qA,C, xax M® BHAeNH, CIEAyeT, UYTO a = —pb
b = —qc. Takum obpasom, a = pgc. U3 parencTBa C_B}1 =

—

=rB\A cnenyet, uro x — ¢ = r (a — x). YmHOxKaA obe 4yac-
TH 3TOI'0 PaBEHCTBA Ha pg U Y4YUTHIBAA, 4TO pgr = -1,
pge = a, nonydaeM: pqx —a=-a + x, uian (pg - 1)x =0
Eciu pg=1, ro u3 paBeHcrBa pqr =-1 caegyer, 4TO
r=-1, a aTOr0, KaK OTMEYaJOCh B Havalle MyHKTa, He
MoxkeT OvITh. Takmum obpasom, pqg = 1, a smaumr, x = 0.
CaemoBarennHo, Touku C,, A,, B; NeXxXaT Ha OZHOA mpA-
moit (ocu Oy). Teopema pokasana.

=

96 Teopema Yerbt

BroBe paccmoTpum TpeyroasHuK ABC u ot-
MeTuM Ha npambeix AB, BC u CA touxu C,, 4,, B,, He coB-
mafalouye ¢ _ero BepmHHaMH (cM. puc. 219). IIycrs
AC1 —pC B, BA1 qA C, CB = rBIA Ilpu stom p, gq,
r#0up, q, r#-1 (cm, u. 95). IlocraBum Takoil Bonpoc:
IIPY KAKOM COOTHOLIEHHYW MEKAY YHCJIaMu p, ¢ U r Ips-
Mmrule AA,, BB, u CC, nepecexaiorcs B ofHoi Tourke? Oreer
Ha 3TOT BOIIPOC JaeT TeopeMa, CBA3aHHAasA ¢ HKMEHEeM HTa-

TbAHCKOIO MaTeMaTHMKa M HHyKeHepa [loBaHHuM YeBH
(1648—1734).
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Teopema )
b R W,t R B - . "Eu

IlycTs HaA c'roponax HIM IPOXOJKEHHAX CTOPOH AB BC
u CA Tpeyroabaumka ABC ormMedeHBI TOYKH Cl, A, Bl, He

COBIIA/IAl0INEe C ero BepIIMHAMH, NpHYeM AC1 pClB
BA1 gA, C CB1 = rBIA Torga ecu mpaAmbIe AA,, BB,
CC, nepecekaloTcd B OZHOH TOUKEe MAHM IONApPHO mapal-
XenyHBl, TO pqr =1; o6paTHo: ecim pqr =1, TO NpaMbIe
AA,, BB,, CC, nepecexaioTca B OJHOH TOYKe HJH IIONAD-
HO IapalllesIbHBI.

Joka3aTeiibCTBO

1) JonycTuM cHayasa, uTo npameie AA,, BB,
u CC, nepecekaxnTcs B HeKoTopoi Touke O (puc. 221, a, 6).
Ycnopumcsa oGosHauaTe uepes S (L, M, N) niomaas Tpe-
yroaseuka LMN, B3STYIO CO 3HAKOM «+», eCJU 06Xo[ Bep-
muE L, M, N ocyliecTBideTcsa MPOTHB YacOBOH CTpeNKH, H
€O 3HAKOM <«—» — B IIPOTHBOIOJIOXKHOM ciaydae. IIockombKy

S(A,B,4,) S(0,B,A,)
S(A.4,.C) AT YR g (obocHy¥iTe 3TH PAaBEHCTBA),

10S (A, B,A)=q¢S (4, A, CO)u S (0, B,4,) =¢S (0, 4, O).
CiemoBaTeanbHo,

S(A,B,O) S(A B, A)-S(0, B, Ay
S(4,0,0) S(AA,C-S(0,4,C

S (A, Ay, C) - S (0, 44, C)

S(A4,4,,C0)-8(0,4,,0)

S(A,B,0) S(B,C,0)
Hraxk, q =54.00) Amnanorudno r = S(B.0.4) .
up=23C:4,0) moremmoman st pasencTsa u 3amedas, uto 7 4B C1
p= S(C,0, B) pe p »
S (4, B,0)=S(B,0,4), S@,0,C)=
=S(C,A,0), S(B,C,0)=S(C, O, B), ) ‘A
ooJaydaem:
»=5(C,4,0) S(B,0,4) S(C,0,B) _
pq S(C,0,B) S(C,4,0) S(B,0,4) ° - IC
* 1
4YTO ¥ TPe6OBaOCh AOKAa3aTh. !B I I
JIlomycTuMm Teneps, 9To npamble AA,, BB, n CC, | | !
DOMapHO IapasjieNbHel. BBeieM NMpPsIMOYrOJBHYIO CHUCTEMY s [ |
roopaurar Oxy Tak, 4To6n ock Oy ObLia mapajiensHa ;) 1 é —>

npsamoit AA,. Ilycrs a — abGcumcca Touek A u A;, b — abe-
nucca Touer B u B,, ¢ — abcnucca Touek C u C, (puc. 222).  puc. 222

2 Hewomopase cocderid
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3 paBeHCTB AC1 pClB BA1 gA, C H CB1 = rBlA creny-
er, uto (c—a)=p(b-c¢), (a-b)y=q(c—-a) u (b-c)=
=r{(a->b). YuurriBasg, uro c# b, c#*a u a+b (uHaue
Touku A, B n C okasajuch Obl JTe:KallMMH Ha IIPAMOIH,

c-a a-b
napanneabHoii ocum Oy), moiayuaem: p = , =

c—a’
b—-e¢

r= =1, 9ro
a-—

, ¥, CJeJOBaTENbLHO, pqr =

b-c

c-a a- b b-c
b b—¢ c-a a b
1 TpeboBanoch NOKASATE.

2) HonyeruMm Temepsn, uTO pqr = 1, B JOKaKeM,
uyro npamMeie AA,, BB, u CC, mepecexkaioTcd B OFHON ToUKe,
WA TIOTIAPHO NapasijieIbHEL

Ecnu AuKakye gBe U3 TPEX YKA3AHHBIX TPAMBIX
HEe HMeIOT O0IIMX TOYEeK, TO OHM IOIIApPHO HapaJliIeNbHBI.

Ecnu ke Kakue-HUGYAL JBe U3 HUX, HAIpUMEP
npsamsie AA, u BB,, nepecexamorcs B HEKOTOpPOi Touke O,
To mocTynuM Tak. 1IpoBemem mpamyoo CO (cm. pme. 221).
Ilockoneky pgr=1 u p # -1, TO, COIJIaCHO NOKA3aHHOMY
B nyHKTe 1,

_S(A,B,0) S(B,C,0) _S(B,C,0) __ S(B,C,0)

T S8(A,0,C) S(B,0,A) S(A,0,C) S(A4,C,0) * -1,

noatomy S (B, C, O) # S (4, C, 0). U3 sToro ciexyer, 4To
npamiule CO u AB He NapailelbEB (06’bHCHPITe noiemy).

IIycrs C;, — TOYKa UX TepecedYeHHs, AC2 = tCZB Tak Kak
npsameie AA;, BB, u CC, nepeceKkaloTcd B op;Hon TOYKE, TO,
mo ,uorcasamiomy B 1), tqr =1, o'rlcyp;a t= ql = p. Takum

oOpasom, AC1 pC Bwu AC2 = pch qun'raa OIHO PABEH-
CTBO M3 XPYroro, moiyiaem: A02 AC1 =p (CZB ClB),
AU 0102 = —pCICZ, T.e. (p+1) 0102 0. YuureBad, aro

p # -1, IpUXOJUM K DaBEHCTBY C Cy = 0. CiegoBaTenbHO,
rouku C; m C, coBmagaior. Ho aTo m o3Hauaer, 4TO mps-
Muie AA;, BB, u CC, nepeceraiorca B OZHOH TOUKE (B TOU-
ke O). Teopema goxkasaHa.

3agaun

851 Orpeskn AA, u BB, — 6GuccekTpuch TpeyroabHuka ABC, nyu
CC, — OucceKTpuca ero BHEIIHETO yrJa, npudyeM Touka C; JeXKAT HA
npamoit AB. Hoxraxurte, 4To TOUKH A;, B; m C, aexar ua opmoii
IPAMOH.

852 DBuccerkTpuchl sHemrHux yrios A, B u C tpeyronsanka A BC nepeceka-
0T TPOJIOXKEHUs MPOTHBOMOJIOMKHBIX CTOPOH B TOUKax A,, B, u C,.
Hoxasxxure, 94T0 TOukKH A,;, B, u C, nexxar Ha OZHONH NPAMOH.

Hewomopric cocdeon
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855

856

857

858

859

860

861

Ha ctroponax BC, CA u AB Tpeyronsauka ABC M UX TPOJOIIKEHHAX
OTMeUYeHbl COOTBETCTBEHHO TOUKH A, B, u C,, jexKainue Ha oZHOHN OpsA-
moit. lokasure, 4T0o TOUKM Ay, B, 1 Cy, CHMMeETPHYHEIE COOTBETCTBEH-
HO TouKaM A,, B, u C, oTHOCHTENLHO cepennH ctopoH BC, CA u AB,
Tak)Ke JIeXKAT HA OJHON HpAMOii.

Hoxaxkure, 9T0 cepeiMHbl OCHOBAHHWH TPAINEIMH, TOYKA HEpeceYeHHsd
ee IUATOHANEeH M TOUKA IIepeCcedYeHUsd NPOIOIKEeHHIl OOKOBHIX CTOPOH
JieXKaT Ha OJHOU IpAMOM.

Ha croponax AB, BC, CD u DA uerkipexyroabauka A BCD oTMeueHEI
coorBeTcTBeHHO TOUuKM K, L, M u N, He coBnajammine ¢ BepLINHAMK
yeTpIpexyroapanka. Jdoxkamure, uro: a) npamsle KL, MN u AC uepe-
CeKaloTCcA B OZHOM TOUKe NN apajelbHbI ZPYT APYTY TOTAa M TOJb-
KO Torma, Korja %-%-% . % =1; 6) npamele KL, MN un AC nepe-
CEeKaloTCHa B OJHOM TOYKE MM MapaieNbHbl APYT APYLY TOrZa U TOJb-
KO TOrJa, KOT[a 3T0 K€ BePHO B OTHOIIeHNH npsaMelx KN, LM u BD.
OKpy:KHOCTh, BIIHMCAHHASA B 4YeThipexyroiabHuK ABCD, kacaercsa cro-
pou AB, BC, CD u DA cooTBeTCTBeHHO B Toukax P, @, R u S, JJoka-
KuTe, uyTo nmpamble PQ, RS u AC nepecekaioTcsd B OJHOM TOYKe HJIH
napajjeJbHbl APYT ADYTY.

OxpykHOCTL ¢ meHTpoM O KacaeTcA ABYX HEPABHEIX OKPYKHOCTeH
¢ nenrpamu O, u O, B Toukax A, u A, coOTBeTCTBEHHO. J[loKaxuTe, UTO
npaMad A,A, IPOXOTUT Yepe3 TOUKY mepecedeHudA npamoit 0,0, u ob-
el KacaTeJbHOH (BHEIIHEH WM BHYTPEHHEH) K OKPYXKHOCTAM C LEHT-
pamu O, un O,.

Tpeyroasaukun ABC u A,B;C, pacnojioyKeHbl TaK, YTO npamblie AB un
AB,, BC un B,C,, CA u C,A, nepecerarorca B TouKkax P, @, R. [loxaxu-
Te, uTO npamsie AA,, BB, u CC, nepecekaioTcd B OJHON TOYKE MJIH IIO-
TIapHO HapaJlJleIbHEl TOTZa M TOJLKO TOTZa, Korga Toukk P, @ u R je-
JKaT Ha oaHoM mpsamoll (Teopema llesapra).

Ha cTopore BC Tpeyroasunka ABC oTMeueHs! TOUKH A; 1 A,, CHMMeT-
PHYHEBIE OTHOCHTEJILHO cepeauunl BC, a Ha cropoHax AC u AB oTmeue-
HEI COOTBeTCTBeHHO Touku B, B, u C,, C;, cHMMeTDUUHbIE OTHOCHTEIb-
HO CepemuH 3THuX crTopoH. [lokakure, uTo orpe3aku AA,, BB, u CC,
IepeceKaloTcss B OJHOM TOUKe TOrAa H TOJILKO TOrJa, KOrAa OTPEe3KH
AA,, BB, u CC, nepecekaroTcsi B OJHOI TOUKe.

OxpyKHOCTH nepecexaeT cTopory BC TpeyroapHuka ABC B TouKax A,
U A,, cropony AC — B Toukax B, m B,, cropony AB — B TouKax C,
u C,. Nokaxure, uTro orpe3ku AA,, BB, u CC, nepecekaioTcsa B OJHOU
TOYKE TOTJa ¥ TOJBKO TOTJA, KOrga oTpesku AA,, BB, n CC, nepeceka-
I0TCA B OAHOH TOYKe.

Ha cropone AC tpeyroabanka A BC otmedeHbl Touku P u E, a Ha €TO-
poune BC — Ttouku M u K, npuuem AP : PE : EC=CK : KM : MB.
Otrpesxu AM u BP mepecexkaioTcd B Touke O, a orpesku AK u BE —
B Touke 7. [Jokaxkure, uto Touku O, T u C mekaT Ha OQHON OIPAMOIM.

2 1 0 Hewomopwte ceedenus
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862

Ha ctoponax AB, BC u CA tpeyroasaura A BC (1u6o Ha ogHoil U3 cToO-
POH M IPOAOIKEHUAX NBYX APYTUX CTOPOH) OTMEYEHBI COOTBETCTBEHHO
touku C,, A; u B,. [lokaxxure, uro upsimeie AA,, BB, u CC, nmepeceka-
IOTCS B ONHOM TOYKE TOrZa M TOJBKO TOTJa, KOTJa:
sin LACC, sin £BAA, sin ZCBB, _ 1:
2) sin Z/C,CB sin ZA;AC sinZB,BA
6) pna mob6oit Touku O, He jexxanieii Ha npsaMmeix AB, BC u CA, BbI-
sin ZAOC, sinZBOA, sinZCOB;, _,

§in ZC,0B sinZA,;0C sin ZB,OA

IIOJIHAEeTCA DPaBeHCTBO

§ Jdauinc, runepbosa u napadoaa

97 Iunumnc

B 9TO# cucreMe KoopaupaT. Crodmyio nmepes HaMH 3a%ady Fl(—'c;O) o FZ(E;O)
MOKHO ¢(hOpMyJIHMpOBaTh TAaK: HaWTH MHOMKECTBO BCeX Ta-
Kux touek M (x; y), OJA KOTOPHIX

DINIUNC, NO-BUAMMOMY, OBII H3BeCTEH eIlle

B JIYOOKOM JpPEeBHOCTH, KOTAAa OGJIMK reOMETPHM COOTBET-
CTBOBAJI ZOCJIOBHOMY IIEPEBOAY €€ HasBaHUA. B Te BpemeHa
OCHOBHBIMHM HHCTPYMEHTAMM AJs BBINOJHEHUS IIOCTPOE-
HUH Ha MECTHOCTH OBLLIM KOJIbS M BepPEBKH, IIO3BOJIABIINE
IPOBOJUTH IPAMEIE U OKDYXHOCTH, a SHAYWUT, U BBINOJ-
HATH BCe Te IIOCTPOEHUS, KOTOPHIE TeNEPh HAa3LIBAIOT IIO-
CTPOEHMAMHU C [IOMONIBI0O LHUPKYJIA U JHHEHKH.

Scvo, Kak c¢ IIOMOIIIBIO YKA3aHHBIX HNHCTPY-

MEHTOB IOCTPOHMTL OKPYKHOCTH: HYKHO 3aKDENUTH OfHNH
M3 KOHIIOB BEPEBKH U B HATAHYTOM COCTOSHHUX IIPOYEPTUTH
BTOPLIM KOHIOM JHHHNK. HampammBaercs BOMPOC: a 4TO
MOJTYUYNTCS, €CIN 3aKPelluTh 004 KOHIIA HeHATAHYTOM Be-
PEBKHU, a 3aT€M B HATAHYTOM COCTOAHHUM OPOYEPTHUTH JIH-
Huo? Ionyumnresa sanunc. Takum oGpasom, MEI IPUXOIUM
K CJAEAYIOIIEMY OIDEeAeJeHUIO,

Oupenenenue

OIIIUIICOM HA3BIBAETCA MHOMKECTBO BCEX TAKHMX TOYEK ILJIOCKOCTH, AJSA
KOTOPHLIX CYyMMa PACCTOSHUI 10 JBYX (PUKCHUPOBAHHBIX TOUEK IOCTOSHHA.

durcupoBaHHLle TOYKKM Ha3bIBAIOTCA (hoKyca-

MH SJIJIHIICA.

Ilyers 2¢ — paccrosgHme MeXAYy (GOKycaMmu, YA
20 — cymMMa pacCTOAHMI OT TOYKH 3juurca o GOKycoB.
BrezieM OpAMOYTONBHYIO CHCTEMY Koopauuar Oxy Tak, M(x;y)
y100Kl (GOKycH F;, m F, umenu koopauHatel F, (—c; 0) /I
n F,(c; 0) (puc. 223), u BbIBeieM ypaBHEHHE JJIHIICA ]

X

MF, + MF, = 2a. Puc. 223
21 1 Hewomopote csedenus

W A empuu



N3 HEPABEHCTBA TPEYroJBPHHUKA cCcJieayeT, 4TO .

MF, + MF, > F,F,, 7. e. a 2 c. llpu a = ¢ 31HUNOC BEIPOXK-
naetrcda B oTpesok F,F,, mosromy 6yzeM cumTarns, 4To @ > C.

Hockonsky MF, = \(x+¢)? +y?, MF,=/(x—c)? +y*, 10

YPpaBHEHHE JJIIMIICA UMEeT BA[

J(x+e)? +y% +4/(x-¢)? +y® = 2a. 1)

VYmHO0kHUM 00e YacTH 3TOr0 PaBeHCTBA Ha pas-
HOCTH QUTyPHPYOIIKX B HEM KOPHeH, a 3aTeM pas3fgeuM Ha
2a. B peayabraTe mOJyYUM:

Jxte)2 +yi-J(x—c)? +y?= :21—‘1((x-i~c)2 —(x-¢c)?)= 2%.

IMonpaysichk 3THM YpPaBHEHMEM M YypPaBHEHHEM
(1), MOXHO BBIDA3UTH KaXAbIHl H3 KOPHeMH:

J(x+c)? +y? =a+%, (2)
J(x—-c)? +y? =a—%. 3

Bossema obe gacTu paBeHcTBa (2) B KBazpaT
U npuBeAs NMOAODHBIE WIEHBI, MOJYUHM:

x2+c2+y2=a2+f—i—x2. “
a

BosBenenue B Kpagpar ob6eux uacTeit paBeHCT-
Ba (3) maeTr TOT JKe pe3yJbTar.
3anumieM ypaBHeHHe (4) B BHUIE

a?-¢2 — 22
a—2x2+y2—a .

Ilockoneky a+#c¢, TO NONYYeHHOE PAaBEHCTBO
MOJKHO IEPEeIHCaTh TaK:

2, 90 _y (5)

a2 a?-c?
HJIM, ¢ Y9eTOM YCJOBMA @ > C, TaK:
2 2
a? b

roe b? =a® — ¢% < a?.
Ilpu Bo3BemeHuMM B KBagpaT 00eMXx 4Yacreidl pa-
BeHCTB (2) 1 (3) MOIJIM NMOABUTHCA JHUILIHME KOPHH, COOT-

BETCTBYIOLME CJIYYAIO aifaf < 0. Ho sToro He OpOHMCXO-
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TUT: KAk BUAHO U3 ypaBHeHus (6), | x | < a, mostomy

%" < ¢ <a, ¥ 3HAYUT, a i ‘X > 0. Takum o6pa3om, ypas-

HeHue (6) sxBuBasieHTHO ypaBHeHHIO (1). OHO HasbIBaeTcsA
KaHOHMYECKMM YpaBHEHHEM 3JLIMIICA.

Ypasuenue (6) mo3BoaAeT OOHAPYKHUTEH CJIeny-
IOLI{MIe CBOMCTBa 3JLIMIICA.

1. Danunc uMeeT LEeHTP CHUMMeTpuM (HAYAIO
KoopauHaT O) ¥ ABe B3aMMHO IIePIeHANKYJIAPHLIE OCH CHIM-
Merpun (ocu Ox u# Oy). ITH OCH HA3BIBAIOTCA OCAMM JJI-
JMICa: Ta U3 HUX, HA XOTOPOi seKaT GOKYChI, HA3LIBACTCA
G0JBIIOHK 0CHIO, 4 Apyrad — MAaJIOil 0ChI0; BEJIMYHHEI @ 1 b

Ha3BIBAIOTCH GOJBIIOH M Ma.noﬁ MOJYOCAMH,
2
2, Hocxonmcy 1_ <1p1;;2—=1—

TO JLINIIC LIEJTNKOM conepmn’rca B npamoyronbnmce (=x
| y | < b), CTOPOHBI KOTODPOTO NMApAJJIENbHBI €r0 OCAM.

3. IIpu x > 0, y > 0 ypaBHeHue (6) MoxeT OBITH
3aIIUCAHO B BHJE:

y=b|1_X

a

Dyuknua y (x) MOHOTOHHO yORIBaeT OT 3Hade-
HUA Yy = b npu x = 0 go 3Hauenusa y = 0 opu x = a. C yue-
TOM YCTAHOBJICHHBIX HAMH CHMMETPHH 3TO HO3BOJAET N300-
pasuTs syunc (puc. 224, a).

3ameuanug
1. O6Gpatnmcs K ypasHeHHnio (2):

J(x+c)? +y? =a+%’£.

W3 Hero, Kak MbI IIOMHHM, [IOJIYYA€TCH ypaB-
HeHwue (6). C apyroit cTOpPOHEI, ns ypaBHeHna (6) caexmyer
paBeHCTBO (4) H HepaBEHCTBO a + <X - * > 0. BamucelBag ypas-

HeHue (4) B BUIE
2
x+cf+yPf= (a+%)

M YYHTBIBASA HEPABEHCTBO a + <X > 0, NpuUXOoAUM K ypaBHe-

Huio (2). Takum oOpasoM, ypaBHeHne (2) paBHOCHJIBLHO
ypaBHeHHO (6). [lepemuiiieM ero Tak:

(x+c)2+y2
a? a’
X +—

c
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YucauTesk JIeBOH YacTH 3TOTO ypaBHEHUA pa- -
BeH MF,, a ee 3HaMeHaTeJ b paBeH PacCTOAHMIO OT TOUKH M

0 IPAMOI, 3aJaHHOM ypaBHEeHUEM X = —a7 (puc. 224, 0).

Jra npAMas HashIBaeTCA AHPEKTPHCOH B3JIHNIICA, COOTBET-
creyomei ¢porycy F,. OTMerum Taxixe, 4TO JIeBadA YacTh
paBeHCTBa He 3aBUCUT OT ToukH M u meHbIIe 1. Tarkum
o0pa3oM, 3NAMNC ABIAAETCA MHOMKECTBOM BCEeX TaKHX
TOYEK ILIOCKOCTH, AJIf KOTODBIX OTHOLICHHE DACCTOAHHSA
oo ¢duxcupoBaHHOM Touku (Pokyca) K pacCTOSHHIO IO
buxcupoBanHOll NpAMON  (EUPEKTPHCHI) IIOCTOAHHO
H MeHbIlle eUHHIIbI.

c
YrkasarHHOE OTHOIIEHHE paBHOE-E Has3blBaeT-

CcA IKCIHEeHTPHCHTETOM 3JIIMIICA.

Paccy:xpenusa, npuMeHeHHBIE K YPaBHEHHIO

(2), MOXXHO IPUMeHNTH U K ypaBHeHUIO (3). CaegoBaTen-

HO, ypaBHeHHe (3) TakKiKe PaBHOCHJIBHO ypaBHeHuo (6).
Ero mo:kHO 3ammcarh Tak:

J(x—c)2+y?

RIO

——x
¢

Taknm ob6paszom, Gorycy F, cOOTBETCTBYET AU-
peKkTpmca, 3aaBaeMas YPAaBHEHHEM X = "—:—
' 2. PaccMOTpHM TPOU3BOJBHYK OpPAMYIO, 3a-
JAaHHYI0 B Halmeil cHCTeMe KOOpOuHAT YpaBHEHHEM pX +
+qy+r=0, rae p®> + ¢> # 0. Ilycts, manpumep, p # 0.
Bripakaa u3 ypaBHeHHd NpAMOM X Uyepes y U NOACTABNIASA
ero B ypasHeHue (6), noaydumM aja y KBagpaTHOe ypaBHe-
HHE, KOTOPOMY YAOBJETBOPAIOT OPAMHATEL BCeX OOIUX TO-
yer npaMo u aanunmnca. KsagparHoe ypaBHeHHe He MOMKeT
uMers, OGonbuie ABYX pemeHwuii. CiaemosaTtesbHO, JioGasa
npamMas HMeeT ¢ JJJIMIICOM He 0oJee IBYX OOLIMX TOYEK.

98 T'unepboaa

BogHuKaeT eCTeCTBeHHBIH BOOPOC: UTO MOJY-
YUTCHA, €CAIN B ONPeAeSeHUH 3JUINIICA CYMMY pPacCTOAHMI
3aMeHUTh MoxyJseM ux pasHoctu? llonyumrca nuENA, Ha-
apiBaeMast runepoonoii. Taxum ofpasom, Mbl IIPHXOAUM
K CJIEAVIONIEMY ONpeAeIeHHIO.

Onpenenenne

T'unep6oaoii HaskIBaeTCA MHOKECTBO BCEX TaKHX TOYEK IIJIOCKOCTH,
JJISL KOTOPBIX MOJYJb PA3HOCTH PACCTOSHHMI N0 ABYX (QDMKCHPOBAHHEIX
TOYEK €CTh MOCTOAHHAd IOJOKHUTEIbHAS BeJIUYHHA.

2 ]f(’h'()f)l(,)[)hl(’ celeH s
14 Wl niduumempuu



DuKCUPOBAHHBIE TOUKH HA3EIBAIOTCH (POKyca-
MH THIEpOOJBI.

Ilyere 2¢ — paccroaHue wmexay Gorycamwu,
2a — MoOAYJB PAa3HOCTH PACCTOAHUI OT TOUKK runepbOoJIbl
o ¢doxycos. Beegem npaMOYTOXBHYIO CUCTEMY KOOPIHMHAT
Oxy rak, utobbl dorycel F; m F, uMenu KOOpAMHATEHI
F,(-¢c; 0) u F,; (c; 0) (cm. puc. 223), u BrBeieM ypaBHe-
HHe THTep6oabl B 9T0H cucTeMe KoopauHar. CToAlyio me-
pes HaMM 337a4y MOKHO CHOPMYJIHDOBATH TaK: HAWTH
MHOECTBO BCeX TaKuX ToueKk M (x; y), ANA KOTOPHIX pas-
HOCTE MPF, — MF, passa Jaubo 2a, auGo -2a, T.e.
MF, - MF, =% 2a.

Wz nmepaBeHCTBa TPEYIOJIBHHUKA CJIEAYET, UTO
| MF, - MF, | < F,F,, t.e. a<c. [Ipu a =c rumep6osna
BHIDOJKJAETCA B ABa Jy4da npamod F.F,, mostomy Gviem
CuUuTaTh, UTO a < C.

B xoopaumarax ypaBHeHMe THUIEpPOOJIEI IIpH-

HUMAeT BUJ: J(x+c)2 +y? - \/(x—c)z +y? =+2a.

VMuOKUM 00e YaCTH 3TOr'0 PABEHCTBA HA CYM-
My GUrypupymoIiux B HeM KOpHel, a 3aTeM pasjeJuM Ha
1+ 2a. B peayabrare moayduM:

Jx+e) +y? +(x—¢)? +y? =+EE,

nmpuueM B OpPaBoil uacTu OyJer Takoi ke 3HaAK (IJI0C UIH
MHHYC), KAK M B MEePBOM ypaBHeHHH. Temepb MOMKHO BEI-
PasuTh KayKJblil U3 KOpHe:

J(x+ce)? + y? =‘a+%, J(x—-¢)? +y? =‘a—ﬂ

a
Bossenem 06e uacTu 1106010 M3 3TUX PABEHCTRB
B KBajpaT (ZOKaXKNTe, YTO [P 3TOM JUHIHNX KOpHeI!l He
MOABUTCA) U npeobpasyeM €ro K BHAY:

. (D

2_a2
a’-c® y2 4 y? =qg? —c2,
a2

Tlockosnsky a # ¢, TO THOJYYEHHOE DABEHCTBO
MOXKHO II€PEHNCATEH TaK:

% +_ ¥ -1

a

9T0 ¥ ecTh MCKOMOE ypaBHEHHWEe runepGOJIbI.
CpaBHMBAs NMOJYYEHHBIH PE3yAbTaT ¢ ypasueHueM (5), Mbl
OPHUXOAUM K BEChbMa HEOKUIAHHOMY BRIBOAY: rumepdoia
HMe€€eT TOYHO TaKoe Ke ypaBHeHHe, KaK | anaune! OJIHaRO
CYLLIECTBEHHOE Pa3jiMuMe COCTOHT B TOM, UTO AJS 3,LJIHICA
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a > c¢, a ana runepbonasl a < ¢. C yyeroM 3TOFO YCIOBHA -

ypaBHeHMe THIEePOONbI MOMKHO NEPEHucaTh TaK:
22 ¥ _q ®)
a? b2

rae b% = ¢* - a°.

VYpaBuenre (8) Ha3bpIBaeTCA KaHOHMYECKHM
ypaBHenHem rHnep6oasi. OHO mO3BOJMAET OOHAPYHHUTH
cllejyoinue cBoiicTBa runepboJikbl.

1. T'unepbona nMeeT UeHTP cUMMerpuu (Ha-
4yano KoopAuHAT O) U [Be B3aMMHO MNEPHEHAUKYJIAPHLIC
ocu cummeTpuH (ocu Ox u Oy). 3TH OCH HA3BIBAIOTCH OCH-
MH THnep6oJabl: Ta M3 HHX, Ha KOTOPOMH JekaT QOKYCHI,
HA3bIBAeTCA BeIIeCTBEHHOM OChIO, a4 Apyras — MHHMOM
0CbI0; BEJIMYMHBI @ ¥ b Ha3bhIBAIOTCA BelIeCTBEHHOH M MHH-

MOl IOJyoCAMM.
2 2
2. TIockoabry x—z = 1+b_2 > 1, To B mojoce
a
(| x | < a), comepxkameit MEUMYIO OCh T'uIepbOJBI, TOUEK
ranepboaLl HET. \
2 2
3. IMockoabkry %2— =X _1< x_z, TO B 0oB6JacTH

a? a

b
MeXKJy ABYMS INePeCeKaiolUMHUCS NPAMEIMH ||y| > E|x|

TOUYeK IUIepOOJIbl TaK:Ke Her.
4. IIpu x > a, y 2 0 ypaBHeHue (8) Moker

OBITH 3ANMCAHO B BUAE Y =b x— -1.
a

DyHKIHUA Y (X) MOHOTOHHO M HEOTPAHHUYEHHO
BO3pacTaer oT 3Hauenusa y =0 npu x = a.

5. flcuo, uro mpum x — + © dyuknua y (x)
CTAHOBUTCHA NPHUOIMKEHHO paBHOM 2% YTouHMM BTO

2 2 2
o —-X“+a
cBoficTBo, Mmeem: Q< bax_B8.  x2 gz b *¥ —*"+a”
a a @ x+Jx?-al

L& “b —0 mpu x — +oco. Taxkum o6pasom,

x+\/———a

b
runepbosia ©MeeT aCUMITOTY |y =—X|.
a

Teneps m300pasum rumepbosay (puc. 225, a).
MEI BHIEM, B YaCTHOCTH, UTO rumepbona uMeeT ABe BETBH.

3aMeuyaHHA

1. ¥YpaBHenwma (7) MOXXHO 3aIHCATHL TAaK!:

V(xre)?+y? V(x=c)2+y?
a? \ a’
X+ —— X - —
¢ f ¢

- _¢
a a
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Kaxaoe u3 3THX ypaBHeHHH pPAaBHOCHJILHO
ypaBHeHHuIO (8) (IOKa)KuTe 3T0) M, CIeZOBATEILHO, TaKKe
ABIAETCA yPaBHEHHEM rumep0boJnl. PaccykaeHnda, aHano-
rMYHBIE IPOBeJeHHEIM B 3ameuasuu 1 m. 97, mpmsogar
Hac K BEIBOZY: THIep6oJia ABJAETCA MHOKECTBOM BCeX Ta-
KHX TOYeK ILJIOCKOCTH, JJIf KOTOPLIX OTHOLIEHHE PaccTod-
HHA 70 dHKCHpPOBaHHOM ToukH (doKyca) X pacCTOAHMIO TO
dHKCHpoBaHHOH npAMOH (AMPEKTPHCHI) IOCTOAHHO H
Goapime eXHHMUBI (IIOCKOJBKY AJA IHIEpOONE ¢ > a).

¥xasangHOEe OTHOIIIEHHE HA3LIBACTCS IKCUEHTPH-
cuteroM rumepboanl. Poxycy F, COOTBETCTBYET AUDEKTDH-

ca, 3aKaBaeMas ypaBHEeHHEM x=_—"c—, a poxycy F, — am-

2
pexTpuca, 3afjaBaeMas YpaBHEHHEM X = “—C— (puc. 225, 0).

2. Herpyano nokasarh (cAenaiTe 3To caMmo-
CTOATEJLHO), YTO Ji00af NpAMasa HMeeT ¢ rumepboJioi He
Gonee OBYX OOIIMX TOYEK.

3. B xypce anreOpr1 rumnep0o/0i Ha3bIBATACH
KpHUBad, 38JaHHAA B IPAMOYTOJLHOH CHCTeMe KOOpPAMHAT

Oxy ypaBHeHHEM y=£— (k #0). B cucreMe KoopaHHAT

Ox'y’, xoropas noayuaerca mosoporom oceii Ox u Oy Bo-
Kpyr Touks O Ha 45° npoTHB UacoBOIH CTPEJKU, ypaBHe-
HHe 3Toil runepGoasl upn £ > 0 (puc. 226) uMeeT KaHOHU-
YeCKHH BH[

x2 y2

(2k):  (V2E)?

,HOKB.JKKTC 3TO CaAMOCTOATEJIBHO.

99 [IapadoJa

Mzl 3Haem, uTOo 3yaMnC (rumepéosia) ABAAETCA
MHOKECTBOM BCe€X TAKHX TOYEK ILIOCKOCTH, NJA KOTOPBIX
OTHOIICHHE PacCTOSHUA N0 (PMKCHPOBAHHON| TOUKM K pac-
CTOAHHMIO X0 (PHKCHPOBAHHOM NPAMON NOCTOAHHO M MEHb-
me (6oanine) eTUHUIBI,

CaM co0o#fi HampamimBaeTCs BOIIPOC: KaKas
KpHBad COOTBETCTBYET OTHOIIEHHIO, paBHOMY 1? 3Ta Kpu-
Bas HaswBaeTcA mapabGosoit. TakuM o6pasoM, MBI HPUXO-
IUM K CJEeAYIOIeMY OIIpeleIeHHUI0.

Onpenenenue

yh

R“

Puc. 226

IIapa6osoii HA3LIBAETCA MHOMKECTBO BCEeX TAKHMX TOYEK IJIOCKOCTH, JJid
KOTODEIX PAacCTOAHHE A0 (GUKCHPOBAHHOM TOYKHM DABHO DACCTOSAHHIO IO
duKCHpOBAHHOM NpAMOLi, He IPOXOAAIIEIH uepesd 3TY TOUKY.
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PurcupoBaHHAA TOYKA HasbliBaeTca QPoKycom,
a ¢UKCHPOBAaHHAA TPAMAad — XUPEKTPHCOM IapaGoJibl.

IIycte p — paccroAanme oT dhokyca F 10 AUpEK-
TpHCH. BBejeM IPAMOYTOJBLHYIO CHCTEMY KOODPAHMHAT TAK,

yT0OB! OKYC MMeJ KOOpAHHATHl F (%; 0|, a gupexTpuca

3afaBanach ypaBHEHKEM X = — g (puc. 227, a). B a10i cuc-

TéM€ KOODAMEHAT YpPaBHEHHE napaboJibl KMEET BHJ,

2
p
+y? =(x+5.

BosBoasa ofe 9aCTH 3TOro PaBEHCTBa B KBAApAaT
(ZOKaXKUTE, YTO NPHU 3TOM JUINHEMX KOPHER He MOSBUTC),
OPUXOIUM K YPaBHEHHIO

y® = 2px. )

9r0 ypaBHeHMEe HA3LIBAETCH KAHOHWYECKMM
ypaBHenneM napadonsi. OHO m03BOJAET 00OHAPYKHNTD CJe-
IYIOIINe CBOIicTBa mapaboJikl.

1. IlapaGosa wumeer OZHY OCb CHMMETPUH
(ocs Ox). 9Ta och HA3LIBAETCHA OCBHIO MapaloJsbl, a TOUKA ee

mepeceueHus: ¢ napabonoil — BepmmHO# mapaGosisI.
2
2. TockonBKy X = %—I; 2 0, To mapabona meJu-

KOM cofep:KuTcda B nmoaymnockocty (x 2 0), rpaHMua KOTo-
poH IEePIeHANKYAAPHA K ocu mapabousl.

3. IIpn x > 0 ypaBHeHue (9) Mo)KeT OLITHL 3a-
OHCaHO B BUAE Y=, 2px.

DyHRIUA Y(x) MOHOTOHHO M HEOTPAHHYEHHO
Boapacraer oT 3HaueHus y =0 npu x = 0. C yuetom cum-
MEeTPHH 3T0 NO3BOJISeT U306pasuTh mapaboay (puc. 227, 6).

Herpynuo mokasark (chesaamre 3TO CAMOCTOA-
TeJNbHO), 4TO J100ad IpaMas uMeeT c napaGosoit He Oonee
ABYX O0HIMX TOYeK.

Jduune, runepbona U mapaboyia BCTPEUalOTCH
B CAaMEIX DasHOOOpasHBIX cUTyanuAx. Tak, TeHb QyT6OIb-
HOT'QO MAYa OrpaHHM4YeHa BJJLINICOM, OpOIIeHHEBI KaMeHL
OBUKETCA 10 Tapabosie, a JBMiKeHme HeOecHBIX TeJ (Iia-
HeT, KOMeT, METEOPUTOB U T. J.) IO AeHCTsUEeM IIPUTINKe-
gusa CosIHIIA MPOMCXOAUT MO 3JunNcy uian ruiepbone. Ko-
HeYHO, HeOeCHbIEe TeJla HCHHITHIBAIOT BO3AeHCTBHE He
rosbKo COJHIIA, HO M APYTrUX TeJ, [IO9TOMY WX HCTHHHBIE
TPaeKTOPUN He ABJIAIOTCA B TOYHOCTH JLIMIICAMU WMJINA TH-
nepbonamu, HO BecbMa OJNM3KHM K 3THM JIMHUAM. Tak, Kax-
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aaa mianeta COTHEUHOM CHCTEMbI, B TOM YHCJIE HAIlla 3eM-
Ad, ABHMKETCA 1o opOure, OJAMBKON K BJIJHITUYECKOH,
npudeM CoJIHIIE HAXOAUTCA B OZHOM U3 POKYCOB BIIIMIICA.

863

864

865

866

867

868

869

870

3anaum

Paccrosnme Mexay JByMs (POKYCaMU 3JIIHIICA PAaBHO 42, a orHomIe-
Hue OonbIIONR M MAJOM moisyoceii paBHo 8. a) Hamuimmure ypaBHeHUe
aToro sanuica B cucreme Koopauuat Oxy, rae O — cepeawHa oTpes-
Ka, coeguHAKNIero Gorychl, jgexxkairue Ha ocu Ox. 6) Haliaure sxc-
HeHTpUuCHTeT ajaunca. B) Hamumnre ypaBHeHHE NUPEKTPHC 3JLIHICA
B cHCTeme KoopamHaTt Oxy.
2 2

HccnegyiiTe B3amMHOE pacnosIoXKeHUe DJIJIMICA %— + yT =1 u Opamoii,
IpoXomAme Yepea3 TOUKM ¢ KoopamuaraMu (1; —1) u (3; 1).

2 2
Hccnenyiite B3auMHOE PACIIONOMKEHMe DJIJIUIICA %i_ + yT =1 u: a) OKpyX-
HOCTH pajguyca +/7 ¢ HeHTPOM B Haua/e KOOPAUHAT; ) OKPY>KHOCTH pa-
gayca 2 ¢ meHTpoM B Touke (2; 0).
AcuMnTOTHI rEIEepbOJSIBI MPOXOLAT Yepesd HAYAIO KOOPAHHAT H COCTAaB-
JgT ¢ ocbio Ox yrawl B 60°. Paccrosame Mexx1y GoOKycaMu, JIE€KAIIU-
Mu Ha ocu Ox, paBHO 4, a) Hamummure ypaBHeHHe 3TOH TUIepbOJIbI
B cucTeMe KoopaueaTt Oxy. 6) HalifuTe sKCLeHTPHCHTET IHIEPOOILI.
B) Hanwmwure ypaBHEHMA AUPEKTPUC THIEPOOJILI B CHCTeMe KOOPIHU-
Har Oxy.

2 2
I/ICCJIGZIYPITG B3aIMHOe PacHoJIO;KeHHe DJIJIHIICA %— + -'1{4—- =1ln runep60-
242
JBbI = —_—
y X

Hailiaure sxkciieHTpHCHTET M HAIIMIIWTE YPAaBHEHUA IUPEKTPHUC THUIIED-
6071BI y=§ (& > 0).

Tlapa6osa 3agana ypasHeHueM y = ax’ + by + c¢. Hanumure ypaBEerne
IVNpEeKTPUCH] 3TOI mapaboJbl U HaANUTE KOOPAMHATHI ee (oKyca.
HccrezyiiTe B3auMHOE PACIIOJIOXKEHHe apaboJisl y = x° 1 OKPYKHOCTH
paauyca R ¢ mentpoMm B Touke (0; R) B 3aBucumocTu or R.

2 1 9 flexwomopote cgedceHus
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IIpunoxxeHusa

n Hzo6paxkenue
NPOCTPAHCTBEHHBIX (uUryp

IIpy usyyeHUU CTEpEOMETPHM BAKHOE 3HAUe-
HUe HnMeeT H300pa’KeHHe IIPOCTPAHCTBEHHEIX (GUIyp Ha
gepreke. MBI 103HAKOMUMCA 3A¢Ch ¢ HEKOTOPRIMH IIPABU-
JaMH rnocrpoenusn uzobpaxkeHuii. C 9Toii menpio BBexeM
CHAYAJA MOHATHAE MapaJeJbHON NpoeKIuKn GUTyphI, a 3a-
TEM € €r0 MOMOUIBIO MOHATHE U300paKeHAa QUIYDPELI U pac-
CMOTPUM IPHMephI KM300parkeHUl IJOCKHMX W IPOCTPAaH-
CTBeHHBIX Guryp.

1 TlapannenpHasi mpoexiHs Urypsl

Hycrs ® — HEKOTOpasA MIOCKOCTb, a | — me-
peceKkaromlasa 3Ty NJIOCKOCTbL npAMmad. OTMeTHM IpPOM3-
BOJNBHYIO TOYKY A, IpocTpaHcTBa. Ecam Touka A, He je-
HUT Ha upAMoit !, TO mposegeM uepes A, IpPAMYIO,
napaiienbHyio upamoit [, 1 0603HauNM uepe3 A TOUKY IIe-
pecedeHns 9TOH NPAMO ¢ IJIOCKOCTRIO R (puc. 228). Ecun
ke A, — Touka npamoit I, To 000sHavYuM uepe3 A TOUKY
nepeceyeHusa NpaAMoil [ ¢ miaockocThio 7. Touka A Ha3EIBa-
eTcA IpoeKuueil TOUKH A Ha IJIOCKOCTH T IIPH IIPOEKTH-
poOBaHUHM NapajdieasbHO npamoi !, O6bruno mpefgmosaraer-
cfl, UTO IJIOCKOCTS T ¥ IpAMas ! 3aaHbl, IO9TOMY TOUKY A
KPATKO HA3HIBAIOT NMApaJJeJbHOM Ipoexnmueil TOuKH A,.

Ilyers Fy — mnockas wiau OpocTPaHCTBEHHAS
durypa. IapannennHble OPOEKIIUYU BCEX TOUEK PUrypHl F,
obpasyioT HeroTopylo ¢durypy F Ha miocxocTs T (CM.
puc. 228). ®durypa F HaszpBaeTCcA napajjielIbHON NPoeK-
nuell gurypst F,. ['oBopsaT Takxke, uTo ¢purypa F momxyue-
Ha U3 GUTrypH F, nmapajuieIbHBIM IIPOCKTHPOBAHUEM.

ChopmynupyeM OCHOBHEIE CBOMCTBA Hapal-
JIeJILHOTO NPOEKTHPOBAHUA NIPU YCJAOBHUU, YTO IIPOEKTUDY-
eMble OTPE3KH H IpAMbIe He NapauleJbHbl OpsaMoi L.

1°. Mpoexuus npaMoit €ecThb npaMan
(puc. 229).
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ITpoexuma OPSMOH 7y €CTE
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IIpoercu;pm napaaneabHeIX

orpeskos AgBg u CyDy ecTh
HapajiienbHkle 0Tpe3ku AB
u CD

Puc. 231

TIpoeknus oTpeska AyB,
€cTh OTpesoK AB

Puc. 230

2°, IIpoekuuda OTpe3Ka ecTh OTPe3okK (puc. 230).

3°, Ipoeknum mnapaideNbHBIX OTPE3KOB —
napaanxeabusie oTpesku (puc. 231) mau oTpeskH, mpHUHAI-
JeXxalmpue ONHOH NPAMOI.

4°, TIpoexuuy napajiieJbHEIX OTPE3KOB, a TaK-
ke IPOEeKIHH OTPEe3KOB, JIERAIWMUX HA OJHOH HPAMOI,
IPONMOPIMOHAJIBHBI CaMHM oTpe3KaM (puc. 232).

UMz caoiictBa 4° ciemyeT, UTO MPOEKIHA cepe-
AHHBI OTPE3KAa eCTh CepeAMHA NPOEKIMH OTPe3Ka.

2 HazobOpamxenne urypsr

BrifepeM HEKOTOPYIO IJIOCKOCTE T M Ha30BeM
ee ILIOCKOCThI0O H300paxenuii. 3aTeM BO3BMEM MHPAMYIO [,
nepeceKamwily0 ILIOCKOCTE T, M CIPOEKTHPYeM [TaHHYIO
durypy F, Ha LTOCKOCTH T napajieibuo npamoi [. Iloay-
YEeHHYIO IJIOCKYI0 Gurypy F’ unu mo6yro eit monobuyio gu-
rypy F Ha miockocTH 7t OyZeM HasbIBaTh H300pakeHUeM
¢urypst F; (puc. 233). IlocTpoennoe Taxum oGpasom uaob-
paskeHne (PHUIryphHl COOTBETCTBYET 3IPHTEJILHOMY BOCIDHA-
THI0 QUrYPHI IPH PACCMOTPEHHUM e€ M3 TOYKM, PacIojo-
JKEeHHOHA JAJIeKO OT Hee.

BrLifupas pasiuyHble IJOCKOCTH H300pase-
HUHA U pasIuyHBIe HANPaBJEHUA NPOEKTHpPOBaHUA (T. €.
pasiMyuHRie npaMmee [), OymeM moaydaTbk pasIHYHBIE
n3obpakeHns ZaHHON Gurypel. O0biuHO Oepercda TakKoe
unsobpaxenne Gurypni, Koropoe sBisercsa Hauboyee Ha-
IMMIAZHBIM M YAOOHBIM AJA BHIMOJHEHUSA HA HeM JOIOJIHU-
TeJNLHBEIX IOCTpOeHMil. JTO u306pakeHHe M BOCIPOHM3BO-
JUTCA HA 4depTexe.
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3 Hzobdpaxkenue maockux curyp
IlocTpoerne wusobpaykeHW QGHUryp OCHOBAHO
Ha CBOMCTBAX MAPAJNENBHOTO IIPOEKTHUPOBAHUA, CHOPMY-
AUPOBAHHEIX B U. 1. PaccMoTpUM HEKOTOpBIE OPHUMEpPhI
n3o0paskeHN# INTOCKUX GUTYP.
O1pesor
Ilo caoitctBy 2° mpoeKHnUA OTpPe3Ka ecTh OTpe-
30K, II09TOMY M300parKeHHEM OTpPE3Ka SABJISETCH OTPE3OK.
fcHO, YTO NMPOM3BOJNBHBIH OTPE30K HA UYepPTexe MOMKHO
CUNTATh H306pakeHHeM TAHHOrO OTPE3Ka.
IIpu paccmoTperur H300paKeHUI TPEYTOJNb-
HHKA, [1apajjIeorpaMMa A T. O. OyAeM CYUTaTh, UTO ILJIOC-
KOCTH 5THX $Uryp He mapasllejbHB HAIPABICHUIO IIPOEK-
TUpOBaHUA (npsaMo# [).
Tpeyroasauk
Iycres AgByC, — TPEyrOJLHHK, PAaCIOJIOKEeH-
HEBI B npocTpazcTse, A, B’ u C' — npoeKRnuu Touer A,,
By u Cy Ha niockocTek T (puc. 234, a). Tak Kaxk npoekousa
OTpe3Ka eCTh OTPEe30K, To TpeyronbEuk A'B'C’ (a Takixe
noboit  TpeyroasHMK ABC, NOAOGHBEIM TPEYTOJbHHUKY
A’B'C’) sBnsercsa usoOpasxkenmeM tpeyroiabHEKa A B, C,.
MoKHO [0Ka3aTh, YTO B KaYeCTBEe M300pa’keHMs JAHHOIO
TPeyroJbHHKA HA UepTeike MOMHO Gparh IMPOM3BOJIbHBIH
TpeyroabHuK. Harnpumep, Ha pucyuxe 234, 6 usobpake-
' HMEM NPAMOYIOJbHOIO paBHOGEAPEHHOTO TPEYTOJIbLHU-
Ka AyB,Cy CIYKUT Pa3HOCTOPOHHUEH TpeyroJabHuUK ABC.
ITapannexorpamm
Tax KaK NPOEKIUAMK PABHBLIX IIapajlyIebHbIX
OTPe3KOB #ABJAIOTCA paBHBIE [OapajlieJbHbIe OTPE3KH
(cBoitetBa 8° m 4° m. 1), To M30OpasKeHHEM NapANIeIO-
rpaMma SABJASETCA IapasijejorpaMM. MOMHO JOKa3aThb,
YTO TIPOM3BOJBLHBIA HaPa//IEIOTPAMM Ha HePTeXe MOMKHO
cuuTaTh KU300pasKeHHEeM JAaHHOrO mapaJjiesorpaMma, B 4a-
CTHOCTHM H306pasKeHHeM AAHHOTO IIPSAMOYTOJbHMKA, POM-
6a, kBagpaTa (puc. 235).
Tpanemus
HerpyaHo BHAeTs, uTO u3obparkeHmWeM Tparme-
uuu AyB,CoD, ¢ ocHoBanuamMu AyB, u C, D, asiserca Tpa-
nenqua ABCD, npuuem mo csoiicrBy 4° m. 1

AB _ CD (1)

™ o ?

ApBy CoDq
T. €. OCHOBaHHSH H300paKeHUsA TpalelUu IPOHOPIUOHAND-
HEI OCHOBAHUAM caMoii Tpanenuu. [Tostomy He a106yio Tpa-
MENHUI0 MOMKHO CUHUTATh M300pasKeHHeM AaHHOW TpaleluH,
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Puc. 234

AgBoCoDg — npaMoyronn-
HUK. ABCD — mapasineio-
rpaMm

Puc. 235
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YraxxeM crocol mocTpoeHuA u300pasKeHUA RAHHONA Tpa-
nenuu A By,CoD,. C 3T0il meapl0 pacCMOTPHMM BCIOMOra-
TensHBIE oTpesok C,F,, HapaijelbHbl OTpe3Ky AyD,
4 pasbuBaroKil Tpameluio Ha napajnesaorpamm A,D\C.E,
u TpeyroasHuk ByC.E, (puc. 236, a). B KauecrBe n3obpa-
KeHus mapannenorpamma A,D,C,E, BO3bMEM IIPOM3BOJIB-
Heiii  napamaenorpamm ADCE (puc. 236, 6). Tak xak
AE = DC, Tto npomopuuoo (1) M0oXKHO 3amucaTs TaK:

Hcnonsaya nponopiiuio (2), HETDYAHO MOCTPO-
HTL Telleph TOUKY B — maolparkenne TOUKH B,. ITO nO-
CcTpOGHUE BBHIOJIHEHO Ha pHcyHKe 236, 6, rae AA, = CyD,,
AA, = A B,. Ilocrpoennas rpanenus ABCD asjxgerca
n3obpaxenueMm tpaneuuu A,B,C,D, (o4 Hee BBINOJIHEHAa
mporopuua (1)).

OrMernM, uTOo u300paskeHHeM paBHOOEADEH-
Hoit Tpanernu Ay,B,C,D, MoxeT ObITh U HepaBHODOeIpeHHAA
rpanenus ABCD. Ilpu sToMm m3o0pa’keHHEeM OCH CHUMMeT-
pun paBHOOegpeHHOI Tpamenuu sgBisiercAa npamas EF,
IpoOXosmiaa 4depead cepeidHbl ocHoBauuit AD m BC, wu,
clexoBaTeabHO, OTpe3oK EF apaserca mazobpaskeHUeM BbI-
COTHI paBHOOEZpPEeHHOUN Tpamemmu (puc. 237).

OkpyxHOCTH

Kax cneayer us m. 72, mapaiaieibHOH IIPOEK-
nueil OKpy)XHOCTH fABjaserca aaaumc (puc. 238). OKpyx-
HOCThL — UYACTHHIY ciaydalt 3JIurca, NMOCKOJIBKY ee IIpo-
eKIMsd HA  IUIOCKOCTh, OAPANJIENbHYI0  IIJIOCKOCTH
OKPYKHOCTH, €CThb OKDY:KHOCTE, paBHAs AAHHOH (00bsAC-
HNTe nouemy). 13 cBoiicTB mapajjieJbHOrO IIPOEKTHPOBA-
HUA cJeyeT, YTO IIpoeKIuA HeHTpa O JaHHOM OXPYIKHO-
CTH ABJIAETCH HEHTPOM CHMMeTpHuM aianunca (Touka O Ha
pucyHke 238). 9Ty TOYKY Has3bIBAlOT HEHTPOM 3JIJIMICA.

Tarkum obpasom, n3obpaskeHHEeM OKPYHHOCTH
ABJIAETCS 3JANIC, TPpUUeM H300paKeHueM LeHTPa OKDYIXK-
HOCTH ABJISIETCA IEHTpP 3JLIHICA.

JIINIIC WMCIIONb3VeTCA OPU M300pakeHud Ha
MJOCKOCTH HUJIHHIPOB, KOHYCOB, YCEUEHHBIX KOHYCOB
u chep (cm. raast VI u VII). IlowsaTue sanuica 4acTo
BCTpeYaeTcd H B Pa3JUUYHBIX BOIPOCAX €CTECTBOSHAHWA.
HanpuMmep, asmrkenne miaHer BOxKpyr CoJHIA OPOMCXO-
IAT 1m0 opburaM, GIUSKNM K SJJIUICAM.
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4 Hso0paskenne MpocTpaHCTBEHHBIX (GUTYD-

PaccmoTpum Tenmepsr u300paskeHHA HaA ILIOCKO-
CTH HEKOTOPHIX MHOrOTPAHHHUKOB MIPH YCAOBHY, YTO HU Of-
Ha U3 IJIOCKOCTeH rpaHeil He mapaJjuiebHA HanpaBIeHHUIO
npoexrupoBannsa. IIpn sroMm moz nsobpaskeHWeM MHOTO-
rpaHEuKa OyAeM MOHMMaTh GUIYypy, COCTOAINYIO M3 IPO-
eKIu#l Bcex ero pebep.

Terpaanp

IIyers AyB,CyD, — NpOH3BOJBHBIN TETPA3AP,
A, B, C 1 D — mapasnjeabHBIE IIPOEKIIMN €r0 BePIIWH Ha
ILIOCKOCTE u3obpakennit (puc. 239). Orpesxku AB, BC,
CA, AD, BD, CD cayxaT cTOpOHAMH ¥ THATOHAJNIAMH Ue-
TRIPEXYTOJbHHKA ABCD. ®Purypa, o6pasoBaHHas M3 3TUX
oTpe3KoB (WJIH J06aA aApyrasf ¢urypa, mofgobHasa eif), aB-
aserca unsodbpaxkenueM reTpadapa A,ByCeDq.

MokHO AOKas3aTh, UTO QUrypa, COCTOSINAS M3
CTOPOH ¥ AHaroHaseil Jiro6oro (BLIIYKJIOr0 MM HEBBITYKJIO-
ro) YeThIPEXyTroJbHUKAE, ABIAETCS H300paskeHUEM TeTpas[-
pa IpH COOTBETCTBYIOIIEM BEIGOpE IIIOCKOCTH N306parKeHuik
¥ HaOpasJieHWus IpoeKTupoBanusa (puc. 240, a, 6, 8). (Ha
3THX DPHUCYHKAX HeBHAMMbIe pebpa H300pa’KeHh! IITPHXO-
BBIMH JTUHUSAMH. )

Ilapannenenunen

st mocTpoeHus H30GpaKeHUA IPOUIBOJIBHO-
ro napamnenenuinena AoB,CoD,AyByCyD, 3amMeTHM, 4YTO
TOUKH Ay, By, Dy u A; ABAAIOTCA BEPUIMHAMY TETPasi-
pa A BoDy4; (puc. 241). IlosToMy B KadecTBe HX
U300paKeHnsa MOXKHO B3ATh BEPIIMHEI IIPOM3BOJILHOIO
yeThipexyroaibHuKka ABDA’. Jpyrumu cjoBamM#, Jdi06ble
Tpu orpe3ka AB, AD u AA’ IA0CKOCTH U306paKeHuA ¢ 00-
MM KOHIIOM A, HUKAKHe ABA M3 KOTOPHIX He JIeXKAT Ha
OOHOH MpAMOI, MOMKHO CYHTATh N300pakeHHeM pebep
AyBy, AyD, n A A, nmapasienenunena. Ho Torga msobpa-
JKEeHHNS OCTAJBHEIX pebep CTPOSTCA OJHO3HAYHO, TAK KakK
BCe I'DAHM IapajjejieNuiiefa ABIAIOTCA IapaJiiesorpaM-
MaM#d, H, CJeJOBATEJBHO, MX M300pakeHUss Takxe GyIyT
napatenorpammamMu. Ha pucynke 241 mapannenenunen
ABCDA’'B'C’'D’ aBasieTcsa n306pakeHueM MapajieienuIe-
Aa AoB(CoDyAy By Co D

ITupamunga

NsobpakeHne OCHOBAHHMSA ITUPAMHUIBLI CTPOAT
0 OIMMCAHHHIM B II. 3 mpaBUIaM, a 3a m3oOpakeHHe Bep-
INMHBl MOYKHO NDPMHATEL JIOGYI0 TOUKY, He IpPUHAAJIe)kKA-
MyI0 CTOpOHAM H300pakeHusa ocHoBaHuA. Ha pucynre 242
Jano ma3obpasxeHMe OpaBUILHON nmpamuasl S,A,BC,D,,
OCHOBaHHMEM KOTOPOH ciay:KuT KBagpatr A,B,Cy,D, WscOpa-
JKeHHeM OCHOBAHHS fABJAETCS napajuienorpamm ABCD.
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Puc. 241

3ameuanue

YacTHEIM CJIy4YaeM OapajjeibHON IIPOeKIUH
$buUrypsl ABIAETCA NPAMOYTOJbHAA NpoeKIuA (cm. m. 21).
IIpAMOYTONbHEIE MPOGKILUY HIMPOKO HCIOJIL3YIOTCA B TEX-
HUYECKOM depuenun. Kaxas-inbo AeTanb oOBIYHO HIPOEK-
THpPYeTCA Ha ABe NJIOCKOCTH — T'OPHSOHTAJNILHYIO H BepTH-
KaJbHYI0, U 00e IpOoeKIHM H300paKaloTCH B ILIOCKOCTH
yepreska. Ha pucymke 243 m3oOpaskeHbl JBe NPOEKIIUH
OUJINHAPHYECKOH BTYJIKH.

E 06 axcuomax reomMerpumu

AKCAOMBI FeOMETPHH NPEeACTABJAAIOT cob0i HC-
XOAHEIE TIOJIOMKEHWH, HA OCHOBE KOTOPHIX CTPOUTCS BCS
reoMeTpUf, T. €. NyTeM JOTHMUYECKHX PaCCY)KAeHH# ycTa-
HABJIMUBAIOTCSA CBOMCTBA reOMeTpPHUECKHX Guryp. B axcuo-
MaxX BBIPAYKEHEl CBONWCTBA OCHOBHBIX TI€OMETPHUECKHX
moHATHH. K TaKkoBLIM B HAIIIEM Kypce OTHOCATCA HOHATHSA
TOYKH, NMPAMOH U ILIOCKOCTH, IOHATHE «JIEKATHh MEKAY»
IJIA TOUEK IpAMO m moHsaTHe Hajloxenusn. Kpome toro,
B AKCHMOMAaX IeOMeTPHY W BBITEKAIOIIHX U3 HUX yTBEpKIE-
HUAX HCIOJB3VIOTCH Takue obijeMaTeMaTHUecKWe IIOHA-
THS, KAK «IPAHALIEKATE» (MM «JIeXKATH HA»), «MHOMKe-
CTBO», «YHCJO» U T. H.

3zechk MBI IPHBEAEM BCe SaKCHOMEI reOMeTpHH,
BKJIOYAA U Te€ TPH AKCHMOMBI O B3aMMHOM PaCIOJIOKEHHH
TOUEK, IPAMBLIX K ILIOCKOCTEHN, KOTOpHIe OLLIM cHopMyIIH-
POBaHH BO BBeJSHWHM, a TAK)XXe XAAWMM AOKASATEJIBCTBA HA
OCHOBE 8KCHOM HEKOTOPLIX HAIMAHO OYEBHAHLIX YTBEPXK-
JeHui, KOTOpPhle HCIOJb30BAJHCH B Kypce CTepPeOMEeTpPHH.

IlepBan rpymia akcmoM XapaKrepusyeT B3a-
AMHOE DacHoJIO)KeHHe TO4YeK, NPAMBIX H IJI0CKOCTEH.
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1. Ha xammoii mpaMoOi H B KaKXOH INIOCKOCTH MMEIOTCA IO Kpalineii
Mepe JABEe TOYKH.

2. Hmerorca mo KpaliHeil Mepe TPH TOYKH, He JiexKamue Ha OTHOM
NPAMOi, U MO0 KPallHeil Mepe YeThIpe TOYKH, HE Jie)KallNe B OXHOMI
IIOCKOCTH.

3. Yepes m00b1e ABE TOUKH MPOXOIHUT NMpAMAad, U NPHTOM TOJBKO OJHA.

4. Yepes mo6ble TPH TOYKH, He JekKanine Ha OTJHOM NMpAMOM, IPOXo-
IMT IJIOCKOCTH, H IIPHTOM TOJIBKO OJHA.

5. EcjHu gBe TOUKH IPAMOM JIe}KAT B INIOCKOCTH, TO BCE TOUKH IIPHA-
MOH Jie)KaT B 3TOH MJIOCKOCTH.

6. Ecau gBe ILIOCKOCTHM HMEIOT OOIINYIO TOYKY, TO OHH HMEIOT OOIImy1o
IPAMYIO, HA KOTOPOIL JeskaT Bce ofuiue TOYKH STUX IJIOCKOCTEH.

7. N3 Tpex ToueK HPAMOU OJHA, U TOJIHKO OZHA, JIE€KHT MEKAY ABYyMS
APYTHMH.

Wuorma BMeCTO CJIOB «TOUYKA B JERUT MeXIy
roukaMu A u C» roBopaTt, uro Touku A u C Jexar 1o pas-
HBIE CTOPOHBI OT TOUYKH B, uau Touxku A u B JexxaT mo of-
HY cTopoRy oT Toukm C (aHajmormyuo Touku B m C mexxkar
10 OJHY CTOPOHY OT TOUKHU A).

8. Kaxpgas tourka O npamoii pazjessieT ee HA JBe UACTH — /JBa Jy-
4Ya — TaK, 4YTO JI00bIe ABe TOUYKH OZHOr0 H TOTO ke Jyda JiesKaT Imo
OHY CTOPOHY OT ToukH O, a J00pIe ABe TOYKM Pa3HBIX Jydel Je-
JKAT 110 pa3Hble CTOPOHSBI OT Touku O. IIpm 3TOM TOuKa O He mMpH-
HAMAJIEJKNT HH OJHOMY M3 YKA3aHHBIX Jiydeil.

Hanomunm, uTo oTpe3kom AB HaspiBaercs
reoMerTpuvyeckas (¢urypa, coctoamas m3 ToueK A m B u
BCEX TOYEK MPAMOI AB, NexXamux MexxJy HuMu. Ecau oT-
pesoxk AB m mpAMas a JeKaT B OJHOH IIJIOCKOCTHA M He
HMeIOT O0IIHX TOYEeK, TO rOBOPAT, UTO TOUKU A M B Jexar
IO OZHY CTOPOHY OT ONPAMOM G; €CJIH Ke OTPe3OK AB mepe-
CeKaercsa ¢ IPAMOIl @ B HEKOTOPOH ToUuKe, JieXxXareil Meix-
Iy A u B, TO rOBOPST, YTO TOUKH A M B JexaT nmo pasHble
CTOPOHBI OT HPAMOH a.

9. Kaxkgas npsaMas a, JeKalas B INIOCKOCTH, pasfeisieT 3Ty ILIoc-
KOCTh Ha JiBe YacTH (IBe MOIYIJIOCKOCTH) TAK, YTO JI0O0kIe ABE TOY-
KH OJHOH H TOH Xe MOJYIIOCKOCTH JieXaT Mo OAHY CTOPOHY OT
npaMoii a, a J0ble JBe TOYKH PAa3HBIX NMOJYILIOCKOCTEH JIeKAT 110
pa3dsie CTOPOHEI OT npaMoii a. Ilpu 3TOM TOUYKM NpsAMOM a He MpH-
Ha/JJIekaT HM OJHOH M3 3THX NONYILIOCKOCTEH.

IIpsamas a masniBaeTca rpammiueld Ka)kaod U3
MIOJYILJIOCKOCTEH.
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Ecnu orpe3ok He mMeeT OOLIMX TOYEK C JHaH-
HO¥ NJIOCKOCTBHIO, TO TOBOPAT, YTO KOHIIHI OTPE3Ka JIeKaT
IO OXHY CTOPOHY OT IJIOCKOCTH; €CJIH K& OTPE30K mImepece-
KaeTcH C ILJIOCKOCThIO B HEKOTOPOM CBO€il BHyTpeHHel Tou-
Ke, TO FT'OBOPAT, YTO KOHIIEI OTPe3Ka JIEMKAT IO pasHBIe CTO-

POHBI OT MNJOCKOCTH.

10.

Kaxaasa miocKocTs O pasaeaseT MPOCTPAHCTBO HA Be YacrT (/[Ba
NOJYNPOCTPAHCTBA) TAK, YTO JI00bIE JBe TOUKH OZHOTO H TOTO Ke
NOJYINPOCTPAHCTBA JIEKAT II0 OJHY CTOPOHY OT IIJIOCKOCTH O,
a Jro0bIe AB€ TOUKH PA3HBIX INOJYIIPOCTPAHCTB JeEKaT IO pa3HbIe
CTOPOHBI OT NMIOCKOCTH OL. HpH 39TOM TOYKH NJOCKOCTH O HEe IIPH-

HAQJIeKAT HA OJHOMY H3 YKa3aHHBIX ITOJYIIPOCTPaHCTB.

IlnockocTs O HasbIBAETCA TPAHMHEH KaxJI0oTo
U3 TOJYIPOCTPAHCTB.

Crepymolas rpyiia akCHOM OTHOCHTCHA K IIO-
HATHAM HAJOXKeHHUA M paBeHCTBA (GHUIyp.

ITon Hamo)XeHWeM MBI HOHHMaeM oOTOOpake-
HUe MpocTpaHCTBa Ha ceba. OaQHAKO He BCAKOEe OTOoOparke-
HHIe IPOCTPAHCTBA HA cebs HazbIBaeTcsl Hasuo)keHreM. Ha-
JOKeHHA — 3TO TaKHe OToOpasKeHUA NPOCTPAHCTBA Ha
ceba, KoTopble 00/18Za0T CBOMCTBAMH, BRIPAMKEHHBIMHU
B axcuomax 11—17. B ¢dopmyanpoBkax 3THX AKCHOM
HCIIOJNb3yeTCA TOHATHE paBeHCTBa (GUTYp, KOTOpoe oOIpe-
aessieTca tak: nycts ® u @, — nBe QUrypsl; €can cyniecT-
ByeT HajoKeHMe, IPH KoropoM ¢urypa ® orobpaxkaercs
Ha ¢purypy ®,, To MBI roBOpPHM, 4T0 (puUrypy © MoKHO coO-
BMECTHTh HAJIOKEHNeM ¢ ¢urypoit ©, nan uyro ¢purypa @

paBHa ¢urype O0,.

11. Ecau mpH HaJOKEHHH COBMENIAIOTCH KOHI(bI ABYX OTPE3KOB, TO
COBMEINAIOTCHA H CAMH OTPEe3KH.

12. Ha m000om xyue OT ero HA4YaJa MOKHO OTIQKHTH OTPE30K, pPaB-
HBIH JAHHOMY, H IIPHTOM TOJBKO OXHH.

13. Ot moGoro Jayua B JaHHYIO MOJYILIOCKOCTh MOMKHO OTJIOKNTE YTOJ,
PaBHEIH JTaHHOMY HEPA3BEPHYTOMY YIiy, H IPHTOM TOJBKO OXHH.

14. [pa pasmbIX yriaa hk u hk,, nexamye B IJIOCKOCTSX, SBISIONIHXCS
rPaHMIIAMH TOJXYyHpocTpascTs P u P,, MOXHO COBMECTHTh HAJOKe-
HHEeM TaK, YTO IIPA HTOM COBMecCTATCA NoJymnpocrpaHcersa P u P,
NpUYEeM 3TO MOKHO CAEJATH XBYMA CHOCO0aMH: B OHOM CJy4ae co-
BMecTaATCA Aydu h m h, kuk,,a B apyrom —ayum hun k,kuh,.

15. JIw6as ¢purypa papHa camomu cefe.

16. Ecau ¢urypa @ pasna ¢urype @,, To purypa O, pasna gurype Q.

17. Ecau dwurypa ®, pasHa ¢purype ®,, a dburypa ®, pasna cdurype

8%

®,, To purypa P, pasaa ¢urype PD,.
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Crenyioiine JBe aKCHOMBI CBA34HBI C M3Mepe- -

HHeM oTpe3KoB. IIpexxae yeM ux choOpMyIHpPOBATEH, HAIIOM-
HUM, KaK UaMepaioTcd orpe3ku. Ilyets AB — msMepsieMBIi
OTpe30K, PG — BhIOpanHas eTHHWIIA N3MEpPEeHHUA OTPE3KOB.
Ha syue AB ormo:KuM orpesok AA, = PQ, na imyde A;B — or-
pesok A,A, = PQ u T. A. A0 TexX mop, IOKa ToYKa A, He COB-
mager ¢ Touxoii B 6o Touka B He oKaykercs JeXalieil
Mexay A, u A,,,. B mepsoM ciayuae roBopAr, UTO JINHA
oTpesKa AB nipu eIuHUIE uaMepeHNs PGQ BRIpaKaeTcs Yuc-
J0oM n (MWIH 4To OTpe3ok PQ yxiaagniBaercsa B OTpe3Ke AB
n pa3s). Bo BTOpoM ciydae MOXXHO CKa3aTh, UTO AJHUHA OT-
peska AB npu exununne usMepenus PQ npubimiKeHHO BHI-
paskaerca 4uucaAoOM n. Hna 60jee TOUHOrO M3MEPEHUA OTpe-
30K PQ nenAT Ha paBHBIE YaCTH, 0ORIYHO Ha 10 paBHBIX ua-
creil, ¥ C IIOMOWIBI0 OZHOM M3 JTHX 4YacTeil HM3MepAT
onucaHHBIM cnocobom octaToxk A, B, Ecau mpu sTom zgecs-
Tad 4acTh OTpe3ka P@ He yKIajgwIBaeTcA IeJioe YHCJIO pas
B H3MePAEMOM OCTarKe, TO €¢ TaKse Aenar Ha 10 paBHBIX
yacTeil ¥ OIPOAOJIKAIOT IIpolece U3MepeHUd. MbI yTBep:Kaa-
€M, YTO TAKHM CIIOCOO0M MOXKHO M3MEpPHUTh JIIO60H 0Tpe3oK,
T. e, BEIPA3UTL €ro JJINHY IPH JaHHOH eAHHHIE U3MepeHus
KOHeuHOM nim GecKOHeuHOH AecATUYHONH aApoGBi0. OTO
YTBED)KIEHHE KPATKO CHOpPMYJHDYEM TaK:

18. IIpu BHIGpaHHOH# €IUHMIE H3MEeDEeHHS OTPE3KOB IJIMHA KAaMKIOTO
OTpe3Ka BHIPAMKAETCA IOJOMKHTEABHEIM YHCJIOM,

Rpome TOTr0o, Mbl IPpMHHMAaeM aKCHOMY cCylie-
CTBOBaHHA OTpe3Ka JaHHOH IJIVHEI.

19. IIpn eepiGpamHOil eNMHHIE M3MEPEeHHA OTPESKOB IJA JA060TO
IOJIOKHUTEALHOr0 YHCIA CYILECTBYeT OTPe3OK, AJAHHA KOTOPOTo
BRLIPAKAETCH 3THM YMCIOM.

W makonen, IOCIefHAA AaKCHOMA B CTEPEO-
METPpMH, KAK M B ILJIAHUMETDHH, e€CTh AKCHOMA MapaJi-
JIEJIBHEIX HPAMEIX.

20. B m1060ii IIIOCKOCTH Yepe3 TOUKY, He JIe;KAIYI0 HA JTaHHOM ImpaMoif
3TOH ILTOCKOCTH, IIPOXOAUT TOJBKO OJHA NpAMAdA, NapallejbHad
JAHHOM.

B IX =xmacce (I'eomerpus, 7—9, npuioxe-
HHe 1) MBI y2Ke MOBODHMJIH O TOM, UTO, OIIKPAACE HA aKCHO-
MBI, MOJKHO peIlaTh 3aJadd M AOKA3BIBATH TEOpeMbl 6es
NPHBJICUCHHS KAKHX-JIH60 MHTYHTUBHEIX NpeACcTaBJIeHMIA
0 cBoMicTBax reoMeTpuueckux ¢puryp. B xauecTse mpumepa
IPUBOAUIOCH [IOKA3aTeJIbCTBO TEOPEMEI, BRIpAKaoNUIei
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OepBLIA TIPM3HAK PaBeHCTBA TPEYIrOJbHUKOB, OCHOBAaHHOE
Ha axkcuomax. IIpmBezieM eme HECKOJBKO IpPUMEPOB.

3amaua 1

JloxasaTh, 4TO HA KAXKIOM Jy4de eCTh XOTH ObI
ofHA TOUKA.

Pewenune

PaccmoTpum ayu ¢ mavanom A, aAspagoomuics
yacTei0 Opamoii a. Ha mpaMo# a ecth xotsa OB ogHa TOU-
Ka B, oriumuHas or Touky® A (akcmoma 1). Ecau touxa B
JeXXUT Ha jgyue (puc. 244, a), To OHA ¥ ABIAETCHA TOM TOU-
KOH, CYILeCTBOBaAHHE KOTOPOH MBI JOKas3biBaeM. Eciu xe
rouka B xexur Ha npoposxenuu Jgyda (puc. 244, 0), To
IOCTYIAM TaK: Ha JIyue OT ero Hadajla OTJIOMKHM OTPEe30K
AC = AB (axcmoma 12). Torma touxka C Oyzner nexaTh Ha
ayue. YTBepxKAeHUE NOKA3AHO.

3anaga 2

JloxkasaTs, UTO €CJM TOUKA A JIEXKUT Ha Ops-
MOIt @, a Touka B He Je)XUT Ha 3TOH NPAMOI, TO BCe TOUKH
ayua AB mesar B OAHOI IOJYIJIOCKOCTH ¢ I'PaHuMLel a.

Peimenue

IIyecrs C — mpouaBogbHAA Touka Jayda AB,
otTsinuHAs ot B (a ecTh u Takasd Touka? Oreer Ha 3TOT BO-
mpoc HafijuTe CaMOCTOATENBHO). Jlokamem, uro touka C
JEXKHUT B TOH sKe NOJYIJOCKOCTH C TPAHHIEHN @, YTO M TOU-
Ka B. ITockonbxy Touku B u C jexaT 110 OBHY CTOPOHY OT
TOYKH A, TO 10 aKcHoMe 7 TOUYKa A He JIeXKHUT HA OTPE3-
ke BC. IToaToMy ecJu NpesaoyioKUTbh, YTO TOUKM B n C
JIEIKAT B PA3HBIX HOJYILIOCKOCTAX C TDAHHIEH @, TO MOJY-
YHUTCA, YTO NpAMAas a mepecekaer oTpe3oK BC B Toukre D,
oTaInuYHOM oT A. MHBIMM ciaoBaMHM, OKa)XeTcs, 4YTO 4epe3
Touku A u D npoxozar zse npamele: a u AB. Ho aTo npo-
TUBOpeUHT akcuoMe 3. CiiexoBaTedbHO, HAIle IIPEAIOJIO-
Kenue omuboyHO — ToukH B nm C jeKar B OZHOH NOJIY-
IJIOCKOCTH C rpaHUIeld a, uTo u TpeGoBajioch JOKA3aTh.

Ilpy uM3yYeHHMHM TeOMEeTPUH MBI HEOJHOKPATHO
HCIOJNIB30BAJIM MOHSTHE BHYTPEHHEH 00/1aCTH HepasBepHYTO-
ro yria, OnMpasch IPH 9TOM Ha HaIJIAAHBIE IPEJCTABICHHA
06 yruax. IIpuBezeM Temep: OmIpejesieHUe 3TOr0 MOHATHS.

BuyrpenHeii 06s1acThI0 Hepa3BepPHYTOTO yTJia
AOB maspIBaercd o0LIafg YacTh JABYX IHOJYIJIOCKOCTEN:
NoJaynjaockocTu ¢ rpanuuei OA, cogepxamein Toury B,
H TMOAYILIOCKOCTH ¢ rpanunei OB, cogep:xamei Touky A.

3agaua 3

Jokasarsb, 4TO €CJM JIyY UCXOANUT N3 BePIIMUHb
HEepasBEPHYTOrO yrja M NPOXOAUT uepe3 TOUKY BHYTPEH-
Heil obsacTH 3TOr0 yria, TO BCe TOYKM JIyda JIeXKAT BO
BHYTpeHHeH oOJsiacTu yria.
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Peurenne .
Pacemorpum yroax AOB u ayu OC, npoxops-
muii yepesd Touky C BHYTPeHHell o0igacTH 3TOro yrJja
(puc. 245). Ilockoasky Touka C NpHHAAJEKHUT IIOJIYILIOC-
KocTu ¢ rparnneit OA, comeprxalreil Touky B, To Bce TOUKHU
aydya OC Taxske NOpHHaAMeXKAT STOH moaymniocxocru (CM.
sagauy 2). Ilo amamoruunoii npuuuHe Bce Toukm ayua OC
MIPHHAAJIEKAT IOJYIIIOCKOCTH ¢ rpanuneit OB, comep:ka-
meit Toury A, CiaefoBaTenbHO, BCe TOUKY Jgydya OC npuHaz-
JexaTr oO0mreill 4acTH yKasaHHBRIX IIOJIYILIOCKOCTEH, T. e.
BHYTpeHHe#l 00aacTtu yria AOB. YTBep:KIA€HHE HOKa3aHO.
3amaua 4
HokasaTb, 4TO €CJIH IPAMAsA IePECEKAET CTOPO-
Hy AB TpeyroabHuxka ABC 1 He INPOXOANT 4Yepe3 BepIINHY
ATOr0 TPEYTOJhHMKA, TO OHA mepecexkaer nubo cropony BC,
aubo cropory AC.
Penienne
Hanuaa npamad pasgeaseT IJIOCKOCTh Ha [Be
noaymiockocTu (axcuoma 9), npudem Touku A u B gexart
B PasHbIX MOJYILIOCKOCTAX. [loaToMy ecau Touka C JeXUT
B OZHO IIOJYIIIOCKOCTH C TOYKOM A, To Touxku B u C ie-
JKaT B PasHBIX IMOJYIIJIOCKOCTAX, a 3HAYHT, OAHHAA IIpA-
Maa mepecekaeT oTpe3ok BC. Ecnu xe Toura C JeXHT
B OZHOI MOJYILTOCKOCTH ¢ TOYKOH B, TO Toukm A u C ie-
AT B PasHBIX MOJYILIOCKOCTAX, a 3HAUHT, NAHHAA IIpH-
Mas mepecekaer orpe3ok AC. YTBepix/eHUe [0Ka3aHO.
' 3agaua 5
HNorazaTh, UTO €CIAM JyY UCXOLUT U3 BEPUIMHEI
HEpa3BepHYTOro yIJjla ¥ IPOXOAHT UYepPe3 TOUKY BHYTDPEeHHeH
obJiacTy 3TOrO yrja, To OH JAEJHT 3TOT YroJ Ha ABa yria.
Pemrenue
Pacemorpum yroa AOB, uepes Touky C BHYT-
peHHeit o6sacTu KoToporo mpoBegeH Jayu OC (puc. 246).
Tpebyerca Aoxas3aTh, YTO BHyTpeHHMe obsactu yriios AOC
n BOC nexxkaT mo pasHble CTOPOHBI oT npsMmoit OC.
IIyers D — mpoMB3BOJBLHAA TOYKA Jyda ¢ Havda-
aom O, asasomerocs mpogoxeHueM nyda OA. Touxku A,
B u D me nmexar Ha npamoil OC, u 3Ta IIpsgMas mepeceKaeT
cropony AD Tpeyroasauka ABD. CaenoBaTenbpHO, OHA Me-
pecexkaeT aub0 ctopory AB, aubo cropory BD (cm. 3aza-
uy 4). Ho Touxa D He JeHUT BO BHYTpeHHel 006JacTH yI-
jga AOB — oHa JNeXHT B IOJYIUIOCKOCTH ¢ rpanuleii OB,
He coaepsxkameit Touky A. ITosTomy Bce Touku nyuya BD He
NpUHALJIE)KAT BHYTpeHHe#l obsactu yroia AOB (cm. 3aja-
gy 2), a sHauuT, ayd OC He MOKeT rnepecedb CTOPO-
HYy BD — BCe TOUKH 3TOTrO Jyua IPHUHAJJIEKAT BHyTPEHHEH
obsactu yria AOB (cMm. 3agauy 3). CrnemoBareabHO, OH IIe-
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pecekaer cropoHy AB. 3To 03HAuaeT, YTO TOUYKM A u B,
a samauut, u aydu OA u OB (cm. 3amauy 2), Jexar oo
pasHble CTOPOHH oT mpamoit OC. Ho Torma m BHYTpeHHHE
o6aacty yrooB AOC u BOC nexar 1m0 pasHbie CTOPOHBI OT
npamoil OC. YrBepKAeHNEe OOKa3aHO.

Kaxk y:Ke 0TMEYaI0Ch BO BBEIEHUH, U3 AKCHOM
reoMeTpHUHU ClleJyeT, YTO MIPU3HAKHA PaBEHCTBA H NOAOOHUH
TPEeYroJbHUKOB, U3BECTHBIC U3 Kypca IJIAaHUMETPUH, CIpa-
BeINBBL U JJISl TPEYroJLHUKOB, DACIOJIOMEHHLBIX B pas-
HBIX IJTOCKOCTAX. [oxaxem, HallpuMep, TeopeMy, BBIpa-
JKAIOIIYIO0 NEPBEIH NPU3HAK PABEHCTBA TPEYTONBHUKOB.

Teopema

N W&Mﬂ,&.xg s

gy e mﬁplmyé ﬁ&w@ %n*@w:ﬁt

Ec.nn ABE CTOPOHEI H YIoJ Memny HUMH ommro Tpeyronb-
HHKA COOTBETCTBEHHO PABHBI JIBYM CTODOHAM U YTy MeK-
Iy HMMH JPYroro TpeyroibHHKA, TO TAKHEe TPEYTrOJbHHKH

PaBHBIL,

JlokasaTerbeTBO

IIyers Tpeyroarauk ABC pacHooeH B IJIOC-
KOCTH O, 4 TPEYroJbHHUK A,B,C, — B IJ0CKOCTH O; H AB =
=AB,, AC=AC,, LA=_LA, J[oxaxem, utro AABC =
= AA,B,C,, uMesa B BUAY, YTO NIOJ TPEYIrOJBHUKOM B CTe-
peoMeTpun OGBIYHO MOHHMAKT (QUIYPY, COLEPIKAIIYIO He
TOJBKO TPH CTOPOHBI, HO M COOTBETCTBYIOINYIO BHYTDEH-
HOIO 0ofjacThb. PaccMOTpUM HaNOXeHHe, IPH KOTOPOM
yroix A coBMelaerca ¢ yriom A, rak, uto ay4 AB cosme-
maerea ¢ ayuom A, B,, a ayu AC — ¢ ayuom A,C,. Takoe
HaJIOJKEHHe CYIIecTByer B cuily akcuombl 14. Tak xkak mo
akcuome 12 Ha gyde A;B, MOKHO OTJIOXKHATH OT €ro Havdajia
TOJBKO OZWH OTPE30K, PaBHBLIA oTpesKy AB, To Touka B
COBMECTHTCS ¢ TOUKoii B,. AHajmormyao Touka C coBme-
ctutca ¢ toukoil C,. CiaenoBaTtesbsHO, 10 akcuome 11 co-
pmecTarca orpesku AB u A,B,, AC u A,C,, BC n B,C,,
T. €. COBMECTATCS CTOPOHLI TPeyroabHukoB ABC u A,B,C,.

JokakeM Temepb, 4TO HPKY YKA3aHHOM HAJO-
KeHUM BHYTPEHHAA o00jlacTh Tpeyroaphuka ABC cosme-
CTUTCA C BHYTpeHHeH o6aacTeio TpeyrojabHuka A,B,C,.
Odna aToro EY»KHO AOKa3aTh, 4TO J06asg TOUKA BHYTPEH-
Hell obiactu TpeyronbHuka ABC coBMeCTHTCA ¢ HEKOTO-
poii Toukoii BHyTpeHHeil obnacTu TpeyroarEuka A,B,C,, u
obpaTHO: Ha J00YI0 TOUKY BHYTpeHHelH 06J1acTu TpeyroJb-
HUKa A,B,C, HaJOXKHTCA HEeKOTOpasd TOYKa BHYTDPEHHEH
obnactu tpeyroapHuka ABC. Ilyecte M — mpou3BOJBLHAS
TOYKAa BHYTpeHHell oOmactu tpeyronbEuka ABC. IIpose-
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neM yepe3 TOUKYy M Kakoil-HuUOGYyAb 0Tpe3oK PQ c KoHIaMH -
Ha cropoHax AB u AC tpeyroarHuka ABC. Tax Kax cropo-
Ha AB coBMelltaeTca CO CTOPOHO# A,B,, To Touka P cosme-
CTHTCA C HEKOTOpOo#l Toukoil P, Ha cropoHe A B,. Anao-
TMYHO TOYKa @ COBMECTHTCA ¢ HEKOTOPOH TOUYKOMH @, Ha
cropole A,C,. Iloatomy 1o akcrome 11 orpesox PQ coBme-
CTUTCA ¢ oTpe3akoM P,Q,;, a 3HauuT, Touka M orpesra PQ
COBMECTHTCA C HeKOTOpoH Toukoii M, orpeska P,@,, T. e.
HAJIOJKATCA HA TOYKY M, BHYTpeHHe# 00JacTH TDPeyrojb-
gnka A;B,C,. TakuMm ke oO6pasoM MOKHO AOKasaTh U 00-
paTHOe: Ha J00yI0 TOUKY BHYTpeHHel o6JiacTH Tpeyrojb-
HUKa A,B;C, HaJ0KHTCA HEKOTOpadA TOUKA BHYTpPeHHel
obaactu TpeyroabHuKa ABC. ATaK, Ipn yYKa3saHHOM HAJIO-
weHnu tpeyronsHUKM ABC u A,B,C, TOJHOCTBIO COBMeE-
C¢TATCA, T. €. OHH paBHEI. Teopema [0OKasaHAa.

3azada 6

JlokaszaTb, UTO €CJAM OCHOBAHHE H BBLICOTA Of-
HOH OpAMOM TPEYTOJBHONH IIPHU3MBI COOTBETCTBEHHO PaBHBI
OCHOBAHMIO M BBICOTE APYroil mpsiMol TPEyToJbLHOU IpPHU3-
Mbl, TO TaKHe TIPA3ME PaBHBI.

Pemenne

IIycre npamele npusmel ABCDEF u
A,B,C,D\E F, umelor paBHHe ocHoBaHud ABC u A B,C,
u paBHhle Bricotsl AD wm A, D,, npmuem AB=A B,
AC=AC, u LA = ZA,. TlonynpocTpaHCTBO, 'paHULEH KO-
'TOpOro SABJAAETCA ILIOCKOCTh ABC, comepskamee Touku D,
E u F, o6o3gauum 6yxkBo#l H, a MOJYIPOCTPAHCTBO, 'PAHH-
meil KoToporo #ABJAeTCHA ILIOCKOCTh A,B,C,, comepkaliee
rouku Dy, E, u F,, o6osHauum H,.

PaccMoTpuM HaloMKeHHe, MPH KOTOPOM YToJ
A coBmMemaercs ¢ yryioMm A; Tak, uro jgyud AB coBMmeIlna-
erca ¢ Jayuom A,B;,, nydu AC — c¢ ayuyom A,C,,
a moaynpocrpancTso H coBMemaeTcs ¢ MOJYIPOCTPAHCT-
BoMm H,. Takoe HajlOKeHHE CYIIeCTBYeT B CHJIY AKCHO-
Mbl 14, IIpu sTOoM HanoxeHHun TpeyroJbHUK ABC (T. e.
€ro CTODOHEI H BHYTPEHHAA 00J1aCTh) COBMECTUTCA C PaB-
HEIM eMy TpeyroiabHukoM A, B,C,. Hanee, nyy AD coBme-
CTUTCA € HeKOTOpHM Jaydom A,D,, paclosoXeHHBIM
B moaynpoctrpaEcrse H,, moaromy yrawst DAB un DAC
COBMECTATCH COOTBETCTREHHO ¢ yraamu D, A, B, u
D, A,C,. Ho rak kax yrasi DAB u DAC npsiMBie, TO YIJbI
D,AB; u D,A,C, TaKk:Ke IIpsAMEIe, a, 3HauuT, Jay4dy A,D,
OePHeHIUKYAAPEH K naocKocT™ A,B,C, u, ciregoBaTenas-
HO, coBnajgaet ¢ aydom A,D,. Urak, npu yKazaHHOM Ha-
roxennu ayd AD coBmecTHTCA € nyuom A,D,, a Tak Kak
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AD = A,D,, o rouka D coBMecTnTCa ¢ TOUKO# D,. AHa-
JoruyHO TOYKM E M F COBMECTATCA COOTBETCTBEHHO
¢ toukamu E, u F,. Cnegosarensno, ocuoBaume DEF
1 60KOBHIe pefpa OZHOH NPU3MEI COBMECTATCS COOTBET-
cTBeHHO ¢ ocHoBaHHeM D,EF, u OGoxoBeiMu pebpamu
apyroii npusMmbl. HeTpyaso pnokasaTrh Tenepb, UTO NIPH
3TOM COBMECTATCA M COOTBETCTBYIONIHEe GOKOBLIE I'DAHH,
a4 TakJKe BHYTPEeHHME TOYKM HOPHU3MbI. OTO MOYKHO cle-
JaTh MoJo0HO TOMY, KaK IPH JOKAa3aTeJbCTBE TE€OPEMBI
0 IepBOM MPH3HAKE DPaBEHCTBA TPEYrOJILHMKOB OHIJIO
IOKAas3aHO COBMeIleHHEe BHYTPEHHHUX objacrell Tpeyrojb-
Huxos ABC u A,B,C,. Taxum o0pasom, IIPH3MBEI
ABCDEF mn A;B,C,D,E,F, DOJIHOCTBIO COBMECTATCH,
T. €. OHH DaBHHI.

AHajoruyso MOKHO [JOKas3aTh pPaBEHCTBO
IBYX IOPSAMOYTOJLHEIX HapajjiejlenunefoB ¢ COOTBETCT-
BeHHO PaBHBIMHM HM3MeDEeHHMAMH M pPaBEeHCTBO ABYX Mpa-
BHJBHBEIX IHPAMHJ C PABHBIMH OCHOBAHHMAMM U PaBHBI-
MHZ BLICOTaAMH.

B 1X xnacce (l'eomerpma, 7—9, npuioxe-
HUe 1) MBI yiKe I'OBOPHJH O TOM, UTO HEKOTOphIE M3 IIPH-
HATHIX HAMH aKCHOM MOTYT OBLITH JOKA38HHEI HA OCHOBE
OCTAJbHBIX aKCHUOM, T. €. (PAaKTHYECKM 3TH YTBEpKIe-
HUA ABJAIOTCA TeopeMaMH, a He axcuoMmamu. Tak, Teo-
peMaM¥ ABJIAKIOTCA YTBEPKAeHHA axcuoM 5, 8 m 10.
¥6eauTech B 3TOM CaMOCTOATEJNBHO.

Ecan crpeMuTncA K TOMY, UTOOBI CBECTH KO-
JUYECTBO AKCHOM K MHUHHMYMY, TO akcmomy 17 ciemyer
copmMyIMpOBATL MHAUYE:

Ecan dmrypa &, paBma ¢purype ®; u durypa P, pasHa oury-
pe @;, To burypa ®, pasma purype 0.

IIpu raxoit hopmMyrupoBKe MOKHO OyAeT OT-
KasaThCd OT aKCHMOMHI 16 — oHa IIpeBpaTHTCA B TEOPEMY.
B camowm gene, gomyctHM, uro durypa ® pasxa purype @,
U JOKa’keM, 4YTo Torga u ¢urypa P, pasHa urype O.
Hvmeem: @, =@, (arcuoma 15), @ =D, Do ycaoBuio.
CaegmoBaresbHO, P, = @, urTo n TpeboBaIOCE AOKABATE.

TakuMm o6pa3oM, AJA MOCTPOEHHA Kypca reo-

Merpuu 60 Gvl JmocTaTouHO chopmyaupoBaTh 16, a He
20 axcuom.
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OTBeTHI M yKa3aHUA

Beeaenne

3. a) Ha; 6) mer; B) Her; ) HeT. 5. BeckomeuHoe mHOskecTBO. 7. Her. YV Kk a-
sanune. BocmonbsoBaThca axcuomMoii A,. 8. a) Her; 6) zma. 9. Ha.
10. a) HOa; 6) mer. 12. Mla. 13. a) Her; 6) Her; B) za. 14. Tpu niaockoctH,
€CJIM IIpsIMBble He JIEXKAT B OZHOW IJIOCKOCTH, M OJHA MMJIOCKOCTB, €CJIM IPAMBIE
JIEXKAT B OZHOM IIJIOCKOCTH.

Iaasa 1
17. 26 cm. 18. a) 3,5cm; 6) 12cem. 20. Her. 27. 48 cm. 28. S%CM.

29. 6 cm. 33. Yxaszanue. [Iycrs o, P u Y — NaHHBIE ILVIOCKOCTH, a & — JH-
HHA llepeceueHund NocKocTed o ¥ f. PaccMOTpeTh B3amMHOE PACIIOJIOKEeHHUE
upsMoil a u miaockocrta Y. 34. a), 6) Ilepecekalorcsi; B), I') HmapaJijiebHBI;
n), €) cKkpemuBamoigecs. 37. a) Ilepecexarorcd; 0) CKpel[HBaOIIecH.
40. a) Her; 6) ga, upamag MN. 41. Her. 42, a) Ilapannexsssr; 6) 100 cm.
44. a) 40°; 6) 45°; B) 90°. 45. a) 50°; 6) 59°. 46. a) 90°; 6) 64°. 49. Her.
54. 6) 12 cM®. 56. Y xasanue. BocnonbsoBaThes sagaueit 55. 57. Ykasa-
Hue. Bocomoabsorarees 3agaudeii 56. 60. YK asanue. Bocrionn3oBaThes 3a-
naueit 58. 63. a) AA, =18 cM, AB, =15 cm; 6) A,B, =54 cm, A4, = 72 cM.
65. a) Tlapanmenorpammul. 66. Tpu napel pebep. 67. a) =17 cm, ~238 cwm,
~29 cm; 6) ~146 cm?, =210 cm?, =180 cm?, 72, Yrasanue. a) YuecTsn, UTO
CeryInas IJIOCKOCT: NMPOXOAZHUT depe3 cepeguHnl pebep DB n DC rerpasppa;
6) ydecTb, YTO CeKylIllasd IJIOCKOCTh IepeceKaeT GOKOBbI€ I'DAHHM TeTpasipa
IO OTpe3KaM, IapajUleIbHBIM CTOpoHaM TpeyroasHuxa ABC. 73. 22 cm.

74. 6) 3;— 75. 6) 6 cm?, 77. 8 ¢cm, 10 cM, 12 eM. 79. a) IlapannenorpamMm

ABC,D,; 6) nmapammemorpamm ACCA,. 81. Touka mepecedeHNs NPAMBIX:
a) MN u BC; 6) AM n A B,. 82. YkxasaHue. 3afaua pemaerca aHaJTOTHIHO
sagade 2, . 14. 83. YxasaHue. CHayasa OCTPOUTL OTPE30K, IO KOTOPOMY
ceKyiras MJIOCKOCTL IlepeceKaeT rpans: a) AA, D\ D; 6) ABCD. 84. YkazaHue,
CHadaJsia IOCTPOMTH OTPE30K, MO KOTOPOMY CeKyllad IJIOCKOCTh IlepeceKaer
rpanbs ABCD. 85. Iapannenorpamm BKD,L. 86. Yrxasaunue. CHauana mo-
CTPOUTH TOYKY NepecedeHud cekymnield miockocru ¢ pebpom DD,. 87. Ykasa-
Hue. CHayasa IOCTPOUTH OTPE30K, II0 KOTOPOMY CEKVINasl INIOCKOCTE Imepece-
KkaeT: a) rpass BCC,B,; 6) rpass AA;D,D. 88. 6) 12 cm. 90. Ilpamaa CD:
a) napaJiiejibHa IIJTOCKOCTH ; 6) Ilepecexaer ILIOCKOCTHL o 92. Y KasaHwHe.
UcnonssoBats ceoiicto 2°, n. 6. 93. MN u b — cKpemjuBaOIUeca mpaMEIe.
94. Ma. 95. Yxasaune. Uconoab3oBaTh 3agady 55. 98. CymiecTByeT TOJIBKO
oaHa miuockocTh. 100. Yk azanne. Ucnonn3oBaTs BTOPYIO TeopeMy . 7 U 3a-

rauy 59. 102. 10 (23 + 1) em u 2511 cm?. 103. 4% cm? 108. YkasaHnue.
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[IpepBapuTeILHO AOKA3aTh, UTO MaockocTd ADA,, BDB, n CDC, nepecexkamor-
ca mo npamoi. 112, Yxasauune, YuecTsh, 4YTO CyMMa KBaJpaToB JuaroHajiei
napaJjiieiorpaMMa paBHa CYMMe KBajpaToB ero cropoHd. 113. Ilpsmas BD,.

T'masa 11

TSNPl
118. ZAOB, /MOC u ~DOA. 120. ﬂ_z’ﬁ?—. 121. 13 cm. 122. KA =
=KB=20cm, DA=DB-=32cmMm. 125, 9 cm. 126. IIpaMoyroabHBIH.

130. a) MA=+m? +n2, MB=m, MC=+Jm?2+n%, MD=+m2+2n?;

6) \mz +%n2, m. 186. Ykasanue. BocrnoassoraTbcs 3amaueit 134.

138. a) co‘: o @t 0 mcosg, msing. 140. 3cm. 141 3 ox,

142, 2,5 e mam 1,5 em. 143, 2 cvm. 145, 6) va? +b2, 146, Vrazsanmne.
BocmosipsoBarnecsi TeopeMoil 0 Tpex NepHEHAHUKYAApax ¥ o6paTHO! K Hel.
149. 4cm u 4J10cm. 150. a) 2cm; 6) 4V2cm. 152, 8 am, 8 am,
45 1, 45 am, 8 oM, 642 am. 154. a) 15 cm; 6) 75 cm. 155. 6 cm.
156. /n? + m2 sin? (;; 157. 6) 5,1 gm. 158. 12,5 cm, 12,5 cM, 25 cm, 25 cm.
160. 12 cm. 161. Ykazauue. Vcnoab30BaTh NMEePIEHAUKYJIAPHI, NPOBEIeH-

—
Hele M3 TOYKH A K opameim BC m BD u k mnocxoctu CBD. 163. a) d;2;
6) = )d—\/__ 164. 60°. 165. 3d. 168. T 170. lcmn‘jz—zcm 171. 45°.

172. 643 cm. 173. 90°, 45° u 60°. 174. 60°. 175. cosa = %, o = 70°32’.

176. 8J2.179. Yk asanue. BocmoabsoBaTbes 3agaveit 178. 180. Ykasa-
Hue. Bocmoib3oraThes 3agaueit 179. 182. 6) vm?2 + n2. 184. a) 56 cm;

ﬁ
6) 542 cm. 187. a) +6; 6) 17; ) 13. 188. /3. 189. a) ’”2*2; 6) ‘“3

=
190. a) 90° 6) 45°% B) tg @ = L, ¢ = 26°34". 192. ﬁ. 193. a) a2 —mZ;
0=

z_ 2
6) vm?2 —n?; B) M/me___ 194. a) a22; 6) af 195. 6cv, 6cm

u 6\/5 cm. 198. 4 cm. 199. Vkazauue. Ilyers Touka O — OpPOEKIIHA TOU-
Kz S HA NMJIOCKOCTL TpeyroJdbHHKa. JokasaTe, dTo Touka O CcoBmajaeT ¢
rouxoit M. 201. 90°. 202. 5v3 cm. Ykazarue. BocnomszoraTscs 3aja-

2
i 199. 203. 5 cm. 204. 2., 1+ 4t . 6 2na. 3V3a .
qeit M a) o 2tg g2¢; 6) o B) e’ o

205. 3,5 am°. 206. 25 cm. 207. 8 cm. 208. 96 cm. 209. Paccrosmume oT
TOYKHM B [0 IJIOCKOCTH O MEHbIe PACCTOAHMA OT TOUKM C 10 3TOH ILIOCKO-
eru. 211. aJ2. 213. cos ¢ = %, ¢ = 70°33". 214. 60°. 215. %\/217 M.

216. 2a. 217. 24122 pm.
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T'anaepa 111

219. 13 cm. 220. 26 cm. 221. 8V21 em®. 222. 45°, 135°, 45°, 135°.
223. 8 cm 1 8v3 cm. 224. 16+/7 cm? 225. 45°, 226. 243 cm®. 228. 802 cm?.
229. a) 450 cM? m =536 cm’; 6) 384 1m? um 672 mm%; B) 69 nm?
1 ~97 g1M% 1) 0,2 M u ~0,8 M2 230. 75 cm>.  231. 20 (23 + 64/3) cv®.

232. 2d? sin ¢ ({Jcos2 @ —sinZ 0 +sin o). 233, 180 em®. 234, 580 cm’.

242 cos 9= sin @
235. 2 _4 . 236. YxazaHue., YuecTb, uUTO OOKOBEIEe rpaHu
sin E
HAKJIOHHOM LpPM3Mbl ABJAMIOTCHA Iapaieiorpamvamu. 237. 240 cm®. Vka-
saHuMe. Bocrmonssosareca samaseir 236. 238. 2016 cv’. 239. V58 cm,
V58 cM, V65 cm, V65 cu. 240, 768 cmZ. 241, (2\/—32 + 22) M2, 242. a) 43 cm;

6) 48 (V2 +1)cm®. 243. 192 em®. 244. 790 em?. 245. 8 (3 + 33 +6) cv’.

246. 6) 189 cmZ. 248, 482 cm?. 250. 64/3 cv?. 251, 13 cm.
fo 172 2
252, 12 cm. 253, 12 em. 254, a) M; 6) 2arcsin¢———;
3 2f H2+3q?
/'_ 2 2
B) arctg ‘/“H; r) arctg 2‘/—H, g 2arctg X i . 255, —1/ - =
256. a) T cos 0t; 6 — 2 B) arccos [tg %J; r) 2arcsin L .
2sin% 2sing— ZCOS%

257. 33 (1+J2)h?. 258, 72 (1 +J7)cm? 259. 35 cM. 263, a) Tpanemma.
264. 3a%. 265. 54 cv?. 266. 13 am®. 268. V7 1m. 269. gJE oM, 3 am.

270. 16 cm?.  276. a) Ogun; ©) He wHMeeT; B) He HMeeT; TI) OIHUH.
277. a) BeckoHeuHOe MHOMecTBO; 6) Tpu; B) AeBAThb. 278. a) Ilate; 6) ue-

THIpEe; B) TpM HJAXA urecTb. 279. 60°. 280. IInomaxs cedyeHHs, TPOXOAAIIETO

a2 3
K
. HJIOIII&ZUJ Ce4YeHHud,

qyepe3 AuaroHaJd CMeXHbIX rpaneﬁ, paBHa

OPOXOASAIIEro 4epe3 AMaroHalH IPOTHBONOJOMKHBIX paHell, paBHa a2 /2.
2 2
281. /3. 282. 90°. 283. a) & 9‘/§; 6) ¢ 9‘/5. 284. IIpaBnJBHBIA OKTAa’Ip.

286. a) m=_2‘/§h; 6) n=%m. 287. a) aJ2;  6) —‘ga; B) “f.

0s (@-E )

C
290. 24212 —Fe‘i—\/sin (6 +¢)sin (8 —¢). 291. 242 sin ¢ (cos 6+

+/sin (6+9)sin (0-90)). 292. 4,8cv. 204, 4/SZ—a* wmwm 2V2S,.
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V3hZ cos ¢
1 Y VkasaHue. YdecTh, UTO HCKOMOE CeYeHUe ARJIAETCH Tpa-

sin2 ¢

menueit. 298. 2a? +2a+4b? —a2. 299. 0,5m. 3800. [IpaMOyroxbHHK,
S = “T”. 301, 46 cm. 302. 5cmM, 5cm, 6 cm, 6 cm. 303. 288 (3 + +/3) cm?.

296.

305. 2K% tg a. 306. 4h%tgl ¢ (“s—nlﬁ;)' 307. a) {%ab. 308. 4 cM, 4 cm,

4 cv, 4cm. 309. §—0—,uM2. 310. 540 cq2. 311. a) 315 cm%  6) 7,2 cm.

312. tg(pcos . 313. 54 nm2. 314. 56 cm, 24 cm. 319. Tpu.

maga 1V
320. a) 3 cm, 4 ¢, Hcem, 1,5 ¢m, 2 e, 2,5 cm; 6) 4 cMm, 3 cM, b ecMm, 2 CM,
2,5 cm. 321. a) 12 c¢m, 8 em, 9 cm; 6) 15 cm, +145 em, 17 em. 323, a) MN =

—_— e e —_— e

=QP, @QM=PN, DP=PC; 6) gBagpar. 324. a) Ha; 6) za; B) Her.
325. a) INapanaenpHBL MM COBHagaloT; 0) DpAMaA HapajJelbHa HJIOCKO-
CTH UJHX JIEXKUT B Heil; B) IUIOCKOCTH NapakneilbHBI, NEepeceKalnTes UJIH COB-

nagaioT. 326. a) (TC’I; 6) DK; B) ATC:; r) C—I—EI; ) I\TEI. 327. a) AC;
6) AC;; 5) C,B; 1) DB,; x) DC,.329. a) BC,AD,A,D,,B,C,; 6) AB,,DC;;
8) CD, BA, B/A,, C,D; r) B/A,, C,D,, CD, BA. 333. a) 0; 6) DB.
335. a) PQ; 6) AK; B) CP; 1) 0. 336. a) AC — DC - BD; 6) DC + CB — DA;
B) —(1—52+C—'_5+1—3_C’). 337. a) A_1—5+6E; 6) A_f{; B) 0. 338. Ykasauue.
YyecTh, 4TO O_A—(ﬂll =O—(,>’—6(31. 339. a) Cl_é; 6) AC. 340. a) Xé;
6) CB; ) BC. 344. a) -1; 6) 2; B) -%. 345. a) -2EF; 6) -2 DC
346. —l (AD + BC). 347. a) 5n -9m; 6) 2p —13m —3n. 355. a), B).
356. Jla. 358. a) AC,; 6) DB,; ) DB,;r) A,C; n) BD,. 359. a) BD, = BA +
+BC+BB,; 6) B,D, = Aj/A-A,B+A,D,. 360. 2) —a—s—ACI, %ACI;

6)——\/19+4 k—q 19+ 443, 2’“’ ? /105, g—'i;. 361. CD =
a

=0.-AA, -AB+0. XT),DIO %A—Z1+%f—%AD 363. OD=a -b + ¢,
oﬁ:% +0-B+% .364. AK = E+%E+ |AK|=—m.365-é—a+ b+0-¢,
%E—%5+%2.367. DE=0,7DA +0,15DB + 0,15DC. 368. a) AC = AB + AD
6) CM AB - AD; B) C,N = _ﬁ—%A—IS, n) AN=0-AB+14D
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m)ﬁ:—lA_E+A—5. 369. OA = 30M -0B -0C. 370. a) D—J\7=%E+
1~ 1~ 17 1->‘ —>—_—> l—» l-) ——»_l»_
+= b+§c,6)DK—— Zb Zc, B) AM = a+3b+3c, r) MK 4a

—Eb—%c 371. Ykaszarue. Bocrnosbn3osaThea 3amadamMu 350 u 366.

373. Her. Yrazauune. CHavana mokasare, 4To M, — TOYKa nNepecedeHUs
MexnaH rtpeyroabauka A, B;C,, a 3areM Bocnoxb3oBaTbCA 3ajaieil 366.

379. a) R; 6) A_ﬁ; B) 0. 380. a) A_f)l; 6) f_l—él; B) DB. 381. Yxasaume.
Cravasa 70Ka3aTh, ITO AB = A—l—g'l, BC = B_l_é1 , CA = C_l;l)l. 382. a) k — sro-
Goe; 6) R >0;8) R<0;1) k=-1.386. Yxasauue. CHavana AOKa3aTh, YTO

MO = iuﬂu@mﬁmﬁy 387. a)30N — 20M; 6)20M — ON’; B) kON +

+(1—k)-0_1\71. 389. CrHauasa pgoKasaTh KOMIJIAHAPHOCTH BEKTOPOB Aﬁk,

—> 3 3 \/14 +10\/ 4 4737
A;B A B,;. 390. ——k kq; ——Fkg; T
2B, 1 A;B; 8) o7ke 6 T avial G B) 5 gkG T kg

391. AK = +i5+—g.392. ATC)I=p+q+r;C_';41=—5—E+;;BD1=q—

mp—a
=

—5+;; DB1 =—6+5+;. 393. a) A?:A_E+A—I3+~;—A_ﬁl; 6) D—leﬁl—
—B_(,)’l +(ﬁ)>1. 394. AM = %A?+A_B+%A—Zl. 395. Yxazanue. CHauana J0-
Ka3aTh KOMILJIAHAPHOCTE BEKTOPOB A_Zl, E’_ﬁl 3 C—’él. 396. BC = ¢ - b,
65=3—E,5é=3—3, D‘M:%%%Z—E. 397. % 398. YVrKaszamue. Boe-

NoJIb30BaThcA 3amaueii 366. 399. Y x a3 aHwue. BocnosszoraTees 3amaueit 397.

T'aasa V

400. a) C;6) E;B) B;t) A,C,E,H; n) B, E,G;e) B, C, D. 402. B, (1; 0; 1),
C@0;1;1), C,(1;1;1), D,(1;1;0). 403. a {3; 2; -5}, b {-5; 3; -1},
c{l;-1;0}, d{0;1;1}, m{-1;0;1}, n {0;0;0,7). 409. a) {7; -2; 1};

_m. 9. _q1. 2. _1 9. 11. el 2, 41}, 1, 59.1].
O (7i2i-lh » G-l 0 l-sgski-1zh w{gi-2agk
e) {7; -1,8; 1}; ) {7; -2,2; 1}; 8) {10; -2; 2}; m) {6; -3; 0}; x) {0; -1,2; O};

H){%;_g;%}; M) {-0,4; 0,2; 0}, 410. p {4; -18; -9}, ¢ {5; 15; -5}

411. a) {0; 5; -1}; 6) {-3; 2; 1}; B) {7,8; 2,5; 4,1}; r) {-3; 9; -3}
412. -1 {-1; 0; 0}, -7 {0; —1; 0}, -k {0; 0; -1}, —a {-2; 0; O}, =& {3; -5; T},

238 Ol mise 1 NRUSAHUS



-c {0,3; 0; -1,75}. 413. B} Her; r) ma; n) Her.- 414, a) m =10, n= 1%;

6) m=0,1, n=-2. 415. a) Ha; ©6) Her; B) Aa; A) HeT; e) HeT.

418. a) {-1; 0; 2); 6) {5; -T; 2 B){—%;—%;—%}. 419, AB =7 -3} - 3%,

BC = -5i +] +6k, CA = 4i +2] —3F. 420. la. 421. 6) Ila; ) ner. 422. a) da;
6) Her; B) ga. 423. Ykasamue. BocmonssoBarecs 3agaueit  366.
424, a) M (-1; 2,5; -2); 6) B (-8; 4; —-19); B) A (—24; 8; 28). 425, a) m = 2,
n=-56) m=-0,5, n=2;8) m=1, n=-1;1r) m=2, n=-1. 426. a) 3;
6) 17.427. |a|=53,|6|=17,|c|=V3,|d |= 2, |m|= V5. 428. a) V6; 6) 2v14;
B) 0; 1) 5v2; 1) 3V14; e) 14; ) /326. 429. 14. 430. a) 3 + 2/2; 6) 0,5;
773, T

4’ 4
B) OPAMOYTOJbLHBIM DPA3HOCTOPOHHUII; I') HPSAMOYIOJBHEIH DaBHOOEZDEHHEIH.
432, a) 4, 4, 3; 6) 4V2, 5, 5. 433. (0; 2; -3), (-1;2;0), (-1;0;-3).
434. (3; 0; 0), (0; —4; 0), (0; 0; 7). 435. 3,75; 2; 4; 1-2V2 u 1+242.
436. Yxaszauue. JorkazaTh, uTo: a) Touku A, B m C He JexaT Ha OIHOM

431. a) IIpasunapHbIN; 6) ODPAMOYrOJbHBIH pasHOCTOPOHHWIT;

npsimoit; 6) AB un DC — HepaBHBIe cOHAIpaBJIeHHsle BekTops:; B) |AD|=|CB|.

437. a) (~1,6; 0; 0); 6) (0; 8; 0); B) (0; 0; 1). 438. a) (g 187 0] 6)(0; 1;%);

m) (-5 0s 40 ) 489, o) (2 85 0), V185 6) (2 8 -1). 440 [+ B e mt,

441. a) 45° 6) 135% B) 60°% r) 45°% m) 90°% e) 90°% k) 0° a) 180°.
RN T >,

442. BA DC = ¢, BA CD = AB DC = 180° — . 443. a) a%; 6) —-2a%; B) 0; 1) a?;

n) a% e) — ,m)—_ 2 444.ac¢ =3,ab=0,bc =3,aa =6,bb = /3.

445, a) —10; 6) 3; B) 1; r) —4; 1) 28. 446. a) Tymoii; 6) ocTphIii; B) mps-

moii. 448, a) 5,5; 6) 3,5; B) 4. 449. m = 4. 450. Ykaszarue. [lokazars,

wro AB=DC, AB AD =0, |AB|=|AD|. 451. a) 60° 6) 135° B) 150°;
N A N

r) 45°% 1) 90°. 452. a i ~ 50°46’, a ] ~ 63°26°, a k ~ 50°46’. 453. 60°.
454, LA =120°, /B=.,/C=30° P= 2J§(2 ++/3), S =24/3. 455. a) ﬁ;
6) -%; B) 0. 456. 90°. 457. 3. 459. a) 1, 2; 6) /3, V2. 461. Ykazanue.
Bripasute BeKTOPbLI MN u BC gepea BeKTopr a-= DA b= DB ¢ = DC.

462. a) -1; 6) -1,5; B) 4; 1) V2; 1) 2; €) —-—, K) \/— . 464. a) 30°; 6) 60°;

2 3 J3 ,
— —f Tog " 467. =T71°34’;
6) 55 B) a)
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6) =59°44’. 468. a) —>—; 6) —2—; 5 _ 469, a) 190, 3
) 2) ﬁ" ) J130 ) V182 2) V134 ) J134

. 470. a) 1 ; 6) ,B) 2 .471. Yrasanue. lIyere ABCDA,B,C,D, —

B)

\/13
napsbeiil kyO6. Tpebyercs, manpumep, gokrasars, uto AC, L A, B. Pasnoxurs
BEKTOPEI Z&l i ATBr IO BEeKTOpaM a= E, b= A_ﬁ, ¢ = 1_1711 ¥ OKA3aTh, YTO

AC, - AB = 0. 473. 60°. 475. -\70+152. 476. 45°. 477. Vxazanne.

Hoxasats, 4TO AK-BD =0.479. Yxasanue. PaccmoTpeTs njIocKoOCTh, IIpo-
XOAALIYIO Uepe3 HeHTD CHMMeTPHM U JaHHYIO IPIMYIO, H CBECTH 3a/a4y K 3&-
maue 1149 u3 yuebuuxa «I'eomerpus, 7—9». 481. Y xaszanue. Bocnoabso-
BaThCA CJEYIOIIUMH CBONCTBAME ABUXKEeHUHA: IPH ABHUKEHUH NpAMad oTobpa-
’RaeTCA Ha MPAMYIO, HapajjesibHbIe IpAMBIe — Ha HapajjiejibHble HpPsMEle,
a yronm — Ha DABHHIA eMmy yros. 484. YxazaHune. YuecTs, 9TO Napasnensb-
HEIH DepeHoC eCTh ABHXKEHHe, II03TOMY NPH napasjel]bHOM IepeHOoce IpaMas
orobpaxkaerca Ha UpAMYIO. 485. Ykazanue. HokazaTts, YTO
WI = A—Al = 1_; 487. Yxasanue. YTBepKACHUA [OKA3LIBAIOTCA TOYHO

TaK e, KaKk B TeopeMe 1. 114 m B 3agave 1150 u3 yuebuura «I'eomeTpus,
7—9». 488. YrazaHMe. a), 6) [{oxazaTeJLCTBO IPOBECTH METOZOM OT IIPO-
rasHoro. 490. a) {3; 9; -24}; 6) {-1,6; -2,3; 4,3}. 491. a) Her; 6) xa;
B) na; r) Her. 492. a) (-1; 0; 0); 6) (0; —2; 0), (0; 0; 2). 493. a) MHa; 6) na;
B) Her. 494, Ykasanne. [JoKasaTh, 4T0: a) To4uKU A, B u C He Jexar Ha

oxmoil npaMoii; 6) cepenuasr oTpesxoB AC u BD cogmagaor, 495, (; g 3)

496. C (6; 5; 5), D; (9; 4; 1), B, (4; 7; 4), C, (8; 8; 4). 497. a) 1; 6) -2; B) 0.

1, 21 /1 .3 . — /7
498, {3 3 } {m,m,o}.ms. 4 win —4. 500. 1. 501. 27, V7, ¥29.

502. (0; 42,4; 0). 503. (1; 1,5; 1,5). Yrasaune. Yuecrsb, uro ZACB = 90°.

504. 6 oM. 505. Yxasaunue. BBectn cucTeMy KOODAWHAT U 0003HAYHTD KO-

OpDAVHATHI BePIIMH JAaHHOTO TeTpasapa ABCD rtak: A (xy; yy. 21), B (X35 Yas 25),

C (x3; Y35 23), D (x4 Yy5 24). YdecTb, 4WTO TOUKA IepecevyeHHs MeAHaH
X1+ Xg+xz3+txy Yy+Ysg+tlystys 21+23+23+24

1 ; 1 ; 1 )

06. a) 3; 6) -3,5; B) 5; r) 7; x) —-10. 507. a) 135° 6) 60° B) 67°30’.

nMeer KOOpDINHATBI (

508. a) Ia; 6) ma; B) ma; r) mer. 509. a) Jf2ﬂ; 6) g 510. a) 90°;
6) ~114°06’. 511. a) V6; 6) V2. 512. a) l; 6) i; B) i; r) i.
513. a) Jf3#,§ 515, 45°. 516. sin 6 cos ¢. 517, an +m?+ p? + pn.

518. YVkasanue. a) JdorkaszaTb MeTOICM OT IPOTHBHOrO; 6) mycTs M — Touka
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IepeceYyeHNsI NOPAMOA a4 ¢ IJIOCKOCTBIO O, A -— TOUKAa Ha IpaAMOH a,
B u C — TOYKHM B IJIOCKOCTH ({, OTJIHYHBEIE OT TOYKH M. K TpeyroabHUKam
AMB u AMC upumenurs teopemy Iludaropa. 519. Yxasanue. Pacemor-
peThb JuHelHbIe YIL JBYTPAHHBIX YIJIOB, 00pa30BaHHBIX IIOCKOCTAMH O K B,
aupP,. 520. YraszaHne. BaaATh Ha IJIOCKOCTH (L LBE NEPECEKAIONIHECS DA~
Mbl€ M BOCHOJIb30BATHCA 3azaueil 484.

TI'masa V1

521. 5 M. 522. a) 24 cM; 6) 12V/3 cM; B) 432mem®. 523, a) 1042 com;
6) 50m cm®. 524. Her. 525. V57 M. 526. a) 30° 6) 60°. 527. a) 5 o
6) 3 cm. 529. 64 cv®. 530. 8 em. 531. 15 M. 532. ?i(’;. 533. v S2 -4n24d2,

534. 2J/3dh. 535. 40 cm?. 536. SV2. 537. n® M. 538, % 539. 1,125n kr.

540. 6 cm, 18 cm. 541. 0,821 ~ 2,58 M. 542. 4S - ctg ¢. 543. Sy, = %dz sin o,

g
5

d? 2, 2, 2 b
544, Fre 545. a) 2a°; ©) 2ma®; B) 4ra®. 546, 6) pr 547. 17 em,

T oM

S =%dzsin(p+%d2 sinzg Uy S =%d2 sin(p+idzcos2

548. a) 108w cm% 6) 72w cm’;  B) 36m cm2.  549. a) 4V2 am; 6) 4 am.
550. 25 cv®. 551. a) r%; 6) 22; ®) 23 552. 2h’. 553. s\fg .

2_,.2 2_n2
554. a) ’—"—4{4—'2—; 6) ’”————Vzlz’ 555. a) 200 cm%;  6) %\/ﬁ om?;
fa
5) %cmz. 558. o= 216°. 559. 180°. 560. a) 60° 6) 2 arcsin 41;

B) 2 arcsin —‘1); 561. 91 cm?, 62 cm. 562, 1692 em®.  563. 0,97 cm2.
a2 cos2 2
564. — 2 | 565, S, =80mcv?, S, =1447n cm?. 566. 2nm? sin o.
2 sin? o cos @ box KR

567. 5cM. 568. a) 8cm; 6) 128 em®. 569, R - 2. 570. 60 cv>.
571. 3321 cv?, (33V2 + 65) &t cm?. 572, 2,551 ~ 8,011 xr. 574. a) 10+/21 cm;

2 2
6) 12 mv; B) 16 am; 1) Va? —bZ. 575. ‘/4—’*2:’"—. 576. a) (x ~ 2)° + (y + 1) +

+(2-72=9;6) X*+y°+2°=2;8) (x-2°%+12+22=16. 577. a) (x+2)° +
+(y—2)2+22=54; 6) (x+2)2+(y—2)2+22=8; B) x2+y?+ 2% =35.
578. a) (0; 0; 0), 7; 6) (3; -2; 0), V2. 579, a) (2; 0; 0), 2; 6) (0; 1; 0), 5;
) (-1; 0; 0), 2; 1) (% -g; 1], V6. 580. 1600m am%. 581. 12 cm. 582. 6 cm.

583. 4 cm. 584. 3 cm. 585. 8 cm. 586. a) IlmockoceTs ABJISETCS KacaTeIbLHOMN
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K ctepe; 06), B) ILIOCKOCTH Iepecekaer cdepy; r) IJIOCKOCTE U cepa He uMe-

ot obmux Touek. 587. a) 80x em?; 6) +4 cm.  588. a) ER

6) "‘/_R2 589. a) 2437 cu; 6) 5v2 7 m. 590. nR? sin? ¢. 591, 2Y3, 2Y8

2 2
592. 1 cm. 593. a) 144x cm?; 6) 16n xm?; B) 81 m?; r) 48xn cv?. 594. 36 m?
595. TCM 597. 10 m. 598. 900m cm®. 599. 4rn (r,® + r,%). 601. ‘BS
P
2
av3 +8; 3, 5 2+43
602. 3 604. \/m 605. a) 5 6) 2 wam T 606. 3
P P 1 JS2-5s? 1
607. & umm L. 608. 414mcm®. 610. — 2. 611. "~ 612. arccos —.
2 4 3 b 7
613. 446 cv®.  614. arcsin 3. 615. 24P 616, 40431 o’
4 [a21 b2

—
617. a) 9—:/12(\/7_3+3)CM2; 6) (18 +6+41)cm?;  B) g(Jﬁ+3J§)cM2.
618. 12J10 n am?, 4(3\/ﬁ+ 5)m am2. 620. a) YkasaHHe. Jdokasars, 4To

;mame'rp chepsl paBeH THUIIOTEHY3e TpeyroabHukra; 0) 2+/10 cm. 621. a) 30°;

6) 144 622. (3; 0; 0), (0; 0; —9), (0; 0; -1). 623. 4J/2. 625. 6) 0,6R.

—— o
626. a) 2R\,w AR sin @xfi—ﬂf 6) 16 xR sin? ¢ (3 - 4 sin® ).

627. #0r cu. 630, i‘-‘/—_:T“ﬁﬁ—*f 631. a) 2¥% (20 - 7.73) e’

21491+ 8743
2

6) (58 + 14+/41) cm?: B) cm?. 634, a) 24R%; 6) 12V3R2; B) 24V3R2.

2
635. a) — 2 5 . 6) 10043 (2+ v3) cm>. 636. Yxasamme. Pacemor-

(1-sina) tg%

PeTh cevemye AAHHOM IHPAMHJLI ILUIOCKOCTBIO, TMPOXOIAIIEH uepes cepeauHy
CTODOHBI OCHOBAHUA IEPIEHAUKYJAPHO K Heil. 639. a) 8R%; 6) 21\/“
sJ_ 3J5-1 92/33

. 640, W a, 1 . 641. 43 cM, 6 cM wmam 4\/§CM, 8 cm.

2nr2 cos2 &
642, 2

wite

. 643. a) R tg (§-+§]; 6) rtg (g—a‘ﬂ); B) 60°. 644.

t = a
g? 2cos

645.

= |eo

s . r . o o
. 646. a) R sin @; 6) sing’ B) 30° mam 150°.
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I'rasa VIO

647. a) V=V,+Vy; 6) V=2V, +V,. 648. a) 1980; 6) 300; 5) 11703;

r) 3,2J5. 649. a) 432/2 cm®;  6) 646 M%; ) 0,325 cm®.  650. 12 cm.
_ h3 si 203 —gin?

651. 3,51 kr. 652. 24043 cu’. 653. 7202 cv®. 654, 1 SnoVoos B -sinT o

sin? B
655. abV3a? -b2. 656. 432J3 cM®. 657. a) g L J2m% 6) 172842 cud.
658. 2310 cv®.  659. a) 754J§ e, 6) 1,5J§. 660. 0,5m" sin ¢ cos &.
3 i . 2 2 o3 3
661, - SmPcosTB  ggp Q@7sin2B  gug oy VB2 6 48 5y 154305
4tgg 2a 4
2
r) —2a°  ge4, 3f 3% 665, 72 cv®. 666. a) 247 cv’; 6) L0 e B) 2 oM.
tg 22°30° NEY:

667. ~208 m. 668. ~1513 T. 669. %S,/ﬂ:Q. 670. ~61 kr. 671. a) 33 : 4m;

6) 2:1; B) 3J/3:2m; r) 2V2:m n) ( n- 51n360°) : ;. 672, —Tfh
n 4 cos?a

bf12a2- 352
673. 0,5. 674. 2. 675. L. 676. 192/3 v’ 67T. f’__“s—_.

1
678. Zm3 tg ¢. 679. 1050 cm®. 680. abc./—cos 2¢. 681. V = 18439 cm®.

683. 1080 cM®. Vxasamme. BocnoasaoBarscs npexsinyuieii  3afaveid.

684. a) 6 M%; 6) 4950 cm®. 685. 169v3 cM®.  686. a) —“/;3-13 sin 2¢ cos ¢;

1 B 5 as‘j3—4 sinz—;E
6) =13cos?a8-4cos?a; B) 13 gin2 =.8-4sin’=. 687, ——————— =,
3 3 2 2 .
24 smE
8 Jeos o
688. a) 2 6) T Y% 689. 2 m3cos? ¢ - sin . 690. 64471 cn’,
3tg=h GSin% 3
64498 cm?.  691. %;—‘@cmi 692. LabVa?+b% tgo. 694, 9 o’
1 3 ) . 74703
695. a) = c sin 2¢ tg 6; 6) 48 cm®; B) —abc. 696. 1400+/3 cm®. 697. 193

698. 1 (m —n)tg(p 699. 1260 gm3. 700. 382 eM®. 701. a) 2,25n em®;

P2_ 2
6) 9cM;  B) n‘:. 702. 375 cm®.  703. —————W 704, 1_12-1:113.

705. 240n cv® mam 100m cv®. 706. 216°. 707. @nma. 708. 84m m°.
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Sho 1 4(12 _p2, 3S? w2, 256 8 6 o
709. ) lznh[l —h +n212} 710. a) 64rn cm”, 3 n cm®; 6) =3 cM,

256

~36n cm?; B) 4 cM, 222 3 299 ¢cm®, 711. O6bem Bemunm B 64 pasa Goabmie obbema

Jdyuer. 712. H = %R, rae H — BblcoTa HIMnuHApa, R — paguyc mapa.

713. Her. 714. YpoBeHr BOAEl IOBEICUTCA HAa 32 em. 715. 2421 08,

75 125
716. 5: 16. 717. 58 50071 cm® HUIN 504 0007 cm®. 718. 11:R3
719, 252ncm®  m 720moem®. 720, 112 500% cx®.  721. 3‘3£1:R$.
722, 6375%: ~ 1,28 - 10® km? = 128 . 10° xm?. 723. 4321 ~ 1357 cm®.

725. /S, - S;-8S,, 36 am°. 726. 4811 cmé. 727. a/Q? -Qa?.
2 3

728. 105 cm®. 729. 16411 cm®. 730. “ .73 1w, 2, VB M, 3™, 3 M, 3 M.

732, %d3 sin? (p\/3 cos?@ —-sin? ¢ mmm %da sin? ¢,/8 -4 sin?¢. 733. Yka-

saHHue. JJocTPOUTL TPEYIONBLHYIO IPH3MY A0 Iapanienenunena. 734. Ykasa-

mu e, BocronesopaTecs 3agaueit 733, 735. 6,12 avM>. V& a3 a uue. Bocmoanao-
3

BAThbCA 3azadeil 682. 736. m? 3 , 737. 16'" . 738. £h3(3 tg2o-1)

27 sin2 @ cos ¢ 3tgle
739. adn | 1 1 ) 740. 2h% sin ¢, -sin ¢, - sm(tp1+q)2)
o o o
24 1g 180 tg? 3 g2 180 3 tg” o3
n n
2H3 sina a PD n T
741. W. 742. '—a Sln (Ptge 743- a) ﬁ\/4a b —-a*-b H
2
6) 2 J4a? —2b2. 744. 31:73. 745. a) §\/§; 6) M2, g S /25
12 T 4 3n
3
747. ~7065 1. 748, — "> B P2 g49 3400, 750, 3
24 sin2 PL. tg 1
2 2
r2 4oy +rt
751. 96 am®. 752. 21tr— 753. —2—,}— 754. 3J— tg o ctg3°‘ V.
1

755. La3sind o tg3 B 756. TR sin 20 cos . 757.
6 6 cosd &
2
758. -~ (HZ +r2)2, +r2)8, 759, em?, — 4T o,

H? sm2 20 3 sin3 20

760. 1007 _ o2 _500M 3 761. ~6,56 M. 762. HauGombirui o6seM ume-
sin? 23 3 sin3 2f

eT map, HauMeHbIINH 06HeM UMeeT Kouyc. 763. a) Her; 6) za. Ykazamwue.
CpaBHHTH IJIOTHOCTSH IIAPA, CUMTAS €0 OJHOPOAHBLIM, C NJIOTHOCTHIO BOZEI.
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3anauyu 1151 IOBTOPEHUs!

764. a) 9v/3 cM?; B) arctg 0,5; r) arctg ‘/’—, X) 6 cv; e) 2743 e, 765. a) 727 en?;

6) 144+/3 cv®; B) arctg V6; ) 60°; 1) 72; ) 192 cm?. 766. a) 6/3(2 + V13)em?;
6) 12+/3 cM?; B) arcsin 0,6; r) arctg 1,5; 1) 12; €) (12 — 6+/3) cm. 767. a) 3247 en?;

6) 1283“/— cm®; B) arctg V6; r) 2 arctg £, n) 48; e) 8‘/_

3ajaun TIOBBIIEHHOH TPYIHOCTH

768. 3(1 +2v/2) cm®. 769. Yrasauue. Jonyctum, 4ro BeplIMHA TeTpasnpa
MPOEKTHPYeTCH B TOYKY IepecedeHUs BEICOT OCHOBaHuA. Toraa sioboe peGpo
TeTpasipa NEePIEHANKYJIAPHO K IPDOTHUBOMOJJOKHEOMY pebpy. 3aTeM MpPUMEHUTDH
0o6paTHYIO TEOPEMY O TPeX IepHeHAUKYAsApax. 770. Yraazauue. YuecTs, UTO
0, — TouKa mepecedyeHus BrcOT TpeyroibpHuKka ABC. 771. Yrasaunue. Boc-
noab30BaTecA (opmysoil o6pema Terpasipa. 772. Cemn. 773. YKazaHwUe.
Yepes GuccexkTpucy JauHeHHOr0 yrjia JaHHOTO OBYTPAHHOIO YIJia M €ro
pe6po NPOBECTH MJOCKOCTH M CIPOEKTHPOBATH TOUKY INepeceueHus AAaHHOHN
IPAMOM C 3TOH HJOCKOCTBIO Ha I'PaHH. 3aTe€M BOCIOJIL30BATHCA PAaBEHCTBOM
MOJIYyYEeHHE X TPeYroJdbHUKOB. 775. YKasaHue. Ilycre A — npomsBonsHaAN
BepmuHa, O — meHTp Kyba, A, — DpOEKIUsA TOYKHM A Ha AAHHYIO NPAMYIO.
Torga AA, = OA - sin ¢, rae ¢ — yron Mexay OA m OA,. 3anucaTb CyMMy
KBajpaToB paccTOAHUM oT npsmoit OA, #o BepmuH Kyfa U BOCHOJIB30BATHCHA
TeopeMoil KOCHHYCOB. 776. Y Ka3zaHue. YKazaHHbIE TeTPasAphkl UMeOT 00-
Iy BEPIIHHY, 4 KX OCHOBAHWHA — DasHOOEAPEHHbIC MPAMOYIOJBHBIE TPEYIO-
JbHUKU, KaTeThl KOTOPHIX PaBHLI pebpy Kyba. 777. ¥ K a3 a H u e. PaccMoTpeTs
paseepTKy Kyba. 778. Yxasauue. BaaTs B KauecTBe OCH OTBEPCTUA AUATO-

Hanb Kyba. 779, % S. 780. V2 cM. Yk asaHne. Bocmonp3oBarecsa TeM, UTO

TeTpasip H[ONEEH HAXOAHUTHLCA BHYTPH cdepsl, OMUCAaHHOH OKO0JIO Kyda.
781. Ykasauue. [lokasaTs, UTO BCe BEPIIMHEL IIOJIYYEHHOI'O MHOTOTDAHHU-
Ka — cepeZUHEI rpaHell kyba. 782. Y rasanue. Baars kakyo-HNOyLE IrPaHb
napaasnejenunena, BEIGpATh HAMMEHBIINHA Ky0, NPUMBIKAKINWA K 9TOI IrpaHu,
H BLIACHHUTHL, KAK K HEMY MOTYT OBITH NPHCTABJIEHBI OCTAJbHBIE KYOLI.
783. Ykasauue. COpoeKTHPOBaTh BePLIMHBI JIOMAaHOH Ha TpH peGpa Kyba c
obmmieli BepIINMHON ¥ BOCIOJBL30BATHCA COOTHOIICHUSMN MEXAY CTOPOHAMH
TpeyroJbHUKa. 784. Y rasaunue. CHavalla AOKA3aTh, 4To 00hEM TeTpasipa
He U3MeHHUTCH, eC/IM OTpe3oK AB HenojaBHiKeH, a orpesox CD mepemeniaercs.
785. Ykasauue. Bocnonnsosarsca cummerpueii. 786. Ykasaunue. Boce-

IOJNL30BATHCA CHMMeTpueit. 787. \/g a, arccos E 788. arccos \/g

789. Y kasaHue. BolpaguTh BEeKTOpEI, 38Jar0lliie JUATOHAIN, Yepes3 BEKTO-
pul, 3agaiomue pebpa. 790. ¥ kasaume. PaccMoTpeTh BEeKTODHI, OTpeReJIAi0-
e HANPABJIECHUA HAJAIONIETO0 M OTpaskeHHoro ayueit. 791. Jlpa perrenus:
45° 1 135°. 792. Yrkaszauue. Mcxons U3 YCIOBUA 3a/jaYH, 3a0MCATh COOTHO-
meHUd AJS BEKTOPOB, 3afaoIuX Tpu pebpa TeTpasapa ¢ OOGIMM KOHIIOM.
793. Ykasanme. PaccMmorpers BekTOD, 06pasyoomuii pasuele yrikl ¢ 60K0-
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BoIMH peGpamMu, M J0Kas3aTh, YTO OH NEPIEHAHKYAADEH K BEKTOPaM, 3afalo-
muM aBa pebpa ocHoBanusA. 794. YVxasaume. Ilyers O, — mpoexnus O
—  — — — — —>
HAa 1ockocTe ABC. Jokasars, uTo O;A-BC = BO, - AC=CO, -AB =0.
795. Ykazauue. [loKkasaTsh, UTO 3Ta BeJIHMYMHA PaBHA KBajpaTy JuaMeTpa
mapa. 796. Ilyra oxpy:XKHOCTH, PacloJOKeHHad BHYTpH LIapa, JHAMETP KO-
TOpO#i paBeH PACCTOAHHIO OT HeHTpa IIapa A0 AaHHoN# mpsamoii, a mJjoc-
KOCTh OKPYMHOCTH NEPHNEeHAUKYJAAPHaA K JaHHOH mpamoit. 797. Cdepa,

HEHTP KOTOPOiH COBIajaeT ¢ IEHTPOM AaHHOW chephl, a paguyc paBeH TGR,

rr
rxe R — paguyc nauHoit chepsl. 799. ry > 1—22, rge rg — paguyc
(Vrit+4ra)

3 2V3(A-1)—/9A2 181 +12
MeHsmero u3 mapos. 800. r="3%p 801. ( ) \/ i R
3 3 (A-2)

3 = 1y iy 1 5 _
npr A#2 m o R opu A = 2. 802. 12V,4V,4VH12V, rae V — obweMm

upusmsl, 803. Yk asanue. JocTpOUTE TETPA3AD 4O TPEYIroJabHOH MPH3MEL U
BOCHIOJIE30BaThCS 3agaueit 733. 804. Ykazanmume. [lokazaTh, UTO NMOJydYeH-
HbBI€ TETpPa’ApPbl HMEIOT 00Iee OCHOBaHHe M paBHBbie BwicOTH. 805. 5 : 3.
806. YxazsaHue. Bage 3a ocmoBanme Kaxyo-HUOYIL rpadb ¢ peGpom AB,
3aMEeTHTh, YTO HH €€ ILIOLIAAb, HH BHICOTA TETPAdOPA HEe 3aBHCAT OT IIOJIOMKe-

Huda Touex C m D. 807, 25—4 em®., Vraszamme. BocmonpsosaThes 3afaueit

803. 808. YrazaHnue. B3aars Touky A BHYTPH cevyeHMsa u pas3burh

MHOTOTDaHHHK HA NHpaMuAnI ¢ o0mieil Bepmuuoi A. 809. % em®. VK a-

3aHue. Paccmorpers ceuenme GUIypsl IJIOCKOCTSMHM, IapaijelbHBIMU

3 Ire
ocam muameapoB. 810. 2 arcsin % 812. % Sctg? o 8% | 813, 4 %

2 gin2®%

814. YxasaHuwue. PaccMoTpeTh MIOCKOCTH, B KOTOPO# JIeXKAT BepIIKHA TET-
pasapa U mpAMas JiJepa NMPOTHBOIONOKHON rpanu (cm. m. 94). 815. V Kk a-
3aHue. PaccMmorpeTs neHTpassHoe nofnobue ¢ meHTpoMm G (cM. 3agauy 814)

¥ KO3 PHUITHEeHTOM -3 a TakiKe IeHTpaJpHOe Ioxobue ¢ reatpoM H 1 Ko3p-

bunuenrom %

Faasa VIII

817. Yxazsarmue. Mcnonr3oBaTe OGINYI0 KacaTeNbHYI0O K OKPYXHOCTAM
B Touke M. 818. YKaszanmue. CHavana goxasate, 4ro NAABC ~ ABAD.
820. Yrxasaume. Bocnoapsosarecss Teopemoir 2 us3 m. 86. 821. Ykasa-
Hue. PaccMoTpeTs XBa cydasi: TOUKA IepPeCeUYeHUA IPSIMBIX JIEKUT BHYTpH
Kpyra K BHe KPyra M BOCIOJb30BaTheA TeopemamMu 1 11 2 ua . 86. 822, V Kk a-
saunne, CHayana ZokasaThb, 4To LNMK = L/MKN. 823, Yrasaunue. CHa-
YaJja OOKasaThb, 4T0 LAMN = LANM. 825, Yraszauue. Paccmorpers gBa
cayuas: npaMad AE — cexymas u npsamasi AE — xacaTeJLHAS K OKDY>KHOCTH.
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826. Yxazanue. BocHOJB30BATECA NIPH3HAKOM BIHCAHHOI'O YETHIPEXYTOJb-
enka. 827. Yrasanue. [Iyctb ABCD — panHblil uyeTHIpEXyroasHuK. IIpo-
BecTH AuaMeTp BB, u cHauaja AOKa3aTh, 4To AB, = CD. 828. YxasaHHe.
Yepes TOYKY HepeceueHUs YKASAHHBIX GUCCEKTPUC NMPOBECTH IPSAMYIO, Iapa-
Jensuayio AB u mepecerawmyio npameie AD u BC B toukax E u F, u foKa-
3arh, uto EF = CD. 829, YkxasaHue. B yersipexyroabauke ABCD na guaro-
namn AC orMeTuTb Takym TOuky K, uro LABK = Z/CBD, u panee HUCIOJb30-
BaTh nojo6ue TpeyroasHuUKoB ABK u DBC, BCK n ABD. 830. Ykazauue.
Haittu cymmy yraos C u K uyermipexyronsuuka CDKE. 831. Ykaszauwue.
BripasuTs yrox MeMay YKaSAHHBIMH OHCCeKTpHCaMM Uepe3 ABa IIPOTHBOIO-
JOXKHBIX yrJia deToipexyroasHuKa. 833. Y kasauue. Ilycts ocHOBaHUS Tpa-
menuu paBHbl @ B b. CHadajJa JOKasaTh, YTO PAJUyC BIHCAHHOM OKPYXHOCTH
2
paBeH a‘:-bb' 834, 2 +aa£‘2_ b)m. 835. Yrasaunue. BocionnsosaTeca pa-
BEHCTBOM OTPe3KOB KACATEJIBHLIX K OKPYYKHOCTH, IPOBEIEHHBIX U3 OLHOMN TOu-
K¥, & TAK/Ke PABEHCTBOM OTPE3KOB BHEIIHWX KACATEIbHBIX K ABYM OKPYKHO-
craM. 836. Y xa3zauue. Bocumons3oBaTeC TeopeMoil 0 6MCCeKTPHCE TPEyro-
abHMKa (1. 91). 837. Ykaszaume. BocCIoJB30BATHECA TE€M, UYTO OTHOIIIEHHE
maontajseit rpeyronpHukos ABD u ACD paBHO, ¢ 04HONH CTOPOHEI, OTHOIIEHHIO
orpeskoB BD u CD, a ¢ Apyroii CTOpoHbI, OTHOLIEHHIO BLICOT, IPOBEAEHHLIX U3

AO b+e¢ Bo ¢+a co a+b
BepminH B u C. 838. a) O, 2 0B, - b '0C, e
AO
04,
(Tourka D jexur Ha cropoHe AC), U JajNee HCIOAL30BATH ION00ME IOJYIUB-
WIUXCH TPEYroJbBHMKOB M TeopeMy O OHMCCeKTpuce TpeyrojJbHHKa (m. 91).
B) Her. Yxkasauue. B oyakrax 0), B), r) ucnoassosatbk GOpMyJbl OYHKTA a).
839. Y raszaumune. BocrronpsoBareca dopmysoit (6) na n. 92. 840. Vraza-
Hue. [Iyers npamas BM nepecexaet cropouy AC B Touke D. Bocroab3oBaTh-
ca TeM, yTO TpeyroasHuKu AMD u CMD umeror obuyyio BeicoTy. 841. 3 : 4.
Yrxazaunwue. JocTpouTh AAaHHBIH TPEYroJbHMK J0 IapaJjjeysorpamMMma.
842. @

.YKasaHHe.

Jna HaXOKAeHUA OTHOIEHNAA IIpOBeCTH OTpe3ok A;D, napasunenvHerii BB,

cm?. 848, 72 cm®. VrasaHue. BocmonbsoBaTheA Pe3yabTATOM

samaum 841. 844. Yrasanmme. Ilycte Touka L jexxmr Ha cTropoHe AB,
M — nua cropore AC, O — Touka mepeceuenusa GuccexTpuc TpeyronsHuka A BC,

s 2r?-sin ZLOM )
OL = OM = r. Bocronn30BaThesl paBeHCTBOM —22M = =L

S asc %AB-AC-sinA AB-AC

S mon SwnoL

aHAJOTHYHLIMM DABEHCTBAMHU AJNA OTHOIIEHMH u dopmyramMu

S aBc S aBc
(5) n (6) u3 m. 92, 845. 6) Yrazanue. Bocooas3zoBarbca GHOpPMYyNoii U3
TMYHKTa a), a Tak:Ke dopmynoit (5) u3 m. 92, 846. Yrazauue. IIpogomuxurs
cTopousl b M d A0 mepeceyeHHA M BOCIOJL3OBATHLCA PE3YJALTATOM 3a14-
yu 845 a). Ecau ke cTOPOHBI b B d napajjIebHLI, TO BOCIOJb30BaThCA Gop-
myaoii maowaau tpaneuun. 847. Ykasanme, a) BocnoabsoBarbca TeM, 4TO
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8 =8 30 + S,pc; 6) BocnonesoBarscd hopMyoit us o. a). 848. YkasaHHe.
a) BocmoabaoBaThbca pesyapTaroM sagadym 847 a) U CBOMCTBOM CTOPOH ONH-
CaHHOI'0 YeTHIpexyroabHuKa (. 89); 6) Bocnmoias30BATLCA GOPMYJIOH M3 IYHK-
ta a). 849. Yxasanue. CHavasa BrIpasurth orpesku BD, BH, DM u BK
depe3 CTOPOHH TpeyronbHuxka ABC. 851. VK a3aHue. Bocnone3oBaTecs Te-
opemMoit 0 OHccekTpHCce TpeyroJbHEKa (1. 91), peayasrarom sagauu 837 u Teo-
pemoii MeHenas. 852. Y ka3zaHue. BocnonssosaTbea pesyabTATOM 33Ja4d
837 u Teopemoil Menenas. 853. Ykaszaunue. Bocnosb3oBaTbca TeopeMoii
Menenan. 854. Yrasamne. [JBrasALl ACnoxL3yA Teopemy MeHenas, AOKa-
3aThb, YTO OpPAMASH, IPOXOAANIAA Yepe3 TOUKY MepecedeHus AUAaTOHAJel Tpame-
IMY B TOUKY IePeCeUeHUA NPOAOIKeHNH GOKOBBIX CTOPOH, HPOXOAHUT dYepes
cepeanHsl ocHOBaHU. 855. YV kasauue. BocionszoBaTecs Teopemoii MeHe-
Ias NPUMEHNTEAbHO K TpeyroabHukam ABC u ADC. 856. Ykasanwue. Boc-
OOJb30BaThCA CBOMCTBOM CTOPOH OIKMCAHHOIO YeThIpeXyroibHuKa (m. 89)
u pesyabTaToM 3azaum 855 a). 857. Yrasamme. Bocmonssosarbca TeopeMoi
Menenast IDUMEHHTENBHO K Tpeyroasaury 00,0,. 858. Y kasan ne. Bocno-
Ib30BaThed TeopeMoil Menenan. 859. ¥V kasanmue. BoconssoBaThca Teope-
Mol Yennl. 860. ¥V xaszaume. Bocnons3oBateca Teopemoir Uernl. 861. Vi a-
sanmne. [Tycre nyu CT nepecekaer cropoHy AB B Touke C;, a y4 CO uepece-
KaeT cTopoRy AB B Toure C,. Ucnonsaya Teopemy Uemw, qoxasaTb, 4TO TOU-
ku C; u C, nexsT orpe3ok AB B OZHOM M TOM K€ OTHOLIEHWH H, CAEAOBATEIh-
HO, COBIIAAIOT. 862. Yxasaumue. a) CHavajia JIOKA3aTh, yTO
sin ZACC; sin ZBAA, sin/CBB, _ AC, BA; CB,
sin Z/C,CB sinZA;AC sinZB;BA C,B A,C BA
ca reopemoii UeBrl. 6) Bazaua pemaeTCj_ ana.nornq\r/xg 3ajfadye M3 MYHKTa a).
9v2 92

2
863. a) % +y%=1; 6) -z—g; B) x=-=1=m x=—=. 864. Ilepecexarores

s @ 38T€M BOCIIOJIB30BATbL-

13° 13
-2; —J§), (~-2; \/§), (2; —ﬁ), (2; J—), 6) racarporca B Toure (4; 0), mepeceka-

y2
mTchToqRax(%;—%‘[g)n(g,‘]’f] 866. a) x2—~——1 6) 2; B) x——l

B Toukax (0; -2) n (—:ﬁ; QJ. 865. a) IlepeceraioTca B ueThIpex TOUKAX:

v3

nx= 1 . 867. TlepecerawTcd B YeThIpeX TO‘IKEX'( -J/6; ~f) ( 2\/_ )

(«./— 2\/_ ) ( ) 868. JKCHEHTPUCUTET paBeH J2, YPABHEHUS OUPEKTPHC:

y+x-+v2k=0ny+x+y2k =0. YraszaHue. Bocroas3oBaTuCsi 3aMeYaHH-
dac-b2-
em 3 1. 98. 869. YparHeHWe ZMPEKTPHCH Y = ac4a

( p dac-bi+1
ca |-y ————

3 KOODIMHATH (QOKY-
2a° ia ) ¥ kasanne, CHauasa ces1aTh HapalJIeIbHbIH TepeHoc

oceil KOOPAMHAT TaK, YT0OBEI HAYAO0 KOOPAHUHAT COBIIAJIO C BEPIIHHON napaboJIkl.
870. Ilpu R =% kacatotca B Touke (0; 0), npu R > % Kacatorcs B touke (0; 0)

u mepecekaporca B Toukax (—v2R-1;2R-1) m (V2R-1; 2R-1).
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VueGHOE M3naHHNE

Aranacan JleBou Cepreesmu
Bytysos Banenrun ®enopoBudu
Kagomner Cepreii Bopucosuu
Kunceaesa Jioagmunra CepreeBHa
Ilosuak Axyapn FeEpuxoBHY

TEOMETPU S
10—11 kaacewnt

YueOHHK 1 o0meoGpa3oBaTeJLHBIX YUperKJAeHuit

Ba3oBelit M TPOUILHEIH YPOBHH

3as. pemaxime

T. A. BypmucTtposa

Penaxrop

J. B. Kysnenosa

Mnagmuil penakTop

H. B. Horosnnuna

XynoKHUKH

0. M. Ilimenes, B. A. Caituyk, 0. B. Koprrros,
T. B. Jeasruna, O. II. Boromoaosa

XynoxkeCTReHHBIN pefaKTop
0. I1. Boromoaora
TexHrvecKH#i pegaxTop

H. H. IleryxoBa

KoppekTop
M. A. TepenTreBa

Hanorosasa asrota — O6mepoccuiickuit knaccupurarop npoayrnum OK 005-93—953000.
Han. nun. Cepma KO Ne 05824 or 12.09.01. Tlogmmcano B medaTh ¢ AWAIO3UTHEOB
17.02.09. Popmar 70x901/16. Bymara odcetnas. Tapmuurypa IIkoxpmas. Ilewats odcer-
Hag. Yu.-usg. a. 15,75 + 0,63 dops. Jon. tapax 70 000 ska. 3axas Ne 22217 B-ra).

OTKpeITOe aknuoHepHoe obmecrBo «HUagarensctso «IIpocBemeHnes».

127521, Mocksa, 3-#1 npoe3sn MapsmHO# pomu, 41.

OTKpeITOE aKOuoOHepHOoe o0miecTBo «CMOJIeHCKUIT ToMHrpadmuuecKHMit KoMOMHAT».

214020, r. CmoneHck, yia. CMoIbAHUHOBA, 1.



