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Faaszsa Y
MHTEFPAN M AHMPEHI{HA!IBHHE YPABHEHME

§ 1. HEONPERENEHHLIA WHTEIPAN

1. Brepenne. C noMottinio AHQPePeHIRPOBAHKSA MOKHO, 3Has 3a-
KOH ABHXKeHHS TeJa, HaliTH er0 MI'HOREHHYIO CKOPOCTS B i060H MOMEHT
spemers. UacTo soanzkaer HeoGXOAHMOCTL B PeureHHM oGpaTHOH 3a-
AauH: 3HA# CKOPOCTh NPAMOJHHEAHO ABHXKYILETOCH TeJa B KaMKAnif
MOMEHT BpeMeHH, HafiT 32KOH ABHIKCHHS Teaa. ITH H aHaAOrHYHBElE
HM 3aJaYH PeIlAKTCs ¢ HOMOULLIO ONCDARHE UNT2ZPUPOSAHUS DYHK-
mu#l, KoTopast ofipaTHa onepamiy JupPepeHIHPOBAHKEA.

Pasgen matemarski, B XKOTOPOM H3YyvalTcst ceoficrBa onepauHH
HHTETPHPOBAHHA H €€ NPHJAGKEHHS K PelueHHIO 3ajay PHIHKH H reo-
METPHH, HA3LIBAIOT UNTEZDEROHBM UCHUCACHULM.

Hanomuum BuseagsHNe B raasax V B VI dopmysn zas npous-
BOJHBIX H BHTCKAWIIHe H3 HEX GOPMYAR Aas dHQdepeHUEaNOB:

Dyaxups Hpouasonwas Daddeperunan
Pl ax* =t ox* ! dx
sinx oS X 08 rdx
o8 X —sin x —sin xdx
g x 1 dx
cos? x cos’ x
clg x m«y«»wi *de
g SHE® X sin” x
arcsin x ----’--~ dx
S Ji=47
| dx
arct —_—
clg T T+

2. MepeooGpasnan.- Beenen crenywoulee onpenenenne:

Onpedesenue 1. OYHKumI0 F, 3a1aHHYIO KA HEKOTOPOM nPo-
MeXyTke X, HasuBawOT nepecobpasnod Ans GYRKUHE f, sajanHod Ha
TOM Ke HpoMexyTKe, ecau Ain BeeX X€X BHNOAHAETCH PaBEHCTBO
F' (x)={ (x), uan, uro To Xe camoe, dF (x)=f (x} dx.

Samevanne S KoHuesrx TOUKAX TPOMEXYTEA X Pedn uier of ORHOCTOPOH-
HAX ApOHSRONHEX.
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Hanpamep, na pasencrsa (x°) =3x’ csenyer, wro dynxnan x°
Ha Bceft uHCA0BOH OCH ABAACTCA reprooGpasHoft aaa dyRxuxn 3x°.
3ameruM, 910 QYHKIHA x +4 TOXKE ABAAETCH nepaou&pasnoﬁ ans
3x%, 1ax Rak (x°}4)'==3x°. BooGme, A106aa PyrKuus BRI X 4-C,
rae C — HeKoTOpOe HHCAO, ABARETCA 1epsooGpasHoi aaa 3x°. Takum
06pazoM, pyHknuA 3x” HMEET GECKONEUHO MHOrO [EPBOCGPAIHLIX.
To, yro BepaooGpasunix HEOTO BHAZ, weM x°+C, y dynuxunn 3x°
HeT, BRITEKAET HI CJASAYIOHIeR TeOpeMbi

Teopema. Fcau dynxyun | umeer nit npomemyrke X nepeoodbpas-
nyro F, 10 Gan awbozo wucaa C gyrxyus F4-C raxawe nsaner-
ca nepacobpaancd dan |, Huex nepeoobpasnoix gynsyua f na X ne
umeer.

Hoxasarteascrso. Taw gak F — nepsooGpaznan pas I
Ha npomexyTke X, 7o F*{x}==f(x) ana Bcex xEX Ho rtorpa npu
x€X pan aAwoGoro uwacpa C umeem: (F (x)+ C) =[{(x). 310 smaunr,
uto F{x)+ C — toxe nepsoolpasnan BEaa | wa X.

Moxaxem, wro wibix wepBooGpasHux Ha X GYHKOHA [ He Mmeer.
I‘Ipe.lmonoxmm 410 O — TOXE repsoobpasuan asa | Ha X. Torna
'D'f(.{r))mff(.{r) H noToMy aas Beex r€X amees: @ (x)—F'(x)=
=Jix x m

B enny CAeACTBHA H3 reopemni 1 11 3§ 3 rasul V o1ciona caenyer,
uto ¢yuxnua ® — F nocroanda wa X. OGosuaunm ee C: @ (x)—
—F(x)==C. Torpa ® (x)=F{(x)+C, a 370 snauur, wro moGan
1epBoobpasnan PyHRURH HMECT BHA F—l—C.

Hoxrazannan reopema noxkasniBaeT, YTO BOUPOC 06 OTHICKAHHM
BCeX 11epuo0lpasHEX PYHRINH f pemiaerca OTHICKAHNEM KAKOA-HHGYAL
ONHON H3 HHX: eC/IH Taxas 1epsooGpasHan HaHAeHa, To f06an nepso-
obpasnan noAy4aercs H3 Hee NPHGaBACHACM HEKOTOPOR NOCTOAHHOR.

Onpedesenue 2. COBOKYITHOCTD BoRX HePBOOGPASHNX (YHK-
DHH | HaswWBaOT Heonpedesentsn unTe2parosk 3ToR dpyunkuay  obo-

3HAYA0T CHMBOAOM Sf(x)dx. Takum ofpazom, sf(x) dx = F ()4

+C, rae F— oana 3 uepsooGpasnux paa f, a C npoGeraer mMuo-
HECTBO REACTBHTEARHBX YHCE,

B 3moM pasewerse [ HaswWBaloT noduurezpassnotd dynkyued, BH-
pamente [ (x)dx — nodvHTEZDAALHDIM BUPANCERUEH, TIEDEMEHHYIO
x — nepemennotl uxrezpupoeanun 1 caaraemoe C — nocroannod uwx-
Tezplpoeaniis,

[Tpumep 1. Tax kak x* — nepsooGpasnan aaa 3x%, To

{3dx =24 C.

Onapanch Aa onpeaeseHre eppoolGpasHofi, AOKANKEM caepylouLe
CBOfeTBA ACONPLJENCHHOTO HHTErPana {B IPEAIONOKEHHH, YTO pac-
CMATPHBACMHE HNTErPas CYHIECTBYIOT).

1) Hmeer mecro pasencrgo:

d (§ (0 dry==F (x) dix. (n
8



{310 paBeHCTRO O3HaYaeT, %10 Gopmysa BepHa PH 1060M 3HAYE-
HHH TIPOH3BONIBHOH AocTosHHOR (.}

B caMoM Aeje, 70 OAPCACACHHIC HMEeM: Sf{x)dme(x)+C, rae
F’ (x)==f (x). Tlosromy
 d(§f ) d0=(F )+ C) dx=F" (x) dx=f (x) dx.

2} Hmeer mecTo pasencrao:

VF/(xydx=F () +C. (2)

OHo HemoCPeACTBEHHO BHITEKACT H3 ONpelesieHHst HHTErpasa.
3) Hurezpaz or cymmbr yHALUL PGBEH CUMME UXTEZPAAOE CAQ-
20EMMX:

§ @0+ () dx={ o () dx 4] ¥ (xy dx. &)

B caom gere, Ayers {@R)dx=0®+C n {¢ @) dx=
=¥ (0+C.
Torga @ (x)==q@{x), ¥’ {x)=19(x), v nOTOMY
§@0+v ) de=(@ )+ 9 (x) dx=
= (@ ()+ ¥ (0 dx=D (x)+ ¥ (x)+C=

={ o0 dx 4§ 9 () ax.
4) Hocroanunoil MHONUTEAD MONCHO BHIRECTU 30 SHAK URTE2PAAG:
VAF (0 dx=AF (x) dx. (4)

B camom jene, ecam A — nocrostvHast w F{x)={{x), TO
(AF (x)Y = AF’ (%)== Af (x). 3saunr,

{ AF () dx=AF )+ C=A{ F(x) dx.

Tax Kax (x**'Y=(xz+1) %% T0 H3 cBOHCTE 2 W 4 BHITexaeT, UTO
GPH o 5 o |

S x“dxm;—-:il-_-i-s @+l xdx=S54C ()

Hoabaysics s1o#t popmysnoit H ceoficTBamy 3 H 4, MOKHO APOHHTEr-
PupoBaTh NI06YIC cymMy cremeHeRl X, YMHOKEHHBHIX Ha HEKOTOpHIe
YHCAZ, €CAH TOABKO CPeAn noKasaTened cremeHed =er unena —1 (B
HacCTHOCTH, MOXHO HPOXHTErPHPOBATH JIOG0OH MHOMOWIEH OT X).

Mprmep 2. Hakaem uurerpan

h {@x*~52 4 6x—T7) dx.
9



Pemenne Ilo caofictsam 3 H 4 HMeem:
{ (3x* —Bx® - 6x—T7) dx=
=30 x'ax—50 2dx 46 xdx—7{ dx.

Ho no dgopuyse {5) ameem:
S Hdr=54C, S PdxmitC, S rdx=%4C,
S dx=x+4C.

3HauHT,

f (@xt—Ba?4-bx—7) e B30Tt C.

{Mu AHIDEM APOH3BOABHYIO HOCTOSIHHYIO FHIUb OFHH pa3, MOCKOIb-
Ky NpoM3BejeHHe Jo6ore OTANYHOTO 0T HYAS MHOXHTC/AS H& IEPOH3-
BOJLHYIO NOCTOSHAYK0, TAK XKe KakK H CYMMY NPOHIBOALHMX NOCTOfAH-
HHIX, MOMHO 3aMEeHHTb OAMOH NPOH3BOJILHOA TNOCTOSIHHOR.)
flpumep 3. BuudHcanM HHTEEDAA

(- 5—) e

Pemwmenne Wmeenm:
4

[(4F—%) dx] 5~ e 3t —6{ 5~

%+} Bt 3 i '5
X . o
6 Ly Comgrx® ++C.

X
4
Ft!
YrpamHuesinn
1. Brgucaure HHTErpsn:
. 2438 {1 S 16
l Tdx, 2 x“xd:3s--—~———d:4 dx.
}Sxx}sxfx) T x}wx
2. [lposeprre, uTo dyHRuAA F sangercs nepsoolpaswof A Pywkuws f, ecxu:

7
1y F (x}=f--+ 2 cos 2x, [ {(x)=x®—4 sin 2x; 2} F{x)=arcig® dzr
6 arctg 3x

F="2E 00 3) P ()=t 2e—cos B, f{x)m-ﬁlgg»gf»+55m5x
4} F(#)==aresin (x?), §{x)= ’Qx. : 5} F (®)=rc0s \/x--sin (x2),
flxi= S;“Ji_ 2x cos{x%; B) F{x)=—x"sinx+ et

F () 42% sin x4 x* cosx+c::1::

{4



3. HenocpeacTrennoe wnTerpaposanne. Henocpeacraennoe Hurer-
pHpPOB&HHME OCHOBAHO Ma MCNOALAOBANHH PeaysbTatoR AuddepeHiy-
poBaHHH DYHKUEE. B cuty ORpenesenud HHTErpana, 3 BCHKOR op-
myan F' (x)=f (x} napdepeditnasbiore HCUHCICHHN BbITEKaeT <o-

oTReTCTRYOLIAN dopMyia S [ {x)dx==F (x}+ C aurerpaassoro ycuuc-
JCHHH.
Dpumep I Tax rax (sin x)’==cos x, T0

S cos xdx=sin x4+ C.

Takam 06pa30M, ¢ NOMOIMLK TabaHuy AnddepeduHanor npocTed-
X QYHEHHA T0AyYaeM CACAYIIIYI0 TAGNHRYy OCHOBHHX HHTErpa-
JOB:

" a1 ’ dx .
1) Sxdx*—»:+l+c, twuk — 5) Smm—ctgx—-i-c;
2) Scos xdx==sin x+C; T 8) S ldx = aresin x4 C;
i —_X
3) S $in xdx == w008 x4 C; 7) S %,warctg‘x+ C.
4) S;{?g—;mfg x-+C;

Hoszses Mu DoBapEM K 3TOR TalAHze €HLe HECKOABKO DOPMYA HH-
TeFPHPOBAH Y. _ -
Hpumep 2. Buudcaum HATErpasn

) S(“?w“%&:*?_“%“) dx; 2) § (6cos x—7 sin x) dx.

$in® x
Pemeunne 1) Ho popmysam 4) u 5) umeem:

S(—%—.— 4 )dxm3s-é—°§§~;w4s =3 tg x+actgxtC.

cos'x  sinx sin
2) Tlo ¢opmynam 2) u 3) HMEeM:
S {6 cos x—7 sin x)dxmﬁs cos xdx——‘fs sin xdyx wee

=6 sin x+7 cos x4+ C.
Hpumep 3. Buuncaum uuverpan
N e
S PR i
Pemenune Taxg rax
Vi 1ea®  flea? . 1442

A+ —F (=2 | (Q+OT—x

_ 1 1
“m+——-—--m , TO
1



arctg x4 arcsin x4 G,

S%ﬁ%“ =\ it 7 s

¥YrnpaXHeHnn

3. Buuncaure surerpann:

1)5(85inxm«c-6~§r~;) dx; Q)S( )dx

338(6msxm?«§?)dx; 4)8(%%_*”)& 5;8—%
d (oD o (VIFR,

G’SW' ”SW' 3?Sm

4, Buancaure WHTErpaas:
i px—1 9 . sin xdx .
b S e pae S tg" xdx; 3) S Sin® 2x + 2 sin® 2x 08" 8xJ- cos® 9x °
Em
8 S x :t-x\ﬂ~+~4xdx
(Wr—

4. 3amena nepemennoll. TIpH pHUHCACHAH HHTETPAJGE, HE COfEp-
HKaWMXcs B NpHEedeHHON pHme TaGjHIe, OKasHpaercs noAes-
HHM MeTON 30Mexns nepeMennoil (HAH, K8k erc Ha3sLiBaoT HHade,
»eTod nodcranosxki). B ocHoBe 3TOre Merola Jexurt dopmyia ands
bepenuHpoBatin ca0KHON Gynkuun. Mui 3uaem, yro ec F” {x) =] {x)
u ecan cymecreyer dynxuns Flo(f)], npuuem dyukuna ¢ jnudde-
penuHpyeMa, To

Flo@ly=F )¢ )=Ff(x) 9 O=Fle )¢ (&)
Orciona caemyer, 4T0 eCaH

{Fdr=F (x+C, (1)

TO
(o 0le (6 dt=2F [p (O)+C. 2)

flockoabky o (f) di==dg (1}, T0 Bopuyay {2) moXHo 3alHCATH B CAe-
AYOWeM BHAE:

Vot de )=F [p ]+ C. 2’

Panencrao (2') noayaaerca #3 {1) samenofl x va @ (f). Mut gqogasa-
AH, TaKHM 00pa3oM, caedyiiiee yTBepKACHHE:

TeopeMa. [Tycrs pynxyus ¢ Supdepenupyena na nposexcyrre X,
a ynkgun F aaanerca nepaocOpasnoid daa | ra obpase ¢ (X) npoue-
wyrxa X. Tozda F o g asanercs nepaoobpasnoll das pynkguu (f o g) g'.

Tak kax npH @ (f)==ki-+-b Hmeem ¢ ({)==k, TO H3 papeHcTea
{2’) pureKaer, uTO

{ &7 (Rt + ) dt==F (Rt 4-B)+C.
12



[Tosromy
{F(kt+ by dt=—F (kt+b)+C. 3)

Ipumep 1.  Boupcaum HAATerpanu S cos (4x— 5} dx,
S (8x—11)° dx.

Pewenne Tax xax S cos x dx==sin x+C, 1o no ¢opmyse
(3) nonyuaem, 4To S cos (4x— 5} dxm-i— sin {(4x—5)--C.

Tax Kax stdxmw‘g»»i«C, TO S(wall)‘"'dxm-é%z@xwil)‘»«i«

4 C=gs (Bx—11)'4-C.
[Ipueesem npHMepnl 60/iee CAOXKHLIX HOACTAHOBOK.
Nprmep 2. Buuncanm muTerpan

S £* sin (x) dx.
Peume g He 3ameuaeM, yro (x°Y ==3x”. [losToMy menaeMm nos-
craHOBKY ¥ ==f. Himeem:
S 2 sin (2% dxm«%ug sin (%) (% dx.

Tax xak {°) dx==dit, T0 .,
S o sin (%) dx=.§,;-s sin tdt= —-1- cos t+ €= —-t-cos(¥)+C.
lipumep 3. Buuscaum uurterpan

S sin® x cos x dx.

Pemenne Tak kak (sinx)’==cosXx, TO HANpaiHBaercs

AGACTAHOBRA Sin x=={ Hmeem: di= (sin x)’ dx==cos x dx, H HosTOMY
3
S sin® x cos x dx=S 2t w—-*%»+ Cm—%—— sir x +C.

Ipumep 4. Boluncaum Huterpal S\{aaw?dx, a>=>0.

Pemenne 3uech dopuyna (2’) npHMERAETCS CHPABA MANEBO.
Himenro, nonoxum x=q (f)==asin{, —5-<t<3 Torna ¢’ (f)=
=4 CO8 {, M NOTOMY HMeeM:

{ va? —Pdx=a{ T—sin® t cos t dt=a?| cos® t dt.

H
HO 0052 t=m-‘t§§.§~2§.‘ H HQTOMY

\ V&= =S (14 cos 20) dt= 5 dt+ 5 cos 20 .

llpumenssg dopMyny {3}, BHBOAMM, 9TO S cos 24 dtmmé- sin 2i+C,
H noroMy
i3



S -\/azw?dx=“2ﬁ+a—2%lﬁt—+ L= ;—E(t+sin { cosi)+ C.

YroOm 32BepilliTh HHTEIDHPOBANHE, HAM OCTANOCH BEPHYTHCH OT
aprymenTa { K apryMeuTy x, rae, HanoMenM, r=a sin{. Hmeem:

sintm%. cos t==/T—sin” f== lm-ﬁ-;-. f == arcsin «-;‘— H HOTOMY
2
| Vo= Pdx =2 arcsin L L a" 4+ C. (4

X
ia

¥npamugennn

6. Brupcnaure HATErpasH:

1}8\/“25?:_;?2)825?:*‘3}83;:25‘”8\/rgg;v‘
dx

5) S cos 3x dx; 6} SW‘

6. Boupcaure myreM pasAoMeHHA B asreSpanuecKyr) CYMMy HETETPATH!
L . 4
1) S £ T b s 9 S X $sﬁ+3x+4wdx:
* iyx

3) §sin’ 3xdx; 4) S cos? 4x dx; B) S sin 2x cos 2x dx;

6)

Chellyiolise HETETPAAN BHYKCAKTE C TIOMOUILK 3AMEHN [EPEMEHEON (7-D),

cos 8x sin bx dx; 7) | sivi 12x sin 25 dx; 8) | cos Bx cos 3xdx.

arcsin® x arcly’ 2x dx

= =9 S BT

—TEr 2} S sin 2x cas® 2x dx.

7.0 { ar—1ras 2 { VoriTias 9 { G 9 | osseas
5) Ssin"ﬁm’x; ﬁ)Sc‘ag!‘(‘?fm; 7 Sm%m;
8) { tsin s-oos sy ax 9) = O | =5
8, I)S I’f;_’; ; 2)8 1‘!"3‘;; 3) S xsin () dx:
|
|

§ 2. AMODEPEHLIMANBHLIE YPAZHEHMR

1. Bpeaenwe. MiHorne 3aKoWb (GH3HKH CBRINBAKXT 3HAuEHHN Be-
AHYHA CO CKOPOCTAMH H YCKODEHHAMH HX Hamenenns [lycrs, Hanpu-
Mep, MaTepRAALHAR TOYKa MACCH M ABHKETCH A0 HPAMOR MK fl0R
leficTeHeM CHAR F, naapasaennoft no rto#ft e npsmoi. [lo propomy

it



aakoHy HbioToHa yekopeune TOUK# B MOMEHT BpPeMeHH { PaBHO OTHO-
[eHHIO BEAHUHHE CHAM F, ZeficTByiMIeR B 3TOT MOMEHT Ha TOUKY,
K macce m: azﬁ.

Tax Kax ycKopetise paBHO BTOPOR HPOH3BOAHON KOOPAHHATH TOUKH
0 BPEMEHH, @==x", T0 IT0 PABEHCTBO MOXKHO 3aMHCAaTh B BHIAE

mx" == F. (1)

PaccMOTPHM HECKOALKO NMPHMEPOB.

1) Touxa zpuxercsd Mo HHEPUHH B CONPOTHBASIOLeHicH CPee, MPH-
yeM COMPOTHBAGHHE CPENH MPONMOPHHOHANLHO CKOPOCTH ABHIKEHHH
TOMKHE H HANPARJICHO B CTOPOHY, NPOTHBONONOXKHYIO 3T0# CKOPOCTH.
Torga F= —Fkv, H NMOTOMY paBeHCTBO {1} NPHMET BHA:

mx” = kY.
Iockoabky v=1", 70 NMoayuaeM ypaBHeHHe

mx” = - X’ (2)
210 YPABHCHHE MOXKHO 3aNHCATh HHAUE, €CAH BCNOMHHTE, Yr0 X/=0v
H X" ==(xY e p’;

my’= —ku, 29

B ypapmenrrx (2) H (2°), xax u B ypapueuuu (!}, mu}de-
PEHEHPORAHHE MPOHIBOAUTCH MG BpPEMEHH.

2) Touxa maccoll m najgaer Ha 3eMA0 Nok KeRCTBHEM CHALE THIO-
rersn. [10 3aK0HY BCeMHDHOrO THIOTEHHH cHna F B 3TOM Clyuae 3a-

aaerca Gopmyaoh Fw== w?%ﬂ , FA¢ ¥ — IPABHTZUHOHHAH NOCTGHH-

Haw, M — macca Jeman, ¥ — PacCTORNHHE OT TOUKH KO ReHTPa 3eMan
{3HaK «MHHYC» nOCTAaRAeH NOTOMY, YTO CHAA TArOTEHHH HANpAaBJeHa
B CTOPOHY, NPOTHBOTIONOXHYIO HONIOKHICHLHOMY HANPABICHHK OCH,
eM. puc. 1). [Nostomy pasenctBo {1) mprHHEM aeT
B aTOoM caydae BHIC '
= —y 22 (3)

A X

¥paBrenne (3) mokHO 3aNHCATL B HHOM BHJIE,
©CAM NPHHUTH, BO BHHMAHHE, YTO NMPH x=R,
rae R-— pazuyc 3eMmau, cuna F papHa - mg.

3HausT, ¥ %%‘—z mg u noromy vM=R’g. Caeno-
BATOJIBHO, ypaBHeHHe {3) MOXKHO 3anHCATh Tax:

2
x”m_%g.

e
|

3) Touka sapHXeTCH NOX ZACHCTBHEM CHJH,
NPOMOPUHOHANLHOA OTKAOHEHHID TOUKH OT NMOJO-
XEeHHH DABHOBECHM H HANPABJCHHOR K 3STOMY Puc. |
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noaoxesno. Ecan sn6paTh HaY8JA0 KOOPAHHAT B MOJOMKEHTH PABHO-
BeCHA, TO HMeeM: F==--kx, H noTOMy paBeHcTBo (I} npHHH-
MacT BHI:

Ecan o6osnauuts % yepes o, TO ROAYYHM YpaBHeHsie
X b Px e, {4

Mui nonyynnn ypaesenns (2), (3), (4), xotopue comepxar apry-
MEHT {B HamleM CAydae Bpems), GYHKIHIO 3TOTO apryMeHTa. {B Hallem
cAydae KOOpPAHHATY TOUKH) fl NPOH3BOAHKE TOH QYHKUHH 10 HEKOTO-
pOTO NOPAJKa BKAIYKRTENLHO (B HAEM CAYYae 10 BTOPOro ROPALKA).
Takne ypapPHEHHsI HA3WBAOT Ouddepenyuasvbroimu, a HAHBHCHIRA
NOPRAOK NPOHIBOAHOA, BXOASHUER B TAKOE YPABHEHHE,— AOPAGKOM
atoro ypaBheHHs. Takum ofpasom, ypapsensasa {2), {3), (4) nmewrT
BTOpPOH NMOPANOK, a ypapHeHHe (2') — nepBuift NOpAROK.

Hdadbdepennnanblinie ypaBHeHHS BCTPEUAIOTCH HE TOALKO RPH HAY-
YeHHH EBHXXEHHA MaTePAafbHHX TOUEK, HO H B HHEIX ofiacrax daszsa-
KH, OHOAOTHH, XMM#H H T. 4. COCTaBHM, HanphHmed, nHbdepen-
UAANDHOE YPABHEHHE pAJHOAKTHBHOrC pacnajga. YCTaHOBJAEHO, 4TO
MI'HOBEHHAA (KOPOCTh AIMEHEHHA MAa{Chl PAalHCAKTHBHOTO BELUECTBa
NPONOPLHOHANLHA STOR Macce B HRaHHWA MOMEHT : BREMeHH, T. e.

@ oo R (SHAK ¢MHHYCH NMOCTABJEH NOTOMY, YTO MACCA YMEHbUIAET-
cf). MockoabKy MrHOBeHHasl CKOPOCTb H3MECHEHAA paBHA MPOH3BOL-
HO# MacCh MO BPEMEHH, TO YPABHEHAE U =w — R MOMHO NEPENHCAThb
B BHOE

m = —fm.

Honyunnn auddepennHansbHoe ypaBHEHHEe NEpBOr0 ROPALKA. 3aMe-
THM, 4YTO OHO OTAHuaeTCA ©T ypaBheHua (2') aAHmwb ofo3Hauve-
HHEM DYHKUHH. 3T0 YOBOPHT O TOM, 4TO ABHKCHHE MaTePpHaAbHOR
TOUKH B CONPOTHBAMIOIREACS CPERe ONKCHBARTCA TeMH Xe Gopmyaa-
MH, 910 51 PAAHOAKTHBHEE pacrap.

DyHKOHH, ORACHPBAOUIHE 00a 3TH ABACHAA, GYAYT H3y4eHW B
raape VIil. '

¥npamuennsn

£D. Cpeay creftyioniny ypassenrft yRamate fuddeperuna/bate B HasonRTe fopa-
HOK 3THX ypapHennf:
D @ P=gx— b D ¢ iy 8) sing=a b4
+y
4} ¢ — Ay Ay =i x

15, [IA9 AeroTOpsx XMMHUECKHX PEakUHR MPROBEHHAH CKOPOCTh PEANOHE HPOTG)H-
HHOHANLHA RPONSREIZHNIG KOHUEHTPSUMA ABYX DEArBPYIOINNX BCHIECTB, HpRYeM
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8 NPolEcce PEAKUAH OAKA MONEKYAA MEPBOTO BEMECTSa pearspyer ¢ oANoll mo-
nexyaoft Broporo sewectsa. Hammmmre anddepenguanbioe ypasuesne L Ko-
AUNECTDR §f BEHEECTAA, BOSHHKIIETD K MOMEHRTY BPEMEHK { {8 MOAHX]), CCAK HAYLSL-
Has ROHLEHTPatys FAepBOTo peareHTa pasuafiack ¢, a sroporo b {v==1 a).

12, Hamaupre ziddepenusgarbuct ypapRedse MUt HajleHHs Tehaa B CoHpoTHBANIG-
welics CPeRe, eCAE CONPOTHBAGKKS CPEefs MPONGPURORINBHO KBSXPATY CROPOCTH
TeAd.

2. Pemenun pnddepennransnnx ypasnenwi. Baenem caenyioiee
onpeneeHue;

Onpedeaenue I Pewenuen pipdepeHEHANBHOIO yparHe-
HHK HAIWBAaKT J06YIo GyHMKUEO, APH NMOJCTAHOBKE Kotopoft B 370
ypagHeHHe NONYyHaeTcs TOXKAECTHO.

Tpadux petteMs RuddeperuuanbHOT0 YPaRHEHHS HasHBaOT
UHTEZPAALHON KPUBOHL 3TOTO YPaBHEHHH.

Hpumep 1. [Hoxaxesm, %10 yHKLHE y==x SABARCTCH peme-

npem AHGQEPEHIHANLHOTO YPaBHEH N y’mwi-».
Pemenne Hwmeem: y'={(xyY=1. Tloncrasans 3HaueHHs y==x
H Y == B JI2RROe YDasHEHHEe, NOAYYAeM DABEHCTHO lmmi-, KOTOpOe

BHIIOMIHHETCH REA% JHOG0T0 X =40,
Hpocrefmume spasiorcss EHdpepednHanbine YPapHeREE Bila

Y’ =F(x) ()

YrolH peitinTh MX, HaJ0 HaATE GYHEUIHIO y RO ee NPOH3BORHOA f(x):

y=\[(x)dx.

Ecan F — ofua M3 nepaooGpasHEX AAR [, TO 370 PABEHCTRO 3aMscH-
BAOT TAK:

y=F{x)+C.

Bungm, uto ypasuenne (1) mumeer
Seckoneunce Muoxkecrso pemersfi. Mx vi
rpadukd (. e. HHTErpa/ibHHE KPHBLIE
ypaeHendst (1)) noAyyaTCs APYD M3 ¥
Apyra napajnienbiliM HepedocoM B Ha-

aBJIGHHH OCH oOpaHBar {pHc. 2).
PR BTOM 4epe3 KaXAYIO TOY-
KY Mo (xq, o), Taryio, 4To GyuKuusn |
HeRpepwBHa NPH X == X, APOXOAUT OXHA
W TOJNBKO OfMa SHTerpaibHas KPHBAsL. |

-AnanoruuniM  ofpasom  OGCTOMT
Ae10 AR APYFHX AHdepeHLHARBHEX
YpaBsHenui nepsoro nopsixa. Hamps-

MED, 1A% ypaeHerus y’ =-L- pewenien p

FRISCTCH He TOABKO YKasaHHasy 8 Hps- _ Pac. 2
g

wF(X}‘fc

W

=




vi i

Puc. 3 Puc. 4

mepe | $yHREHA y=x, #O H H008A ¢ynKuMa BHAB y—~{CLx, roe  —
EPORIBOALKOE UHCNO, HAH, KAK MOBODHAT, APOH3BOJABHEA RBOCTOAHKASA.
B camom reae, (y)’=C==%-’5. Hubix pemienrfl ZanHOE ypasHeHHe He
HMeeT. 1061 ZOKA3ATL 9TO, BBEAEM BMECTO if HOBYID HCKOMYIO dyHK-
M0 U, BOSOXKHB Ye=ox. TBRK KAK ' =0'x+v, & ~£~»= ¥, T0 YPBBHCHHE

m‘%- NPHHHMEET BHE: 0 X~} v==0, T. €. v x==0, Han v’ ==0. B cuay

n. 3 § 3 raasu V 310 03HauBeT, 470 U BOCTOAHHBA, v==_, 4 BOTOMY
y=Cx.
Ha pucynke 3 H300DPBMCHO CeMEHCTBO HETErpashHHIX KPHBHIX

YPABHEHHSA y’m—gn. BuauM, uTO o B 3TOM CIy4ae yepes Ay TOUKY,

OTARYHYK) OT HBYBJB KOOPAHHBT, BPOXOAHT OAHA H TOJALKO ONHA
AHTErpasbiBA Jnuns. Yepes wayano ke KOOPIHHBT RPOXOAHT Gecko-
HEYHOS MHOXECTBO HHTErpBAbLHHEX sHuHA. FlosToMy Havano koopim-

HBT HB3HBBIOT 0Co6GH TouKol BN YPBBHCHHA y’=-€——. B aroff Toure
x=(), y==0), H NOTOMY BLIPBMKEHHE ~§~ He HMEET YHCIOBOro 3Haue-

HuA. CyniecTsyIor ocofhie TOUKH, 4epes KOTOPLIe He IPOXOZHT HH OIHB
| uHTerpBJ/bHAA JuHUA. Hanpusep, HHTerpadbHLIMH KPHBLIMH 19 AMd-

depenuaansLHOro yPBBHEHHA §' = — - ABAAIOTCA OKPYIKHOCTA C LEHT-

poM B uBuBJe KOOpAHHAT (puc. 4). Hu OfHB H3 HHX Hepes HBYBJO
KOOPIMHAT HE BPOXOAHT.

Beenem caeayiowee orpesesense:

Onpedesnenue 2 Cyaxunwo y=¢{x, C), rae C — npos3-
BOAbLHBA [IOCTOAHHANA, HASHBAKWT ofuwm peurenues naddeperurais-
HOro ypapsenna y'=f(x, y) 8 oGascru €2, ecan:

8




a) s 106070 € OHA HBJHETCH pellleHHeM 3TOr0 YyPasHeHHs, T. e,
¢ {x, C)ye=f (x, @(x, C));

6) ann m060d Touxn M (xo, o) H3 obractu Q c m.ecmye'r eaHH-
creeRtoe 3Hadenne Co, NMPH KOTOPOM JHHHH y=¢{x, Co) NpoxoauT
yepes TOUKY My, T. e. yum&p(xo, Cq).

TakuM ofipazoM, yw== Cx««—oﬁmee pewenne ypasHEeHHs y’mw’f»

Ha scefl NMIOCKOCTH, NPOKONOTOR B HaYake KOOPRHHAT.
Onpederenue 3. Pernenve AndpeperUHaALHOTO YPaBHEHHH,
noAyuaeMoe H3 OGUIEN0 DEMICHHH NMYTEM NPHAAHUH ONPEAENCHHOrO
3HAYEHHH TPOHSBOMLHOR NOCTOHHHON, Ha3HIBAIOT YGCTHUIN PEUICHUEN
STOFQ YPaBHEHHH,
ITpumep 2. Hafinem vacthoe' peiende Ruddepeniitianbroro

ypasHEHHH y’m—j——‘ YAOBAETBOPHIOHICE YCAOBHIO y{i)=—2.

Pewenne OOuIHM PEHICHHEM 3TOr0 YPABHEHHS HBAHETCH

g= +C~x*. Uro6m naliTH wacTHO® pellerHe, MOJONHM B ITOM
pagencTse x==], gye= -2 [Iloayyaem C==5. [TockosbKy 3Hauénue
g= —2 OTPHUATEALHO, TO FOAYYAEM YACTHOS PRIIeANe y= —/D — 1°,

Hapuay ¢ yacTHWMH perleHHHMH AH{epeHIHaAbHOE YpaBHEeH e
MOKET HMEeTh PelICHH, He NnoayyaeMuie H3 ofHUero HH IPH KAKOM 3Ha-
YeHHH NPOH3BOJAbHOA NMOCTOKHHOR. Takpe pelleHHs HA3HBAKXT 006k
ML, Hanpnmep,{ ofliiee pemienne RAdhepeRitEAAbHOI0 YPaBHEHUH
(" +y°=1. umeer Bum: y==sin(x--C) (cemeflcTBO CHHEyCOHD).
Kpome Toro, 370 ypashende umeer NBa 0COGHIX PelEHHH: y== | #
g==1, rpadHKM KOTOPHX B KaXAOH TOUKE KaLawTCHA NPOXOASUIETO
4epes 3Ty TOUKy rpaduka vactHoro pemleHnn (puc. 5).

Pacemorpes teneps Auddeperitnanbitiec yPasHeHHH BTOPOIO 10-
praxa. IIpocTefInuMH H3 HHX HBJAHIOTCH YPABHEHHH BHAA

y” == f (x). (2)

Yrobu pemmb TaKoe ypasnenne, BREAEM HOBYIO dJnyzmm ==y,
Toraa umeem 2’ ==(y') ==y”, u ypasuenne (2) npuMer BuR: 2" ==f (x}.




U3 Hero HaxonuM:
2=\ f (x)dx=F (04 Cy,

rae F — opHa ®3 nepaooGpasubix GyHxuHe f, € — RPOH3AOALHAs
ROCTOSIHHASL.
Ho z=y’, n noroMy HmeeM: g == F (x)+ €. 3naunr,

y=\ (F ()4 C)) dx=® (x)+ Crx 4y,

rac P — onHa u3 nepacobGpaszHuix HynxkusH F, a Cp — sropas
RAPOH3BOALHAN NMOCTOSHHAS.
fIpumep 3. Pemwsnm ypaaHeHHe

y”==x’.
Peumtenne Humeem:

y'ws y”dxms x“dxr—-wéw{w(?!,
OTKyZRa

=50 =i

M3 pasofpaHebix npEMepoa aHAHO, YTO a peileHHe ypaaHeHHs!
RepsoTe ROPsiZKa aXoAHT OZHA MPOH3AOALHAN HOCTOSIHHAS, a B pe-
ileHHe ypaaHeHRst aroporo HOpsyika — Aae NPOH3a0JibHHE ROCTOSH-
Hue. 370 aePHo M Ans ypaasieHHR Gonee ofmero ampa: obuiee
peuterue GupdepenyuasbHoao ypasnerus n-20 NOPAGKG 3G8UCUT OT N
APOUIBOALROLL NOLTORKHDIX,

Hag andepennpansbunix ypasuesuf BIGPOre NOPAARA, CHRCHBADINEX APSMO-
ARHERHOE JABIMCHHE MATCDHAABHHX TOYEK, CYHISCTBOBAHNHE GECKOMETHOrO MHOMe-
CFB2 peiedBd Bmeer npocrol (EIBuecKER cMbch, (JHO OIHAYAET, YTO ABKOK JBHMNE-
HAA TOYKA HE CHPCACAHCTCH ORHOZHENHO IANAHHOM CHN, AeRCTBYOIPX HE STY TOUKY,
RAAC ee 3HATE €e HAYAARHOS NOACKeHAe B CHOPoCcTh. [lo 9TEM JABHHEM MOMRO
HAATH JHEUEHHS OJERX MPOMIBOJLELY NOCTONHHNY, BXOANLIEX B ofilee PelHeHHe YPaB-
ICHHA, B NOAYYRTS SACTHOE PEIEHHE, OHHCHBARDINCE ABHIKEHHE TOMKK.

Tipumep 4. Hafinem ofuiee peuleHHe ypaaHeHHs'
X == e g, 3)

ONHCHAaanwera caodo,auoe naleHHe MaTepHaJleOﬁ TOYKH, H 4acTHOS
pememle ITOTO ypaaﬂe“ﬂﬂ, OTReRaKNee HAYaNbHLIM YCﬂOaHﬁl\T
x(0)=10, 2 (0)=5.

| Mu AHWEM 3HaK <MEHYCY, (OCKOHABKY MANpabAeHEE CHAH MPOTEBOIVIOMHO
HOAOMATEALHOMY HAAPABACHHI OCH KOQP/MHAT.
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Pewe nne lloraran x’ =v, imeem: v’ == —g Orciog

v={ (—gdt)= —gt+Cu. W
3navur, ‘
xX'=v=—gt+C,,
H hotomy
x={ (- gt+Cy) dtmmﬂé‘f+ Cit+ Co. (5)

Yrobiz HafTH 3HaueHHA BOCTONHHEX Cy H Cq, ionoxRuM B (4) # (D)
t==0. [oayuaem papencrBa Cy=v (0)=5, Cy==x(0)=10. 3na-
4HT, YaCTHOR PeLICHHe HMeeT BHA!

x=—%’+5z+10.

IMpamep 5 Ilokamewm, uro GYHKRHH
x==C cos wt+ Cy sin wf (6)
npH AKGHX 3Haveux C) ¥ Co HBAHETCH pell¢HHeM JHp(GepeHuHAND-
Horo ypapeeHHH x”+w’x=0, B Hafilem uacTHoe pemleHHe, COOT-

BETCTBYIOHICE HAYANbHEIM YCIHOBHHM X {0)==xo, v {0)=1v,.
Peumtenne Hmeem:

x'=—C o 5in ol C: @ €05 of
X7 e e Cy0® cOS 0f — Co0d° sint 0f.

lNogcraaur B ypaphenne x”-+w’r==(0 BHpameNHH AJBH X H X",
noaydaem TOXKAECTRO

—C10? cos ot — C0? 5in e+ o (C1 cos wf -+ Cy sin wf)==0.
3naunt, dynkunn (6) npn Mo6Hx 3paveHEHx €y M Co HRAHETCH pettie-
HHeM YPABHEHHH x”--wlr==0. 3ameThm, yro B cHay n. 7 § 3 rna-
B VI 370 pemenHe MOXHO 0pejcTaBHTB B BHAC x==A sin {of-+a).
B n. 3 Gyaer noxazauo, yro ypapHerse x” 4 @ x==0 He HMeer HHHIX
petenns.

Teneps Hafiiem wacTHOe perieHHe, COOTBETCTBYIIlee JaHHBIM
Hauanbuuy yoroBrHM. TlpH {==0 HMeem:

x{0)=C'1 cOs O—f—Cg sin OmCI,
x’ {0} — Cyop i1 84 Cao cos 0=Cha.
Tax kak no ycaosso %{0)==x¢ H x’ (0)=uvq, To Ci1=x, Cgm—(-?-,
& NOTOMY HCKOMOS UacCTHOE DEellieHHe MMeeT BHIL:
X == kg COS mt+%’ sin wf.
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HMrak, mbt noxasans, yro ofmee pemensne ypasuenus x” 4 wlx=
=0 MOXKHO 3anmHCats B pife x==A sin (of4-a). Vs xypca ¢uauxn
H3BECTHO, 9TO KouieGannsn, copepiaeMbie 110 3aKOHY x = A sin (ef -4 o),
HAINBAOT eapmonuieckunu. lloatomy AuddepeHunanabroe yp apHenite
x4 @*x==0 HAILBAIOT YpABREHUEM 20PMORENECKUX Kosebanud,
B n | 6uno noxasaHo, uro 3TO ypaBHEHHE ONHCHLIBAET ABHIKeH#e
TOYKH BOJ AeHCTBHEM CHAB, BPONOPUHOHANLHOR OTK/IOHEHHID OT O-
VIOKEHHS PABHOBECHA H HANpapJeRHOR K 3TOMY ROJOXEHHID. Mu
NoKasang, TakuM 0BpasoM, To ABKKEHNE NOX ASACTBHEM TaKOH CHAL
ABAKETCH 1APMOHMYCCKHM KONefaHHEM,

Ynpamuenrs

3. B cacAyiOmIRX TpHMepaX npopephie, W10 QYHKRNS [ dsifercH peiseHReM yra-
aaHnore zugdepeHHaNLEOrC YPABHERHR!

’ I""""i x? t
) ¢ meoeg, =gty t+
2) gy =x 1, )=k $2i £,

L3 v + 2
3y @:sin X, f(x)m(%{(fwcos x}) 3;
4) 2egy' =5 — 1, [ ()= 2Cx4 1
8 =12 | (x}::;«%; HakuiTe JHavenne O N0 HaNBALHOMY yenoBuio g (e i,
14, [oKamure, HTe P A0GHX anauensax Cy, C1, C; QyHKERA [ ABARCICH pelIeHHeM

YEASANHOre SaddepeHiaibHore YpapHeRns:
3

1) ¢ =Y, Hd=p (€1—297 +Cuxt Ca
2) ¢ ( (=3¢ ). f(x}wgnﬁxfﬁg—{x— Coy.
13. Iipopeprre, uro W!(}ltua .

- - .
x%m (o sin pl — B sin i)

yrosierpoprer ZRpPepcHURANBEOMY YPABHEHRIG x” +m’xm% sin $f ¥ HauaAL-

BuM yeaopusM x (Q)=x' (()==0.
18. I1poseprre, uro yuKumn

B .
X ww{@f cas of — sin @f)

yllonaernopaet ARdgdepenunanssony ypasnern x” + owlx=H sin of B pavans-
HEM YOROBAAM X () x7 (0) 2], -

£7. Ha wmarepraaeHyw Toury maccedt [0 r geficTRyer cHia, NPONOpAROHAALHAR
OTKAQHEHRIC TOUXH OT TOMCHEHHS pAaBHOBECAs H HANPAamieHHas K BTOMY TOJA0-
wennio, TIpy OTHACHEHHMH TOUKH OT NOAOMENnA papHoBecHA #a 15 o cuaz pas-

%2

Sa et




wa 2400 H Hamumure auddepenusansnuce ypaoucHne xonebauufl w Hafigure
ero obSiee peprenne, Hafifnre uacrusie peweHns APH cBeAYOHIHX HAUARBHAX
YEROBHSX!

a) #o=5 om, T9==0; 6) xo=0, vo=6 .

3. Ypasnerun c pasaeasolupMics nepemenwsmn. K onepannn
WHTErPHPOAAHHH CROANTCH H peitienne AHpdepennasbiore ypaane-
HHH TIEpacro MOPHAK2 aHAa

Y =0 ()% ) (1)
(a feaof Y&CTH - NPOH3ACAHAH HCKOMOH BYHKUHN, B IPABOR ~- NpO-
HaaeneNne Aayx yHKOER, H3 KOTODPHIX OZHA 3aaHCHT OT X, a Apy-
ran — of ).

Ecan npH y==yo PYHKURN P 06PauIaeTCH a Hyib, T. €. % (o) =0,
to YHKIHA Y=fo HBIHETCH OZMHM H3 PewesHd ypaaHeh#s (1).
B caMoM Aede, NOACTARKHA A 310 ypaaHEHHE Yo AMECTO Y, ROJY:aeM
PaBeHCTBO

(o) == (x) b (Y-

CHO TOXIECTBEHHO aLNONHHETCH RPH JHOGOM 3HAYeHHH X, TaK Kak
(yo) ==0 (NPOH3BOAHAK NOCTOHMHHOA paaHa HymoO), a P{yo)==0
RO YCJ0aHIo.

B ofnacTh, rae ¢ ()70, ypaanenne {1) paanocH/ibHO ypaaHEHHID

A
YR {x).

YMHOXKHM ofe MacTH 3TOrC yDaaHeHHH Ha dx H yureM, 4ro y'dx=dy.
IMosayuaem ypaaHerhe

H—g () dr, (@

a KOTOPOM NepeMeHHEbie X H i pasjeneHst ~— anPaReHHe a JeBOH BacTH
SABHCHT OT y, 4 B ipanocii — ot x. Hosromy ypaarenne (1) HasmaalOT
YDABRERUEM ¢ PAICLASIOUUMUCA NEDEMCHHBIMLL.

Tlepefinem x pewmerui ypaanenus {2). Ecan @ — neproo6pasuas

dyrkunn @, a W — nepaoofpasnad GyHKHHH %P TO
ad P - == E-ml-m ﬂu-‘ig—
(D)= (x) dx=g (x) dx, d¥ (y)="V" ) dy=rrs dy=1=5.
3Haunr, ypaanenue (2) MoXKHO 3amHCaTbL Tak:

3eck caeaa n cripaaa cToHT AHdpepenunanit PyHRILHA, 3aaHCHIHX
OT X {BEADb y UBAHETCH HEKOTOPOH hyHKUHEH OT x). ITH AHD(epertHa-
7b paannt ApYT EPYry JHINL A Cityuae, KOFAa caMH PYHKBHH OT/HvA-
OTCH IHmb Ha nocToHHHOe caaraemoe, T. €. korAa ¥ (=0 (x)+C
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e

{cM. 1. 3 § 3 raaan V). Ho 570 paaeHCTa0 MOXKHO 3alHCATH TAK:

Ay
e ®

Hrak, Mu f0Ka3anaH, 4To a 06aacTH, rie P (1) %0, soloe pemenye
ypasuenna (1) yaoaaersopsier coorHowenn®’ (3). Jlerxo anjers, wro
¥ o6patTHo, ecsi QYHKIHA § YROBAETA0PAET COOTHOWEHHIO {3}, 10 OHa
+yROBACTaOpAET H AHddepeHHaabiomy ypaanenuo {1). lan njoxasza-
TeJAbCTAA ROCTATO%HO B3ATHL Auddepenunasitl or obenx yacrel paseH-
craa {3) H BpHHATL a0 aHHMaHHE, YTO

* ds Ay _ 4y
) v
a
dS @ (x) dx==@(x) dx.
Hrax, ME BORA3IBIH CAEAYIOMee YTBepKaeHse:
Teopema. B obaacru, ede 0, dugipepenyuarsroe ypastenue
¥ =9 (X)) (4)
UMeeT peulcHie, JODEACTBOPAIOUEE COOTNOWENRIID
d
S d‘amg o (x)dx. (5)

Kpoxe To20, e20 peuicHuamu ABAMOTCA ece Qyrxyuu suda y— Yo,
20e Yo —— nucao, dan koropozo ¢ (yo)=0,
MTpamep 1. Pemnm anddepenunanbioe ypaaHeH#e

y=(1+x) (144 (6)

H gallleM ero vacTHoe peileHHe, YROBACTaopAIONIee Ha%asbHOMY
yenosyry g (0)==1,

Pemenne Tax kax Oywkuns |+4° we obpamaerca B Hyah,
TO MOXHO 06e yacTH ypaauenus (6) pasfenurs wa 1-} 4%

I_g:?m 14 2%
Tenepb yMHoRHM 06e HaCTH 3TOTO ypaaHeHHS Ha dX H APHMEM BO BHS-
MaHHe, 410 y'dx==dy:
[
T#’m {1 4-x%)dx. {7

Haxomen, Bo3nMeM HHTErpaa or 00eHX yacre# paaeHcTea (7):

S l—ity,ms (1423 dx.

TMo ¢opmyazm Ha n. 3 § | umeem: S -i-_‘:-%,w—*arctg y+Ci, a
24



S (1459 dxms dx +S x’dx:éwx+-§-§— Cy. 3uauyr,

arctg y=x+ i‘g”}*c (8)

3

{mrwes AHIb ORHY NPOK3BOJNLHYI0 MOCTOSHHYIO, TaK KaK pasHOCTb
C.— C: Moo 06osnavpth ofHoR GyknoRt €). lloacrapass wavaie-

Hue 3uaueRns x=0, y=1, noayuaem, 9ro C=arctg i..—...«-f#-, Toaro-
My HCKOMOE YACTHOE PellieHEe HEMeer BHL: ‘

s T X i
arctgy—x+?+T, T. & y—tg(x+--3-+-;—) .
O6uee pemenre (8) MoMHO 3amscaTh B BHJE
X
rie TPOH3BOIbHAS HOCTOsHHAs C PBHGAPAETCS HA TPOMEKYTKE

[,w——’é‘#; w-r}) {nprGaBACHHe N K APTYMESHTY HE HIMCHRT 3HAYCHHS
TaHrenea). . ‘s

Y¥npasnenus

I8. Penre Audibeperuyabiine ypasnenas:

, e an
1) g’ =444 ) y’7—~xy‘;'3}ﬁs{'=--~?~_i_iy' 4 y’=~g~;r;**5?;
5) w=2 VT3 6) V-2 =2y '

18. Ha#anre peﬁ:enue ZHGOGEPERIHAALEOIC YPABRCHAR i’ = ks, YAOBAETRODRIONLCE
HAUAJBHOMY YoAopso y{l}=2. . . .
20. Pewuve, nudeperanaibitie YpanHeHEn: L e

1} 47+ 4y=0; 2} "3 36y=0 : ti

4. Cocranaenne andpepenunansunix yparnesud. B npuMepax n3
i 1 guddepenunanbrnle ypaBHeHHs ARHKCHHS YCTaHaBJIHBASHCH ©
AOMOLLI0 BTOpOro<sakona HowtoHa, B GOPMYTHPORKY KOTOPOTOQ BX0-
AHT TIOHATHE YCKOpeHHH, T. €. Bropolt NPOHIBOHOM KOOPAHHATH
HO BpemenH. Bo MHOPHX cayuasix BpHXOEHTCH Ccocramasth nubde-
PeHZAARBROS ypaBHeHse, Aenast *MFPHOBEREHE CHHMOK» HEKOTOPOro
AB/CHH A,

Pemry caepyroutyio sagauy.

3 anavya Pesepayap, nanosnesnotit eodod, umeer opay ytaun-
9pa ¢ asicorod H u nagaden ocxosanur S. B One pesepeyapa
COeaano orgepcrie naowadu s, wepea Koropoe 3a I 4 sviausoce
/16 8ced aodol. Hepes ckoAbKO Bpement 8¢ 600a BuiTexeT U3 pesep-
BYapa, ecau CHOPOCTL WCTEHERUR WUOKOCTU suipamaercs dopmyrol
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=

TR P oo @

ol

Pre. 6 Puc, 7

o=k \fh, 20 h — ebicoTa HUOKOCTE RAD OTBEPCTUSH, & k — YUCA0-
aoil xosppunuent?
Pemenre Ilycrs uepes { yacop Nocie Hayana HOTEHEHHA
POBCHb OCTaRIIEACH ROAM DBEEH A. 32 NPOMEKYTOX RPEMEHH
f; f-}-Af} yposenb BoZN M3MeRHTCA Ha Ak, rae Ah <0, [To dopmyne
ofbeMa HRAVHAPA NOAYUBREM, 4TO OOTEM smnnmeﬁca BROZH BHPAIKR-
eTCcA paBeHCTBOM Av== —SAh {puc. 6}. 3ra BOAa BLIINAACH B BHEE
HARHADHYECKOH CTPYEKE, NAOL1AA: OCHOBAHHA KOTODOH DaRHA S, B
BHCoTa [ PRBHR AYTH, NpoAaeHHOMY 3B BpeMs Af cTpyfikodl, BHTEKRB-
meft A3 orpeperHA (MH npeHebperaeM CONPOTHBJICHHEM BO3ZYXB).
Ecas apomexytox spemens {t, f 4 Af] ROCTRTOUHO MaJ, TO MOXKHO fTpe-
He6peub HIMEHEHHEM 32 TOT MPOMEXKYTOK BPEMEHH YPORHA KAXKOCTH
HaJX OTBEPCTHeM, KOTOpoe BJAeueT 3B COBOH H3MEHEHHe CKODPOCTH HC-
reueHns. Toraa NpuOAAIKEHHO HOAydaeM, 4TO {2 vAl==k hAL. 3un-
YHT, ofbeM BHITEKmieE 32 3TOT NPOMEXYTOK BPEMEHH NHAKOCTH
nprbaKKenno rupaxaercs Gopmynod

AV z k +RsAL. ')

CpaBHEBAR NOAYYHBIUTAECH BHIPBIKERHS 443 AV, npﬂxozmm K cae-
DyPIHeMy NpHGAHKEHHOMY PaBEHCTBY:

—8 Ak Ak sA,

Ak ks
T. €. A f g h.

I]Oﬂyl{eaﬂoe papeHeTRO CTRROBATCA TEM Goxee TOUHEM, UM MCHE-
e eeArdEra Af npoMexyTka mpemensi. ITosToMy TOUHNIM RBARETCH
paseHeTBRO




(pasymeeTCH, B MpeleNax CAeHAHHBX ApeRRonokenu# o Xome npo-
gecca).

Tak xax lim %’}éh’, 1O NOAYYAEM, 4TO
W= — VR, (1)

3anaua ceejachk K pemenwio auddeperpHanstdoro ypapnenns (1),
Ham H3BecTHO, KpoMe TOTO, 410 B Hauade Hpoliecca BHCOTA BOAB
paBHAAach f, a vepes | v ocTazocs 9/16 Beedl Boaw, H MoToMy BHCOTA

pasHa -i%— H. Taxwm obpazom, uMeem emze ycioBHsi: K (Q)=H H
9
h(l)=2H.
Pasjenns nepemennsie B ypaBHennu (1), moaxyuaem:

Tlocsie HATErPHPORBHAN ofeHX YBCTeH, HaXOZHM:

[N

2 Vh=—%14c. e

Myl noAysiiR COOTHOIIRHHE MEXIY MOMEHTOM BPEMeHH { H BHICO-
TO# YPOBHA BOAn /1. B 370 cOOTHOmIeHHE BXOAST ABE HEHIBECTHHIC HBM

ROCTOSIHHLE: € H —gf— Hx sHpueHHs onpeneasioTess H3 yCAOBHA

R(OY=H n h(l}m-%—ﬁ. TMogcrapasst B coofHoutende (2) aHageHHs
t==0), h==FH, nonyuaem:

2 H=C.
3uaunr, ‘\ﬁ;“—"x@;% i HORCTQBJIHSII B 370’ paBEHCTRO 3HAYLHHS

t=1, hm—.i%-ﬁ. HaXOZHM, 4TO ii:%z{

75
Wrax, {E:{Bwl‘?ﬂ H HOTOMY
h=H(1 —4)" (3)

Tenepp ywe serxo mal'th, KorAB BHTEUET BCS BOAB M3 pesep-
Byapa, T. e. xoraa OyAer BHNORHATLCA paBeHcTBo h—=0. Tloxaras
h=:0, waxomum, uro {=*4, T. &. BC BOXA BHJABETCH uyepes 4 u. Ha
PHCynke 7 waoGpBien rpadHK 3aBHCHMOCTH h ot {,

Jamevarne. Foan 6m mcreucnme BOMM GHAC DAaBHOMEDHNM, 10 BeA BoAa
BuAnacs, Ou u3 Gaccefina 3a 16/7 uaca.
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Ynpaxuwennn

21, Cocrabwre nuddepenuransuoe ypabhensie KpueoH, A4A oTopoll OTpe3aoK Kaca-

22,

28.

24,

25,

24,

21,

28,

TeABMON, 3AKMOYEHKEN MENAY OCAMN KOODIHNAT, BETHTCA TOUKON KAcamHA nono-
naM. KaKOBH HAUAALMMWE YCROBHA, €CRH KPHMBAA MPOXOANT wepes toury A (3; 2)°
CocraBbre andrpepeniuansioe ypaBHesse KpRBoi, AaA sotopoft aficusacca nepe
ceyeHHA Kacareaprolt B npoussouietol Touke KprBol ¢ ochio alcuree B & pa3 Goas-
e alCHHCCH TOYKH KacaMmMA.

Cocrapsre anddepeHumnaibROe YpaBheHke KpHRoR, Aasl KoTopol OTpesoK Kaca-
TeALHOR MEMAY TOYKAME KacaWNE W OChi0 ODAWHAT EEARTCA JONCAAM B TOYUKE
flepecedeniA ¢ ockio afounce, KakoBu HawafbHule YCHOBHA, €AW KpHBAM [po-
xoaur wepes roury A{l; 3)

Cocrapte anddepeNunanbEoe ypaBieHNe HPHROH, ANA xoTopolt oTpelok Kaca-
TedAbHOA, SAKAMEAREA MeMAY OCRME KOODHHHAT, AMEeT BJMHY a.

Cocraspre mudepenusanuioe ypapheNse Kpwaol, Aad  KOTopoR  OTPRIOK
KacaTefbHOR, 3aKMOYEHHLN MEMAY TOUROR KacawMs ® TOUKOR nepecedenvs
€ DChe aBCIHCE, NMREST AANNY &,

CocranbTe Anddepentinansioe ypasHeNse KpERof, AAA KOTOPOA MAOMANL Tpe-
yroabuuka OMT, orpanruenHoro ocnio afcnce, Kacatenbeed B paLNyCcOM- BEXTO-
pOM TOYKH Kacauud {puc. 8), nocroAMua.

Cocrapsre AEQPepeHEialoloe YPaBHEHHS RBANKCHEA TyJH, CUMTAA, 4TO CHAZ CO-
TPOTHRACHNA ABHMEHNA TIYAH NPONOPHHORAABHA KBaZPaTy CHOPOCTN.

. Tloaycdeprueckan wama AuaMerpom 2 ¥ aancanena Bonodi (pwe. 9). 3a waroe

BpeMst BONA HHTEYET M3 Mee uepes Kpyrioe orseperie paxmycos 01 M, Bupe-
3aMA0e Ha JHe %aimM {B dopsyie (*) mpaasth k=06)

Boga Butexaer a3 umcrepus asupolt-8 M m pasmycos I, demaimieR ropHacw-
TRABHO, YEPES OTBEPCTHE BHH3Y UNCTEpHH maomkampo 0,1 Mm%, Hepes croansc Bpe-
MEHN BcH RONA BHTEWET K3 3ancaHeHHoR mkcrepud (pac. [0)3

5. Martemarnueckoe Mogeanpoeanre {Gecepna). flownrHs, cospan-

Hbi€ COBPEMEHHON MATEMATHKOH, 3a9aCTYI0 KaXKYTCsH BECEMa INeKHMH
0T peanbHoro Mupa. Ho MMERHO ¢ HX NOMOIRBLKY AKEAM YAAAOCH BPO-
HUKHYTE B TafiHil CTPOEHHs: aTOMHOTO SADE, PACCUHTATH ABHXKEHHE
KOCMHYECKHX Kopalae#, cO3AaTh Bech TOT MHD TEXHHMKH, HA KOTOPOM
OCHOB2HO COBPEMEHHOE HPOH3BOACTBO. OZHHM H3 OCHOBHMWX MeTOA0B
TI03HAHMS BPHPOAK ABJRETCs: ONMT, 3KcnepuMent. C MOMOIBID IKCTe-
pHMenTOB GbiIH YCTAHORAEHW MHOTHE 3aKOHK NPHPOAK {3aKOH COXpa-

4 |

Puc. 8 Pyc. 9 Puc. 10



qeHHSl ACiIeCTAA M IHEPrHH, NePHOAHMECKAS CHCTEMa 3JIeMEeHTO0a

Y. Mengeneeaa H T. A.). OzpHako He aceria keAecooGpa3Ho npo-
BOJMTH PKCREPHMEHT. 38 ROCACZHee CTOJETHE A CAMBIX PASAHYHBIX
o6AaCTAX HAYKH H TeXHHKH ace GOVIBHIYID POAb CT&A MFPATH METOR
MaTeMaTHYECKOTO MOREAHPOAAHHS.

Yro6p! HIYIHTD Kakoe-HHOYAb sABACHHe ApHpoZs HAH paboTy ma-
{IHMBL, NPERAAPHTENDHO HIYHAKT BCCBOIMONKHLIE CANIH MEKRY achH-
qHHZMH, HX X2PaKTepHIyUHMA. 3ateM HOAYUeHHBEe Caf3H anpaxKa-
OT MABTEMATHYECKH H NPHXOANT K CHCTeMe ypaaweHuR. Pemas 3T
ypaaHeHHst HIH CHCTEMBL YpaaHeHHR, YueHHe 1 HHMKEHEPH AeA AT abl-
o © TOM, KaK 2 Aaﬂbneﬁmem GYRQT paaanaaucn TG HBJACHHEC
waH %ak GyEeT paGoTath MAIIHEA, YTO HAZO Cheniath, YToOnl Nony-
uuth TpeGyeMule PesyAbLTATH.

Ilpu 3TOM ypaaHeHHS H' CHCTeMbl ypaaHeHHA OniaaioT aareGpau-
yeckHMH H EH{PepenuHanpHbiME. Urolint f0AyusTy YpaaHeHHd, Ao-
nycKALIHe PeIeHHs, IPHXOAHTCA YAPOLIaTh 3azaqy, oT6pacnaast He-
KOTOpbIE BEJHYHHH Kak Hecymectrenuble. Ho weM TouHee HyeH pe-
ayALTAT, TeM GOAbilic SEAMYHH APHXOAHTCH YUHTHIAATh, TEM CHOKHee
HOAY4AETCA MaTeMaTHYeCKash MOAEAD,

Martemartudeckne MoaeaH, KoTopute crpouan a XIX a., 6uau cpaa-
HarenpHo apocrkiMM. Ho aospacraoiive TpeGoaasus K TOUHOCTH
OTRETa, Pa3aHTHE TEXHHKH, NO3HAHHE PaIHOO6PAIHKX SIBJACHHH TIpH ae-
JAH K NOCTPOEHHI0 ace GoJee CAoXKHHLX MaTeMarTHueck#X Mopeaef.
Boabiryio noMomis a HX H3YYEHHH OKA3HBawT OwcTpoleficryioniue
ALYHCAHTENbHLE MAIIHHAL

Ceflyac ¢ NOMOIUBKY MATEMATHYECKOIG MOJCAHPOAAHHS periakT
TaKHe 3aAa4H, KaKk ONHCaHHe NPHPOAN MOped M OKeaHoa, H3y4YeHHe
BXOAA KOCMHYECKOro Kopalifl 8 NAOTHLIE CIOH aTMOCDEpLl, Nepesox
TEKCTOA ¢ OAHOrO fA3nKa Ha Apyrof u 1. n. Jlomamnace o3
MOXHOCTH CTPOHTL MareMaTHYeCKHe MOXeJAH SKOHOMHKH, NPUMeHsTh
MATEMATHKY a H3YYMeHHH 06 eCTBEHHRHX HBACHHA, NPpaGaeM HCTOPHH, a
H3Y4eHHH f3nKoa H T. A. TpyAHO yKa3aTh o6aacrTs 4en0aeyecKod
AesTeabHoct, 8 KoropoRt He NpHMerancs Obhl METOR MaTeMaTH-
HECKOIO MOERAHPOAAHHS.

§ 3. ONPEAEREHHWA MMIETPAR

I. Oxomann fivocknx $uryp. Kax Mu yauausm Hake, HATErpais-
HOE HCYHCJIeHHE 10330A5eT pPeliaTb MHOTHe 3aJadH FeOMETPHH H PH-
3uxy. Onroft U3 THX 3alad ABASCICH abMHCASHHe RAOMIaAfeR naoc
KHX $Hryp. B Kypce reoMeTpHH NMOHATHE RAOULAAH NMAOCKOR HHrypat
Ouljio onpenesedo ¢ NOMOUILIC YETHPeX AKCHOM:

1. aowads moboti puaypst F neorpuyaresssa, T. e. S (F)220
(3zech ¥ HEme yepes S (F) Mu oGoanavaeM naowiagbh QUrypw F).

2. Pagnoie ueypor umeor pasHeie naowadu: eca Fy=—Fs T
S (Fy=S (Fy).

3. laowade pueypw pasna cymxe naowadeld ee sacred: ecam
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$urypa F pa3buta wa uacra F; # Fy, 10 S(F)=3 (F))4 S (Fy).
{3rrH MacTH MOryT MMeTh OGLUME TPaHHMHLIE TOYKH.)

4. {laowads xeadpara co croporod 1| pasna 1.

Onnaxe a Kypoe reoMerpud me ofCYMARACH BONPOC O TOM, Bee
AH GHTYPH HMEXT IJomIAZH, a THaaHoe, CYEIeCTayeT A AOHATHE
AomiasH, 0052aai01Hes YRKA3AHELIMA anliie cpoficraaMA {Boobiie, ec-
NH  Kakoe-HHOYIb MarTeMaTHYeckoe MOHWNTHE OfPEAGNeHO CBOHMHA
¢BOACTaaMH, T0 BOSHHKAET BOAIPOC O CYIIECTBOAAHHH HOHATHR ¢ 3THMH
caoficTBaMH).

Mul GyneM CUHTATD, YTO IS NAOCKHX MHOIOYIOSbLHAKOA THIOLANL
C YKa3aHHBIMH axie cBOficTaaMH cyliecTayer (A0KasaTensCTao 3T0ro
yTAEPAKACHHA OTHOCHTCH K TCOMETPHH, a4 BE K MaTCMATHIECKOMY dHa-
anay). Toraa kaxaol orpaunuennoft anockofl Jurype F Moxuo foc-
TAAWTL a COOTBETCTBHE ABA YHC/OBWX MEOXKecraa, flepace W3 HHX
COCTOHT H3 MAOUIAAeH MHOTOYMOJLHHKOA, USTHKOM: IeKaiHX aHyTPH
F, a aTopoe — ¥3 AMOEIaAe MHEOIOYIOJNLAMKOA, LEJHKOM cojepxka-
aHx Gurypy F. OSoanaviM nepeoe MAGKECTA0 yepes Xp, a aTopoe —
uepes Y, Oueanyne; wro X jexur chesa ot Y. B camom gene, AycTs
x€ X5, y€Ys Toraa cymecrayior Muoroyronennks @ u W takwe, uro
O nexur suyrpy F, ¥ ropepxur F (puc. 11}, npHuem S(@}wx
S (¥)=y. Tax kax o cosiepuETen a W, 10 x <y "

Onpedeaenne I fhaockyo parypy F uassiaaior xeadpupy«
emod, €CnH MHoXectragd Xy M Y, paspe/HIOTCH JHIDD ORHHM YHCIOM.
Sro wecno, pasfiensomee X 1 Y., Hasmaawr naomaden gueyps
F # oGosHauaior S (F).

Taxum 06pasom, niouiade Keadpupyesoil ¢ueypu ABARETLR QUL-
AOM, KOTOPOE' He MeHblie, HEM RAOWACHE AF06D20 MHAZOLHEORL-
HuKa, asemqupezy grgrpu ITod Quzypst, 4 xe Gorvie nacwadu
4106020 MRGZOYZOALHIRT, co0eproawicco o1y dueypy. JIAn nexaajypH-
pyeMmblx $HFYp 3TO OfipelefeHHe He PORHTCH, TAK KaK WHCEA © yKa-
3aHHBIM CBCHCTAOM MOMKET 0KalaThCH SEeCKOHRYHO MHOTO.

TIpunesem Ges NoApoOHLR AOKAIATEALCTE RpAME] DHOVPE, He HMEOIHEN TIOUIANN,
BosuMes KpaspaT o cropoHot | M ¥AAaAMM H3 Hero BHYTpeHEWK ofiacts
KB&APaTa AAoBAAH % {pwc. 12}, H3 ocrabuefics QATYPH yAaAuM BRYTPEHHBE
ofizacts 8 keaaparos ofutelt nromann %-» pACROAOKERHEY, KeX noxasano ua pE-
cyure 13, TIposoaman 9107 NpouNect Aaibuie, My BOAYYAM ROGHE GECKOHENHOTO

N B =
NE N
N
R N
N BN 8
Puc. 12 Puc. 13



MHOMECTS OREpALRA GuUTYPY, Re CORCPMAYE HE OfKOR BHyTpennedl Toukd (XKax.

AA €€ HACTh «HPOIHPANIENE>) H TeM CAMEM HE OXHOTC MUOTOYTONLHKKS. B 10 me spe-

M5 OOMEAR TACHIALE YASNCHHNE KBAAPATOS Pabka CymMme Geckonesnofl reomet pineckol
H 1 E H

Nporpecch »3»4- T+ E+"" T. &. paBHa 7 - {Tosroxy RAOHIANE mn;tium KHOTOYIOHb

HEKA, CONEPIRAIHNEND gerapmylocs RIYPY, AonMHa OuTh Gonablie 5 B namem cay-

wae Xz={0), Y;:——-(«%»; +w) M ROTOMY £cTh GRCKOHEWNO MNOTG HHCEA, pasfte-

ROHIAX X_r.: H }’F'

Ha reopemu 2 1. 4 § | mapu | caenyeT HeoGXOHHMOE H AOCTE-
TOUHOE YCAOBHE KBaJpPHPYEMOCTH!

Han 020 urobu oepanuvennan naockan uzgpa F boera xealpu-
pyemod, Heobxodumo i CocTaTouno, Yrobel 0an M0b020 & =0 Hawaucsy
unceoyeosoury O u ¥ raxuz, uro @ codepmurcs e F, ¥ codepmur F,
nputem S (¥)—S (D)<«

*! 3ameuande Uro6u uabemarh CCHNKH HA PEOMETPHIO NpH
onpefieeHHH naoHafed MHOPOYroJbHHKOB, MOKHO DacCMOTPeTh He
BCE MHOPOYTOALHHKE, & JHIIL CTyHeHuaThie QHIYPH, COCTaBACHHWE
H3 NPHMOYTOABHHKOB, CTOPOHE! KOTOPHX Napaasesbibl OCHM KOOPIH-
#at. [lnomans Takux Guryp paBHH CyMMme nJjoliajgefl cocTaBamio-
IHX HX NPHMOYTOJAbHHKOB.

Jlerkoc nOKasath, YTO RAH BAOINEJAEA KBaZpDHPYeMHX (HIYP Bhl-
NOAHHIOTCH 2KCHOMK 1, 2 B 47 JoKa3aTteabetB0 BHHONASHHE axcHoMEl 3
HECKOABKO Ci0MHEee. MB nDoBefieM erc B 4aCTHOM CAydyae, KOrka
azugd ', pasGupaioman $urypy F Ha uactH F, # Fa, HBAHeTCH
Aomaunoi. Mrak, nokamxeM chenyiomiee yTaepKaedne.

Teopema 1. Ilycre aomanas I’ pasbueaer guzypy F no wacru
Fy u Fa. Ecau aru wacru xeadpupyessl, 10 xeadpupyema u uzypa F,
npuses ee naownds pasua cysse naowaded Fy u Fa.

" Bmecs # Aadee maTepERN, SAKTOUCHHEA MEMAY INGKAMH %, aBasercA ue
OBR3ATERRENM IJIH HIYYCHRS YIANTHMACE,

Pue. i4
3t



Hoxazarteascrso Jazagum >0, Hallnyren mroTOYrOSRL-
gk Oy, ¥, O, ¥, raxue, uro @, comgepxurce B F, a ¥, co-

nepxut Fi, npuveM S (%)~ S (D) <2, rae i=12. He repas obmuo-

CTH, MOKEM CUHTATh, 4T0 JOMaKaH I” HBAHETCH YacThiy TPAHKHEN BCeX
sTux MmHOroyrosbuuxoe {pu¢. 14). Cocraeum asz ®O; v O, muoro-
yroAbinK @O, a B3 ¥ u ¥ — muaoroyronsiux ¥, Torna @ conep-
wuTcH B F, ¥ copepxkur F, npHuem S(m%mS(<D1)+S((Dg),
S(¥)=S (¥1}-+S (¥2) ¥ noromy S (¥)}—S (®y=I[S (¥1)-+S (¥a)]~

—{S (@) +S (@o))=[S (1) —S (D[S (¥2) —S (O)]<Z- + 5=

=g, ]eM caMhIM JoKasano, 4to ¢urypa F xpagpupyema. OGoa-
HAUMM ee noLlans ueped S (F),

Ham ocranoch fiokasath, uto S (F)=3S(F\)+ S (F2). Ho s10 cae-
AyeT w3 Toro, uro uucaa S{F) u S{F)4S(F5) pazgearior
MEoXKecTBa BHAA [S (D)+S@)) v S {F)+S (¥a)l, rae Oy, Dy,
¥;, Wo HMeIoT CMRICH, aRafoTHUHLIE YKalanHoMY Bolle. FloCcKOabLKY
9TH MHOXECTBA DPASIEIHIOTCA JAHILIL OLHHM UHCAOM, TO S (F)==
=S8 (F1)-+S (Fa) .

YupaKuerHus

30. Nokaxure, Yro Mmuoxecrso rouex M{x; y) Taxex, uto O={x<Ki, Oyl 0
X, ¥ PRUBORANLHE, HE HBAALTCH KBANPHpPYEMBIM.
35, Uoxawure, 770 mmowecrso rtodex M (x; y) Taxmx, wro OSx! n o yo=0 apn

HPPALHOHANRHIX X, Oéyé%, £CAH xm%, rae Apofn % HerOKRATEMA,

BMEET TAOUIARL, PABRYIO HYRO.

2. Raomaas xpusosunehnofl vpaneuwn. Iycrs dyuxupn [ ne-
orpullaTentra Ha orpeske [a, b] Ourypy, orpanHuUEHHYI CHEH3Y
ochI0 abcuMce, cBepxy rpadukoM Pyuxuuu f, a ¢ GOKOB RPHMBIMHK
x==@¢ B x==b (puc. 15}, wnasuBawr xpusosunednoct rpaneyuetl,
HJH, HHave, nodepadiuxom pannoi dynkunn. HMeer Mecro crestyoman
TEOPEeMa, AAORLad AOCTATOYHOE YC/JMOBHE KBAaHNPHPYEMOCTH KPHBOJH-
Hefinof Tpameumn.

Teopema 1. Ecau ynxyus | sono-
Touna xwa orpeske {a, b} 1o coorsercr-
sgouian el Kpusorunelnas rpane-
y=F(x} yun F xsadpupyema.

Hoxazateasctso. [lpeano-
AOKHM LAH  ONPEJesIeHHOCTH, YTO
tyukuus Bospacraer ua g, & Ham
Haao [JOKa3ats, 49ro AR Jaoboro
£>>0 HaBAyTCR ABA MHOFCYIOHLHMKA

Puc. 15 KpuBOARieRHok Tpaneunn F, O cojep-
3z
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|




anr F i S (D) — S (@) <Ce. Ja5 NocTPoRHAA 3THX MHOTOYIO/IBHHKOB
pasfesHM OTPE30K fa, #] Ha n papHHX 9YacTel TOUKAMR Q=
o X < K %S e € K | <Z X =D H NPOBEREM YePE3 3TH TOUKH NMPAMBIE,
flapa/ieAbHbie OCH ODAHHAT. STH NpsiMbie pasbHBAIOT KPHBOJHHEANYIO
rpaneusio F Ha uacTH Fo, Fy, ..., Fa..s. Ha kaxpaom orpeske [xe, Xi—i]
HOCTPOHM ABA Ig)moymnbunxa: ONHH ¢ BHCOTON [ {xs), a ApyToi ¢ BH-
coTof f (Xz+1). B cHAY BO3pacTanns QYHKUHH [ NepBHIA H3 ITHX NpB-
MOYTGAIBHHKOB COACPKHICA B CootBercrmywineR wactH Fi KpHBOAR-
HefiHOR TpaNenHH, a BTOPoH COAEPKAT 3Ty yacTh. Ilosromy, o6beRn-
HaA NepBHe NPAMOYTOABHHKA IAA Bcex R, 0<Ch<Cn1, noayunm
erynensaryio $urypy ©: cosepkamywes B F.  AHaaorauno,
O0Be/AHHAA BTOpHIE NPAMOYTOJLHHKH, NOAyYacM CTyneHvaryi ¢Hry-
py O, coaepxkamywo F. :

[Moxaem, 4re npH AocTatouyHo SoALHIOM 1 PA3HOCTH MAOIAReH
NOCTPOCHHBIX CTYNEHYATHX QHIYP CTAHeT MeHbHIe, ueMm e. Jias roro
3aMETRM, YTO NMIOMI&Ab nepaofi crynenzaro#t Gurypst pasHa

S @) =222 1f (so) 4 .. 4+F (xa1))

.

a mAowlaib BTOPOR —
S (@)= 2= ff (x) 4. - ()}

i

Tlosromy

S (@s) S (O) =272 [F () — f (x0)]

HAH, NOCKOABKY [ (xo)==f (@),  (xn)==<f (),
S (@) — 8 (@) =E=2lh-le), M

Orciofia AiCHO, YTO NPH JAOCTATOYHO GOJBINOM 7 YKA3AHHAT pPas-
HOCTB CT&HET MeHblIe, ueM e.

KBanpupyemocTb KPHBOIHHeHHOR TPANCIHH IPH YKa3aHHOM B Teo-
peme¢ ycaosnn Ha QYHKNH®O [ RoKasana. OueBHAHO, ITO OHA HMEeT
MECTO H B TOM Cfyyae, XOraa otpesok ja, b] MoXuo pasGutb Ha
m gacrefl TaK, yToGH Ha KaxXA0# H3 HHX QYHKUHA [ 6KMAa MOHOTOHHA
{KaXKnylo yacTb MH CUMTAEM OTPE3KOM, T. €. NPHUHCATEM K HeR ee
KOHUM}. B 3tom cayvae QYHKUHA HMeeT Ha oTpeske [a, b] KonedHoe
YHCA0 IKCTPEMYMOB.

Bosee cioHble PacCy)KAeHHs, KOTOPH¢ MBI ONYCKAeM, NMOKA3H-
BAOT, 4TO KBaJAPHPYEMOCTb HMEET MeCTO H B cayuae, korJa QyHKuHA

HeNpepuiBHE Ha OTpesKe (@, b] H Hmeer Ha 3TOM oTpeske fecko-
HEUHO MHOI0 MAKCHMYMOB H MHHHMYMoB. TIpuMepoM Takoft PyHKUHH
MOXeT cayxure fa orpeske {0; 1] dyrkuns

x sin = npu x50,
f(x)m{ ¥
0 npu x==0.
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Yopameeuns

32. Ha croapko wacreldt HymHG pasGuTh otpesox [0; 2] wrobw AAA kpupoaRzehNofl
Tpalleliik, OTDAHNuSHHON JRHEAMH r==0, x=2, p=0, g==xI, BuBOHMSENOCH
HepaBeHeTRe 3 (D) § () <2 0,0017

33. Hoxaxure, 410 KPYT HMEET ILIOIHARD.

34, Hoxamare, uro $yasuns {2) HmeeT GecKOHSMHO MROrC IKCTPEMyMOB Ha
orpeske [0; 11

3. Teopema HuotoHa — JleAGuwua. OKMHM H3 OCHOBHEX pe-
3yAbTaTOB MareMaTHYECKOTO aHaJH3a, HMeilieM BaXKHHEe HPHIKe-
HHSI, WBBIAETCH CJAERYIOlIas TEOpEMa, B reoMeTpHuYeckoR dopme
chopmyanposasras aurnafickaM MatematHroM Bappoy {1630
1677), a B oKOHYaTeNIbHOM BHEE HE3ABHCHMO HLpYr OT Apyra nony-
deras Huoronom {1643—1727) u Jle#iGmunem (1646—1716).

Teopema 1 (Hbiotora — Jlefibuuua). MTycre ¢ynxyus | ue-
OTPULLTEALHA, HENPEPUIBHE HG OTpeake (a, bl u useeT Ha Her RonedHoe
qucao akcrpemymos. Oboanauum uepes S (x} niowads Kpueosunelnod
rpaneyul, pacnosowmennall kad orpeaxox [a; x} 20e a<{x<bh, u
oepanuseHnod ceepxy epaguxon ynxuuu . Toeda S {x) sessnerca
nepeoobpasnol dar [{x), 1. e. na orpesxe [a, b) svinoanserca
paaencreo S’ (x)=F (x).

3amevayne Jas cymectsopanus nepnooBpasnoR v yuxiuk [ aocrartouno,
qrofk 37a QYHKRNS OhAa HeppepuBHEa Ha orpesxe (@, &) Quamaro Aorasarend
CTBRO STOTD YTHCPHCACHAA HECKOJDKO CAOMHTE ¥ MM €T0 ONYCKaeM.

B nanbueitimem Mu SyneM HaswbaTk S {x) naowadeo Kkpusosuned-
HOU TPAneyul ¢ nepeMennsis eepxrum npedeson {puc. 16).

Hokasareabcreo Ham mafo fokasarh, wro Aas JoGod
TouRK x #3 {a, &) (puc. 17) BenoausercAa papedcTBo S’ (x)e==f{x})

Hapomuum, uto S’ (x)m}&ingw. Iins  onpepeAeHHOCTH

Gynem cuHTaTh, 4T0 £ >>0. B 3TOM ciiynae padHocTh S (x-- k) S (x)
papHa AsoWAfH Kpusoauuelinoh Tpanenrn PTQN {puc. 17}, Tlycrs
HauGoxburee 3uavenne yaxund f va orpesxe [x, x-|-&] pamo M, a
ee HaHUMenbillee 3HAYEHHE HA STOM OTPe3Re PABHO m {3TH 3HAYCHHA

¥i ¥

¥ f{x )

=]
=3
o
-
<
[
*®
o
*
<

X

o Arm) pog  T(xeh}  B(6)
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CYUIECTBYIOT 8 CHAY MPeANOAOKEHRA O HEMPEPHIBHOCTH (YHKUHH
fua (@ b) cw. m. 2§ 3 raaen V). Toraa naomazs Gurypw PTQN
3aKMICYEHA MEKRY NAOHIAAAMH NPAMOYIGIbHEKOB ¢ OOHMIMM OCHOBA-
uieM [x, x+h) v swcorame m # M cooreercTenno. Taxk Kak sTH
nAOHIAJH PaBHBI COOTBETCTBeHHO mh u Mh, TO HMeEM HepABEHCTBA:

mh<<S (x+h)—S ()< Mh, (1)

rpe m B M 3aBucar or BuGopa h.
Tlockonsky A >0, H3 HTHX HEPaBeHCTB Caejlyer:

mg_s..(:‘.:tf‘f:.ﬂfl.gm_ (2)

Tipu A, crpeMsimieMcst K HYMO, B CHAY HeNPePHIBHOCTH DYHKUHK f
B TOUKE x HaHOoMbilee 3HaveHHe M 31off (DYHKHHM HA OTpe3Ke
[x, x-+hlH ee HaHMeHbIDee 3HAUCHKE M HA TOM JKe OTPe3Ke CTPEMATCH
x oGmemy npegeny f{x):

i =l M1 &)

Ho Tora W 3akiiodeHHoe Mexay HMH sauenne SSTA=S() """;!““S X
crpemutes K f(x), lim 2 x+f2—s E=F(x).

Cayuafi, korga k<0, paaGrpaercs aHasorauHo. (JIeE0BaTeNbHO,
S’ (x)=f (x). Teopema HoKasaHa,

M3 Teopembl 1| HemoCPeECTBEHHO CHEEYET BaXKHOE YTBEPHIEHHe:

Teopema 2. JTwbas pyncyua |, nenpepuisnasn na orpesxe {a, b u
HUMCIOWAR HO HEM KOHEHNOE 4UCAD SKCTPEMYMOB, UMEET HO ITOM
OTPE3Ke nepaocobpusngio.

Hoxaazareascrro. Ecan dyurusst [ oosoxHTeNLHA Ha OfT-
peske {a, bl TO yrBepMHeHHe TeOPeMH 2 BHITEKRET HEHOCPed-
CTBEHHO H3 Teopemit !: ONHOA H3 HCKOMBIX NMepBooGpa3sHBIX ABAsETCH
wiomasb S {x) KpHBOAMHEHAHOA Tpaneusn oast GYHKURH | ¢ NepeMen-
HEIM BePXHHM NPeIcnoM.

O6muf caysash nerko csopsrest & pasoGpannomy. Tak kak HyHk-
UHd f HempepHBHA Ha OTpeske [g, b, OMa orpaKnyeHa CHHIY Ha TOM
OTpeske, H MOTOMY CYHIECTBYET TAKOe YHCAD A, HTO BCIOMOraTeJib-
Hast QynxuHa ¢, rixe @ ()==f{x)+ A, nosoxureapha ka {a, bl Tlo
AOKazaHHOMY BHIUE OHa HMeeT neproobpasnyo . Ho Toraa ¢ymkuns
F, rite F (x)==® (x}— Ax, 6yder nepeoofpazuoit aas f. B camom gene,
P (=@ ()=f (x)+A, B noromy F’ (x)m==(D (x)= Ax) == D’ (£)w
~A=f(x)+ A~ A=} (x)

Cpenn Beex nepeooGpasHux ans GyHKaHE [ YKasaHHast B reopeme |
nepsoofpasnast {faomaib KPEBOJHHEAHOA TpaneUHH ¢ HEPEMEHHBM
BeDXHUM NPESEAOM) BHESARETCH CHeIyIOHIHM YCJIOBHeM: OHAa paBHa
HyNo mpH x==q, §{a)=0. Orcioja BHTeKaer, 410 NNOHIAfb Beed
KPHBOMHHeRnOR tpanenkd ABCD na pHcyrKe 17 paBHAa 3HAYEHHIO
P x=§& Tofi mepacobpassoft dyuxkuEy f, KoTopas ofpaumaerca B
BY/b OpH x=a.
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fipe mep. Hakgem nnomank KpHROAHAEHAROR Tpanenws, orpa-
unqen;mi’: OCBKs afCcupce, NPAMBMHA x==} ¥ x=5 # rpaduakoM Pymuk-
AHA X

PemeHnue. [NepaoobpasuuiMu mist GyrKIME x° SABISIOTCH HYHK-

]
uue Bsiga F (x)*—m% 4 C. HaM Hajao noao6path BOCTOSHHYKD C TaK,

yTO0H BLINOAHANAOCE: papeHcTso F(1)=0, 1. e 1—;—+C=€). Orcona

C= —'—; , B mOTOMY F(x)m«’fg« -—«é—-. Tlpn x=>5 noayuaem: F (5)==
x“%s" **"%*m‘li%w. 3xaunT, ACKOMaA PAOIAAL paBHa 41—é—.

Haunnoe puiie npapuso Xa5 OThiCKaHss Buoaan {HafiTH Ty Dep-
poobpasayo ¢yusunr f, koTopas ofpamiaercs B HyAL NPE x==a, K
B3SITH €6 3HAUCHHE MpPH x==5) HecKoaAbKo rpomozixo. B creaywomem
IYHKTE Mb YAPOCTHM €70, BBEAS MOHATHE OTIPEASTSHHOTO HETETPana.

¥npaxkkeunnsn

35. Me¥er a¥ paouafs KPHBONHEEHHON TpaNeHHR ¢ fNepeMeHHLM BEPXEMM Ipefe-
oM papaaTecH F {x), eCAR clesa OHA OFpAHRYEHA APAMOR X == g, CREpXy - TPadm-
KOM ryHREAH [ H:

1) a=2, flx}=x" F{x)==x'—16;
2) g=0, f{x)=mcosx, Fixl=sins+41;
3) a=1, f W=x* F{x)=3x%
4) amm-g , f{cye=1sin x, F(x)wx»{-cosx—%?
36. Hafmere naomais KpHeoareelRofi TPaNeuHK ¢ fIEDEMEHENM BEDXHMM RDele-
JHM, 8CAR CHEBA OMA OTPAHHMEHE HPAMOR x==@ ¥ CBEpAY -~ IPAHOHKOM GYHRUHH

f, rae:
1} a=0, f()mer-4 2) amB, f(x)=xlb1;
3) ge==—1, f{)mG—x%, 4) a==0, f{x)==cos x.

37, Hafignre naomans KpHBOARHERAROR TPaAnelkH, OTDaEKveHHol CcRepXy TpadHHoM
GYEEENE [ B ¢ COKOB NPAMEME xr==g i L=}, ecau:

1) a=1, bu=d, F{R)=x"—1; 2) @m0, b1, f(x)mﬁ:i?;

3) am0, b=, f()msinx; 4) a0, b=-p-, [ ()=

fl “'"i? ' [

4. duanveckue ¥ FEOMETPHYCCKHE JANAYH, TPHROAAINHE K NORATHIO
ONPEACACHHOIC #uTerpana. Mol yKe YKa3L BB H BLIIIE, HTO HHTETPaAL-
HOE MCUHC/EHSIE MPHMEHSICTCH AA% OFpeReseHHst AYTH, NpOHAEHHOTO
B TEUeHHe HPOMEXYTKA BpeMenw [a, 6], eciM H3BECTHZ CKOPOCTL B
KaXzanili MOMEHT BpeMeHs ! sToro npoMewyrtka, v=/[({). Taxwe u
Sonee ofuMe 3afaud  BOJMAKAIY, HAAPHMEP, B KOCMHYECKOR
HABSIAUMK (TAM HPAXOAHTCH ONpENeAsiTh AYThH HO 3afaHHLiM 3Ha-
YesHAM YCKopexHs). PeninM ciegyioliyw saaauy:
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Jipamep 1. H3agectma ckopocTh RpAMOHHEHHO IBMXYiuefics
TOUKSA B KAXKALHA MOMEHT BPEMEHH { IIPOMEKYTKA BPeMeHH fa, blov=
=f (f}. Haknem nepememiente TOUKH 38 ITOT HPOMEXYTOK BPeMenn.

Pe mienHe. Bubepem Ha npamofl, 10 KOTOPOR ABSXKETCH TOUKa,
cHCTEMY KOOPHHHAT M 06o3HaunM vepes F {f) KOOpAHHATY TOYKH B
moment Bpemenn f. Tornma nepemelleHHe TOUKH
FKOpOCTH €CTh IIPOM3BOXHAS KOOPARHATH 110 BPEMEHH, T. €. f (x)== F(x),
1o F — neppooGpasrasg aas pynxusn . [loaromy nepemeilenne Touxy
paBHo PA3HOCTH 3HayeMH# nepnooGpasnol F B T04YKAX 0 H @. 3ame-
“ATENEHTTOT PaKT, 4ro sta pasHocth F (b)—F{a) HMe 3aBHCHT ot
pLifopa Hauana woopauvar Ha upsmoit. [1pu xpyrom BuiGope 3roro
rauasia KO BCEM KOOPASHATAM NPHGABASETCH OZHO H TO Xe 4YHcao
C, a pasnocti {F(5)4+C)—(F{a)+C) n F(b)—F (a) pasun npyr
APYTY.

P Mprasmep 2. Hafinem nnomans KpspostHHeHHOHA Tpaneimn,
orpaMsiuenHo# ocbio afcrHee, rpag koM HEOTPHIATEALHOR HeltPepup-
HO# (PYRKUSH [ ¥ BEPTHKAJNBHBIMHE [IPAMBMHE XY= H x==5.

PemeH ne. BuGepem Ha ocn aGcunace rouky T (¢) H oGo3Haynm
yepes F {x) nnotlaay KPHRONHHEAHOA TPATCIHS, Or PAaHHYEHHOH CRepxy
TeM Xe rpadaxkoM ¢yHkumH f, a ¢ GOKOB NPEMLIMH, l1apaiiebHuMH
OCH OPJHHAT H NPOXONAIHMH yepes ToukH [ {c} H P(x) {pHc. 18).
Uckomas nAowianb paBHa Pa3HOCTH IHOLKAAeH KPHBORSHeRMuX
rpaneunfi TQCB n TQSA, 1. e. F{b)—F{a). Ho M pokasaas p
1. 1, yro F smpasercs oxmoB H3 nepscobpassbix Anf QYHKUHM [
3HaynT, 1I0IaAL KpABOHHefinod tpaitendd ASCB paBHa pasnocty
3nauennit nepsooGpaznoll Ang ¢ynxkuun [ B toukax b s a. Kak #
BHe, YGeXKAaeMCa, 410 3Ta PasHOCTh He 3aBHCHT OT BHOGOpa neppo-
obpaznofi (1. e. roukn T (¢} Ha ocH abcusce).

Mbl pa3zo6panu jBe 3azauH, B KOTOPHX OTBETOM OKa3akichk
pasHoCTh 3HaYeHH# nepsoobpaszkofi F nan GyHKuAH | B Toukax b u a.

Onpedesenue Pasnocth 3Havendfi neppooGpasvoll gaw
GYHRIHH [ B TOuKax b H @ HA3LIBAIOT ONPEOLALHHLIM UNTE20AA0M
arod dynxyuu or a do b.

Tloxasxew, uro olpelesenHLIfl HHTErPas He 3aBACHT OT TOTO, KAKyI0
HMENHO 1repsooGpasHyio 4% dyukuusg [ Mbi BoiGpans. B caMoMm nene,
nycTe gyukune F v B 8BASIOICH epBO-
ofpasuniMu ans oyukuam f. Toraa omm vi

MOFYT OPRHUAThCs APYr OT Npyra Jjamib
NOCTORHAKM caaraemMbiM O, @==f O, 3
Ho rorpa umeen: a
@ {b)—® (@)=(F (b)+ €}~
~{(F{a)+Cy=F (b)—F (a), Flx)
H ROTOMY Pa3HOCTb He 3aBHCHT OF 3Ha-
Henms C. ST T Afg) PO BT
Humenno sreM cRoOfiCTROM 00LACHACTCS ) x

Ha3BaHge KOHPERE.HGHHQQ AHTCTPaA»: Puc. 18
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a TO apeMA XaK HeonpejeNeHHLIA HHTerpan AsBideTcH HekoTapod
COAOKYRHOCTHIO PYHKUME, OTAHUAOHIHXCA APYT OT APYra NOCTONHHLM
c/araeMbl M, ORpeleneHHIR HHTErPa/ HMEET ONPeRe/eHHOe 3HauYCHHe,
He 3aaHcAile Of aLbopa 5TOrFG claraeMoro.

OnpeaenenHull HETerpan QydxudaH { or a 2o b o6ozHava®LT TaK:
]

S f (x) dx. Tip aToM GyRay X MOXKHO 3aMEHHTh JIOGON HHO#R, HanpHMep
b ]

:;armca'rh S f{t) dt, S fs)dsur x

a 5 4
O6o3nauenne Sf(x) dx uHTawoT Tak: <OnpelencHsuit HuTerpan

&€
of & 20 63 3 oT AKC A2 HKC». HHcna g H b HasuaawT npedesanu unres-
puposanus (a — nuxcuux, b — eepxnum}, 3umcs — SHAKOM UHTEZpa-

Aa. Ecx# a<Cb, 1o orpesock [a, b} HasuaaloT oTpeskom unte2puposa-
NUSt H BMECTO SHHTETDAJ OT G RO b» TOAOPAT CUHTE2PAA MO OTPEIKY
[a, b}, PyHKUHIO [ HasWaalT nodmnTespasorod Pyrkyuel, a anpa-
Rente f(x)dx - OOBHTEZPAALHOLM B6LPANCHUEA.

Hrax, ro orxpenene:inm HMeeM:

{ F vy dx=F (9)—F (@), (1)

rae F — OfHA H3 nePROOGPAsHLIX HYHKUHH f. UACTHEIMH CaydasMH
3TOrC PABEHCTAA FABARKIOTCH GOpPMyaL

f@)at 2}

S=\f(ode 3)

IR nepeMetiesHA TOUKH H AR oK KPHAOAHHEHHON TPaneItH .
B dopmyae (2) () — MrioBeHHaA CKOPOCTL TOYKH 4 MOMEHT apeMEHH
t, la, b}— npomexyrox apemenw, a 8 gopmyae (3) f(x) — pyHKuHA,
rpadHK KOTOpO#A OrpaHHYHAAET CREPXY KPHBOJHHEHHYIO TpanenH:o, a
{o, b] — oTpesox, Hal KOTODHM JEXKHT 3ra Tpaneuun. Popuysy (1)
Haawiaaor opaysol Hewrona — Jeidbruya.

M3 pansoro anie onpegeneHHA CeRyer, 970 J AR doldiucAeHUa K-

4

HEHUA ONPEOCABRHOZ0 UNTEZPUAG Sf {x) dx nymeno:

1) nafrH Kaxkyio-HHOYAL rxepa;oﬁpasnym F pan dyuxuan f;
23’ AWYHCAHTS 3HaveHHA F (b) u F (a) s1oll nepacobpasuoh a Tou-
kax b H g,
3) uaftru pasnocts F () F (a).
Pasnocre F (b)-F (@) AAA XpaTkoCTH ofo3xavaior TaK: F (x} f:
]

3naunr, S flryde=F ()],
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Opumep 3. Buuncaum uurerpan S sin xdx.

Pemenune Ilepsoobpasnoi s byuruue sin x  gpasercs

—cos$ x. [Toaromy
FLY

Ssin xdx= —cos x | 5= —(c0O8 n—cos 0)ms o { — | — | )2,
@ 2
Mpamep 4. Buuncaum Sxadx.
Pemenmue. —2
2
- o PR A et/ NN R
Sﬂxadx““ﬁ“lmz“‘z T R e

4

Npumep 5 Bruuncaum S{x3+6x2—|—5) dx.
e

Pemenne.
§

L o I
~(GRREA 5 (—2)) =644 128+ 20— 4416+ 10=234.

MHpamep 6. Buuucaum nAomaih KpHBOMMeRHOA Tpapemnuy,
orpanuuennol caepxy rpapuxoM PYMKHEM y=x°- 1, CHA3Y OCHI

abcuuee, a ¢ 0OKOB APAMHEMH Xx== - # x==3 (puc. 19},
Pemensne Tlo (popmyne3 (3) noayuaem, 4ro
S==1 (x4 1) dx.
vi MS;

Y X2 1

Dy

/////////////Z//m

N
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TleprooGpasnas dyukuun x*-4-1 paana ‘%-{—x, H NOTOMY
x o8 (=17 __1q.l
S={(L+x)|_ =543~ G+~ 1) =131

fpuwmep 7. Haliaem naomans $urypu, OrpasaueHHodl caepxy
napabonofi y=9—x% a cumay ochio abeurce {puc. 20).

Pemweuue Cuauana nafifiem rouke, a KOTOphIX napabona nepe-
ceKaercs ¢ ochio abcumce. Peumiasm ypaanenue 9— x'=0, noayuaem:
x.m~;»3 # x3=3. TosroMy mckoMa®R BAOWAAL anpaxaercs Tak:

S=§8(9—f) dr{ 9x—5) | 27 Z (271D w36,

R

MpuMep 8 Buuncanm seaudenie wHTerpasa S VR* Zxdx.

Pemewuue. Ypaaneuue y=-RI— %' MoMHO 3anucaTs a aufe
£+ =R:. Ono osmauaer, uTo paccrosmue oT Toukn M (x; y)
AO Hauana KOOPAHHAT PaaHo R, T. €. 4To TOuRa M N€KHT Ha OKPYXK-
HOCTH PajKyca R ¢ neuTpoM a radane Koopiausar. Yacrs kpuaoau-
ueliHoH TpaltellHH, PACNONOXKEHHAR wal orpeskoM [— R, R} asasercs

NOAYKPYTOM paaHyca I}:' WAOULAAL KOTOPOro paaxa ;—::R’. 3uauwur,

S R — ?dx=-—%—nR2.

Tor xe peayabsTat n&nféae@ca, £CAH BCHONbIOBATh NH aMUHCACHHR
dopmyny (4) n. 4 § It

g vRﬁ«——xﬁdx=(% arcsin -%—»I»-«-E»VR’—?) I inﬂ
~R

ﬂ%f-(arcsin 1 ~aresin (— 1) =E-2?—(—’2‘~ —( “%—)) =5‘“‘§:‘-

3ameuvarne Ecan dynxana [ mpuHaMaer Ha orpesxe j@; b] He TommKo
AGJOKKTEARALE, HO H OTPHILATeABHLE 3HAUCHKA, TO | f (x} dx paBeH PB3EOCTH MEXRY
o

WICHAAD} Y93CTH xpamnueﬁaoﬁ TPAaACLEHN, Aexamed Bag ochld afCiUBCS, H Mo~

HEAALK) @ TACTH, nemaned HAKe ocH abcuEce.
1

Ipamep 9. BouucauM uurerpan S sin xdx.
-~

Pemenue Tag Kak CHHYCOHAA CHMMETPHUHA OTHOCHTENBHO
rouk® O {0; 0), To yacTh kpuaoaunefinofl TPANCHHK, PACNONONKEHHAR
Briie ock afciuCe, HMEET TY JKe IIOWIA b, 4TO H HaCTh, PACHOAOKEH-
#an wuxe IToR ocd. Pasmoctr nnomiafel paaHa HY o, H HOTOMY
n
S sin xdx=0.
R 4
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{{x

dx

Prc. 24

ITpa mep 10. Hafipem ayrs, npofinennnft npy ceobonHom maje-
HHH TEJIOM 3a HepBHe HHTL CeKyHX (ycxopense pasHo 9.8 m/c%).

Pemesnne Tax kak csofoaioe Hnajedse paBHOYCKOPEHHO, 1O
CKOPOCTE B MOMEHT ppemens ! pasxa gi, v=gi=928 (. 3nauxr,
nyTh, HpoAAeHHHA 3a npomemyTox spemens [0; 5} supaxaercd
OHPEACHCHHBIM HHTErPAAUM:

5
OS 0.8td1=28] ' —49.95—1225 m.

Mpumep }l. Hafinem sanaenHe, okasnBaeMoe BoAoR Ha Nyio-
THHY, HMEOULYE> POPpMY TPeyToAbHAKA, 06palieHHOTO BePIINHOA BHAS,
eCJIH OCHOBAHHE TPeyroabHHKa passo [, a ero BHcoTa paBsHa k.

Pemen we. BossMmeM HOJOCKY «BeCKOHEUHO MaAOR BHCOTH> dx,
HaxousmyiocH Ha rayGse x {(puc. 21). M3 noaolus Tpeyroib-
HHKOB [OAyyaem, 4T0 MjiuHa [ {(x) 9To#t HONOCKM YAOBAETBOpRAET

pasexctBy i-gflmh;” , OTKyla l(x}=—(}1—_ﬁ—’—‘2~;—-. 3Haunt, NAOIANE

[OJMOCKH DaBHA dSmL&:};-mdx, a paspeH#e Ha Hee pasHo dP==

x{h—
m—(-»&—x)i dx. YroGunr monyumts jpaBnemse Ha BCIC IVIOTHHY, Hano

HpomnTerpaponars dP o x or x=0 o x=h:

#

#t
sl ZEAL gy L (B ) dp st B Y ek 102
PMS—LF«-L«deth(k x)dxwh(z 3 wﬁlh.
?

3HaunT, HeKOMOR HABAEHHE DaBHO «%ulhg.
H3s ¢opmynn sf(t) dt e F (2}~ F (@) W pasedcrsa F’ {x)=f (x)
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BEITEKAET, UYTO

§ ) =0

Taxnm OBPa3OM, ecau Pynxyus [ HenpepusHa Ha 0Tpeske fa, bl u
UMEET HQG HEM KOHEYNDE YUCAQ MOKCUMYMO8 I MUHUMYMOE, TO
NPOUIEOTHAR ONPEGEACHNOZ0 URTE2RAAG OT 3TOH PynKyuy no aepine-
MYy npedery POGHA IHOUENHIO NOOLINTEZPAALHOL (DUHKYUL & COOT-
sercragoeld Touxe.

Ynpamuenun

38. dyuruns F{x) 3a.uae?rcs dopuyaof F(x)mg(arcsinz {488 di. Hasigpee F* (x).
39, Hafdinte apoussoditie dyuxiui: ’
W *
1y F(x)ms WL 2y Fin= S“‘f‘
i Ny

40. Haliaure touss 3xcTpesyMa Gdysxiun F, rae:

& } X P 7
) F (e sin fdt ”S {*—5i" -+ 4
) F® S lwfwi2 $ 2 Flx 14 sin? ¢
13 g
41. BuuscaHTe HHTOrPAAH:
| o fx :
1} A (24P dx; 2 g - S}S sin2xdx;  BY ) cos xdx.

42 I]mzﬁepme AaB TAK, UTOfH BHNOAHANACH PEBEHCTRA!
S{Ax+B dx==0 # S {Ax -+ B} xdxe=s 1.

43, Honﬂepme A Ba C TaK, HTOOM BHIOAHAAHCh PaBeHcIsa:
§ !
{axt s Bes ) drmmo, {42+ Bx4-0) xdx=0 &
oy } -}

i .
S(Af+3x+(:}x*dxm1.

o |

44, Hafigure nsomiaab XpHBOARHEHHOR Tpaneuus, OTPEHMMEHHCH OCbIO abCuuce,
npAMBMY £={, =2 ¥ rpaduKoM DYHKLEH gw=m i’ {247 44,

45. Haliaare mwiowiags kpHBOAMBEAHOH Tpanenss, orpaﬂmeumﬁ ocsio  aficuee,

fpAMEME x==0, x==1 5 rpaduromM GyuxaHH ymT

46, Hadfsre niAoWiase, OTPaHAYEHHYO OZHOE HOJHON CHMYCOMAM y==Sil X E OCHIO
afeince.
47, lMaiigure naonlans, orpaHMueHHyd napatonoll y=x"4+2x—8 W ocwie aboltuce.

48. Hafnure nacmags, OrpaHHUCERYIC KPUBLEMH ym% H g =2
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49, BoascARTe TAOANLL (HPYD, orpannvenol cACHYOUENME JRNNAME
a2 i 3
8} g —F Y= — i, k==l B} y=2c¢05x, yg=1, _— éxs;-ﬁ-;

6) y= . p=x— 1, xm s 1} gemx* — 1342 4 36, g,

56, C Kakolt chioff BORE AABHT HA HEPTERANbARA NPAMOYTOALHNE LENOA C OCHOBE-
HHeM 18 M 1 BucoTOR B M7

B1. BryucanTe, ¢ Karko# cwaofl BOAA JABAT HA BEPTHKAABRYIO TACTHHY, EMCONIYE
thopiy ThameLHR, BEpXHee OCHOBAEME xoropodl pasao 70 u, wmknee — 50 m, &
pwecora -~ 20 M.

52, BriupcoHTe paGory, KOTOPYI HEOOXOAHMO 33TPATHTDL, HTOGH BHKIYATh BOXY M3
pesepRYapa, HMemutero dopmy xonyce, obpamennoro epliunolt Bums. Bucora
xonyca h, panaye ocHosansd R,

53. Buupcaure pabory, ROTOPYI0 HeOBXORHMC 32 TRATHTE, YP0HK DOAHATL TRAC MACCOR
m ¢ OoBepxHOCTH 3emis Ba BHCoTY f  (pazHyc 3eMAB NPHMHTE DaBHEM
R=56400 xm). C mOMOWRD NOAYHEHHOID PESYARTATA ORPEASANTE BYOPYWC
KOCMAMECKYI0 CROPOCTb {CKOPOCTb, MDA KOTOPO# BEPTRKAILEC MOAHAMAINSECH
TOAD MOMET HOAHATECA #3 JIOOYX BHCOTY).

5. BRMHCACHBE TEGMETPHYECKHX W DHIHUECKHX BESWYNH C Mo~
MOTILIG ONPEACACHHOTC WHTErpaAa. Mbul BHMACIH, 49T0 C TMOMOLLLK
ONPeACNeHHOIC HETErPaNa MOXHO M2XOAMTh TNOLIAAM KPHBOJNHHEH-
ubiX (ETYDP, TYTh PY HepaBHOMEpHOM ABMMeHHM. YroSw Ma¥TH He-
KOTOPYI0 feOMETPHYECKYK) HAH (PH3NYECKYyio BEAHUYHHY C TOMOLEBLI)
KHTErpa/a, HOCTYNAT CACAYIOIMM 00pasoM:

1. BopaXaioT HCKOMYKD BEJIHYHHY Kak 3HaueHue B HeKkoTopod
Touke & PpyumxuEu F.

. 2. Haxomar npouasoduyio f srof dyukunn,

3. Bupaxkawor ¢pyHkuHio F B BHAe Onpesc/eHHOrD HHTErpana or
f M BLIUHCAAKT e70.

4. MNoacrapass 3uadenue x==5b, HAXOHAT MCKOMYIO BRJHUMHY.

MTpusept. O603naunm gepes S (x) naouanb ceyeMHA HEKOTOPO-
ro Teaa V naockocrbio, RapanieasHodl naockoctH g0z (puc. 22) u or-

z4
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cTosiulet o7 Hee Ha paccronammH x. Hallzem oObem storo Tteaa
MPH YCAOBHH, YTO OHO IBKAIOUEHO MEXAY NMAOCKOCTAMH X==@ H X==xb
(0<<a<<h}. {Tounoe onpeneseHHe HOHATHS 00LeMa H (POPMYAHPOBKA
OCHOBHEIX CBORCTE oG'BLEMOB OTHOCHTCH K KYPCY TEOMETPHH, H MH
onyckaeMm nx obcyxleRHe.)

P em e o H e Obo3naunm yepea P (xo) cevenne Tena V mA0CKoCTHIO
xe=zxg. Toraa S(xo) — maomans ¢urypw @D {x). Paaas npocrors
HINONKEHES NOTpelyem, wrobud BHMIONENAHCH CHEXYIOlIHE YCAOBHS:
DOYHKUHS Y==5 (X} HeNpepuBHa H NpH X <X NPOSKUHH CeueHus
@ (x;) #a MIOCKOCTH YOz COREPKATCH B IPOSKUKK HA TY XKe ILAOCKOCTh
ceuennst @ {x;) (HHBIMH CAOBAMH, TeAO PACIIHPACTCHE NPH ABKNKE-
HHH oT & K b}. O60znaunm yepes V {x) o6BeM YacTh Teda, COOTBET-
crayiome# oTpesky [a, x| (puc. 23).

Haitaem nponssonsyno dyriuue V (x). das storo saubepem xaxoe-
#HOYAb BHaYeHHE Xy H [aAMM eMy mnpHpaulenHe A>(). Torna
V (xo+ k)~ V (xo) 6yzeT o0BEMOM €708 AAHHOTO TeAA, 38KM0YEHHO-
TG MEeMAY TAOCKOCTAMKM 7; # nz (pHe. 24}, U3 yenosuit, xotopum
YAOBACTHBODAET AAHHOE TeNO, cAeayeT SHTOAHeHHE HepaseHersa:

S (x0) RV (o4 h)— V (x6) << S (xo+ A} &,

B camox nene, S (xs) A - 06beM LHAHNHADHYECKOTO TeAd, HEAHKOM
ACKABIETC BHYTpH crod, a S{xo+h) A — olbeM BHARHADPHYHECKOTO
Tena, colepiKamero sTor caol (pHc. 25). 3waunr,

S (ro) g AT B § (50 +-h). (0

PynkuEs y=35 (x) HenpepusHa 8 Touke Xo. [TosToMy, KorAa h crpe-
MUTCH K BYNO, 3HayeHHe S (Xo-4- k) cTpeMuTest K S (xo). Tlo yToepx-

keBri) B3 0. 3 § 2 rmasm IV wﬁl crpemuTest K S ().
3naynr,

zk / / zh
A
- y
\ }
I !
i f
f i
N
oo - S
g /x/ Xtk X o X B X
Prc. M Puc. 35
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YV’ {x) == leﬂmghﬂﬂ)ms (xo). (2)

Ha pasencrsa (2) chenyer, 4r0 QysKuua y=V(x} dpamercs
pepaooGpastof A Qynkund y=3S (x). Orcona B cuny dopmy-
a Heworona — JlekGurua nmeem:

b
{Swdr=v)—Via).

a

Ho V(B)==V, V{a)==0, n notomy
&
v={ S0 dx (3)

a

Tipusep 2 Haitnem 06bem KoHyca, EMEIOHIETO PANNYC OCHOBA-
st R ¥ suicory H. _
Pe ¢ u ke [ToMectHM BepIINHY KOKYCa B Hauao KOOpPAHHAT O
{puc. 26). H3 reomeTpun B3BeCTHO, HTO MACHIAAH KPYTOB OTHOCATCH
KaK KeBaipare MX paadycon, M3 pucyuka 26 noaysaem, uTo
4 2.2
%m»ﬁ;:% ¥ HOTOMY S(x)x—“%f—. Mo dopmyae (3) nMeewm:

I i
b ari __:uR"'S 24, aR: 2 ¥ xR*H
V__S 3 dx == 2 xdxw= o IG-.- 5
a ¢

BooGuie, ecan GyHKHNA [ HenpepHBHa H HEOTPHIATENbHE HA OT-
peske [a, ] 10 ofbeMm V Teaa, MOAYNEHHOrO NPH BPAMIECHRH COOT-
BeTCTayiOmed KpuBoaRHefinolt TpanemHs BOKpPYr ocu  abcumcc
{prc. 27}, Bupaxaercs GopMynoi

5
V=n S 2 (x)dx.

a

2} 7 |

=¥
o

Puc. 26 Pue. 27
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Jf NOKA3ETEABCTBA AOCTATOMHO 3aMeTHTh, ut0 S {(¥)=mf=
== 5xf* {x).
[Tpumep 3 Hafinem o6beM mapa paidyca R,
P e w en e liap nosyuaerca npH BpailieNiH BOXpyT ocH abcunce
noAyKpyra, YpapHeHHe NOJYOKDYMHOCTH HMEET BHA. ye== e
HHosromy

vmn § R drmn(Ra2) | =tk

—R

B QH3uKe onHcazHyl© BuLe CXeMy NPHMEHSIOT o6ndHoe B ynpo-
meHros BHRE. MckoMuie BeAHMHAR PACCMATPHBAKT XAK «CYMMHE Gec-
KOHedHOIrO 4HCJia GecKONeYHO MaJuX BOANGHH®, a OnpeaeneHHni
HHTETpan CUHTaKT HMeHHo Takofi cymmofi. Xorst 5TOT HORXOR He
HMEeT TOWHOrO MaTeMaTHYeCKOre CMECJIA, HO BeChMa HAarAfARed H
NPHBOAHT K BEPHHM De3yJbLTaTtaM.

Ynpawpenns

54, Butuncante paGory, KOTOPYIO HAZO 3ATPATATL, YToBL PACTARYTL OPYRHRY, Ha-
XOARIYICH B BOAOMEHHH papsoBecks, Ha {0 cM, HapecrHo, w10 Kpa pacTame-
HHE npymHns Ha | ow craa narAmennA passa 5 H.

53. Buemcaitre palory, KOTopyR HeolXoAEMO aatpartrth, drobu Bakauvates Bogy
M2 BEPTHKSARHD CTOALREA RHCTepPHAN, PAAHYC OCHOBAHMA KoTopok pases R, s
srcora H.

58, BuuncanTe palory, KOTORYIC HAKO 3ATPATATS, Tre0n BHEAYATH BOAY H3 pesep-
By&pa, BMECIHers DOpMY yoeueHROTO KoHyca BucoToRt 1, ecan pappye niwkHero
OCHOBAHHY PABEH r, 3 mepxhero — R, R>r.

57, BHuHcasTe KHHETHUECKYIO JHEPrRIO OAHOPOIHOTC ZHCKA Maccoll m A pazayca r,
BpalBanuIerack ¢ YIVIOBOH CKOPOCTBID @ BOKPYC OCH, NpOXGARMIEH wepes ero
1tesTP NepNeBRAKYAAPHC K £F0 [ACCKOCTH.

58. Hafiapre cHay RasqenHA BOAH HA BEPTHRANLHYIO TPEYTOARHYIO DAACEHHXY ¢ oo
HOBARHAGM & B BHCOTOR i1, TOPPYMEHAYID B MAAKOCTS TAK, 41O 6¢ BEPIHARA JCHHT
KA TIOREPXHOCEE {pAc. 28).

6. Csofictea onpenencnnore murcrpana. BmbezeMm wexoropue
CBOHCTBA ONpe/eNieHHOr0 HHTErpaska, HeHOCPEACTBeHHO BHTEKAWINe
H3 €10 oitpefesenns. Mal GyxeM, He oroBapHsast 3Toro ocobo, CUHTATS,
410 (PYAKUMS [ HMeeT nepBoolpa3sHYIO Ha OTPe3Kax, Mie OHa paceMar-
pHBaeTCH.

1. MMpu nepecranoske npederos unrespu-
posarust onpedescnublll UNTEZDAR MENRET

A SHAK,
@ b
VF () dores () di, (1)
a -] a
Pue, 28 B camom mepe,

45




b
{1 (x)dx=F (b)—F (a),

{F () dx=F (@)— F (b).
b
Ho F{a)—F (by=—(F ()~ F {a)}.
2. Han awobozo anauerun o crpaeediuso paseHcrao

{f ) dx=0. (2)
B camOM zede,

Vfyde=F @) — F@=0.

a

Quesnden TeoMeTpudeckall cmuicsn pasenctsa (2): npR a=>b xpuso-
AuHelsan TpanelHy HPEBpaliaeTCR B OTPE3OK H ee I0ilajb pasHa
HYo.

3. Han mobux suauenutl a, b 4 ¢ 8epHO pasencTao
[ ¢ |3
§reodr=0f00det§i0dx (3)

B camoM jpexe,
& c
{fwdx=F@)—F (@), | dx=F () —F (a),

a a
|3

|} f(x) de=F (6)—F (c),
a F (6)—F (@)=(F (c)— F (@)}+(F (6}—F {c))

leomerprueckust cmmica pamencrsa (3) npr a<Cc<Cb nokasam na
pHCYHKe 29,

Crenyomee c80BCTBO OnpeneseHNOr0 HHTETPaAa AeTKD CaeNyeT H3
CHOHCTS repBooGpasHOi.

4. Cnpasedsuaet pasencraa:

-3 ] &
{0 +0 mldr= o) de-+§ ¢ (1) dx 4)
" 1] a 1]
] &
{Ag ) dx=A) e(x) dx. (5)

Hoxaxewm cravana pasencrso (4). Tlyers neprooGpaanan GpyHK-
U#H ¢ pasna @, a neppoobpasnan dynxkuun $ passa ¥. Tax kax
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i

x¥

Prc. 30

torga (D4 ¥y =P+ ¥’ =g ¢, 10 dyukuns © - ¥ usisercs nep-
p00GpasHoR 1A ¢+ . CrefosaTesbHo,

.3
{0 (0w () dr=10 (0 + ¥ ()15 =
=@ (b)+ W (5)— (D (@) + W ()=

] ]
—=® (6)—® (@)+¥ (b)— ¥ (@)= ¢ (1) dx+ | 9 () dx.

Pagencrso {5) aHaNOrHYHO BHBOAHTCS W3 TOTO, HTO
(AP =AD"= Aq.

Pasencrao (4) noasoasier pgectd HOPMYLY A5 BHUNCACHHS AAO-
AR TaKHX QHTYD, KaK ¢Hrypa, Hizobpakennas Ha pucynke 30. Dra
durypa orpanndena cBepxy rpaduxoM GyHKUHH [y, CHH3Y rpadHKoM
QYHKUHH i, A TAKXKEe BEPTHKAJAbHLIMH FPAMEIMH X==a, x==H (@< b},
OYHKUHN [i H [y HelpepHIBHB! H HEOTPHUATENBHBI HA OTpeske (a, b]

Huomane S sroft Gurypst pasua pasHocTH maouiaged So w Sy,
rie S; -— maomafb TpareunH aA:Bqb, a 8 — nAoHIaAb TpameLHH
ﬁA|B;b. Ho

& b
Si={hmdx, Se={f(ndx
a

Eid

3naynr,
b &

' &
8=8,—8=\ fa () dx—{ ) (ty dx= (f> () — F: (x)) dx.

3ameuwanne PopMmyna
]
S (F2 ()—F1 (x) dx (6)
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CHpABEJIHBA HE TOARKO A CAydas,
goria (pynxunn fi m [2 Heorps-
j8TeAbHN H4 OTpeske [a, b

1 pu mep. Hafdnemw nnoman, G-
rypsl, QTPBHHUCHROA JRHMAMH yw==x®
H y=~x (puc. 31).

Pem¢HHe B Random cayiae He
yRa38HH NpEfeid  HHTErPHPOBAHHS.
Urobn HafiTH HX, HERO BRYHCAHTH abe-
IHCCHE  TOWEK fNIepecedeHHs KpHBHIX
y==+x u y=x°. Tax KaK OpRHMATH
ofeHX KPHBBIX B TOHRAX NepecevHeHHsA

¥}

y=x?

ol

H
Puc. 31

x4

DAHHBKOBH, TO pPeHICHHE STOH 38H8YH CBORHTCA K PeHICHHID ypaB-

penna Vx=4>. Ono nMeer ZBa KOpHS: x;==0 H xy==1. TosTomy
Hai0 HHTerpuponath or 0 Zo 1. [IpHMEHHS AR OTHCKANHS ILAOWAKN

dopmysy (6), nosydmm:

“‘“S (V= #2) de=(

g3

Ynpamaenun

2=t

B9. Hoxkamsre, ure ecan f (X} — werHa® $YHKWKEA, ORpeACACHRER AMA BeeX 3navennl

X, T0 A mcfioro a
[

{ fax=2{rxydx,

—t L

a ecad. f{x) — pederHas PyHRKHR, TO

E
{ fmyar=0
—i
{nafire rEOMETPHYECKOE ROKH3ATEALCEBO}.
60. Buurcawre uurerpain:

]
B | Pts-ds 9

we § A

T

P YE 1Y

61. Moxamwre, 470 ecaR fit — WEA0E YWCHO, OTAUUHOE of 0, To

L3

{eas? x-J-cos' x) sin x dx.

fcos mx dxmm S sin mx dx=9.

62, H,()K&}KR'DE, YTO €CHH M ¥ it - Keanie duciaa, ROAYEM mo=a, 10

£
S sin mx sin nx dx= S €08 mx cos axdx==Q.

Pry —m
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62, [toxamure, yTo npu J6HX M B 1 -

i sin mx cos nx dr=0.
-1

64, C poMouibi0 reoMeTpHYecKMX paccyxiesHi susenute Gopayay ian
{ variar
a

7. Ounenxa 3navesns onpeaesenmoro snrerpara. B caydae, xor-
sa neppoobpasHad QYHKUHH F aaf TORLINTerpaintod PYHRUHE He
BHPEKACTCA Hepe3 3/EMCHTAPHbC DYHKUHH, HAA OTHICKAHHA 3HA-

yeH#d HHTerpasa S f {x) dx npuxoanrca npuberath K npHOAHKCHHBIM

a
MetogaM. OHH OCHOBAHH HA CACAYOIHX YTBepMACHHAX, AAIHAX
rPaHHIB, MeXAY KOTOPBHIMH JEXKHT 3HaueHHe HHTerpaJa,
TFeopema. {.?c;eu a<<b u na orpeake |a, b]| gynxyus | neorpu-

BATEALHA, TO S f{x)dxz=0.

B caMom gene, mycrs neppooGpasnas xas dymxuue [ pasua F.
TorAz mo ycnoBHK Ha OTpeske (g, b] snnoawseTcs HepaBeHCTBO
F' (£)==f (x) 220, 4 noroMmy QpyHxuHa F He y6niBaer Ha (g, bl Juaunr,
npu a<<b umeem: F(b)=F (g), H, clea0BaTRABHO,

b
{70 de=F (8)—F (@) 0.

Ha s70f reopembl HeNOCPeACTBEHHO NOAYYACM:
Caepcreme |. Ecau a<Cb 4 ua orpesxe [a, b} asinoansercs He-
pasencrso ¢ (x)<<¥ (x), ro
]

b
fomdrvnan

B camom Aene, H3 yoropus CAEXyeT, UTO Ha oTpeske {a, b] Hmeem:
¢{x)<Syp{x}), 7 notomy b {x)—e (x}>20. Ho rorza no gokasausomy
B

Bhillie NoayuaeM, qa‘os (P (x}—p ()} dx >0, #, clefOBATEALHO, B CHAY
a

cpofcTea 4 0. 6

[ [

]
Sq:(x dmeq: Ydx 20, 1. e. Slp(x}dxggip(x)dx

Caeactene 2. Ecau a<<b u na orpeske [a, b sstnoansiorcs
nepagencraa m<.f(x)<M, 10

i
m (b—a)<| f (x) dx <M (6 —a). (1

a0




B camoM nene, Ha yCaOBHA BLITeKaer, 4To

|4 b &
§ mae << 1 () x| M.

b 4 ’ [
Ho S mdx=m§ dx=mx | :mm (b—a)n S Mdx=M {b—a).

a

CrelpBaTeNLED, CrpaBef/HBN Hepapescrsa ().

TeomerpHuecKri cMbCa HepareHCTR (1) siced H3 pHeyHka 32 —
miolank KpHeosnHeAHoR Tpaneunn APQB szaxnoveHa mexny nio-
magAMH npsaMoyroasinkos ASTE w AZRB.

Apumep 1. Joxamem, uto

2
1 gj L de8
1

P ew en e ®ysruuax® sospacraer naorpeske {1, 21, v noromy

e¢ HAHMEHBHICE 3HAYEHHE m HA TOM OTpeske pasHo |*==1, a waH-
Goasvitee snavense M pasuo 2°—= 8. Io Hepasenctpam (1) noaywaem:
4

1.2 D<) #de<8(2-1),
!

2

1< P,
|

Honyuennas oyenxa HuTerpasz nsechbma rpySa. Urobu nonyuHrs
Goee TOMHYIO OleHRY, NPrOEraldT ¥ npeasapHrenbHOMY DasbHeHHIO
otpe3xa {g, 5] Ha wacTH. Ec/iA 3TH GACTE HOCTATOYHO M&aJH, 8 QVHK-
usst | HenpephBHA Ha [@, b], To Ha Kaxzo# H3 vacTell HaHMeHbillee H
Hauboabiee sHaueHHA 1ol QYHKUHH Malo OTAMYALOTCA APYr OT
Apyra. Hostomy BAA KamZoH H3 uactell moJayvyaeM CpaBHHTEALHO
TOUHYI0 Ol@HKY HHTerpajza no aadu#od uactd. CyMMHpYS 3TH OleHKH
H YUHTHIBAA, 4TO CYMME& HHTEIPaJOB {10 BCEM 4YaCTHM paBHa HHTe-

7| vk
z R
a
2 M
5 r FlXper)
X sl
. m s (A
X Kot
of a“ v - 0 a f—g b X
b—u T
Puc. 32 Pre. 33
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rpasy Hno OTpesKy la, b} noayvaes FpaMMib, B KOTODWX JA@XMT
3HaueHHe HHTerpana.

Takne OuEeHKH 3HaueHHS HHTErpana [JaloT pasaHuubie npHGaH-
KeHuue GOpMyALt AR BHUHCASHHMH ITHX 3HauweHH# [lpeanonoxum,
uTO GYHKIHA | MOHOTOMHO BO3pAcTaeT Ha OTpeske {a, #] Pazolbem
ITOT OTPE30K Ha 71 PABHLIX JacTel TOUKAMH dm=wXp < Xy < ... < Xp == h.
Torla Ha oTpeake [Xs, Xe4 1] HAHMEHBIUHM 3H2YeHNeM DYHKHHK GyaeT
[ (xe), a HanGoAbWHM — [ (xxy ). TIOCKOARKY NIPH 3TOM AJAHHA KaX-
b—a

n

AOTO OTPEsKa Xy, Xpt1)
BHITIONIHCHW HepaBeHcrea (pwe. 33):

F{xe)et

Xpygr

<l FdeF im0 L=

Xy

CyMMHPYS HX, TOAyYaeM, UTO

-1

=23 f () Sf(x <PTEE ) 3

Ecan $ynkuus [ ybusaer, o pojn aepofi W npapoft gacred a
HepasencTaax {3) MeHsioTCH,

[lokaxem, To NpH BO3pacTaHHH 7 Pa3HOCTb OUEHOK CBEPXY H
CHH3Y CTpeMHTCS K HyAio. B camom fede, cyMMH ciepa M cnpasa’
B HepamencTaax (3) OTAHRAIGTCR JHIID TeM, HTO CJAeBa eCTb JAHIl-
Hee caaraemoe [(xg), T. e f(a), a cnpama — AMIIHee caaraeMmoe

[i{xa), 1. e. f(b). FlosroMy pa3sHoCTh CUEHCK CBepXy H CHH3Y pasHa

auipaer, 4To, 6eps JOeTATOUHC GoAbHIOE 3HAYCHHE 7, MOXHO NO-
AYUHTH CKOAL YTOAHO TOYHLIE OLEHKH HHTerpajia CHH3Y H CBepxy.
[lpusmep 2. Ha ckoAbKo wacrefi Halo pa3buTh oTpesok [1; 2

YToOh BLIUHCAHTL 3HAUCHHE HHTerpaia S dx ¢ rousocrbo go 0,017

t
Pemenne B pannoM cayvae g==1, b==2, f(x}==x u noromy
[(a)y=1, [ (b}=8. Ham naac mafitu raKkce n, uro b:“{f By—flap<
<001, 1 e 2=l ( — 13=00,01. Floaywaem n =760, Orpesok Hajo

pa3bHTE Ha ?00 yacre#.
HepaseHcraa (3} caoasT npuOGAHKeHHOe BHYHCAGHHE HHTErpana

Sf{x)dx K BHUHCIEHHIO 3HadeHK#t (YHKUHH [ B TOuKax xe=d,

Fi s

Xi, ..., Xp==8 H apHMETHYeCKHM ONepaHHHM. PasyMeecTcs, 710 Mepe
YBO/IMUCHHH wKCAa wacTell, Ha KoTopkie pas6GuT oTpesck fa, &) pas-
HOCTb OLEHOK CBePXY K CHH3Y YMeHbilaeTcss H TOYHOCTh BLIUHC-
JICHHA YPeNHUHBaeTCR.

B2



BDprumep 3. B npiMepe 1 MH oy
nOMYUHAN Bjs HHTerpana Sxadx rpa-

i
witel | # 8. Paabupas orpesox [1; 2]
na 10 paBHaIX vacTeft, monyuaem no (3)

OIIEHKH:
3 3 3 3
01 (P L+ L2 199 L.
<| B dx 01 (1L,P 41,284 Puc. 34

i

41,98 4-2%),

BrigHcrenis Aa0T A48t HErerpana Hoaee Tousbe rpaHAus:
2

3,407<) K*dx<C4,108.
§

Jlerko noHsTH, ¥TO GOJEE TOUHO 3IHAWEHHE [JIs1 WHTErpaAa Raer
cpeanee apHdmeTHUecKoe HafifeHHR X Tpansni. B HauleM cayyae oHo

panno (3,407 +4,108)=3,7575.
TouHoe anaueHne HiTerpaJa paBHo.

2
x* 2 DAl L

SI Pdr=25] =Trl=375
OHo oraHYaercst or HARAEHHOrO RPHOMKEHHOID 3RAUCHHS MeELee
yem Ha 00075, T. e wa 0,2%.

B ofimem Biae PopMynaa HpHONHIKEHHOTO BHYHCACHHS HHTETDAAOB

¢ HOMOIHBIO CPeiero apupMeTHICCKOro HikHell u pepxpeR rpanui
B (3) umeer BHA:

| F o et TOHD) L pie) 4 (xr)). @)

31y dopMyAy Ha3RBAKT dopaysol rpaneyud, TaK KaK ee reoMeTpi-
YeCKHN CMBICH COCTOWMT B TOM, YTO Ha KaXKAOM OTpe3Ke (¥, Xati]
KpusonnpefiNas Tpanends saMmessieTcst ofSnubodlt {puc. 34).

Ynpaxnpesns

1
63, Hafiza HaHOOABIFEE M HAMMEHDINGE IHAYEHHA PYHRGMH ymw HA3 OTpesKe

{1, 3} AOKaWHTe, uTO
a

d
04 Srﬁyh{__q-
-1

66. Haiaure oUeHKH LR HHTErPAROSB:

k]
4 + 2

D {sint vax; 2 {fsinxde 3 Sofmaxd 17 ax
; E 4
53



n dx
67. C rOMOELBIC PIBEHCTRE -z«--arctg 1_§ TES RORBMATE, 410 K<l 4,
@
68. Bruucanre 1o ¢opMyae TRanenHA nNpE f== 1} AHTETPALN

3
3 gy dx . g . Vit e de
1) 5; dx; 2}5 el 3)5 s ) ism xdx;
:

B} S cos® xdx; 6} S tpg xdx

13 L]
{anaqenus pyaxaufi 6pare ¢ TouRoCTs g0 0,001). Jlam awrerpanos 2} a 4)
CPAaBHNTE OTBET C TOUMMM, [IpoBeiHTe BMYHCACHHN C JTOMOIHBI MENPOKAND
Kyasropa. Cocrashre NporpaMMy BEYHCASHHS 3THX HHTEIPAJOB H& IPOTPAaMMEH-
PYEMOM MAKPOKAADKYARTOpPE HIH KOMHBITEpE,




Fnasa Y

MOKASATENLHAA, NOTAPHIMMUHECKAS
M CTENEHHASN ®YHKLIMM

§ 1. AOKAIATENLHAN DYHHLUME ¥ EE CROMCTBA

t. Hpouecca opramnseckoro pocra A y6usauss. B nprpoze, Tex-
HUKe H IKOUOMUKE BCTPEUAIOTCH MHOrOUHCNCHHLe NPOLECCH, B X0je
KOTODHX HEKOTOPHE BelHYuHW RIMEHMIOTCHA TaK, Y10 OTHOUCHUe
auadenill sesudunsl 8 Mosenrsl apemenu t u L4+ T ne aasucur or i
Huvimu caoeamu, 9aa acex T>>0 6 redenue 4106020 npomencyra
gpemenu [, (1 T] anauente aesuduunbi MeNAETCA 8 OOHO u TO e
wucap pas (nesasucswee or t). {3uauenns ¢ moryr GHTH K&K 0O-
JOMUTENbHBIME, TaK H OTPRUATEJLHLMK wis pasHumz wyaw. Or-
PHHATENLHBE 3HAYeuus ! COOTBETCTBYNT 3HAUEHHRM BPEMEHH, KO-
TOpHle APCAIICCTBYIOT MOMEHTY Hauyasa HaGmoAendn.)

Ecag sensuuda y==f ({) MeHgeTCH N0 TAKOMY 33KOHY, TO BHEIIO.M-
HAETCE PaBeHCTRO

ﬁ%%ﬁmk(r). (1)

[lonaras B pasencrse (1) f={, noayuum mm—»k(T). MMosromy

Fan
u3 {1} caeayer:

Fie4T)=k (1) f()=LEEE @

Tlp#senem npuMepH, B KOTOPHX BeAMY#HH H3IMEUSIOTCH 00 yXa-
3244OMY BHILE 3AKOHY.

Mpumep i. O6oanauum yepes m (f) maccy xoAoHuH Gakrepuil
B MOMeHT BpeMeN# !. Ecan Her orpauuueHsdl 8 X0JRUeCTSe nuTarens-
HHIX BelHecTs H ofbeMe Cocyila # APHTOM OTCYTCTBYIOT KHBHE Cy-
liecrsa, moeAaw0ilue 3Ty 03KTepus, 10 38 paBdbie NPOMEKYTKH Bpe-
MeHHd Macca KOJIOHME GyAeT BO3IPACTATL B OJHO K TO e YMCAO pas.
Ecau 3a epunuity uamepenns Macch NPUHATE Maccy 0AHOH Gakrepus,
Te m () 6yAer pasuo UKCAEHHOCTH ITOH KOJNOHHH.

Ananorsuno OGCTONT fenta AAR A0GOH COBOKYMHOCTH MEBHX
CYWecTs mpH yCAOBHH, NTO HET OrpaHAdMeHHE B DHWE # RPOCTPAH-
Crse g Her ucrpeGasnoiax BX sparos. T1osToMy npoliecen, 8 KOTOPHX
BEAHUHHA YBeNUUUBAETCH 33 PaBHHE NPOMEXYTKH BPeMeNH B OJHO M
TO XKe YHCAO Pa3, HA3HBAOT APOKECCAMU OP2ARUYECKO20 POCTA.

Hpewmep 2. B npouecce paauoaKTHBHONO pacnaja Belecrsa
€T Macca m (f) aa pasubie NPOMEXKYTKY BpeMeHy MEHSSTCH B OAHO H

§5



70 e uHcho pa3. [ToyroMy H 3sech IPOHCXOANT H3IMEHEHRE A0 3aKOHY
(2}, Ho npH 3TOM Macca yMesbinaeTci. B Takux ciyuasmx rosopst o
RPOYECCHx op2aNuiecKo2s ybuieaHua.

ITpamep 3. Cymma BKknaga B cOeperatenbHom GaHke 3a JaH-
HHlE APOMEXYTOK BpeMeHR BO3pacTaer B OAHO H TO XKe WCIO pas
(nanpuMep, 3a rox ua 2%, 1. e. 8 1,02 pasa). 3ra cymMma moxyHHeHA
3aKOHY OPraHHUYECKOro pPocra.

Crenyer RMeTh B BHIY, 4TO BO BCeX pasofpauswx NPHMepax 3axor {2) sunon-
HARTCA ARHL NPROMHMEHHC ~— ME NpedelperaeM TeM, ¥1C ROJARYECTBO HHBHX Cy-
EeCTH KAR ATOMOB BROIECTH2 BHPANACTCN EATYPRALREIM 4YBCIOM, w10 BKA3A 8 cfep-
KACCE YRRAKUNBAETCA He HEMpEpPHBHO, 3 JMIMh CHeCYTOUHe d 1. A OnHa¥e 3TH of-
KICHEHKH OT 3KOHA OPFaHAYEcKOre HIMeREHHR TAK Me HE MONADT NPHMCHERRIO
STOrO 32KOHA HA EPAKTHEE, KAK OTKAOHEHRE HopMbl SeMAR OT FeUMETPHYECKR HPABHAL-

BOR hopMil 1APA He MEUIAET BHUHCACHHIO ce ofbeMa o dopuyne V:w;— AR

las omHcanss Apoiecca OPraHHYeCcKoOro pocra f yOuBaHHT He-
NOAL3YIOT PYHRERIO, 3HAYCHHS KOTOPod MeHsIOTCR no 3axoHy (2},
[TpH 5TOM AOCTATOUHD 3HATH 3HAUCHHS STOH GYHKURA HPH N06ABOUHOM
yenoerH, 4T0 f (§)==1. Ecan 3710 He Tax, TO 3HaueHH PYHKHHH AOAY-
YaTc H3 HafOCHHBIX YMHOMEHSEM Ha OJHO M TO e uHCI0, paBHOe
HauanbHOMY 3HAUEHHIO QYHKusH {ecjin HaBecTHa cymMa f(f) mxaaga
B MOMEHT BpeMeHH, Kor'fa HayaldbHOoe 3Hauesine pasHo [ p., To OpH
HauaJAbLHOM BKAAZE ¢ CYMMa BKAAZa B MOMENT BPpeMeHH { 6yAeT paBHa
af (£)).

IIpn ykasansoM poGasouroM ychaoesH [ (0)=1 saxon HameHenms
peAHunnk (2) npamer Goaee IPOCTYI0 GOpPMY:

fl+T)==f ) f (7). 3

OTMeTHM HeKOTOpbie CBOHCTBA BEIHUHH, KOTOpPbie ObliH PaCcCMOT-
peHbl sblwe. Bee snauesHs 2THX sesAHYHH (Macca KoqoddH Gaxrepsil,
Macca PafHOAKTHEHOIO BemecTea, CYMMa BRnala s clepkacce} —
AOJOKHTENbHbIe YReAa. TIpH 3TOM 3a Maabil HPOMEXYTOK BPEeMeHH
5TH BeJHYHHH Maj0 MessioTcs. Haxowen, CKOPOCTh H3MeHEHRR STHX
BeARYHH Moxer Outh pasinuHofl. Ecis sa e/RHHUY BpeMeHH BedH-
YHHE MCHAETCH B ¢ Pas, TO e¢ 3HAYCHHE B MOMEHRT BpeMenH {==] pasyo
a. [lps a>1 seapunda yeennussaercs, npd 0 <g<Cl — yMeubina-
eT1CH, ecu Ke g=1, T0 3HAUeRHH BeNHUHHH He MEHRIOTCH, OCTANT-
Cf TIOCTORHHBIMH.

B saxmiodenne yRakeM ellle HECKOJABKO NPHMEPOB BeAHYHH, H3-
MEHEHHE KOTOPHIX IIPOHCXORHT N0 3akoHy (2).

1) Ilpy OpOXOMIACHHH CHETa uepe3 MYTHYIO Cpefy CHJAa (BeTa
OPH APOXOMKIEHHH J1060TO yuacTka JaHHoH AdHHL [ yMewbilaercs
B OAHO H TO XKe YHCJIO pas.

2) B xone unenyoR peakuss KOAHuECTBO HeATPOHOS, pacHmaBmHX-
cf B TeUeHHe POMENKYTKA BPeMeHH NRAHHOW NJHHB, YBeAHUHBAETCH
B ONHO % TO JKe YHCGAO Pa3.
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3} Ecam xawaT RpBJeraeT K Merasanueckomy Gapafany Ba npo-
TSKEBHE AYTH B ¢ PaINaH, TO, MPEIATAA K O/HOMY ero Kondy chay F,
MOXKHO YAePXath 8 & pa3s Goibilyio CHAY, NPHAOKEBHYIO K KPY-
roMy KOHLY, Fe & 3aBHCHT AHUIE OT ¢, 2 HE OT BEAHYHHE RPHAO-
werHoH CHABL

Pasymeercs,, CEPABEIEBOCTL 3aKOHa (2) HMeeT MecTo JHHIL B
cAydae, KOTia BRIEGABSIOTCA COOTBETCTBYIOIHE YCAOBK A, HanPHMep B
apumepe 2, KOTAa Ke Bce HeATPOBK PacRaJHCh, a B APEMepe 3, KOTAa
npHAaraeMbie CHIN Medbille Rpejena APOYHOCTH KaHata.

Ynpamuenns

89. {lpuBennTe ApyriHe nPHMEPH DPOLECCOB OPrasHYECKOTO POCTA HAH OpraHHuec-
KOFO yORBAauHR. )

70. BeaAHYHHA X MEHHETCH C TOUCHHEM BpeMeHH { N0 3aKOHY OpraMHYeCKOro pocTa.
Hapectao, wro npe {=0 ee anaveswe pabuanoch 4, a npu /=3 oHo orasaaocs

papuny 32. Hallate anavende senmuany npe =1, —1I, 4, %

71. Macca pajROAXTHBHOrO BEINeCTRA NpH i=1 pasesnack B v, a npa f=4 ona

pasafiace 2 r. Bo CKOABRO pas MesAeTcH T4 MACCa 32 eAHMRHY Bpemenn? Ka-
Koo BHdMeHHe oHa mMeha tpw =0, —4, 3, 7%?

72. Hipk dpoXoxjlensa CRETA vepes MYTHYIC CPOIY CHAS CBETA HA Y4aCTHe JANHOHA
0 cM yMenmuIKAZch B TP pasa. Bo CHOABKC Pas YMeHWLURICH CHAG CBETa #a

yuacrkax mawiof 5, 20, 25 cu?

2. O6obmenne nonaTwa crenenm. [IpeaAnonokBM, 4To HexoTOpan
BEJUYHEA XaPaKTePH3YET RPOHECC OPraBHYecKOr0 R3IMEHEHRA K B MO-
MEHT BPeMeRE { =() NpHEHEMAaeT 3HAYECHHE My, A 33 eIBEHHIY BPeMeHH
H3MeHAEeTCA B a pa3. ToTAa nph { = OHA NPEEKMEET 3HAYCHRE Mo,
NpH {==2 — 3paveBBe Mod-d, T. € Med’, PR [=3 - 3Bavenke
moa®-a, T. e. mea®, B 7. 4. C NOMOHIBK) METO44 MATeMATHYECKOH
HEAYKIHH Xﬁemnaemcﬁ, 4TO ApH {=Fk 5Ta BeJHYHHA NPHHHMALT 3Ha-
YeHHE @@, T. €. °uTO

m {k)==moa". (1

EctecrBenso npernonoKETL, YTC 3HAYEHHE BTOH BEJAHYBHLL B MO-
MEHT BPeMEHH X BMpAaXaeTcd paBencTBOM m {x)==moa". [Toxaxen,
4T0 310 AeHcTBHTEAbHO Tak. (CHavasia HANOMHEM OGOGLICHHA NOHS-
TR crenern, gaBpwe B VI B IX rknaccax.

[1: 8

Ilycrs a>>0. O6osnaunm uepes a* Brpasenue §/a":
a® ==4{g" (2)
Tlokaxem, uro 4as AIO60T0 HATYPAALHOTO MHCAA P CHPABEHBO
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it mp

pasercTso 4” =d¥, T. €. UTO 3HAUCHME «& IABHCHT OT IHAYEHHH
NOKA3ATENH CTeNEHH, a He OT T0il #s HHOH (HOPMBI 3ANHCH €10 B BHAE
apoGx. Has 910r0 3aMeTHM, 410

() =Ry =

m . ap
(a¥) =@ayr=(ayy =@"y=a"

M3 pasencrsa zarypanbubix cTenesedt AsyX HOJNOXHTENbHLIX YHCeA
o mp
BHTEKAET PABEHCTBO AX OCHOBaHHA, a noromy a" =ag™.

Hanee nonaraem a“’=~£~;~ B a¥=l.

Tem caMBM ORpefesienbl CTeness ¢ AOOKM NOJOKHTENBHBIM
OCHOBAHHEM H palsOsalbubiM nokaszatenem. as 3mwx credesef
OblVIE YCTAHOBJAEHB CHERYIOUIHE ¢BOACTSBA:

i) ar.aszar»inx’ 2) n:Iff._‘;_mar----s’ 3) (ar)sw__ars‘
4) (aby=a'-b", 5) (%) =;:_:.

HanoMmsnMm, sanpimep, jA0kasatenscrso ceofictea (1). IIpeacrasam

NOKazaTelH r ¥ 5§ 8 BHAe ApoGeR ¢ OIHM IHAMEHATENEM A f om—0
\ = p mtp
s=-§-. Torza umeem: @’ -a’=a™a”, a7 ==aq * . Ho

— Y (= =

a|a
Hi'ﬁ

2-!
a;v

{a" +a —{a

mw
— l{f mimn__ am+P

Orciona caepyer pasenctso g @ ==a 7°. Ocranbuhbie csoficTsa
AOKA3HIBATCH AHANOTHYHO.

Ecag a>-1, 10 ¥ ™ >1 nps uarypaseeom m, a torda Ya -

m

=a® >1. 3uaumt, ecan a>>1 # r >0, 10 a’>> 1. Orcwga creayer,
uto npu a1, r<ls uMeeM:

asmar_as-r}ar. =g

ARAJOrHYHO NOKa3HBacTCH, YT0 echp O<<a<<l, r<Is, T0 a >a’

Ham ocranoch onpefeasuth 3saueHEe a4° BAR CAyuan, KoTAa X —
HPPANHOHANBHOE HHCAO. DT0 MOXKHO CAEHATH CACAYIIRHM OOpaA30OM,.
flycte a>1. Ofo3nayss wepes X MHOXeCTBO uHcen Buja a',
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rae r — palHOHAJLHOe WHC/0, MeHbiiiee, 4eM x,-a depes Y — MHo-
HKEcTBD HHCeN BHAa a', rAe s — paiHoHaabHoe yHeao, Ooabinee,
yeM x. Ecam @’ € X, a’€Y, 1o r<{x<{s M noromy o' <<a. 3to o3-
Haqaer, YTO MHOXKECTBO X pacnoJoXeHO C1éBa 0T MHOXecTBa ¥ H
[OTOMY 3TH MHOJKECTBA PA3Ae/NRIOTCA XOTS Obl OAMMM MHCHOM. Mox-
HO IDKA3aTh, UTO HT0 PA3ASAAIONICE MHCHO OINpENesIeHo OAHOIHAY-
wo. Ero HasmiBawT sHaueHuem a*. IIpr O<Ca<(1 nocrynaioT aua-
JOTHUHRM 06GDa30oM, TOABKO MeHsOT pod X 1 ¥,

Hrax, MW ONpede/HaH AR KaXAOTO x 3HAYEHHe @°. JTHM on-
peeasieTCH QYRKHESA y==a”, 3aaHHas Ha Beed HHCIOBOR OCH. Mox-
HO ADKA3aTb, YTO 3Ta (PYHKUHSA HeNPEPHBHA, NPHHHMACT N0 QAHOMY
pasy BCe NOJOXKHTEAbHBIE 3HaueHHH, BO3pacTaeT, ecid a>> 1,  you-
paet, ecaH O<Ca<Cl. Oua ofinadaer ceofictBamH 1) — 5), panee
AOKA3AHHBIMH JIHIHbL JAsl DAlHOHAJABHHX 3HaueHHl aprysenta. Or-
clofa chelyer, 4ro ecak [ (x)=moa®, T0 AAs moboro T Hmeem:

f (x4 19 mmm:{“"f a“arma‘rnr ()
Flx m.%a" ar )

D10 nNoxalwBaeT, 4TO YHKUHS Y= Mm@ AERCTBHTENBHO ONMHCH-
BaeT NPOLUECCH OPraHHYECKOro HIMECHEHHA.

Oppaxo AeTasbHOE AOKA3aTENLCTBO SAHHCTBEHHOCTH pasfiedsio-
1Hero HHCena st MHOXecTB X H Y, HenpepusHOCTH ¢YMKEHH y=a®
¥ T. & AOBOJbHO xponotiHBast paGota. YroGw HabexaTh ee, MH on-
peReNHM 10Ka3aTeJbHYI (YHKHRIO HHaue H NOKaXeM, 410 fTak
onpenesednas yHkuHs obaanaeT BCeMH HYXHHMH CBOACTBAMH.
Cravana npHaeTcsi onpefesvTh HHYI0 (QYHKIMIO, HA3WBaeMy©O J0-
rapriMHgeckon.

¥npaxueunn

73. Kanoe ua ymcesn Sonbine:
1) 3.2)77 nam (327 2) 277 wan {0,25)%7%
3) (V2HVE® wam (V2448
) 2TV wm (2B
74, Pacnosomute B flopsAKe BOSPACTAKHA SHCAA:
0,48) %, (0,48) ™', {0,45)°, (0,45)%
75. Kakoe 3 unces Gosniue:
1) 24y (0,25}“?; 2) 3 wae 3%
6. INonoxurensra uie OFpHIATEAbHS PASHOCTS
2 4T

0 B3y, 9 () - r
1. Onpegenure 2uak:
Hoa, ecm(«g-)“wﬂ; 2} a—1, ecan a-+4%9 V=5,
5%



78 {0,377 < {0,377, Yro Seabme: o waw B?
18, Moxgo ik Halta Takoe 1, WToSH BHROARRACCH padenctso 95" *—sin x?

3. Onpenesenne Pyuxunn Inx, ee csoficrea n rpadux. Mu
yMeeM HaXoAnTh nepsoobpasinie oT GYHKDHA BHia y=x" npu ycio-
BAIK, 410 & = — |, Cpean creneddux $HyHKnHR HeT Takof, YTO e¢ npo-

H3BOAHAA paBHa —i--, T. e x”l, Buenewm Cefyiollee onpeaeqacHue,

Onpedenenue 1. Hargpasvroisx aceapuMos nOROKHTSNL-
X

HOTO YHCEA X HA3LBAKT 3HauweHHe HHTerpada Si;-- JT1o agaueHyge

* ]
ofioaHavanT In x;

in me & ()
L

Tax xax dynruua «—if-ﬂenpepuaﬂa #Ha ayue (0, - oco) u yGuiBaer

Ha fieM, T0 3Hawewne In x onpenenero ana Beex x>0 (cM. Teope-
my | 1. 34§ 3 rnaBu VI, 3dawnt, oyukuns y=Inx onpepenena

Ha ayye (0, 4 oo), Tlpa x==1 3mavense 310# PyHKUMH panﬂos dt

i
x

7. ¢, paBHO HYMO, 3HawHT, In 1=0 P!H'rerpa;lS f»i-{ apaserca oaHo#

1
H3 PepBOOGPA3HAX AN ROAHHTerpaibHOR dyHkump (e, nm. 3 § 3
raasu Vil). D10 osmauaer, uro npu x>0

{in xy —~(S ) _——.

3uavur, pynsyua 1o x dupdepennupyenn na ayse (0, 4 oo} npuues
(In xy=—. (2)

Tak xaxk Bcaxas aHddeperuupyemast HyHKLEUST ACHPEpHBHA, TO
pynsyus y=In x nenpepuisna na aywe (0, 4 oo).
i'locxo.r:bxy x>0 na ayve (0, -}-00), TO Ha 310M Ayue {In x)/ ==

*—*}»)»O. 3{_{atmT (em. 1. 4 § 3 raasu V), dyuryus 1n x sospacraer

Ha ayqe (0, + oo} Tak xak In 1 =0, 10 Pynxyun In x noavxureasna
na ague (1, -+ o) 1 orpuyareavua na npamexcyrxe (0, 1)
Hoxaxew Teneph, 410 npH sobom a>0 cbyﬂxunﬂ Inax roxe

ApJseTc fAepBooGpasHol AnA YHKHHHA y_~— Ha Jayde (0, 4 o0)
B camom pene,

(Inaxy=1(ax) =L="1.
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Tak kax ABe fiepBooSpasHEe ORHOR H TOH Xe BYHKIHMH MOTYT
OTAHUATBCH APYI OT APYra JHOIL ROCTOSHHBIM ClaraeMulM, TO Ha
ayue (0; -+ o) ROKHO HMeTh Mecto paBeHcTso inax=Inx-C.
[osaras x==1 ® yuarhsas, uro In =0, noayuaem: C=lna.

Mmt fOKa3a2H caefyiottee BaXkHOe cBoRcTBe hyaxuny in x: Ecau
a=>0 u x>0 10

Inax=Inx+Ina. {3)

VBRIMH CNOBaMH, HATYPGALHIIE 402apuga npouzaedenus pusen Cym-
Me HATYPGAbHBLE Aocapuimos muomuresredl,

Hs pasenctsa (3) smTexaert:
Ecau a>>0 u x>0, ro

in —-E—&in a—Inzx L3

Feau x>0 ¢ n— HROTYPAABHOE HUCAO, TO

Inx"=nlinux {5)
[Monarag B pasencrse {5) x" ==y H YUHTHBAA, 410 xmf’f, noayuaeMm:
n %/E=%1n X, 23>0 (6)

Hs dopmyn (5) ¥ () suiTexaer, yro
fn "\/}T"m-{;"»}n x, x>0. {7)

B camom nene,

In “w.e‘x’“=:7 In x'“m»%- In x.

Hokaxem, uto ¢yncyus In x npurumaer cxoss Yeodwo Gossuiie
no HOOYAI0 KAK NOAOKCUTEABRLE, TEK U OTPULATEALHBIE SHOHEHUS.
B camom Aene, Tax Kak 2>» 1, 10 in 2> 0 v 13 pasencTaa In 2"=n In 2
nonyyaem, 4ro cpean spadcHall dyrkunn y==1p ¥ ecTh CKOAL YIOARO

1
fonbillke NOROMHTEALHELE uHCMa. PamedcTso In =1 In 2 noxa-

3MBAET, UTO CPEAM ITHX 3HAUERHA ecTh W CKOAb yroaHo GoJbllHe
N0 MOAYRIO OTPHUATEILHRE YHCAA.

HUrak, ¢yneyun y=1n x nenpepwigna na ayue (0, -4 oo}, acs-
DACTAET RO HEM U NPUNUMALT CKOAb Y2OOHO 00Abuiue nO MOGYAO
nOAONCUTEABKBIE U OTPUYATeAbHbe SHauenus. OTCIORA ClieRyeT, 4TO
sTa gynruus no o00HOMY pasy npunumaer awboe dedcrsuresvuoe
3Ha4eRIe,

Hakonen nokaxem, wro rpaduk hynxuss In x #a syue (0; 4 oo0)
ofpamed BHNYKAOCTHIO BRepX. B camom Aene,

(In x)"* =((In X'y =(%) i
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vi i

H
X

Pue. 35 Puc. 36

Hero, uro Ha ayde {0; 4 oo) Hmeem {in x)"* <0, OTRYAa H CJesyeT
Hatle yreepxgenHe (oM. n. & § 3 raasu V).

[lockonbky ¢gryukuss ln x npHHHMaeT no ORHOMY pa3y Bce JAeficT-
BHTE/LHEIC IHAYEHHS, TO HAHRACTCA TAKOE UHCNO, YTO ero Hatypalb-
Hut sorapupm paeed 1. 310 uHeno 6HJIO BBEIEHO B MATEMaTHRY
neficTBHTeAbHEM yreHoM [eTepSyprekoit AKafeMHu HayK JleoHapaoMm
Diinepom {1707--1783) ¥ nonyunao oSo3HaueHHe €.

Hrak, «epes ¢ 0003IRGUAIOT 4UCAC, RATYPAALHULE rozapudm Ko-
T0pe2O pasen }, T. €. BJ% KOTOPOTO BLINONHEHO pasexcTao Ine=

3

df

mgw?»m 1. OuepHano, uro > 1. Tax xaK naoWiagp keagpata ABCD

1
Ha pHCcyHKe 35 paBua 1, To BHAHM, uto In 2<7] ¥ noromy Z<Te.
C Apyro# CTOpOHKW, RAOIHAAbL (GHTYDH, 3aMTPHXOBAHHOA HAa DHCYH-
ke 35, papua |, H notomy BuanM, yre 1<2In 3, orkyna e<<3. 3naunt,
UKD ¢ 3AKAIYeH) Mexay 2 B 3. Boaee TouHble NOACUETH, KOTOpHe
Mbl TPOBEAEM NO34Aee, NOKa3aniBawT, ute ew==2,7182818284590...
3ro udCAG HppaKOHaNbHOE.

”ml

Ha pagenctBa (7} caenpyer, uro In e;mf—in ewf». floaromy

HMeeM CaAeAYIY0 TabaHuy sHadeHHR GyHKuWw In x:

% "53" -;:«g -;— | a & &

Inx —3 -2 -1 0 1 2 3

Yicnosbays yKasaHHOe Bulilie 3MaueHHe ¢ W csoficrea dynxunm In x,
crponm rpaduk 3Toft pysxuns {pHe. 36). Ha sroro rpadHka smAmo,
4TO N0 Mepe YyBesH4eHHst x 3HaueHHM#t 1n X MeAJeHHO YBeTHYH-
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Baloresd. A KOrfia x npuGASKAaeTeH K MY, 0CTABAACH NONOKUTENAb-
HbIM, 3HAYEHHS In x cTpemMaTea K - oo, TakuMm obpasow, lim Inxr=

]

=400, lim Inx=—o0.
_i— =40

¥YopamHeHRWD

80. Haiinute npoxaBoanMe cAeqyIOmEX GyHRUEN:
1} tm{c+1y 2 hl{ef—xd i) 3) Insinyg 4) tharcigx, B} Inx
) sin{inx); 7} arcig’ (in x); 8) arcsin {In® x).

Hocrpofire rpadunu fysxnak (81—83).
81, ye=in (16—8x+ x5 —in (26 —8).

82. ymfn(zm%») Aol (12— 122} 36).
53 ymln( x«»~~£~) 4 i 1f4x§—4x+ 1.

84, y=ln «%——x +1in 8" —6x 1.

85. in (ix—el -+ xj

1} y=
2) ye={ln {x—2} 4 In (31— 6).

4. Jlorapudpmnueckan GyHKIMsS B CTENEHs ¢ J00niM HoXa3aTeaeM.

Mycrs a>>0 n a==1. Cyukuas -i—’&»z« APHHEMART 3HayeHHe | TwpH
r=gq. Ee WasnpaoT accapudmuiecxkod Gyrkyued no ocrwosanuw a
H ofo3Hau2wT log, x. Taram 06pasom, 10 onpeeAcHHIO
in x
EDga xmm .

Ecan a>1, 1o Ina>0. Tlosromy sicHo, wto ceodcraa GyHk-
uuu log, x npu a>>1 1e me, uro u y Quakyuu in x; sta Pyrkyun
nenpepuigna Ha ayqe (& -} o0), goapacraer, NPUHURGET ROAONCH-
TeAbHble SHOREHUR npu x> 1 u orpuyaresvuste npi O<x<C1, npu-
yeM OH3Z pHHAMaeT Bee NelicTaaTenbnnie 3wauerus. [lpa sTOM

lim log, x==+4 oo, lim0 log, x== - 00.
A

=t o o

Ecan ke 0<Ca<< 1, 10 In a <<€. [lostomy cBoficrea dyHkusm fogs x
mpH (<<l B HeKOTOPOM CMbICHe IPOTABOMONCKHL cBORCTBaM
Gynruny In x. B s1om cityyae GyHRuns log, X, 0OCTaBadACk ONpeneaeH-
Hol ¥ HenpepwBHON Ha ayue (; 4 oo}, yOLIBaeT Ha 3TOM Ayue, NpH-
yeM €€ 3HAYEHHS [OJNOXKHTEAbHu Ha mposexyrtke {0; 1) W orpwua-
TeNsHW Ha Ayue (1; - o0). Tlpw atom lim logex=—co #

X e o g5Y

iinlafogax=~+~ oo, Ha pHcynke 37 uaolpawenst rpaduky ¢yHk-

uH# logs x u log x
F)



¥ Hs paaencraa (7) n. 3 cuenyer,

Y10
m a0 my
y=logsx log, a* =lial "% m
a Ina Ina n
1] X m m

Oﬁoaﬁaqnu gHcHo a” depes b, b=a".

yulogyx Tak Kkag T ==log, b, T0 b==g™e’ Ta.

KHM 06pasoM, a ciydae, Koraa a>>0,
Puc. 37 a1, b >0 u sorapupm uncaz b no
OCHOAaMMIO @ — PaHOHAIbLHOE YHLIO,
norapudrm AAAAETCH HOKA3ATENEM CTENEHH, B KOTOPYX HaRO a03aecTH
ocHopanne @, 3robK noayuHTd 4acao b. O6obmiam 910 yTEEpKIALHHE
Ha 20hie NOKA3aTeNH, NDHXOAHM K CIHCAYICHIEMY ORDeRefeHHIO:
Oyers >0, as=1. Yepes g* ofiosHavalT Takoe 4Haio b>>0,
yr0o log b==x {KaK Mbl 3HaeM, TakOe YHOJIO acersa Cymecrayer s
ONHO3HAYMO oOFpeAefieH0). 3amsich a® 4HTAIOT «d A CTeNneHM XA».
Ilpy a==1 nonaraem [F==1 pas acex x.
Hrax, uMeoT MecTO Jaa OCHOAHLIX paBeHcTaa

loge a"=1x, H
a%t==p, bh>>0. {2)
B wacraoctn, In x=log, x a1 noromy
inef=x, (19
& t==b, b>0. 29
Ormetus, uTo npy Jofon a>>0, g=] anNOAHAOTCA paBeHCTaa
log, xy=log. x4+ logsy, x>0, y=0, (3)
log. % =log, x —log.y, x>0, y=>0, (4)

loga ™ mmrmioga x, x>0,

Has #x pokasaTenbeTaa ZOCTATOUHO 3AMEHATL JOTAPHAMB € OCHOAA-
HHEM @ MX aHpaMeRHeM Uepes HaTYPajbeble JOTapHdMbl.
Ormetum eite dopmyay

iogabm%‘—%, a>0, b>0, >0, cs£1, (5)

NOIBOARIOMIYIO ablpa3dTh AorapudMbt ¢ ocnoaansem 4, a>>0, g« 1,
qepes JorapudMbl ¢ ocnoaanuem ¢, ¢=>0, ¢cs=1. dan poxazatenb
ina In

cTaa samersM, 9to log, b= , log. a=i— , log; = IMog-

CTABJAANA 5TH 3MAUYEHMH A cbopmyny (5). yﬁemaemcn a ee cnpaae-
JAHBOCTH.
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OTMETHM HeKoTophie dacrHbie ciydad gopmyant (5). flosaras
¢==0, noaydaeM s cHay paneucrna log, b==1:

Iog.,b-m- , >0, b>0, as1, b==1. {6}
Jlanee, MpH G=c" HMEEM B CHJIy paBeHcTBa log. c*==a:
log o bz —255—-?— wfog, b, b0, c >0, c51. (N
g:'c

IMpu b=¢c" ¢==0, c;&l, HMeeM:
H cC“_ @&
log.a  log.a

log, ¢ == =0 log, ¢. {8)

Hz (7) n (8) caexyer, uto
log.. 6" =log. b. €]
Jlorapudmu no ocyosaunw 10 HaspBawTCA decATHYHHIMY H 0503~
uavawrea lg. Takum o6pasoM, Ig x==loge x. [ecsruunne aorapud-
MH PaHbHIe HCROJAL3OBAANCE A BHIIOJAHCHHA FPOMO3NKHX BRIYHCHE-

Hufl.
Hpumep 1. Bouucaum sHauenwe:

a) logiee 1000;  6) iog%@{fé.
Pemenre a) Himeem:

fogio 1000_ Ig10° _3lg10_ 3
ogico 1000=J=t~ zg:e =21gi0 2

6) Himeem:

|0‘gg2
log 2 1
logys V2= 8t 5= Tioge?

filpumMep 2. Bupaaum sgorapuphM 110 OCHOBAHHIO @ BHDaXe-

HHA
5 4 4 £k
A —‘J gx j:{xiz gﬁ)'i‘ir_a'}tng_a‘

uepes JorapupMn swpaxesni 41, y* 41, byt
Pemenune Tflo crofictsam aorapadma

+

2 1 I
2 & st b Rlpxd—
log,,AmlogaM +1 ;H a BT
(s

=2 loga (£ + ) +L-loga (4" + 1)~ loga (x*+ 47 +2 tg £+

B3HTHe JlorapHQJma HeKOTOpOT'U BHPH}KEHHH C Hﬂmeﬂyioml{hﬂ
3 H. 2. Bunenwsn 65



YRpOMmieHHeM, KaK B pasofpaHHOM NpHMepe, HAsHBAIT Aosapupru-
POBARUEM.

fipuwmep 3. Haliaem BuipaxenHe, sorapHdMoM KOTOpOro 1o
OCHOBAMHMIO @ RBASIETCH

=5 loga (¢ + 24" — 1)—2-cos 5x—Z-log, (x-+64°)
Pemenne, [lo caofictey JsorapHMoB HMeeM COS Sxw=
=log, a***. [loyromy

A=+(6 log. (x*42y*— 1)— 3 log, a==* 2 log, (x*irﬁy”)) e
=7{ Toga (' +24°— 1) — loga 4> fog (s + 647 =
= L-tog, A= _jog, |/ (AW
7 (x+ 6477 a {(x+6y7)
Hrag, A==log, B, rae

A R TR ) el Vo
B— 3(:955}:( *'i'—ﬁ 2;2

Orhickanne BHpaXKCHHE no €ro norapm{my HA3BBRIOT HOTEH-
YUPOBAHUCM.

¥npakuenns

86. BuaumcanTe: gloge 48

1) Eog; 64; 2) logs V343; 3) logiowe Y10; 4) log, Y343 5)

350g3 1 6

87. ﬂill‘l KBRHX FHAYEHHAX X COPABeLAHBM HepPaBdeHCTsa.

i} logy x<Clogy 2x; 2) logps x}logﬁkf,%; 3} log. 5<<log, 6;
4} log. V2<< log. 1,2; 5) fog. sin % < log. sle %; 6) log, (0,3)>log, 3?

88. Yto Soneme: logs N nam log,:iN ) SCAH!

Iy a1, N>1;2) a<?l, N>>1; 3) o=, O<<N<C1; 4} a<<F, O0CN<I?
89. Hafingre ofnacre gupeieAeHNA CASAYIOIRRE DYHKIAT:

1} log s (4x—8), 2) logia {8—2%); 3) logs(—4x—6); 4) log | {(4x-}-6)
3 )

5} loga {xmé)wi»logl {4—x).

9
80, Haueprure rpadurn GyHKEMA H3 HPLANAYHIEre YNpaMueHusd,
&1, Haseprare rpaduk $pyarumn log: (x— )+ logs —x)
82. Kakas us dyagcak:

1} fogs x, log: x; 2} log | x, log | x - OHCTDRE BOSpECTAET, KOUAA X — - 007
T F
Karas us srux yuxued Goapmre ga npomexyrse 0o {?
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93, Hocrpofite rpadakk pyyruah:
1} log s tel; 2) Hogs x1; 3) {logs (x—2}1.
E
94, TTocrpofe ANHAK, 3a125aEMHE PABEHCT BAMA:
1) lyle=logy(x—1) 2) |gl=|logs (2x-—1)i.

95, 3uas, wro lg 2:==0,3010, g 3=04771, nallaure 1g 75.
96 SleaseTcd A% PABEHCTRO

logy (x* — €)== logy (£ —23-4-logs (£ 4+2)
rompecrson? B kaxoil o6A8CTH OHCG TORACCTBEHH) BHUORENCTCA?
§7. TiponorapndMupylise 1o OCHOBANHID @ CAGRYIOUNE BRPAMOHHN

1/ 4 Um*Jb+¢
1) x= VM; 2) x=Vo Vo 8) wm om¥EEC
b4t nt b e

2 [ et Vmn
e
dn-:ly B
98, Hpomorapupuupyfite supadensie r=276%2 V27 -z
I} mo cenosannir 3; 2} mo ocHomendio 13,

4) xa=

99, Hafaare x, ecau:

1) loga x=%(!oga b-—-% log, ¢4 iog. d+4) H

2) log. x%»«;}»[loga -+ —g-(log., zWZ)] H

3) log. x:3{% log. y+%[log¢ zm%{loga £-4-2 togy w}]} .

100, Horamare, uyro

loge N
loga N | 11080 %
{01, YT1o Goavue:

1} log ) 2 nau Iogs«é—; 2} logs 5 aau logy 67
§

102, Hoxawmwure, wro:

1 ] 1 1 1
f tog. N+logﬁs N+Iogaa N+]ogna N+logas

leﬁiogﬁa;

2) logg, g, x== i I :

lﬁgn N ioga N lagc N

3) logs ¥ logs N-loge Nlog: ¥+log: Niog, N= ]
Ofacs N

B3 3uas, uto logy 2==a, logs 5==b, salkuure fogs 5
104, 3nan, wro logiz Z==a, nafizure logg 16.
Y05, 3nan, wro loge 20,301, nattaare loge 125.
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108, Hoxamute, 4To ecAn 4 B b — AARHB KRTETOB, & £ — MIHHE IHTOTEHYaN ApKMO-
¥TOAEHGrO TDEYTOABHRKA, TO

iﬂgh.;.g a4 lﬂgcmb e loga.;-g a logc_a a.

107, ynpmﬁ?e supame&me
]

1) Iog‘..—w-é»iogn i +£og.,--?1"w

2) (toge a—log, b)’—l—(]ogb.% a -~ $0g 2 b)2+...+{logb§1‘ a—log s b5
jogs logy 2

3) e logen

108, Baumcasure npenenk:

1) s 9) tim X 8)  tim ~lax
x++n4+ln x i wd+EInx’ ;m+o4-§-ln x’
4 lim {+lnx

s 40345ins’

5. Noxasareavnan dynxuun, ee ceolicrma u rpadmx. B n. 4 mu
onpeseAnan 3uaucnue a* npu ncex a>>0 # Jobux x. Ecan a==1, 7o
6 == apH Bcex x. Ipy ApyTHX NOSIORHTEABHBIX SHAYCHHAX d NOAYHa-
eM GYHKUMK 47, oTanuEYI0 oT nocTostiiof. Ee na3sniBawtT norasaress-
Hol gynxuued c. ocnosauen o M3 noxalauubix B 0. 4 papeHcrs

loge 8" ==x,
aikhapy b0,

BHITEKART, UTO NOKAIATEAGHAR PYHKYLA £ OCROBARUEAR 8, 0>, a2 1,
aganerca o6parnod Kk roeapubruseckold PYnKuUL C TeMm He OCHOBA-
nues. Orcona caenyer, YT0 dynryuna a* sadana na scei wucaosol
NPAROE, NPUREMOET 60e NOAONMUTEALROIC 3HAHEHUR N0 0OKOMY pa-
3y u nenpepwisna. Owna sospacraer, ecau a>>1, u ybusaer,
ecan Dag=].

Hza pucynke 38 HaoGpaxennl rpaduxd ROKA3aTeNbHOH BYHKUHH

),‘ ApH d==2 ¥ aw«lﬁ-«. OrMerns, 4TO npy 4>k

pMeem: Hm = oo, lim & =0 Ecm

Xor ey X et

ke Dza<i, o lim &°=0, lim a*==

X~ X — —oo
Kamnaomy csofictsy aorapugmuueckod
(YHKMAH COOTBETCTBYET CBOACTBO NOKAa3la-
renpHOR dymknan. [JokaxeMm cuadana, 270
g Beex suauenu#t x 1 { npu a>> 0 umeem:

v

Pue. 38 at-a'=at. (1)
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Ecan a=1}, TO 3T0 PABEHCTBO OUEBHANAD, MOCKOALKY ¥ ' mm ¥+ =1
Ecan ke a==1, 1o no (3) n. 4 ameem:

. logea* ' == x4 W log, a*-a' == log, a*+log, a’'==x-+-£.

Ho ABa yHCAa, BMeloHHe 0JHHAKOBHe JorapHdMu TI0 OCHOBAHAL 4,
e a>>0, as=1, pasunt. Orcioga nosyqaem (1),

Loxaxem Teneph, 410 npH a>0 aast MoGHX x ¥ { BuNOAHAETCA
DABEHCTBO

(@Y m=g*, 2
B camom pese, npu a=1 ofe yacTu papencrea pamHu 1. Ecan
xe a0, az=}, 170 1o (8) m 4 ameem:
log, ¥ =x1 u log, (a*) =1 log, a*=xt.
3sanuT, J0rapHGMH 110 0CHOBAHHIO @ Ynced (a*) H a*' paBHy, a noTOMY
paBHB H CaMM 3TH YHcaa.
M3 ceofictBa (2) BHTEXaKT paBeHCTRa
a~F=(a) " = (3)

a

X
Ya*=q® (4)
{A0CTATOYHO B3ATH COOTBETCTREHHO f{== 1 H tw»i»-}.
Tenept noxamKeM, HT0 AAs MOGHX TOACKHTEABHHX Usicen a ¥ b
BHITIOAHSETCH PaBeHCTRO
(abY = a"b". {5)
Jias sroro pgocrtaTtouHo samerHts, wro no (3) m (8) n. 4 Mmeem:
In(gbY=xln{agb)=x{lna+In b
H .
In{a* b )=Ina*+In p*=xingupx In b==x{In a--1n &).

Hs noxasannoro yreepAeHHsi BhITeKaeT, 4T0 AIsi JOGHX 1040
HUTeABHLIX 4HeeH d H b BepHO paBeHCTBO

($)' =% ©

¥Yopamsucunn

108, Hokamure padencrso (6).

18 1) Tloctpo#re Ha OAHOM uepreme TpadERE QymMuad y=2° u y=3" npu
—i<Cx<C} B Macuwrrafe 1:5 om.
2) Hzobpasure ma ognom uepreme rpadurn Pyl yo=2% y=3.2°, g
e (1B 25, gomm — 3025, o 8. 2%,

A, Kak no rpa@uky GYSKUBR = 4" ONPEISARTh CCHOBRERE & ¥ KOsD@UUNEHT ¢?

69



112, Hokaxure, uro ans moGok noxazavesstoR $ywwnan f(x)=a” ® &060R reo-
METPRYECKOA Nporpecckr &, bz, bs, ... ¢ DONOMHYEALHMME YhcHaMH HaRfeTcR
Taxas apadMerryecHan NRPOTPECCHN Xy, X3, X3, .., 4TO FAA 8Cex n OyAer
f (xuf==by. ' *
Peumre CcleAyRIHEe YOABHEHHA, NOJAB3YACK, FAe 370 HeoOXoduMo, rpaduxadu
MOKAIGTEABHHX (ByHHURA:

1} 5°=25; 2y 3% ==81; 8) 2°={,125; 4) 2*=0,4; B) 5% =5,

6) 65~ I=1; T) #°=8 8§ §=10; 0) $ =14 16 001% =70
114, ¥ApoctHTe BHDAMEHRA;

1 (2")3—3-4‘4»{\/5)“; 2) 223 12 -2

3) B | = (5 e 1) (B 13 4) @ b Ra*BY o B (0" + B

Buusicanre mpefenn (115—118).

) 1 2 L2t
115, ;w.]"i’mm' 116. ;-}!Tm EwE 187, x«jl-r{l-lmwT"i""

. 0,35+ 2 . 6,3" -2 . 34
118. xf’fwom,sw»s' 19, leTm 53 15" 120. x_E;EWE‘«}d'

f13

§ 2. NOKAZATERLHLIE M NOTAPHOMMHYECKME YPABHEHMA
¥ MEPABEHCTBA

1. Npocrefne noxasatentibie ypanReHns U Hepasencrsa. [ipo-
CTEHINHM H3 nOKG3IaTeAbHuix ypasHexad (T. €, ypasWeHHH, cofep-
AKX HEH3BECTHOE B HOKA3aTEAe) ABAACTCA @' ==5H, rie a >0, a1,

Ecnre b<{0, T0 3T0 ypaBHeHHe He HMEET pPelueHHH, IOCKOALKY
3HadeHna a' noaoMureabrst. Ecan Xe b>>0, ro cymecteyer eamn-
CTBEHHOR 3HAUCHHE X, YAOBACTBOPSIOIHEE YTOMY YPABHEHHKY, 3 HMEHHO
x=log, b

3uayenne log, b pasHo -3]-5-2»- H {I0TOMY MOMKeT GHTh BHIYHCJIEHO

¢ AOMOILIO TAGHHL ASCATHUHSIX JOrapHPMOB HAH MHKPORANGKYAS -
TOPa.

lipumep 1. Pemnm ypaBredne 5" ==8.

Pemerue EAHHCTBEHHBM KOPHEM HAWHOIO ypaBHEHHA SBJA-
erca uncao log; 8, t. e. —llg%. IMo raGannaM AecsTHYnsX Aorapud-
MOB H2XOAMM:

_lg8 0903
x 65~ 063 1,26,

Hrax, npubavkeHHoe 3WadeHHe €AHWHCTBEHHOTO KOPHS AAHHOIO
ypaBHeHus pasHo 1,29,

Wuoraa yaaercs npencrasats yncao & 8 BHae a'. Torja KopHes
ypaBueHHa g =5 SBARETCA UKD C.

Mpumep 2. Pemnam ypaBrenre [6°=256.
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PemeHune. Tak rak 266=16% 10 x==2.

Mpusep 3.Pemnm ypasHense 16" =512
Pemenne. Yucno 16 moxuO npencrasute B BHAe 16=2°
gueso 912 — B BHAe 512=2° 3HaumT, AaHHOe ypaBHEHHE 3aitHChI-

paercst B Buae (2% ==2% wan 2= 2° Orciona naxomsm, 4ro 4x=9,
¥ TIOTOMY xm%-.
ToT Ke pe3yJibTaT noJAydaerca cAelywiinm ofpasom:
_ __logs512_ 9
.:c_Eog,ﬁSlQ«_mgz 6 ="

[lepefineM K pemieHHIC RAPOCTERINHX ROKA3aTeNbHLIX HEPABEHCTB.
Ipn <0 nepaseHcTso a*< b #e YAOBACTBOPACTCA HH IIPH KakoM
spaveHuHl X, NOCKoisKy a* =>0. Hepasencreo ke a* >b sunotaser-
ca s Beex x. flosromy HHTepeced JiHIUb cayuwah b>>0.

Myt 3naem, w0 npH b>>0 BWnoaHsETCS paBeHcTBO g% ’=5h.
Eciw a>>}, 10 B ¢HIy BO3pacraHHA NoKasaTeibHoA $yHKuUHH a”
apu x> 108, b BHNOAHACTCH HepaReHCTBO a4 >>5, a npy x<Clog. b —
HepaBeHCTBO a” < h.

Hrak, npy a>>1 peiileHHeM HepaBEHCTBA 4" =>b ABAAETCH OTKpPbI-
i vy (logs &; 4 o), a peluesreM HepaBeHCTBa 6° < b ~— OTKPHITHA
ayd {(— oo foga b) (puc. 39, a).

Ecnn 0 <a-<<1, 1o ¢pyuxann a* yGusaer. fosromy npu 0 <a <
pelleHHeM HepaBeHcTBa a* > b #BafercH OTKPITHA Ayy (— oo ; fog, &),
a pelieHHeM HepaBeHcTBa a°<h — orkpuThifl ayu {log, b; 4 o)
(puc. 39, 6).

x
NDpumep 4. Peminm mepasenctao (w;w) <:11—6.

X
Pemepne Cnadana pelunM ypasHeHHe (%) =11—6. Tak xax

2
i (
2—6—%1«-) , 10 x=2. Mockonabky B HalleMm clydae am%«::i, T0 pe-

£
[HEHHEM HEPABCHCTBA (—‘-) <L gepsercs ayy (2; -} o).

r 16
y‘ vh
y=a’ y=ay
a>1 o<a<t
& &
o1 Toggb x loggd |0 X
a) 5

Puc. 39
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¥npamnwernun

124, Pemsre ypabseHwns:

1) ¥=729; 2) ~§,5~=8: 3} 9= 243; 4) (\/5)*=~&1».

122, Pemnrte #epadencTsa;
13 L. 3 1 .' 1y l . 2
D <2 (> 3;(3) >z 4) IO

2. Pemenne nokazateauuniX ypasuenni u Hepasewcrs. B ocHoge
PEIICHHS NOKA3aTEILHHX YPABHEHHR JCKHT Clelyiolias Teopema:
Teopema. Ecau a>>0 u as=, 10 ypasHenun

a 9 s g 0 (1)

fx)=g (x) (2)
PABHOCUALHEL.

Hokasareabcrpo. Ecan @ — kopenb ypaBuenua (2), 1o
HMEET MECTo paBeHcTBO f(a}==g (@), a Toria a P==g%™. Of6par-
HO, €CIH & ~ KOpeHb ypaBxenus (1}, 1o @ @=af @, a Torza B cuay
MOHOTOHHOCTH QYHKUMH & HMeeM: f{a)}==g (). Teopema noxasana.

[Ipumep 1. PemsuM ypaBueune

33:’+2=3x’+5x {3}
Peiie H He. 3T0 yPABHEHHE PABHOCHABHO YPABHEHHIO 3x° 42 ==
=x245x, KOPHEMH KOTOPOrO ABAAITCH x|=;—. xy==2. DTH 4HCHA

ABARIOTCA H KOPHAMH ypaBHeHusa ({3).
K ypaBuennam Braa (1} cBogsATrcA ypaBHeHH BHHA

g P=pt O {4}
Mut sHaem, 410 b= a'°%®, [losromy ypasuenue {4) MOKHO Hepenncath

B BHAE
af ) — gftlega b

A 3710 ypaBHenue npH a>>0, a1 PABHOCHABHO YPaBHEHHN
f(x)=g {x} loga b.
[Ipamep 2. Pemum ypaBHeHHe
321"5"....“.:5"_
Pe me nue 310 ypaBHeHHe PaBHOCHALHO YPaBHEHHIO
32;_5M31I0335
4 OTOMY H YpaBHEHHID 2x - Sy logs 5. KopHem 3TOr0 ypaBHeHHS
ABAALTCA xzm .
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PpCCMOTPAM Teneph ypaBHeHHR BaAa [{a")=«0. Ouu peitpwyrcs
¢ TIOMOLILK) TOACTAHOBKH d=={, KOTODBSi CBOAHT BX X YPBBHEHHIO
i (§)=0. Hyers 4, ..., {n —— KOPHH TOJIY4Y€HHOTO YPBBHeHHs. Tax
KaK a* NPHHHMBET AHIL NOHOKHTE/bHEIC SHBUCHHA, TO HAZC OTOGPBTh
®3 STHX KODHEH HONOKMTeALHbIC, CKaMeM ¢, ..., {, H PeIIHTL YPBB-
Heuust a* =1y, ..., a¥ =t Orcioda HaXoaHM x| ==log, &, ..., Le~=log, ts.

Hprmep 3. PerriM ypapHeHne

45 —2"71 _ 9240,

Pemenne. Tak xpr 4% ==(2"?, 2**1=2.2% 70 310 ypBRHeHHe
MOKHO TIEPefINCBTh B BHAe

(252 2. 9% — 24 =0,

[IOACTBHOBKB 2°=={ CBOANT €10 K KBBADATHOMY YPABRHEHHI & — 2{ —
- 24 =0, HMeUeMy KOPHR {;==6 H {y= —4. H3 HAX nosoxHTeseH
aHins Kopent 6. Hostomy octeriocs pewrwth ypapuenme 2°=06, %3

KOTOPOrG HBXOAHM: x==log, 6”"}%‘;-

JLast peilreHHs NOKB3BTEALHBMX HEPBBEHCTB %CTIOAL3YETCH CBOACTRO
MOHOTOHHOCTR TOKasaTeabHoR dynkinn. Ecar a>> 1, To HepapercTao
a W= af @ papHocHabHO HepeeencTBY [ (X)> g (x), a ecm 0 <a <],
70 HepaBeHCTBY f (x) << g {x). '

Hpumep 4. PeirtHM HepBBeHCTBO

0’5.:’-1—2.:-1- H - 0’5x’— 3_

Pemewne Tak kek 0<<0,5<C1, TO 370 HEPBBEHCTBO DBBHO-
CHALHO HepaEeHCTBY £° 4 2¢4 1 <<x*~3. Pemma 310 aareGpan-
GeCcKOe HePaBeHcTBO, HAXOHMHM, YTO X< —2.

Hps mep B Pemmnm nepapencrso

22;’ +3x+2<:2x’_

Pemwenne TBK KBK 22>1, T0 370 HEPABEHCTBO PABHOCH/ILHO
HepaBeHeTBY 247 4-3x+2<x%, 1. e £4-3x4+2<0. Pemps ero,
nonyuBeM, 94r0 — 2<Tx < —1,

Hepagenctee paap [{a®)<<0, rge f-— HeKOTODBS OYHKuH#A, pe-
112I10TCH © NOMOLILLIC TOACTBHOBKHE a* =={. [losyuBem pns { HepeBeHCT-
80 f(f}<<0. Tak KaK @*>>0, TO HBAO HANTH IEPECENCHHE DEIICHHR
3TOT0 HEPBBEHCTBE C OTKPuiThiM Ayuom {0; -f- o0 ) (7. €. B3ATH YBCTH pe-
WeHEA, AeKBINYIC Ha arom ayue). Ecan {o, Be) — oanH H3 BpoMe-
KYTKOB TOJIyueHHOH UBCTH pemrenHs anst f{f)<C0, To pam orscka-
HHSi PeHIeHHsE MCXOAHOTO HEPBBEHCTBB MOAyvaeMm oe<<a”<If. [Ipu
a>>1 orcoas Hmeem log.as<<x<Clogefs, B ecmn O<<a<Cl,
10 log, B <<x<<log, ax. Jlanee Haldo OGLRAHHHTL BCe HMOAYYEHHBIE
MPOMEeRKYTKH.

Hpumep 6. Pewnwm HepeBeHCTBO

450t 24 or ),
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Pew enne Tloxcranoska 2*=1{ CBOMHT NaHHOe HePaBeHCTBO K
nepapercty (#—2t—24<<0. Ero pemenreM sBsasiercs HHTepBan
5—4; 6). Ilepeceuennem sroro KNTEpBana ¢ ayuoM (0, -+ o) ABaserca
0; 6). Pewaa Repabenctso (<2< 6, nosyuaes, 410 — 00 <X <
<log: 6.

YapasmHesnsn

£28. Peumnrte noxasateastule YPaRHeHHS:
D 47 4320, 2) 554357 140 3) BF—52 =20,
4) 2.3 B0 TRl B) B TFen 35 5% 5.7 );
6) 2% 3 m gyt g 7) 057 2088
i 1

g #-3 T g™ T g1 gy 4 W0y g6 10,99

’g) 53 4+ 6+ -i-meﬂ'{M_—u 15*

124. Peumste noxasatensibe HepapeHCTBE:

i # -2 B g
i) (-2—) =8 o r 7051 1950

3) 9B H B0 200 4) 1T P — 12 12°41] -5,

3. Npocreiione norapudMuuecine YpaABHEMMA H HEPABCHCTBA.
Tlpocrefimam socapupmutecsun ypasHesues (T. e. ypaBHeHHeM, Co-
NeDKAUIMM HeH3BECTRO MO 3RaKoM JoraprdMa) apaserca logs, x=
=f, rpe a>0, as%l. Tak xax paserctac log,x=b paBHo-
CHALHO PABEHCTBY ¥==a°, TO HOJYYaEM:

Ecau a>0, as=1, 10 ropens ypaswesun log, x==b pasen a’.

flprmep 1. Pewnwm ypaeuenue logy x=7.

Pe e nue. KopHeM ypaBHeHHSA SABAACTCH YHCAO x==3',

flpumep 2. Peminm ypasoenne Ig x=0,5.

JP_e weHHe KopHeM ypaBHeHsis SIBASETCH UHCAO %==10"°=
==/ 10,

B cuny MOHOTORKOCTH JoTapHdMHuecKoH QYHKUHE pelleHHe JAoFa-
prdMHYeCKHX HepaBeHCTB BHEA log, x < b (a Takwxe BHAa log, x> b,
loga x<C b, logax220) cBONMTCA K pelleHHI0 YPaBHEHMRE logy x==b,
KopHes 3T0P0 ypaBHeHHH fBAfiercs 4HOAO X==a°. Eca® a>>1, 10
dynruna log, x Bospacraer,  NOTOMY 1pH x> a’ umeem log, x> b,
a npH 0<< x << a® umeen log, x<2b. M NOKA3aAH CAERYIOIHEE YTBEp-
KAeHHe:

Ecau a>> 1, 10 pewenuem nepaoencrea logs x >>b neanerca orkpor-
el agy (@°; 4 o0), @ Hepasencrsa log, x<<b — unrepeca (0; a”).
(puc. 40, a).

flpr Q<<a<<1 dywxuns log,x yGuBaer, W ROTOMY BePHO ciae-
IYIOIHeEe yTBepHKIeHHEe:

Ecan O0<Ca<Cl, 10 pewenuem nepasercrsa log, x> b naeanerca
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vk Yf
y=L{oggx, 837 e y=log,x, G0<a<t
b
b
a
i L x ) 2
b.
| a) o)
Puc. 40

unrepeaa (0; @), a nepasencrea log,x<Cb — orkpoireid sy
(@, -+ oo) {puc. 40, 6}.
pumep 3. Pemmm Hepasencraso log, x<C3.
4

Pemenne Kopaem ypanwennws log: x==3 gBasiercs usncio
T

3
(%-) =6—Z- Tax Kak ocHoBaHHe a%*i“{l, TG peilleHHeM HepaBcH-

CTBA ABJAACTCH OTKPHTHE /iy (‘61'47“’ e oo) .

Itpumep 4. Pemum wepasencrso fogs x<<0,5.

Pemewnne KopHem ypasneunwsn logs x=0,5 siBasercs uncao
49'5w-\/5m2. Tak kax B jAaWHOM caydae a==4>>[, 70 pemeHHe
Aarnoro nepasencrea gmeer BHg: {0; 2).

¥Y¥npasktHersu

125. Pelrure ypasHeHss:
i} Iegl x==2,5; 2} log.fx=-6
2

126. Pemnre nepakencTBa OTHOCHTERBHO X:

1} lag;,x:am%»; 2} Iugix{%; 3) Iog@x}loguwfﬁ; 4} logs x <2 logs 0.
2

* 4. Pemrenme norapwdMuueckux ypaBNeHH# H Bepasemcrs. B cm-
JY MOHOTOWHOCTH J0orapHMAdeckoit Gy HKUNH npH Abom a =0, as% |
papencrao log, [ (x})==log, g (X} BunOAMsiercs JANIIb HPH YCJAOBHH
[ (x}=g (x). TiostoMy ypasuenwe log.f(x)=log, g{x) B oGaacrh,
rie f(x}>>0 w g (x)>>0, papHocHAbHO ypapHeHHIO [ (x)==g (x).

Hirax, cnpamepsnBa ciesyioman reopema;
Teopema 1. Ypasuenye log.f(x)=log. g (x). 2de a>0, as=1,
PABHOCHABHO CUCTEME
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f{x)=g (x),
{f{x):>0, (1}
g x)>0,

cocroaweld u3 YpaeHeHUA U O8YX HEPABENCTS.

3aMeuaune B ol cucreme MoXA0 CTYCTETh OIHO H3 HEPAREHCTR, TAXK KaK
KaMEOE H3 HHX BHITEKZET #3 YpaBHEHHN A RPYTOrQ HOpaBLHCTHA.

TaxkuM oGpazoM, Gan pewenun YpasHeHus Eogaf{x)wlug, g(x)
npu a>=0, as=1 nyxmno:

1) pewsure ypasuenue f(x)=g (x);

2) uz naddexnvix kopued oroSpars re, KorTopuie yOoRAETEOPAIOT
nepagencray f (x)=>0 {uan, 4T0 TO Ke caMoe, HepaBeHcTRY g {x)>>(;
OObIYHO HCHONL3YIOT S0s1ee HPOCTOE HA ITHX HEPEBEHCTS), 8 OCTANbHEE
KOpHH OTOpPOCHTDH, TAK KAk OHE ABAAIOTCHE AAfA ZAHHOTO YpasHeHHA
NOCTOPOHHHMH.

Iipumep |. PeinuMm ypaeHenHe

logs {(x°~-3x — BY=logs (7 ~2x).

Pewmenn e [To reopeme | 370 ypasEeEHe PABEOCHJABHO CeAYIO-
el CHCTeMe:
{ 2 —3x—B==7 —2x,
T—2x>0.

Kopusimu ypashenus x°-—-3x—5==7--2r ABINOTCA ¥HCIAa —3 H
4. Ocranoch 0T06path H3 3THX 4HCEA Te, KOTOphie YROBACTBOPAWOT
HepasencTsy 7 —2x>=0. Emy ynosneresopsier xopenb — 3 # He yjos-
JersopAet XopeHs 4. 3HauMt, 4 — NOCTOPOHHME kopeHs. Hrak,
LR
fTpuwmep 2. Petunm ypaeuenue

1g (x4 4)+ g (2x+3)=1g (1 —2x) 2)

P ewm e e. Jlorapu(mul, BX0AALHe B 3TO YypaBHEHHE, Onpejiee-
Hbl ANA 3HAYCHHA X, NIPH KOTOPHX

x+4>0, 26430, | —2>0. (3)

FlpH rHx 3HauersAX x AaEHOe ypapHeHse npeolbpasyercdl K BHAY
Ig (x+4) (2x+ 3)=1g (1 ~2x)
¥ Aajee K BRAY

(x+4) 2x+3)=1—2x

H3 310r0 KBaApaTHOrO ypasHeHHR HaxOZHM: x = —1, xs= —355.
Ocranocs 0TO6paTh H3 HABASHHLX KOpHeR Te, AAA KOTOPHX Bhi-
NOAHSIOTCA HepapeHctsa (3). Mm yloBaersopseT KopeHb x| H He
YAOBJAETBOPAET KOPeHb Xo. 3HAYAT, X== -},
Jlorapudmugeckue ypapuenns sHAa f{log,x}=0 pemawrcs ¢
HOMOINBIO BOACTAHOBKH lOg, x=={ OHa APHBOAHT YpABHEHHE K BHAY
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f(&y=90. Ecan {y, .., & — KODHB FHOJYHEHHOIO YDABHEHHH, TO

KOPHAMH 33JaHHOIO YDaBHEHHA ABAMIOTCH uHoAa a”, ..., a™
Npamep 3. Peluum ypapHenHe

log? x+logs x4 1 =—tme.
10g3"§*
Pemesaue. Tak xak Eog;%»mlogaxwiogslimiog:;x——-l, TO

JAHHOE YPaBHEHHe MOXHO NMepenHcaTh B BHIE
7
log? x+logs x4 1=

logs x—1"

Hosoxue logs x=={, noayuaeM ypapHeHHe

2ot L

e (tmk)(t2+f+l)w, HAM, 4TO TO Me camoe, £ —l==7,
O’rcmna HAXOAHM, uTO P8 71 e t=2 W3z ypapnenun logs x==2
noryuaem x==3°=9. Hrax, x=9.

IMMpumMep 4. Pemrw yparHesne

log} x5 logs x+ 21 =
Pemeune Tax xax

s _top

10 3T0 ypapHeH#e MO HAD HpeACTABHTH B BHIAC

fogix 5 logs x 421 =0,

MNoncranopxa logs x={¢ NPHBOAHT K ypaBHEHHIO
#—20f 484 =0.

Ero xopuamn senfioren f;==6, fy==14.

Sgatmr KOPHAMH AAHHOIO YPABHEHHA ABAAOTCA X =35==729 g

B cuny MOHOTOHHOCTH JorapadMHueckoR (DYHKIHH pelleHne uepa-
BeHCTBA BHAA

fog, [ (x}>log. g (x) (4)

CBOAHTCH K DPEllenHI0 COOTBETCTBYIOHIET0 HepPaBeHCTBA, CRAIHBAIO-
wero f{x) n g{x}. Ecna a>1, to #3 (4) caeayer [ (x}>g{x), a
ecnn D<Ca<<i, 10 f(x)<zg(x). [py yroM P OBOHX cAyuBAX HARO
YHECTh, 4TO AOKHL BHHONHATHCA HepapeHcTsa [ (x>0 1 g (x)>0.

Taxkum ofpasom, crpapeuBa caelyiollan reopema:

Teopema 2. Ecau a>>1, to nepasencrao log, [ (x)>log. g {x}
PABHOCKALHY JB0dRORY HepaBeHCTSY

fo>gx)>0 (5)
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Ecau 0 <Za<C1, ro nepasencrso log. f (x)>>loga. g (x) pasuocuas-
Ho Geclnomy HepasercTey .

0<flx)<g (xe. {6)
Tipumep 5 Pewmnm mepasencrso log; (dx—14)K—1.

- 2
Pemenne Tax xax (»%m) w2, 10 ~-l==log,2 # paunoe
HePaBEeHCTRO MOXKHO 3&IHHCaTh TaK. | ?
log « (4x—14)<log; 2. {7y
% B

HDCK{}.?IBK}’ B ZARHOM CAyYae OCHOBRHHE Jzorapntp MOB ﬂ=—é—~ MmeHbite,

4eM |, HepapeHcTBO {7} PaBHOCHIABHO ABOHHOMY HEDaBEHCTBY
4x-14222>0,

H3 KOTOPOTo HEXOAMM, uTo X224,
Hrax, pemieHHe 3alanHOro HEDABCHCTBA HMEET BHA X >4, WiH
Huaue [, -+ o).
[IprMep 6. Peminm HepapBeHcTBO
lg (x+27)—1g (16 —2x}> g x.

Pe m e nne BeeiorapudMul, BXOAANINE B 3TO ypaBHeH:e, onpe-
Aejerbl ANst 3HAYEHMA X, MPH KOTOPHIX BHEOJHAKTCA HepaBeHcTBa
x4+27 >0, 162x>>0, x=>0. Ilns srux snagensi x upeem:

lg {x427)>1g x-+1g {16 — 2x),
H Hanee:
lg (x4+27)> lg £ {16 —21x).
Tockoitbry ocuopanne 10 aecATHYHOTO gorapHdMa Soibile eIHHHIk,

TO AGHHOE HePaBeHCTBD SKBHBAJACHTHO CAepylouiedl cucreme we-
PaBEHCTB:

x>0,

X427 > x (16 ~2x),
16—2x>0.

¥i3 nee moAyuaeM:

{ 222 — 15x 427 =0,
Q<7 x<I8,
H Eajee:

{ 2 {x-3)(x—4,5)>0,
0<Cx<8.

Orciopa cneayer, uto 0<Cx<Z3 wiH 45<x<8 310 pewenne
MOXHO 3apucaThk B Buge (0; 3)U(4.5; 8).

B sagmoucHHe pacemorpim Hepapencrea BHia f(logs x}>0.
Capenaem NOICTAHOBKY log, x==f Toria HepapeHCTBO IIPHMeT BHA:
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f(H=>0. Pemas 370 HepasencTBO, AOJyYaeM KOoneuHOe HAH (eCKO-
HEYHOe MHOXeCTBO HHTEpPBANOB BuA2 (4 Pi). JAR kaxnporo u3 aax
EmeeM: qe<10g. x<fi. Ecim a>>1, 10 orcioma caeayer, HTO
a*<<x<<a™ a ecnn O<a<<l, 10 a*<x< g™ Pemenne npasercs
ofbe AHHERUEM HANJCHHHWX EHTEPBASOB.

lipusep 7. Pelunm HepapencTso

logh x—6log: x—16<0. (8)
a 3

Peimenne. [loacranosxa log =1 NPHBOAAT 370 HePaBERCTAG

3
x BHAY £—6{—16<20. Pemasn éro, noayuaem, 4t0 —2<f<8.
TaK KaK OCHOBAHH¢ JOrapHEMOB am-%- MeHbIU€ eAHHHMUM, TO pele-

B e F
i 1 i
HHEM HepaneHcTBa (§) simsie'rcﬁ(mé«w) <x<(?) Tl e x<8

Jamewande Ecan ana ! nosyuaes HEpaBEHCTBO BHAA — oo <l < fy, TO HpE

#

a>=i emy cooTmercThyer HepamencTBo Q<Ix<Za™, a nps 0<la<l1— wepaseucrso

aﬂ'-::x-r:: + oo, ANAACTHUHO QAR HEPAREHCTR BANA 4 << 4 oo.

Iipumep 8. Pemtnm ypaBaenne
< log) %% 14 log e, X° 440 loge, Vx=0. (9)
2

Pewenne Bugo 6u omubouno, soCHoaL30OBaniunck Gopmynod
nepeXofa K HOBOMY OCHOBAHHIO IOrapH(MOB, 3aMEHHTH 570 ypaBreHHe
Ha

tog. x*  l4log.x® | 40 log.yx

1 log, 16x ' log, 4x =0. (10)

zchTx z x
Hexo B ToMm, uTo yxazanuas HopmyAz HE MONKET HPHUMEHATHCH,
ecAx ocHoBaHHs JjorapHpMoB paBuw . [losromy mamo ceauana
BLSiCHHTH, HE SMBAAETCA JH 4HCAO | Kopuem ypasaenus (9). Tloa-
C¢TAHOBKA MOKA3KBAET, 4970 x;= | — KOpEHb. 0ABKO HOCAE 3TOro
nepexofnM B o6acTH, TAe x=& 1, K ypaenernio {10), paaHOCHABHOMY
B 3T0#i ofinacTH ypaenennio {9). Ilo ceoilcTBam gorapugmoB AOAY-
qaem:

2 42 20
1—log, 2 1+420g,2+;+210g,2““0'

TMoxaran log, 2=y, ameem:

2 42 2%
1y T e
Ecam ys£1, yz;ﬂz—»im, y:yém—L, T¢ FTC ypaBHeHHE PaBHOCHALHO

XBanparaomy ypasnennio 2y 4 3y-—-2=0. Ero KOpHAMH #BASIOTCH
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-7 _

ugcsna —2 | —é- Fcau log: 2= —2, 1o logy x== — Xo=2 ‘=

=
R

2

. Bcan 10g,2m—~é—~, 10 x3=2"==4. JlauHoe ypasHeHue MMeer

TPH KOPHS.

[1pumep 9 Pemnm ypasuenne x¥* =-/x".
Pemernne B 3r0M ypaBHeMHH x MOXKeT NPHMHMATH TOALKO

HOJROMHTENBHEE 3HAYCHHS. 11PH 53THX 3HATCHHAX €0 MOXKHO nepe-
NHCETH B BHAe

M=zt (n

Ecan x+= 1, 7o H3 3T0r0 pasencTsa BHITEKAer, 4TO wfim—-;—- H OTOMY

x==4 Onnaxo pasedcrso (11} cnpapepanso ¥ 1ipr x=1. Hrax,
YpaBHEHHe HMEET ABA KOPHS x==4 H x=1.

YonpasuerRus

127, Pewrnre ZoraprhMuueckiue ypanuesus:

128.

1) lgiad—x=igd5—Ilgx 2) igvx—0+ig VIx—31==lg 30;

3) £ =y 4y 0,14 2= 100, B 2'°“°‘mﬁi—4; 6) 2 maly, a>0;

7) logs (1 — 11x443)=2; 8) logs (64°Y2" — %) 0;
9 bt lgx=3+lgx; 10) Ig 1{}+%Ig(27i+3"ﬁ)=u2;

11} loge (x4 12) logs 2= 1; 12} +log/3xlogs x=—1;

13) 18 =107 14) Igy75+5 Vr—I=1;
I5) log: x*-+logs x==2,5, 16} log, a+]0ga0,5x (x? a) == 4;

i7) togaaflogpx=l; 18} {l1+log.a)log: x logs cs=logs x —iog. x log.e;

e

19) 2log.a+3 ]ogasxa+;;:%:x= 0.

Peurnre Horapr@miutckie HEDABEHCTRE: _
1) log s x+logs x>1; 2} log, x+ logq x4 1) << logq (2x 4 6}
2

:
(pasobpath cayuak a1 # O<la<1}); 3) Iag,% <:I0gx%; !

4) logcts 42> log, 2; 5) lg (2x—3<< L 6) 4 logh(x—1)—log | (x—1)=>5;
%

1 2 . logs £ | 2.
i W{W‘ 8) x =avx;
K ]

9} togy Iogax+l-=:|ogl Zogi-f?g»}; 10) log 1 x}togx:iw«g—;
K a 3
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El) togx-p'p?{logx 4}- {}<p<L: [2) \f 108‘23“2": <1;

13) Ig I2x+l | <0; 14} boggo_, (Bx—L<<logpe_, <%

158) log% (Qx’—xw-«gm) =1

§ 3. BMODEPEHIMPORAHME M UHTEMPHPOBAHME ROKAJATERBHON
M AOTAPHMOMMUECHOR OYHKUMA

1. Jlarapndmuueckoe auddeperunposanme. B 1. 3 § 1 Guiao no-
Ka3aHo, 4¥0 ‘

(In x}’m—i—-. (H

Jns toro yrobut npoaupdepesiupoBarth JOrapHOMHEYECKYID GYHK-
HHIO C NMPOH3BOJLHHM OCHOBAHHEM, BCIOMHAM, HTO

log, xm%
Tlostomy
’ lney' & 1
(]qg“x) W) “ia x Ao
Hrak,
(loga x)’ == IM - {2)
Orciofta caenyer, 410
d(In xy=2£, 3
d (log., {4)

W3 papenctea {2} nmoayuaem, aro

I S N Y
(logs )" = (HE) T iltna’
Taxk xak 1*2>0 npw mobom x, 10 3uak (log, ¥}’ TPOTHBONOAOKEH
3Haxy In a. MauiMA cnosamy, (log. x)”<<0 nmpu a>1 # (log. x)" >0
npH 0<<a<Cl. Orcoolla sbiTekaeT CREAYKMHEE YTREPMACHHE!
Tpagux pynrutiu log, x obpaiyer ninyKiocTvio eeepx npi a>>1 u
aunyxancrone arus npu D<g<1.
fipumep 1. Hahnem npoussoiubie QyHKun#:

1) In*x; 2) Insing; 3) o
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Peurenne Hmeem:
1} (In® x)' =3 In? x{Enx §-'—‘J‘[-£

COS X

2) (In sin x) ==

mctg x.

1 ’ - , - . 1
3) ( m) =(In"" 0= —In"% x(In x) = — -

[1pumep 2. Haitzem nponzsonnyio dyHgnun f, rae

f ()=l YELie 3]
[J.’g+4)5 esmx

Penteune B nanvoM cayyae OTHICKaHHE NPOH3BOAHOH ynpoc-
THTCS, €CIH CHAYAAA BOCIONbLIOBATHCS CBOACTBAME JOrapHpMHYeCKOH
YHKIHH:

f(gp=-In (e —1)44 In (r+-3)—5 In (*+-4) —sin x,
H NOTOMY

4 f0x
f (x) o ! x+3 x2+4

Ecan nssecrna nponssounas $yskusH In f (x), To Aerko pafira o
npoussonryle Gyurutn f. B camom aene, no npasany tadepeperus-
POBAHHY CA0KHOH (YHEIRHE

(inf (Y =775+ F (D=1

COS X.

3xaunT,

[/ ()==f (x)-(In | (x))". {5)
2ty popmyAay BaspsaeT GOpMYN0R so2apudrineckozo Juddepeniyi-
pOBaUR,

IMIprmep 3. Hafizem npoussoiuyw QyHKuHH [, rae
f(x) x*‘"“x+32 .
x2+4}5 LT 9
Pewmenne Taxg rax

Inf (x)=u;mtn (x—1)44 In (x-+3)—5 In (x*+4)—sin x,

TO

’ 1 4 10x
(lﬂf(x)) ma(xm1)+x+3_x2+4

cos X,

H NOTOMY
P x)=f (x). (in f (x)) =

= E ) 4 10
Eo (x?‘i“‘ﬂsesmx S{x“1}+ i+3 x9+4 COs x) .
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fMpumep 4. Haltnem nponssognyio GysKUHA [, rie [ (x)== =~
Pewenue Tax xax In f(x)=tgxInx, 10

(In f ()Y =(tg x In xy =05 L BE

cos"x X

flo dopmyae Aorapupmuueckoro AHdpepeHUHPOBAHHA RONYUYAEM:
L4
wx) —gtexfinx mg
(x ) * (ct}s’x—i_ x 1

flpumep 5 Hafinem mMHEnNMyM hyHKDHH X [0 x.
Peuwedne. IIponsponHas Zawnodl HYHKUHH pasHa

(x In xY =In x-i-x--iumln x4+ 1.

{IpHpasHHBaAn €& HYAK), no:l%_t!aeu ypasHenne In x4 1=0, kopuem

KOTOPOTO siBdsiercd x==o~ ' Tax xax

1
7 — o ¢ a0
f7 (x)=={x In )" ==(ln x4 1) == -
HOJOMHTENLHO AIPH x==8~ ', 10 Rafile HHOR-3HAYCHHE X IBAACTCH TOY-
Kof MUHHMYMa. 3HaveHWe (YHKUHH B TOUKE MHHHMYMAa pasHo
e lne™’, T. e Y= ———{;-.

fIpumep 6. Tlponesem xacateannyio K rpaduxy dyustun In? x
B TOUKE Xp==&. o

Pemenne Hmeem: m=e¢, [(xo)=In’e==1. [danee, [ (x)=

?-—1-3-5-=—§-. YpasHenne xaca-

a(l? x)’m?-ifi, M BoTOMY [’ (xo)=
TeALHOA y—l«—m%——{x—e), HJH yw—%-x——l.

flpumep 7. Hafimem npuGmiRennoe 3Havenwe ln{e-0,01
Pewenue Ham nago Hadtu f{xo+h), rae xp=e, =00

f(x)=In x5. Tak kax f(xo+h)=f (xe)+Af (%), a (In x)’z—-in, TO
OJIY4aeM:
In (e+0,01)1n e+0,01-«§-m1+°°°’ ~1,0037.

¢

X
1;

B aaxsiouerHe sannmeM HopMyaY HHTeIPHPOBAHHS, COOTBET-
CTBYIOILYIC BhiBEAEHHOW paHee GopMyne anddepennHposanns:

S & inxtC. _ (6)

Bamevanne Tag xaK (ln(ﬁx))’w—%-(—i)w%. 70 gpE x<0 HMe-
EM:S ‘L; =1n{—x}+ €. Tlosromy B ofiieMm BRZe ARMIYT:

S ﬁ’xi —In |x] +C. _ (7}
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fpuawmep 8 BuuncanMm suterpan S x—f%

Pemenue Tag kak (x4 1Y ==2x, noscrasoska x’4l==z
faer dz=2xdx, u noTomy xdxud—;. 3uavnT,

s xdx =m1dez 1 Lin@*4n+c¢

F4

3amevanne BooSme zar aoboli anddepenuupyemodl  GyHxuEH  nmeer
MECTC DaBEHCTBO

| EEE i+ ®)

Hanpusep,

sin xdx
S%gxdx S v = —l5 fcos x|+ 6.

fMlpamep 9 Hafzem anomand, OrpanHYEHHYIO APAMBIMA x =0,
y=0, x=23 ¥ rpaduromM dyHKUHH ym;—é_—x,

Peulennae Hckoman nrouzafs BHPpAKALTCH HHTErpaldoM
2

S dx
x4
0
Hoacranoska x+-4=t gaer dx==di, A noTomy

dt _Cdt "
S m—g f=in It =In |x+4].

3 7
0=En 7—ind4=In <

SnauyurT,

e Ty
-
+ R
-

Yunpamunernsn

129, Ha#tstnre nponasonsme Gyuruni:
Diln(F—1% 2 slnx 3} Loy 4 sin“{lnx} 5} Insinx; 6) Intgx;
Ty In'x 8) In*x—41Ing 9 In® x4 In(e®; 10) | ) In (x4 1)
12} In (e T4

130, Halizure NMPOM3RORHYIO OT y~=|0g. a.
{(Yrasadne BHocroapayfirech QopMyZodl fIepexoAa K HOBOMY OCHOBAHHWC
AorapHBMOB. )

I31. Hecnenyfire va axcrpemys Gyrxian:

+f'

X

1) x—In (1 -4xk 2) xinlx 3) tn ol x+2 50

5) —;«—m x—arcigx; 6) Incos x—cos x.
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132. Bupeaswre Gopmyay 318 NPOHIBOARNX A-ro MOpAAKa $yekuRi:

() Inx: 2 In(s—1% 3) 1n?£~iw§§._’fﬁ.
133i HafanTe TpousBCAELS G YRR
0 I B (x‘+l)5(x’+6x+14}3: 2)j§/(x?—1}3(x2+_4x+5}’;
etg2x(xa+5)4 {x_*_S)mesm Bx
3) cos €%, 4) 7, 5) 1

14, BuuncanTe RATErPRA:
]de_2 d Sx’dx_ xdx‘ﬁSl?d-
Yyile }Su—s"’” I~§»x“‘”g1+x“ Y} lgTxdx

6} Sclg(&x—l)dx; 7% S

dx . 8) S dx
(45" arclg x° AT= 2 arcsin g

£33, Hadzare naowmane durypw, orpagnvensci renepbosof g K TPAMNMH

1
2x—4

A3, x=x B, gy,

136, Hafizete naclmanb GATypH orpasmuersol rpagmxom &ynxuan x~!in x, ocwo
abclifee 4 NPAMHME == H xr=4¢.

£37. HafineTe npowasoliky byurame in (x+4-/x¥-+a). Thosbaynch noayuensws pe-
SYABTATOM, BHUHCAHTE CAEKYIMHEE HHUTETDRJN: ’

dx

R —

NSl mem ees

1
138. Ilpegcrassre apofis Foox B BRle pasnocTe ApofeR €O asAMERATENAMN Xx-—a

B x4 a {loasaysch NOAYHEHRANM PesyABTATOM, BHUNCARTE HHTEFPAIH!

”S dx _2)S dx . 3) dx ‘4}S dx

PLE At 17 r46x+8"’ 42 +8c+3

139, Hokaxure, 410 QyRKans f(x} Apnsterca peulenMesM Raneoro ARBdepeHLHIAL-
HOTO YPaByemus:
D ¢y P =D, f@==(x+Ci}ln{x+C)+Cot+Cs;
2} y==e?, f{x)==In

|—x"

3 y’”m--«%?:?g—f, f{£y=In sin x4 €\ 4 Cox -+ Cy;

4} Py +xg —y==0, [(x)=x{Ci+Czla x+CsIn*x).

2. Dnddepennuposansne noxasareasnol gpynxuns. Tak Kak noxa-
3aTtenbHast Gyuxuns obparua dorapudmuueckoli, koropas snuddepen-
udpyema, TO ¥ NOKa3laTeApHAs PYHKUHA Anddepennupyema. drobu
BYYRCAHTS €€ TPORIBOEHYIO, BOCHOALIYEMCH DopMYAOR JorapupmH-
eckoro RHppepenuuposannsn. [ockoasky in o ==x In a, To {In a")’ ==
==(x in @)’ == a, a noromy no $opmyre (5) n. 1 aMeem:
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(@Y =a* (In a*) =g ina.
Hrax,
(@Y =a"Ina. 1ty
OrmeTHM dacTHuil cayvall nonydeHHolt QopMyan:
(e.t)f M_“ex_ ( i r)

3HaAYHT, APOU3BOGHAA ROKAIGTEALHOL PYNKLUL C OCHOBAKUEM & POBHA
camoll atoll ynxyuu.
Uz popuyan {1) aumreraer, 410

(aY ==(a* in af =a" In® a.

Ho a*>>0 npr MoGoM snavennn x ¥ In” a>>0 npH 060M MONOKH-
TeLHOM 3HAYEHHH 4, oTAH4HoM or |. Ilosromy M acex x B acex
>0, aw=1 sunonasercs wepaaencrac {a)” >>0. Crenoaartessuo,
npu awcbom a>-0, as~1 zpadux dynxguu @ na sceld wucaosoll ocu
o6pauen BUNYKAOCTHIC BHU3.

IIpumep 1. Hafinem npousaouuue pyHxuus:

2, . &

1} €°; 2) cos &', 3} el

Pewenue Hueeu:

1) (&) =" () ==2xe"

2) (ces €Y 2w gin g7 (€F) w &% gin £,

3) ( )’m(x2+4)(e')'_-e*(i+4)'mg(fm2x+4).

44 (&4 ¥4
IIpuwmep 2. Hafinem npeGAHKEHHOS 3HAMECHHE JIH &
Pewen ne IlpumennM npuGiankKenHoe paaeHcTao [ {xo+h)r

ref (xo)+Af (xo). B HameMm cayuae f{x)==&, xo==1, A==001
i motoMy ' (x)==£*, ' (xo)=¢'=e.

3uauur, umeem: ¢"%' =eo42.0,01 =e-101.

Z’Iocxoabuy exz2,7182, 10 ucrOMOe upnﬁanmeuuoe 3HaueHHe
paano ¢'®' 22,7454, 'Bosee TouHOe 3HAUCHHE TaKOBO: €' == 2,7456.

Iiprmep 3. HaliaeM, mox Kaxkum yraoM rpadik QyHKIHR e‘ re-
pecexaeT och OpAHHAT.

Pewe w e Tourol nepecevennn rpaduka H OCH OPAHHAT #b-
amercy Touka M{0: 1). Tak Kak a TouKe x=0 npoHlaoxHan
SYHKUHN TIPHHMMaeT 3HaueHHe e'==<1, T0 KacaTesbHaW K rpadmky
a 310 rouxe ofipasyer ¢ OChi0 a6eunce yroa ¢, tako#i, yro tg 9=1,

T. €. qJ-w«-:-f- Ho rorfia B ¢ 0Cbi0 OPRHHAT KacareabHa® ofpasyer

1,04

=
YIroJk T

3ameuaune CpoRCTBD WHCAA ¢, BHNCHCHHOS B 3TOM IIPAMEPE, MOXHCG RpPH-
HATR 33 APYTOR €r0 ONPERGAGHNC: YHCACM ¢ RGAAETLA OCHOBRHUE RORAIETEALHOE
S
BURKYRER, BPL KOTOPOMR £¢ 2paguiK nepeceraeT och opdunar nod yzAos T
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#40.

141
142.

143.

144.

145,

146.

147,

148,

149,

154,

£51.

YApaEHEeRHAR

Hafigare aponsposme $yngoui:
1} & {2 +x+16); 2 & sinx; 3) & ; 4) "%, 5) sin (&),
g~

6) 4 (1} 7) ;,‘i—; 8 I 9 In@+1); 10) aretg (e").

Hokamure, 470 GYHKUHE y==¢"* yAORTETHOPEET YPABHEHRID y' = ay.

fokamnTe, w0  GyHKaEA ye=xe'  yHAOBACTROPHET  yPABHCHAI y’=%y.

TIpoBefHTe KACATEAbHYIO R KPHBOA y=1x+Te™" B TouRe xo=1.
Haflante TOMIGE JKCTPEMYME HYHKIKE
1} e 5 ) xleH 3) xe ", 4) e~ B) xe~T4-eml
6) e Fsing; T) ™% 8y e be T —2cosx; 9) In(ife )
JoramuTe, 4T0 HYHKUHA y==e* 3in x ABANETCHE OHHMM W3 pemenud snddepen-
HRAASHOTO YPaBHEHHA
4" 2y +2y=0.

JoKaxH™e, 410 YHKHAA y==e* sin x-b-sin 2x SBAgETCH OANEM A3 pelieHBd
IHPGePEHUBHAALEGTO YPABHEHANA

Y~ By Q== — 2 sin Zx—4 cos 2x.
BHYHCIHTE HEGNPEALACHHEES HHTCTPBAL: .
1} § dx; 2) § &dx 3 § e~ ¥dx, 4} § e sin (¢"y dx;, B) § xn xdx;

6) gxea‘dx; 7 § Inxdx;, 8 § x1n xdx.

Busncanre onpeseseHHse HUTErpain:
; ! : i"t 3
1) | edx; 2 - allll - SLAPNY
}%e 24 }giﬂxdx, 3}Smdx
5 2
Ouennre myrerpan § e dx.
1
Bumrcnure 1o gopMyae Tpaneuns opk n=i0:
2 1
D { g xax ) emx,
b3 &
Hafiagre nsomass Kpueoznnefinof Tpanemnk, OrpaHHvenHol CBepXy rpadmyeM
bynkuann 2F, a cuusy ockid afcunce, o Goros npaEMeME x=0 0 x=1,

3. Nadrbepentnaspuoe ypasHente npoueccos OPraHMYecKkore u3-

MeHenns. B . | § | sponeccu OPraRyeckoro HIMEeHeHUS GuiH 0Xa-
Pakrepuzosannt pasedcrsom f(f+ T)=E%%n. BeeneM smectro dvh-

Kuae | Gyxuuio @, csasauuyic ¢ [ papenctsoM f(f)=[{0) ¢ {£).
Hloncrapass 370 mEpanenne BMECTO f, HOAYUAECM LIS ¢ COOTHOLICHHE
P{4+T=g¢ ) ¢(T). B 2 1 & § | Suno nokasaro, 4To 3TOMy pa-
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BEHCTBY YHOBICTBOPHIOT JHillb DYHKuKE BHAA g, rae a>=0. Orcioaa
CCACAYET, UTO NPOUECCH OPTAHHYCCKONO HIMEHEHHM ONHCHBAIOTCH
dyuxumumi Braa f{(H)=[{0)d', rae a>>1 AAM npouecCOB OPrauH-
yeckoro pocta H O0<Ca<<! pAM NpoieccOB OPFraHHYECKONO YOuBaHKH.
O6osnaunm f(f) vepes y, f(0) wepes yo ¥ Ina uepes k. Torna
a=é", d'=¢" W 3aKOH HIMEHEHHN BENHUMHN y C TEYEHHEM Bpe-

MEHH TIPHHEMAST BHA:
y=yoe", M

rae k>0, ecan BesmyKrAa y Bo3pactaer, B k<0, ecan oka yBuBaer.

Oyuxmn Buaz (1) yHosaersopsiior AupdepeHiManbHOMY Ypap-
Hennio ' =ky, TpHYEM peilleHHH WHOro BHAA OHO He #MeeT. B ca-
MOM AeHe, pasheiHH NepeMeHHule B YpaBHeHHH y ==ky, noJyvaeMm

%mkdx, OTKyZa Sfyims kdi, 1. e. In iyl =ki+In C. Ho »10 & 03-

wauaer, uto ye==Cet'.

TlocroabKY ' MBARETCH MIHOBEHHOE CKOPOCTBIO H3MEHEHHH BesH-
HHHEH i, TO MH JOXAsajld CAeAYIONLIee YTBEpHKeRue:

M2roBeRHAR CROPOCTD UIMERERUR BeMUKUNG 8 NPOYecce opaaniiie-
CKO20 POCTA WAl yOMGaHUR 6 KawOolli MOMeHT BpemMenu nponop-
HUOHAALHG IHAHECHUO Be AUHUINDL 8 3TOT MOMERT BPEMEHI. T Pt 3TOM KO~
spibutenT RPONOPRUOHAALROCTIE DOBEH IRANCHEO k 8 pasencTae (1).

CéopmynupoBaKioe CBORCTBO MBJMETCH, KaK Mul BHIEAH -Bhillie,
XapaKrTepHCTHYECKHM JAH IPONECCOB OPraHHMECKOrC H3MEHEHHM.

K paccmotpennomy THIY npolleccop GAH3KH NPOUECCH BHPASHILET-
HUf, PR KOTOPH X MTHOBENHZH CRODOCTh H3IMEHEHHH Be/IRUHKNH Y TIpO-
NOPUHOKANIBEA HE 3JHAYCHHID 3TOR PeNHUHHE, a4 D&3BOCTH MeWay
HEKOTOPHM UKCJAOM & H 9THM 3HAUYECHHEM!

V== k {a—y), rae k>0, {2

flockonbxy v,..~y’, U3 ypapuehnH (2) noayuvaem nudepennnanb-
KOe YPaBHEHHE NPOLECCOB BHPABHHBARKH:

y' =k{zg—y)
flogcTanoBK& @ —y==2 CBOZMT 3T0 YPABHEHHE K YXKE H3YUCHHO-

My caydao. B caMoM Rene, 2’ == - ', H TIOTOMY TICNYUAEM YDaBHEHHE
Fon e k2, M3 Hero BaxoswMm z=Ce™", orxyla

y=a—z=ag—Ce™™. (3

fIpumMep. CROpOCTb OCTLIBARKH HAIPETOro TeNa B KaXAu# MO-
MEHT BpEMEHH NPONOPHKROMANbEA DPA3HOCTH MEXEY TeMnepaTypod
T\ okpyxamued cpeRn ¥ ero TeminepaTypod 7 B 3TOT MOMEHT Bpeme-
uH. BupeneM 3aKoH OCTHIBAHHH Te/la C TEUCHHEM BPeMeEHH.

Pemenne [loycropnio umeem nudepeninaibioe ypaBienne
T"=Rk{l ~T) 3naunr, Kax OO NOKA3AHO BHIlle, 3aKOH OCTHBA-
HHH BalpaXkaercH Gopmynod

Tom Ty Ce™ ¥,
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3Jnauende C Aerko HaftTH, echiAl fispecTHa NEePBGHAYAbHAS TeMIepa-
typa Testa To: npu f==0 noaysaem To=="7; ~(, # notomy C=T; — T,

T. €.
ToeTyde{Ty—Ti)e ¥ P {4)

UroGut HafiTa 3naueHne &, Halo eme 3adaTh remneparypy rena Tp
B HEKOTOPLIA MOMeHT BPeMeHH [ I‘Ea ypaBHeHHs (4) nodAyuaeM, UTe

—T, — ahig. fo— e
=€~ "% W notoMy kty=In ——--—-—-T . 3HauNT,
s T”_Tt
fome ln o 2l (5)

K ypaBreHHAM paaodpauﬂoro B 3T0M IYHKTE BHAA CBOAATCH
HexoTOpHie AN $eperiHaNbHbe YPABHEHHA BTOPOrO NOpsaiKa, B Yact-
HOCTH ONHCHBAIOWIE ABHIMEHHe Tefla B CONPOTHRAAOULENCA cpefe.
EciH cOnporHsieHHe cpejll NPONOPHHOHANBHO CKOPOCTH Tesa, TO

HMeeM YpaBHeHHe mx” == —kx’ (cM. yparHeEHe {2) m. | § 2 rnaBu
ViI). Tloacranosxa x’==v CBOAHT 9T0 yPaBHEHHE K YPEBHEHHIO niep-
BOTO NOPAAKa mu’ == —ky, o6lice PEICHHe KOTOPOTO HMeeT BHI:

et §

v=Ce ™. Eciu HauanbHas CKOPOCTD IBEXXEHHS paBHa Do, TO

oy =

v==ppe " . JlockoMbRY v=x', 10 ¥’ ==ppe ", H MOTOMY

¢ _k,
us Vo€ ""dt—-C;wme " (6)

Ecan navasbuan XcOpAHHATA TOYKH PaBHA Xp, ¥ (0)== ¥, T0 H3 {6} Bui-

TEKAeT, HTO I-:}=C|—%92. H IIOTOMY C;mxw%g‘fi

x=xp —§-m’"(i—- " )

-—-----t

flpr {— -} co cnaraeMoe ¢ ™ CTPeMHICH X HYAI0, H NOTOMY ABA-
KymIasicsd TOUKA CTPEMHTCH K TOUYKE ¢ XOOPAMHATOH xu+’-’%‘3. Uncao
xe+—':-‘i° TeM G0Abile, yeM GOJAbile HAYANBHOE KORWICCTBO ABH KEeHHA

muy B yeM MeHbiie KoodrdAuHent k, XapaxkrepH3yWOmiAR CONPOTHB-
JAeHHe Cpeny.

Yepamueeunns

152. Pemure audidepennaanbane ypanueHni:
1} ' = —9y; 2) ¢y =3(y—4).

158. {IposepnTe, wro echd ri R 73— KOPHE KBAAPSTHOFO ypamwenast r*4pr4g=
e=0, to dyarang ye= e 400 upn no6ux susvennax € u €y abaserc
peltesnsem AHGPLPLHUR ARLHOTC YPARKEKEH § -py’ -+ gyus().
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154.

155,

156.

157.

158,

159.

160,

181.

162.

163,

164,

ITonp3yAcs pesyavTaTom safauu 153, pemsre TuddepeHlAaALNNE YPab Hen Ha:

1} ¢ —6y’ -5y =0; 2) y” 42"~ 15y==0; 3) y"—16g=0;
4) ¥+ 8y + 18y =10

FuSkufl mwuyp AAuBOR ! FeRuT #a CToMe TaK, YTO OTPEI0K ISHYPa AAMEON g
cpHcaeT BHE3Z. 1lon JeficTBHeM CHAM TAKECTH IMHYP COCKaibInIBAeT BHHI. 3a
KAKOe BPeMs OH cockeAbader co crona? (CrAcH Tpenud npenebpens.)
Kasnuecrso cBera, NOTOHEaEMOE CIOEM HOAR, HROMODHHOMANDHO KOAMHECTBY
NaganEere Ha kero ceera. CA0A BOAH TOAIRHEOA 3 M NMOTAQUEZET DOACHHHY
NePBOMANALHORG ROAHMecTBA cBera. Kakad 4acth MEPBOHAYANLHOTO KOARYE-
craa caera godzer do rayBewk 60 m?

Ha croAbRo yREAMHHMTCH AAMHA [ BAACTHUHOIO WWHYPA, HMEIOLLEro Maccy m, ecik
NOZRECHTh IEHYD 33 OJKH KOHEL, 3 K HHRHEMY KOHUY nonnecurb rpys maccolk M?
(Henonssonars sawon Tyxa.}

Cocyn, nmeomuk dopwy yeesenHore Kosyca ¢ BmcoTofl k, PagMycoM Bepxuero
OCHOSEHHA R M PAagMyCoM HEMMETro COcHOBARHA 7 {R>>r), Hanoaues Bojoh.
33 KaKoe BpeMA BHTedeT M3 ITOMC Cocyla BOHA Nepes oTBEpCTHe aAeiannd S,
COEAAHHO® B MEXHEM OCHOBaHHH? Pewwre Ty We 3aRawy, ecaw K<Ir.

B Bake naxoawrca 60 7 pacrmopa, cogepKamero 5 gr coxy, B 64K weppepin-
HO MONAETCH BOAA CO CKOPOCTHIC 3 J/MHH, HOTODSS MPHOBEHHO NepeMempsares
€ RMEIILHMCH PACTROPOM. TMech BHTEKAeT H3 BAKA © TOH Xe CROPOCEsI0 3 1/ Muu.
CROAbRe 00/t OUTaHeres B Gake sepes siac?

MoTopHan BoAKa ABEWETCH 8 CTOAYER BeAe €0 cropocThio b Mfc. Ha nonsoM Roay,
ee MoTop Ouia swiaoueH, i uepes 40 ¢ ee cropocrs crasa pasuoit 2 m/fc. Canran,
YTO CHAZ COTIPOTHSIEHHA BOAM [POHOPHHOHAARHA CKODOCTH ABHMEHHS JAOAKH,
onpeleHTe CHOPUCTR JOAKE 4epes 2 MMM tOch¢ BuKMoYenHs moropa. Peusy
TE Ty Ke 3a1ady, CHHTAH CHAY CONPOTHSAGHHA BOAM IPONOPLHCHANRHCR Ksal-
PATY CROPOCTH JIOAKK,

Muareptaneuan Touxa Maccofi m noI0poIIeHE BEPTHRAILEG BEERX ¢ HaHaJbHON
ckopoeThie vg. HaBlinTe 3aKoH H3IMEHEHHS CKOPOCTH, €CAR HAa TOYKY, KpOMe
CHAN TRXRECTH, AGACTSYET TOPMOSANIAH CAAE CONPOTHBAGHHR BOSIAYXR, npo-
AopLECHAABHAA cROPOCTH  (Kospduupent NPOICPHHOHAALHOCTH PpaseH k).
Paguoaktupiot pemecTeo A MMeeT B MOMEHT BpeMeHd f==0 maccy me. Ouo
paciiagaetck, o6pasys paJHoaKTREBHOe pexiecTan B. Hafiagre 3akon HIMmeHerMs
MaccH Belectsa 8 npM 3aladAkX kopHHUBENTax R; B Rz, XapakTePE3YIGILHX
cKopocTE pacnaga semecre A H A B xax0f MOMEHT BPEMEHH XKOAHMECTBO
neiecrsa B Syrer vanbonsmum? {Havanasyad Mmacca Bemectsa B paBua wyamw.)
3a 30 geek pacnanochk FO%, nepROMauASBHONG WMCAA ATOMOB PAJHOAKTEBHOTO
BemecTea. Yepes croasko auell oCTaHeTeH | % oT HEPBOHAYNAALHOIO YHCAA ATOMOR,
€CAH HM3BECTHE, 4TO 4KMIQ ATOMOB, PECHAAAINHEXCA 34 CIMHHILY BpPeMesH,
BPORCPHHOHEALHO HRCAY BTOMOB 2700 DEIRECTBA, MMEUIEXCH B ZaHnnd Mo
MeHt?

Kyabtype M3 §00 Santeprit npedocTas/eHa BOIMOMHOCTh DPABMHONMATHCH NPH
GnaronpHATHHX yoaosesxk. HYepea 12 w wncae Gaxreprfl decrHrac 500. Ceoasko
Gaxrepufi Gyder wepes 2 cytox nocie HauaMa onmTaP

. Juepred creta, NOFNCIREZEMAH NPK NPOXOKIEHHH YEpe3 <GecKOMEUED TOMxHfi»

CAD#H  ROAH, ApOAOPEHOHAABHA DJHEPrHE TAZINHHEIO CBETa H TOALLHHE CIGH.
Ecar np#E NPOXCKACHHH CIOH BOAM ToAlHECH 3 M DOTACIRAETCH IMOHEHA
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NepRONAUSABHOR IUEPTHE CBETA, TO KAKSHA HacTh FTOA skepray fofiser A rayluam
30 w? )

168. Cocyn smectamoctsio 40 8 coxepwur 809 asora # 209 kucaopona. B cocyn
KRRV CERYHAY NocTynRaer 2307 ofvemonm 0,2 B H BHTEKACT CTOABRKQ XKEe CMECH,
Yepes ckOIbKO BpeMers B cocysle Gyner 999 asora?

187, Coerapbre nrddepennnansnoe YpABHERHE JBIMEHEY NAPAUTIOTHCTA, CUMTAN, YTO
CH2 CONPOTHRCHNNA BOIAYX2 NPONOPHHONANERE CKOPOCTE ABHMEENA (32 HCKOMYID
GYHKANIO TPHMMTE CROpOCTh ARKerKs). HaflarTe Tpeaes, K KOTODOMY CTDEMBTCH
CKOPOCTy [RAeH#R C TeyeHHeM BPEMeHH, eCiM HATaALiaf# CKOPOCTh RAZEeHHR
paBrsaack Hyaw. Hafizwre xosdpduunest APONOPUNOHAALHOCTH B pAReHCTAR
Fome — kv, 0CHM H3IBeCTHO, WTO HapamioracT saccoll 80 xr OffyCTHACH €O CKO-
pocthio § M/fc. Hafaure sakon HasesesHA BHCOTH TNAPABNOTHCTA HAaA YDOBHeM
3EMHOR DOBEPXHOCTH, €CHM HAYAALHAH BHECOTA OMAA paBua # M.

168, [las HEXCTOPHEA XMMAGCCKAX peakuml CROPOCTh Peakukd APOROPUHONAARYA NpoO-
HIBEACHHIG KORLUCHTPARHYE ABYX pearentod. [IpH sToM B NpoRecce pearuuH oaHa
MOJCKYAZ REpROTO BeMeCTAd pearupyer ¢ offoli MojeKynofi BTOpOre BemecTRa.
Ha#insTe 28KO8 HIMEHEHHR MACCK /) AEPBOTC BRUIECTBA C TeHeHHeM BPEMEeHH, 6CH
HawalbRaf KOHGEHTPAUMA THRPBOTO PESTeHTa pPABHAAACL 4, a BTOpOIO — b
Pazfepure tawwe cayyal, xorga a=b.

4. Hexorophit npepeant, CRASAHNbE ¢ SMcAoM e. Mo adaem, 910
{in x)’m%. B yacTHoCTH, Npouasosnan DYHRUMEM ¢ ==In x IPHHEMACT
B TOUKe x==1 anauende !. Ho no onpesienesuic npoHsBOAHOR HMEEM:

lm(l!‘l x);#l :E,fg In (i“f‘;:)-wm lmil?gh](lh_i_h) .

3H8‘“‘IT. HMERT MecTO paBeHCTBO .

[lososxnm 8 pasenctre (1) In{l +#)=x. Torma |4if=¢". Ilpn
atoM ecad t—{, 10 0 x—-0, a ecd x-+0, 10 H {—(. 34a4HT, paBEHCTRO
X

(1) pasHOoCHABHO paBedcTBY [im =], T. €
A} ge—1
roef—1
i]gg = I... 2)
JoKaxem 8 323KNOYCHEE, YTO
1
: o 4
ifnjg(l+f) ST (3}

IAg 9TOro 3aMeTHM, 4T0 B CHAY HENMPePHBHOCTH JOrapHbMHYeCKOd
OYHKUHA BLINOAHAETCH DAREHCTBO

1 1
fr tim (1407 =lim In (1 +)7=tim hd+0_y.

Orciona u crenyer pasencrso {3).
ol



Moxaaras tm—}c—. Aoayusaem H3 (3) paseHcrso

nm(w-};)‘me. (4)

X—= 0o

¥npamnenns

Buuscante npepeam (169-—174}.
21

2 25 o
169. 1) lim (f«gif«) .92} lim w T g lim (sin xEx
Xt X "‘“‘2 X— o0 2 3x
X—*—i—
- | i
nx-— TS ax
170. 1} I;m (1“2.\:) H 2) llm"*'x—— 3) lmm
171 1) tim (sin 0% 2) lim (g 0%
3"'9'-&" x»-q--i- ,
. In(s? x+1) c:gx (cosx Fa
. £ e g . . ln ( <+ sin 3x)
l7l3‘ b ,1;1_% $in cx—sin de ' 2 il_rff) inf(l-+tgdx) ~

174. 1) lim It {1 -+ aresin Sx) lg cos x

g la(l—arctg 2%} '

5. Hexorophie FepaseHCTEA A9 NoKasareasHoR dynxumn*. Tax

KaK cbym{unﬂ & BO3pacTaer, To npx aobom x =0 punonusiercs He-

pasencTso ¢ >e"=1. Kpome Tore, sicwo, uto £°<Cé’. 2TH Hepa-

BeHCTBA SIBASIIOTCS YACTHLIMH CAYYAfiMH CRORYIOLICr0 VTHEPHUSHHS!:

Teopema. Ecau x =0, To 848 M06020 HATYPAALHOZO N BHNOAHA-
10TCA HEPABEHCTBA

2} iim
}e

o SRR (1)

e A @

n!

JokasaTedbCcTBO. Hepaaeucrno {1} mpH n={ npuurMaer
BRI €"22 ] H, Kak OTMeYasoch Bulilie, CHPABERAHBO B CHAY MOHO-
ToHHOCTH Pyukumn ¢*. [Tpeanosoxum, 2T HepasedcTro (1) Aokaszano
npH n==k:

x * =
ittt 5. (3)
HOKAMeM, YTO OHO cnpaaemmao ApH nwk+i'

Ilast storo o6pasyem BCHOMOTATENBHYIO tbyuxun:o ¢ — PA3HOCTH
aes0ll 1 mpasoR uactel HepaBeHcTBa (4):
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%7 x* Pl
'y (.x)xe"— I Wx—*ﬁ“i”m.'.““g—m .

Ipn x =0 3ra dyuxuna obpamacres 3 HyAn: ¢ (0)=0. Ee npona-
BORHASA HMEeT BHA:

Y T 2x k2T (et Dyxt
¢ (x)=& 01 Sr— i T
Pl £

B cuny NpeanonoskeHHs HHAYKUHA Aas Beex x 220 uameem ¢’ (x) =20,
# MoTOMY QyHKIHA ¢ Bo3pacTaer Ha Ayue [0, 4 oo ). Tlockoabky ¢ {0) ==
=0, 10 pas pcex xz0 EmeeM ¢{x)ze{0)==0, a 310 H 3HAYAT,
4TO BHIMOJNHACTCA HepaseHcTBo (4).

Hrak, sepasencrdo (1) sunonnaercs npy n=0 n 43 ero cnpapex-
AHBOCTH NPH n==f BLITEKAET, 4TO OMO BepHO A NpH n=4k+4 |. 3Ha-
YHT, OfI0 BRIOJHRETCA MPH Bcex HaTypadbHbx n. Hepasercrero (2)
AOKA3HBACTCA AHAAOIHYHO, HO BETIOMOraTeNbHAA QYHKIAR WMeeT BHA:

. x—. XAt
pEymmet—1—x—... I
Hrtak, MH ZoKazajH, 4To IIpH x}O BHIIOAHAKTCHA HepaBefcrsa
It Bl fat. 422
TR Tl at U et {5

C HOMOWILIC 5THX HepPaBeHCTH MOXHO HARTH ¢ MOGOR TOHHOCTLIO 3HA-
yedue ¢ mpy Alom x. 3T BETEKAET H3 CACAYIOIHEre YTBepKIeHHS:

fIpedex % npu n—oo pasen wyaw: lim «j?;mo.
H— 00
B camoM pene, Hafinem OTHOIHeHHe 3HAueHHH ;‘:T HANF COCeNtHEX

spaueHH n4-1 u n:

L x-nl  _ xal X

(411 " al - (i al{p+i} a4t

Ecau > 2x, 70 570 OTHOIIGHHEe Menbilie, ¥eM '/, # OTOMY Ka K ABH
AOCASIYIOIHHE 4/leH no kpaliHed mepe BASOE MeHbINE TIPeABAYIIErC.
IosTomy ¢ BO3pactaHMeM n 5TH 9AeHBl CTPEMATCA K HYAIO, T. €

fim £-=0.

- 0 7!
ez B
H3 noxkazannoro YTBREDKIACHHA BHITCKAET, HTO PA3HOCTH W

npaBoi u JAesofl wacTefi HepaBeHcrBa (D) CTpeMHTCA K HYXIO NpH
fi—o0, 4 5TO 1 SHAYNAT, Y70 OHH HAKT IPH AOCTATOUHO GOALIUHX 3HA-
YEHHAX N CKOJb YFORHO XOPOIHHe MPHOAHKEHHA X &%
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3aseuwanne B npasofi uactw nepavedcTe (5) HmeeTcA craraemoe, KeTopoe
camo comepmur £ Ho sro casraesoe sYRHO JBUIL S OREHKH ROrpelusiocTs,
R TIOTOMY €70 MOMWHCG 3AMEHHTL KaxiM-in00 CPROARKSHHNM SHAYCHHEM [0 AI0HTKY.
Hanpesep, ecim m<Zx<m+1, 7o smecte ¢ Moxuo s3fte 3™"' (yeenuwsenw R
OCHOBSHRE H MOKASATEAR).

[Tpumep 1. Halnem snauenne €5 ¢ TOSHOCTEIO 210 0,01.
Pewenre Cuagana HalAeM Taxoe 7, 9T0 -iﬁf——c:() 01,

n- 1)
Tak xak *°<Ze<<3, 10 %9 ITOT0 HOCTATOUHO, qmﬁm BHITOAHSEIOCH
HEPAREHCTRO i?jﬁ__,.( . Ho npw n==3 nmeem: ——~1-~<--i--
pa (47 PH A== 2‘-4! =~ T0

3uaunt, uncao |40, 5+@-§f— @_é)i,.., 1,65 ssasercs npulanKkeHsem

1O HeAoCTatKy At €% ¢ mqﬁocmo 20 0,01, Bosiee TouHbIE TOACYETHE
ROKa3swWBaKT, uro %%z 16487,
Ormerns eille HePaBeHCTBE, BHHOIHAIOIIHECH Ha Ayde {— oo, O)

: Bnt
l4xt it << b ah ot

x2n~—l x!rt
et @n—1}! + 2!

Mmu onyckaem ROKAa3aTEARCTBO ITHX HEPABEHCTE.
fAprwmep 2 Halisem npHGauxkennoe aHadense L ¢~ ¢ rou-
noeTeio o 0,001,

Pewenne CHavana wHafifleM Takoe n, 4910 ] S**_:!_?ﬁl <10m

370 HepaBEHCTRO BHNIONHACTCH NPH 7 ==5, 3WAYNT, HAOCTATOYHO B3HTH
CYMMY HEPBHIX HATH WIEHOB:

*r1 0,542 i‘l?l"- ”f‘zo,em.

Bosee TOuHbHIe NOACYETH NMOKasHBALT, %10 €™ °=0,6065...
Sameqaﬂne Mul ycrasosgan, ure npH x>0 BHDOJHAETCH HepabeHcTBo

1+x~+— —1-« w1}~ ge* NpHYeM TG MERe BOAPACTRHHN 72 3HBYCHHA CYMMu B

Aenoff 4acre Heorpaﬂmeﬂﬂo npafaumawres K e FpRGanmaerca sra cymmz x &
e npH x«<Z{. {losToMy romopsT, 470 HpH AOGOM Y DYHKHAA ¢ HERAETCA CyMmo#R
HecroRedoM0 pana

== | +x+§:+ ) + 6
¥Ynpamucennsn
175, Hoxamure, w10 npy x> BHROIHAIOTCA HEPABERCTRA!

4
1} e~ |~ 2) e“‘f_l—wx—}»%-; 3) ™ ] x»;-"j ©

PIRETR
)




176. C DNOMOIGHI0 ACKAJAHEHX B STOM HYHKTE HEJRBEHCTE BLNHCAWTE C TONHOCTBIC
ac 0,601:
l) 80.02; 2} ewi}.a‘
a-f ¥
E e
t77. JLORAMKTE HEPABSHCTBO ¢ <y {— oo <Ca<Ch<C ool

6. Hepasencrsa ana Jorapubmmueckod dymxunu*. M yxe 3Ha-

eM, HTO 1+q+qz~i~;..+q""m]l:§ Wllq ’iq fom. n. 2 § 2
razpst 11). Orelona cnenyer, 4T0 ApH g~ —1 uMeeMm:
g {2 — 1yt e AT
Pt (=1 = T
Fchk n uetno, n==2% i {20, 10
3 3 2k i
l— 4t Pt QI—_H.

Ecn xe n uewetHo, n=2k-+1, 10 npu >0 nmeem:
2 3 24 i
It = P
Hrax, noxasano, uto npu { =0 BRROIUAIOTCA vepaBeucTBa
1mt»~§-r2wt3+...mr3*“'gz-i~;~s:_1-—r+r2-r3+...+f2*. (1

HMponurerpupyem 3ty separencrea ot 0 so x. Tax xax

[ r=tn(140] ;=ln (1 +0)—tn 1=In (i 42

3}

H
3 £ g5 PR x_ Rt
S tdth_ll 0" k41"
¢
TO npe X220 AmeeM:
x? xa xs’;k
x? xa x2é+!
s¥—gty—tgrr (2)

BoiBeieHHble HRDABEHCTBA HOZBOASIOT UARTH HPUOTUKEHHULR 3HA-
uerns In {1-+x) npu 0{x<{ | ¢ A0OOR CrefiewbIo TOUHOCTH.

Hpuwmep 1. Haknem suasenne In 1,2 ¢ tounoctsie so 0,01.

Pemenue. lpn x=0,2 BRNOAHAIOTCA HepaBeHCTBa

02— <in 120228 4.0

Fostomy umeem: 0,I8<CIn 1,2 < 0,183. 3uauut, In 1,220,18. Boxee
Tounoe awauenne In 1,2 rtakomo: 0,1823...

95



Ha nurepsane (— 1, 0} zas In {1 4 1) HMeem Hepasencrsa
2,2 - 1
st B A <in (1 )<

2 3 — I L
<xmip o XD 3)

BOKA3ATEALCTS0 KOTOPHIX ontycKaes, Yrolw Haftth anavesne In (1 -4 x)

np# x> 1, penaxrr 3ameny i-|—x*---»—~9~» Hecnox#o nokasaTh, uto
npH x>>1 3HAUEHMN Yy ApHHAANERAT npowex{y'rxy ( T ) Tipn
ITOM

In {1 +x)=in :—jmﬁm_-ln 0+ g—In {1 —y),

a npubamRennnie siavenns In (14 4) # In (1 —y) HaxoanT, Xax Guao
YKa3aHO Bbiilie,

Mpumep 2 Hafipem npnﬁnxmeﬂuoe anadenne In 3 c ToudocTRe  § |
o 0,01, f
Peutenune B nawmem cayuae |-+x=3, 7 nostomy x=2. Pe-

HIHM yPaBHeHHe 3m—:~j_"—ﬁ-. Hmeem: ym—ém. Toatomy

zn3=tn( z)mlnl ~In{1—1Y.
(D))

Ho mo (3) umeewm:

; (%)2.(“:!2“)3 ("32;)‘(1;1(14*«%)«:

2 2 1 3
B 6) G G
2 2 '3 g TR
OTKYAA HAXOAHM, 4TO 0,401<1n(1+~é—)<0,407. Hanee, o (3)
HMEeM,
“...l..., 2 __i, 3 _L + _._«L 5
GG G .
2
e (=) () () (3)
2 2 T s 4 L T

Orcoza nosyuaem:
—0,695<In( 1 —) < 0,688
96




M3 nojydesublX HepaBeHCTE -Burexaer, uwro 0,401 4- 0,688 <
<!n( 14+5) win( =) <0.407+0,695, 7. e. 1,089 <In 3<<1,102.

3nauur, In 3= 1,10, Boaee rousme ROZCUETH ROKA3KBAKT, YTO
In3=1,098...

¥Y¥apasmuennn

178. Brvucaute © rousocThio mo 0,001
t} ln £,2; 2) In 0,85,

(0o b<l o0}

179. Horaxare Hepavescrso In “__”;"b:}lﬂ aind

2

§ 4. CTENEHHAS DYHKUMA.
UPPALHOHARDHALE BLIPAYKEHHS, YPABHEHMS H HEPABEHCTBA

1. Crenennas GyHKUNS ¢ APORIBOALHEIM AoKa3areaem. [1ycrs o —
HEKOTOPOE JeAcTaHTenbHOE yHCAo, Torga ana aAnboro OAOKHTENBHO:
ro 4HCAA X onpeZencHo 3HaueHHe x*. Kax oo nokasawo B n. 4
§ 1, 310 3nauenHe pasHo e®"*

2=eg* " x>0, (1)

TeM campimM AR KaXAOro o CyuwiecTByeT (QYHKIHR x°, 3apaHHas Ha
MHOMECTBE HONOMHTENbHHX uHces. Ee wasmiBawT crenennod gynx-
yuell ¢ nokazarcAem o.

3asmedanre Eom asenz - maTypadbnoe WACKe, JHawenme x" onpeaAcaeHo
s seex (8 He TOMBKO TIGAOMHTEARMMX) 3uademnf x. Hmeumo, x=x....x {n
maoHnresefi} . Ecay o= - — Lenoe oTprltaTeabyoe UNCRO, TO x " oRpesedeHo AR

|
BCEX OTAMUHBX OT HyJEs 3gadeHm# r Ao Gopuyie x "=F. [TockoanKy panexcrso

{2 =(~1x", r8e n — UeAOE 9RCAD, CROAMT M3ywewne crenehsofl Qynxuynm ¢
USARM HOKassTee Ba jdyae (— oo, ) X #ayuesnp 1oft me ynsuun sa ayte {0, +oo0),
Mbl OTPARHUAMCE B AadbHefilueM paccMoTpensieM NOTOKHTENbHMX 3HAUeHnd x.

B stom nyHkre GyayT u#ayueHn cBoACTBa creneHHOH (YHKUHH ¢
APOH3BOJLHEIM NMoKaszatenem. Popmyaa (1) noxaswsaer, ¥To 3Ta 3a-
AAYa CBORHTCH K HCHOMAL3OBAHHIO CBOHCTE JOrapH(MMHUSCKOR H MOKA-
3ATeNBHOR QyHKIHIE.

1) Crenennan @ynxyun onpedescHa ORA 8CeX NOAGHKUTEALHLY
anawcHul x apaymenia.

CHORCTBO caAeRyeT H3 ONpeneNeHNs.

2) Bce snadenun crenennolt gyuxyun na ayse (0, -+ co) noso-
HUTEABHBL.

310 CAeAYeT U3 NOIOXK KTEABHOCTH 3HAYEHHR TOKa3aTeApHOR QYHK-
{tHH,

3) Crenennast dynxyus Henpepssna na ayse (0, -+ oo}

4 H. 8. Braesxus a7



Ciepyer H3 TOrO, 9TO Ha 3ITOM JyYe HEHpepuBra norapuMu-
yecKkan PYHKIIHS, a NoKa3aTenbHasR YHKIHA HeAPePHBHA Ha BCCR 3 C-
AoBoR ApAmMoR. 3naunT, PYHKUHA x* HENPEPHBHA KaK KOMHOOIHUHA
HENPePHSHBIX QYHKUHA f==1n x H y==¢

4) Hpu >0 uMewor MeCTO PABEHCTSA

fim x%==0, lim x*==
X ok G T b o0 +m (2)
a npu a<-0— pasencrsa
lim x%== 4 oo, lim x*=0. {3)
fer 2 Kok O
B camom fieste, Mul aHAEM, YT Iiﬁ)lﬁx:—oo H iﬂ{n In x==Joo.
ol = oo
Ecan a>0, 10 oOTCiONa caenyer, 4TO Eirﬁoaln Xewe — 05 H
2
lim alnx== 4 oo, Ho x==¢*™* |lim &'=0, lim ¢=x-00, K
A+ f 0O | ] Kb 0
ROTOMY 1IpH o >0 noaywaem:
lim x*= lim ¢*"®*== lim e&f==0,
L 2] Xt =i ) [
lim x%= lim ¢*"*= lim &=+ co.
B o R - 00 Foa o oy

Cayvat o <<0 paccmarpusaeTca aHaIOrHYHO.

5) Hpouasoam dynkuun x* awpanderca gopmyscd (x*Y =
=gx* T,

B camom mede, no popmynam aHddepen poBanng noKasaTeNLHOR
H cTenenHo# QyHKUNA B 1o npaskay AndhepennHpoBanEa KOMIIO3H-
HHH (PYRKEHEE HMeem:

{xa)3=(ealnx)r__weﬁlnx(a.ln x};wealnx%=xm __3_=axa--l (4)

(MEL BOCIONL3OBANKCH TOXKACCTROM i:-_—“.x““').
M3 dopmysu (4) caenyer, uto
(Y =(ax*"Y =a (@~ 1) 22

6} Ecau a>>0, 10 dynrgqua 1" sospacraer na ay-te (0 + o),
a npu a <0 ona ybuaaer na 3108 Ayde.

I
3ameuas e 370 YTREPNICHHE MONHO HOSYUATD B CHIY PAREACTDE X  mme™ "

HI TOrO, 4TO OYHKUHH in X 3 ¢ BOSPACTADT.

B camom gese, npH x>0 umeem: x*~' > 0. [Tosromy ecan a::a-O
10 {x*Y ==ax®~' nonoXuteaHo ua (0, + oo), H HoTOMy QyHKuuH X°
BO3PACTAET HA STOM Ayde. Ecan xe a <0, 10 {x*) ==ax*"'<<0 na
@, - o0}, v dyHRUUA X" yﬁuaam' #a 3TOM Jayue.

7} Tpadux Qyuxyuu x° o6pawEen BLINYKAOCTHIO BBEPX npu
b<a<<tu BUNYRKAOCTHI0 BHUT NPl o< unpy o>

B camom gmesme, x*"?>0 npr x>0. Muomuresn ke al{au—I)
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Yi Yi

5 .

3

2 2

H

Ty X ol T 3 % 5 6 T E g%
Pac. 44 Puc. 42

nonoKHTeAeH HpH a <0 H mpH o> 1, oTpHiateseH npe 0<Ce <1,
3paunr, (*Y=a{e—1)x*"“<C0 npn O0<a<<l @ (x*Y">0 npu
a<-0 v BpH ¢>>1. Orciona BHTEKAaeT HAKIC YTBEpXKIAEHHe {CM. 1. 5
§ 3 raasn V).

8) Ecau a=0, 10 2paux crenennod yuxyuu naparsesen ocu
abouuce, o npu o= 1 ox coanadaer ¢ buccekrpucol nepeozo xoopd-
HOTHOZ0 Y2Aa.

IlokaaaHHuIX Bbiile CBOACTE MOCTATOMHO BN TOTO, YTOOH HOCTPO-
#Th TPAQHKH creneHunX GyHkuud apu PAS/IHIHEIX SHAYEHHAX . Ha

pucyHke 41 n3o6paxen rpaduK GyHKIHH x2. AHAROIHYHH BRI HMEOT
rpaduxa CTEMERHLIX dbyuxuu® npa o> 1. Ha prcynke 42 maofpaken

rpatHK GyHKIHN x2, AHaROrHUHBIE BHA HMEIOT rpaduks CTeneHubX
PyHKuHfi nput 0 <<a <1 Haxonen, ra prucyrxe 43 naobpaxken rpadux

byukner x 2. AHaJOTHUHBIA BHA HMEOT TPadHKH 3T0A GYHKLHH NPH
Hobom o< 0.

vk

¥ ywx'g'

bl

8T 5 Y 4 5 6 7 8§ x
Puc. 43

99



Bameuasune. Eum x> n a<B, 1o 1®<x* Dro noxasupaer, 4ro apu
a<B rpaduk PyRkumr »* pacrrosowed sa xyde (|, -+ oo} BeNe FPadmKa yuxiLEn
X", AnadorauEo ROxasupactcs, 4To RpK o< f #a ApomeryTre (0 1) rpadmk dynk
uen »* pacnomoxen nmme rpadKa GysRaER X%

¥YnpaxHenus

180, HamepTaTe CXCMATHYCCKH I'padur (ynramh:
) 7 1
D523 S8 O™ et ey Py a8 x
{81. HaveprHTe cxemartwuecky rpaduxn hynxnail
I | ] 1 !

1) et T5 2) lxe 110 3) lrm110 46 4) le—1]°bix 110,
|

|
5) 1160321 *: 6) (x~1) +86.

182, Brumcraute Hpeseam:

lim ;2 lim M?W%M—W;
rordoo iy et 3 y+68x43
! I
x1 +2
]

1)

4
. 4 lim x 2
Xt ) !

&t 4 i

3) lim
X o=

2. Hexoropse TOXAECTBA A4R crenennolt dynxkuns. M3 roxpecrs
A% nokasateabsoil # norapudmuvecrolt QyHKuEN, BHTEKAOT COOT-
BETCTRYOMIHC TOMACCTHA IJIA CTENCHHOR (PYHKUEH,

1) Has 21066ix ROAOKUTEABHBLX 4UCER X U Y U 04 4100020 & 6bi-
NOAKRETCA PABEHCTEO

(xy)* =2"y* it

{cnenver 3 pasencrsa () m. 5 § 1).
2) Han amoboeo x>0 u aobox o, § estnoadrercs pasencrso

(=12, (2

{chegyer ua pasencrsa {2) m. 5 § 1}.
Cacpcrene. JIan A000ix NOAOKUTEABHINX QUCER X Ik i U 2100020 &
BHNOAHALTCR DUABCHCTEO
x 4% X
Fy = 3
( y) g @)

Mu 3naeM, 410 HPH HATYDPRABHOM i HMeeT MecTo $opMya GHHOMA
Heorona (cu. o 9 § 3 rnasw V).

Y i

afn—H .. (a—k41) ok

{10




Ananoruunas dopMyia HMeeT MecTo A/ #K6OTo o NpH x>y >0t

(ttgremx = y .. HEZ DGl ety (5)
Oanaxko B orasune of (opmyan (4) npasas uacre Qopmyant {5)
HANHETCH CYMMOR GecKOHeUHOTO MHOXKecrTBa claraeMuix (Geckoseu-
HHIM PHAOM) . ITa CYyMMa HMeeT CAeAYICHLHI CMEICA! HAXOAAT CYMMY S,
repBbiX k YAEHOB ¥ NOAATAIOT CYMMY BCSTO Psija paBHOR npeneny S,
npy k—-oo; Smﬁin; Sy {upr x>>y>0 10T NPeneN CyHIeCTRYeT).

C nomomnio hopMyant {5) MOXKHO HAXOAHTD NPHOAHKEHHBIE 3HA-
e R (X - y)°, 6¢ps AOCTATOMHO MHOTO MACHOR CYMMBL (5) # o1Gpacu-
Basi OCTAAbHLIS UASHHL

I1pnmep. Hakaem npubGrmkennoe snayeHye 4, 182 £ TOUHOCTHIO
a0 0,0001.

Pemenne Tak kax

3

4,187 = (440, 18)2

T0 HOMOXKSIM B (opmyae (5) x=4, y=0,18, am_};

ER) : (-9 2.
4,:323424_1.42 0,18 42 22 47 .0,1824
L2(T)E) g e

— 47 7.0,18% 4 .. e
—Bi 4+ {018«{,«—-?00324—@—-{?00{}58

ms+o,54+o,00608w2=§§+...z8,54603.

3
Tlo TaGannam noayvaem: 4,187 == 8,54604.
Gopmyant {1), (2), (3) sepHW aan .ﬂ}oﬁmx 3HavYeHHH o, B TOM YHC-

Ae AAst panHoHaABHBIX 3Hawenn#. Ho x " =4/x. Tosromy #3 yKasas-

HEIX (hOPMYJ BHIBOAHM caefylouie cBoficTBa kopuell #3 NONoKATEN-
HBIX HHCedN:

1} Ecau x>0, y=>0, ro0

Axy =4/x4y. (6)

B camom siene, no dopumyae (i)
i

V= (14)" ="y =
2) Ecau x>0, 10
A ="x. (7)

HiIH



Hedficrrurennro, no popmyne (2)

Ynpamueeunn

£83, CocrapeTe Talanuy anavewn® u maveprate rpaduxrn dyrxari:
| ! 3 2 %

DS DAL 3t &) x5 8 o
3 2 2

& 1515 7 k=1 B VR
184. Tlocvpofire Ro toukam rpadukn Gynkari:

] i
i *-.?? 1; 2 L 4 -\J?wtt-.
} + } = ) N )
186, Doaachante Apegess:
[

1
1) lim 42 2) Hm (*49)%, 3) tim Nt

P
4) fim _,._r_m\“"*'l_
X 00 X

3. Cpassenne pocra cremennoil, noxasareasnolt » aorapudmmye-
cxoit dynxupf, [Tpn sospacranny x Ha ayde [0, - o0 ) anauenun Pyuk-
uafk x'° 10" neorpannyekno ypeanunpawTes. JIpH 370M cHavada
Guictpee pacrer dyurums x'%; uTo BHAMO H3 caemyomell TabaHub:

x i 2 3 4 5
£'® H i 024 59049 i 048 576 9 765 625
Hid 10 100 i 000 10 000 160 000

TIpH x==10 3suagennst sTux Pynxuud onuMakonn {pamum 10'%),
nps Aaaeuefiiem yseauuwennu 10° pacrer Gucrpee, uem x'%, Hanpu-
mep, npE x=100 nmeem: 10°=10"° x x°=100"=10*", a npu
x==1000 yike 10°==10'%%, a x'% 1000" = 10%,

io2




Onpe@erenue Oyuruuan | pacrer HpH x— - oo beicTpee,
yeM dyuruna g, ecam 112’! E%-—-

K3 cxaszannoro Bolie BHAHO, YTO ¢ynxzma 10* pacrer npu
x>+ oo Ouerpee, uyem 1'% Bro yrRepKHeHHe SABAACTCH YACTHHM
cAyuaeM CASAYIORIETO oﬁmem YIBepXKIACHHA:

Teopema. Ecau a>>1, 70 npu x—-co pynkyus a* pacrer
GuteTpee 060 cTenennod ynxyus x°, 20¢ n — NATYPAALHOE HUCAO.

HinnMu cAoBaMH, BepHO PaBEHCTEO

fim f;-m—i-m. {n

Kok v 227

Locrarouro zokasaTe pasencrso {1} npH a=-¢. B 370M cayvae
OHO BHTEKAeT H3 HEPABEHCTBA

2 # +1
L) LA
€ > 141 2t 7 "'"}*nz Va1
Npaduveckn yrsep:Raenne 5Tofi TeopeMnl 03HAYaeT, YTO HPH AO-
CTATOUHO SOALIIHX 3HAUEHHRX x rpaduK Pyukiuu af, rae a> 1, pac-
AOJONEH BHINE rpadhuna HYHXHH x°.
| Jlorapudmuveckan PyHkuua ofpaTHa noKasatesbHOR, 8 QyHKIHA

x" - dyuxkunn x". Ho rpadmxu p3avMuo obpatunlx Hymxmuil cum-
METDHYHH OTHOCHTELHO NPAMol y=1x. Orciofa cpasy BHTEKaer, YTO
rpadur dynruas log, x, a>>1 npa AOCTATOUHO GOJBHINX 3HAYECHUAK

X pacrojoXed Hike rpaduka OyHxuum x”, T. e. yukuna log, x

pacTer HpH x— -4 0o Mepnennee, ueM DYHKHHA x":

== -4 00. (@)
A
Hanpuwmep, nipn x=10°% n=3 nmeem: x"==100, a logi x="6.
Jamevanwe Coordomesne (2} cpssy BuTexaer M3 cooTHomenus (1), eciw
Aodesnth B {1} a==i. Torza umeem x==|og.{, TPHYEM YCAOPHE x—>-+o00 W

PSS Iogax

Ler 4 0o pansockabid. [losromy lim ._~{~ao Ho st = 3aawmr, svo

+m18

¥npamucenas
186, Buuucanre npeaesu:
D onm ZoERE o) m pris)

X—+ = on 2 K- — D
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. ENY 45 s s e LS

3) ;—EZTW xg*@*) (<®+ 2451 6) 4) ;_],T}o.,W’
L 2yt . Inx . In®x .

8} lim B LM e 7 lita 1 8y lim xnx

gl ol AL N T T

X+ 0o oo ofy e e}
187, Hocrpofite rpadexe $gyuruu:
1} xe~ % 2) K2 3 e‘-lf-ze'“ ; 4) xe*‘g; 5} xlnx 6) 2inx

7) Inx—arctg x; 8) e “sinx 9) 7% 10) In(i 4
11} ¢os x— 121 COS £.

4. AareGpanueckue phipamenns. Boenenve Kopre# pacliHpser Bh-
pasHTelbikie CPeAcTBA airelpu, NMOCKOILKY TeNeph MOKHO PACCMAT-
HBATL BHPAKEHHH C NEpeMeHHBIMH, COAEPXKAMIHMH 3HAK KOPHH.
A430BEM NOJAyZaeMbie NPH 3TOM BHIPABKEHHH UPPRYUORGALNOIML.
O6beRHHNE pAHOHANbLHNE H HPPAUHOHAJILHLE BHIPAKEHHH, NOAYHaA-
eM KJaacc aareGpanueckux pupakenwfi. Toudee 3107 Krace onpeneH-
ercs chenyiomuEM obpasom:
Onpedesenue << Arze0paudecKie GUPANCERUR ™> 1 ==
= < uyHCaa > | <CGyHBH > | << anrefpanueckoe  Bbipakexe > 4
-+ <Z asrebpanueckoe BHIpaeHwe > | < anrefpaHueckoe BhIpaXe-
HHe 2= - <C afreb6panuecHoe Boipakeuwe >> | < adrebpandecKoe BLIpa-
KeHHe >> << anrefpanuecHoe BHpakeHHe > |

< %/anreSpanuecHoe BHIpaKEHHE >

Bumecto 3HaKa JeReHHH NpPHMEHHETCH TakkKe 3HaK ApobH.

M3 3toro onpeneneHHH BHTERAET, YTO BCE pAHHOHANBHEE BHIPE-
MeHHH HBASMIOTCH ajsreGpapueckKuMH BHpaXeHHHMH. Bee aareGpan-
yecKHe BbipAMEHHH, He BBIHoUHecH paudodanbibiMH {cm. m | § |
raapnl 11}, HaswiBaor uppayuonaasnoisu svipaxcenusmu. FlpHmepa-
MH HPPaUHOHANLHBIX BHPaKeHHA MOTYT CAYKHTH

YIET P4, A+ :/? %—i?z.

H3 onpesenenns feTHo BuTEKaeT, YT0, NOOCTAGARA 6 areelpaiusie-
ckoe gupawenue amecro Oyxe aszefpaudecKkue we auipaMeHus,
CHOBA noAywaem aA2e0pAUNECKOe BLLPANEHNE.

Hpu oreickanys obnacTeR CyieCTBOBAHNH aareGPpaHUecHHX BHPA-
KeHH#t HAZ0 YUHTHBATE, w10 enpancenue *3A usneer wucrosoe snuue-
Hue AuWs Npu Tex 3NGUEHUuRY Oyxe, 0AR KoTopbix A umeer weor-
PUHATEABHOE HUCADBOE FHAYCHUE.

MMpamep 1. Haftgem ofnacTh CyUleCTBOBAHHA BHIpaXeHHs

“\r‘x! e Gy —7.

Pemesd e 370 pupaxenHe HMeET 3HAYEHHE JiHLIbL AAH 3Ha4e-
HHR %, NPH KOTOPHX X° - Bx-~720. Pewias 310 HEPABEHCTBO MeTO-
HOM POMEXYTHOB, NOAydaeM orser B Buie (— oo; — U7, -4 o0).
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10 MHOMECTBO H ABAAETCS 0ONacThi0 CYLIECTBOBAMHS JAJs
\/?—ﬁx—?‘
[Tpasep 2. Hafines o6nacts CyRZICCTBOBAMNA AAS BRI 2KEHHA

VE—8—T6—2% (N

Peme nne. Hckoman ofnacrb CYRIECTROBAHME COCTOHT H3 3HA-
YeHHR x, A8 KotophX x°—920 W 16— x*220. Pemennem Hepa-
BEHCTBA iﬁ—x";ﬁ ABAAETCH OTPE3oK [—4; 41. a pemeHHeMm Hepa-
BeHcTBa x°—9 320 - MHOXeCTBO (- 00; -~3]U 3; 4 00). OGanacrew
cyutecrsosaena 1a9 {1) asagerca nepeceqenne Haﬁnen}iux MHOKECTB,
T. e. [—4; —3WUME; 41

KaxaoMmy anreSpanuecKoMy BoiPAXKEHHID 0T X COOTBETCTBYIOT
(yakiunn, 3aaaHHAbBe 1AM BupaXenues. HanGoasutell BosMoxkHOR 06-
JacThK onpeleseHHa 3THX QYHKnWE ArIseTca o0NaCTD CyiuuecTsosa-
HHS 3TOTO Buipaxenns, Mu: Gyfem HaswBath aazebpauseckumu’ Gpynk-
IEHH, 3ajannLle aareSpanuecKHM BhIpaKEHHEM B e 06acTH CylecT-
BOBaHHS.

Onna u Ta Xe PyHKuHs moxer GLITh 3aaHa PASAHUMBIMH aJ-

refpaHuecKuMH BupaxeHAaMA. Hanpumep, suparsenns ’V{x+l)’ H
x+1 samawoT oany ¥ Ty XKe (PYHKUHIO, XOTA Neppoe M3 HHX Hppa-
IHOHAJLHO, a BTOPpoe paunoHaAbHo. [1OHATHE TOXKAGCTBEHHOIO pa-
BeHcTBa aareGpaHdYecKkHX BolpamxeHH# onpejessercs Tak e, KaK H
AAA pAUHOHAALHBIX BHIDAXEHAR: AOJKHL coanaaars oGAaCTH CYIeCT-
BOBANHHA 3THX BhlpaskemHil, a rpH noGoM x u3 3TOH obued oSaacrH
CYIHECTBOBAHHAA 3HAUEHHA BHPAXeHH® FOJXHH OHITE OIHHAKOBHMA.

ITpasuaa roxAaectaeHux npeolpasocaannfl arreGpaHIecKHX Bhi-
paxenuit ocHoBanul Ha paaeHcrBax 1) — 11) n. 2 § | raasw 11 {onn
BePHB H G5 HPPALHOHANLHLX ApPAKEHHR), a TaKke Ha HHMeCHe-
AYIOILHX PABEHCTBAX, HENOCPEACTBEHHO ANTEXKAaILHX H3 CBOHCTB
KopHed (¢M. m. 3). B atux pasencrBax GyksamH A, B ofosHauens
Aw6Lie aareGpanyecKne BHPaKERH OT X, ¥, ..., 2. Bce ary opmyret
cnpacedaussi 6 Caysde, Koeda nodKopennsie supaxem HEOT PUYd-
TeABHB, 4 TAK¥Ce 8 CAy4ae, K020q ace noxasaresu kopred u cre-
neneil seqernsl.

1) (§/Ay == A- 2) "*“VA““::A; 3) 4/AB =4AYB;
4}-\/_ . B0; 5) A=A 6) ™/A =4fAF;
7) “\F"«-m

Iipumep 3. BuiicHHM, NPH KakKHX 3HAYCHHAX X HMeEeT MeCto

paBeHCTBO
ix—3¥=x-3.

!B sucmell MaTeMaTERe HORATHIO canreGpanTeckan QyNKiug» IPUASIOT Hoxee
wapoxklt cvucex. Tam aszefpauseckod sainpanT Jodyie dyexcumw f, Taxym, uro
Npk fIoxcranoBre 5Toff DYHKIMHE BMECTO § B HEKOTODOR ypabueHNe muaa P {x, yl=0,
Tae P{x, y) — MHOFOWIEHN OF x B g, AOAYNACTCHE TOMIECTRO.
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Pemenwne Tak xak \{r—3)==|x~3|, T0 paBencrso mmeer
mecro, ecas x~—3220, 1. € Ha syde [3; 4 o).
Mpumep 4. BoigcHaM, OPH KAKEX 3HEYCHURX X MMEET MECTO

PaBeacTEO
Vx gt 44 f - 16, (2

Pemesnwne Pasewcrso (2) umeer mecto, ecux x—422>0 n

x4+43>0, 1. e ua nyze [4; + oo). 3ameTnm, ato supaxeHue X — 16
¥MeeT 4HCAOBOe 3HaYeHWe u Ha Jyde (-~ oo, —4]

¥opaxuenns

188. Hafpmre f(—1), fO. F(1), F(—2% F(B fla41) ecmm flx)myxi—x
189, {lyere f (X)e=x -+ px-+-g. JiokammTe, uro

(4T

190, Bupasure NAolaie SpAMOYIGABHHKR, BIRCAHHOTO B KpYr pagmycom R, kak
GYEEEHI 0T AIHEN €10 OCHOBAHNAA,
Cpapaure ofacTh 3a8adns GVHKUKK € 06SCTLIO CYIMECTROBAHHA BHPaMenHs
Frofl e (PYRKUMH.

i?1. Bupasnre NromWans paproGeAPEHHONO TPEYFCABHKKE, AMEDINEro NepaMerp 2m
13 xax ¢yHKUKIO OF BAKHN €70 BHCOTH;
2} xax QYHMERHD 07 JAHHK OCHOBAHHA TPEYrOMhEEKA.

192. BupasuTe AaMyy CyopoRst fIpaBHALHONG WECTHYTOARHHXZ Kak $yexinw ot
HJMRHEE Bro anodes.

193. Bripasute BAOMIARL MPABKABHGTO MECTHYIFMIbLHNKA Kak GYHKIHMIO OT ASHHH £ro
CrOpOHEE.

194. Bripasure nporsBedenne KopHed uepes OAME 3HAK KOpHH:

32’ ¢ [2a'b%c 21— 5a’x tay’
N7 Ve Ve

195, Caeaafite MoACTEHOBKY um»«%—(.t»{-i) . vu«i(y+~;~) B BHpaMeHud:

13 2{uy nflf T 5T ), 2) {ap 4y 10— 1)

196, BrecuTe MHOMHTOAH 108 3HAK KOPHSN:
9ap* 8 [ex®
I} 2a%h ‘;Vﬂbz; 2% R —re
c a‘t

197, BuHecHTe MHEOMATENN K3-fof 3HaKa KOpHA:

128a%H° 5 17294 H?
Vi 2V g

198, ¥apocTuTe BHpaMLnAd:

2% (F - %)
1 e <l, 6 {xi>=1;
){1+x2w'fﬁ"§?+x‘ rae a) 15| yix
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2) V2 T0x+25 4+ F6xF9, rae a) 1< —3, 6) «3=xsS5, B) 225

23 7 2x3 123
3) _\/3” _\/2“2 ‘\/2.: : 4 b)

5 VAN 6) +xifia’bx

199. He ucroabsys 3Haxa MOLYEA, JABUHATe BHPANEHRA MAR DYHKIHH:

i) "%‘(x—“b:i): 2 -%—Ex—lxii: 3 lx43i4ix+2 4 18546k

x
» HIFT
204, Hafiayre ofascrs saxanss $ynxaud:

i) L 12} Vi 82 B AR —x—x; 4) b0 — 2 —8.
Vixl s

201. Tlpn KAKHX IHBUCHHAX ¥ HMEET MECTO PABEHCTBO!

1} Vr el =wxx—T; ) vx r— Dy —x{T—x?

202. Tlocrpofite ¢yHsnEi0, 2aIaHHYD OABHEM SHAARTHYCCKHM BHPAMEHHEM, 107
xotopodh:

D D (fe=(—3; 7% 2) D{H=P; 5% 8) D (={— 00; —3);
4} D=0 + oo} 8} D {f)wm(— oo —BHU[5; + o0);
6) D (fe={—00; —4iu{0; 8]

5. ¥npomenne #ppannosasLuuX ¥upawerui. [Tpu ynpoluenns up-
PallHOHARLHHX BHPAXKEHHA NDHMEHHIOTCH CeAYIOIlHe OCHOBHbiE
fIPHEMBL:

1} npunesenne KopueR K 0AHOMY NOKazaTeno (1o hopmyae 6 n. 4);

2) aaMeHa NPOM3BEACHHH HAH MACTHOTO KOPHER ¢ ONHHAKOBHLIMH
NOKA3ATEHMH KOPHEM H3 NIPOHIREALHHH HIH HaCTHOTO {no popMyaam
3 H4n 4),

3) coxpainenne noxasareneft (no dopmyne 6 n. 4);

4) sameHa KODHM H3 KOPHM ORHHM KopueM (no dopMmyse 5 n. 4).

Takue npeo6pasosannd NO3BOJAKIOT 3AMEHHTE AIDG0E BHpaXeHHe,
COCTABJICHHOE M3 UHCeA H {lepeMeHHCod x ¢ NOMOIKLIO OnepaituA
YMHEOMEHHH, ACNMeHHH H H3BACYEHHH XOPHH, TOXKISCTBEHHO PasHhiM

n
MY SHpaMeHHeM BHIA ‘Uax HIH BHAS v:;-; .
x

ITpamep.

BT BT T e AT 65 T =42 6 1

[Hoayyennoe sHipameHHe MOXHO 3allHCaTs TaKKe B BHAe
12 {/18x, nocxonsry

/27,65 & =647 /07 6%% =627 327, 3%x = 124% {/18x.
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Ecar noxasarenb xopHs ueteH, Hcnoab3yercA dopmyna 7) n. 4.

Hanpumep,
8xtyt e =[x 2",

¥rpaxnenns

203, ¥npocraTe BHpAKEHER:

1} 64a'6%™; 2) 25676 Y.
204. Tpesenwre x oﬁmemy nokasareny wopuk: 42a%%c w Yok
205, Kaxoe #a uHcesn Sodbue:

1) 2 man 43; 2) A7 wan 45; 3) Y11 pan 87
206. Viipocture BEpUReHK!
1) Va'+6a494+a'—6a-+8, paccdorpers caydar a<; —3, —3Isa<d,

(r+ ) (=5)

azzd; 2) B s o=, g0, pe>1;
(q+p (qw..,
3)( ,,I,.mwk ,}_._,) ( .,.lm., e xmﬂ, a=b>0
=) e 2ab
2 -
}I+a+wﬁ" FO+V= oy pe

(@+~a® = 1) (b ++/b* T}

5}-—%— vi+ , THe x=-«l~«(ﬁ —-\/E) ,ax0, b0,
1+ —_ 2 b a

s
6) ( (e Ao
{xz_i_as)“'f —(x:’—az}&

-3 z 2 0\ 2
) SE) e

2 4 H 4 2 H

m:}n}O‘ ?} (x—?+a&‘§x—‘§}_3 +(a-—2+am;x 3} 2' rae

wf =i |~

2 22 i 7
5=(63a®)?, bam; 8 —Euh L EEY
eyt Py
t i
S T T\ 7 N R
%) (x L\/ Y 2)3) :(x*"\/a—'x Z(g~x 4}2) :
19 2 "i'b-f-a*%x"%w}-ib’x""%
3 81




207, Hoxaxnre, umo:

b Wﬁﬁ@—i@ﬁ@;

2) VB~ Vim o -+ VB~ 125)

.
o T o (SE24E) | L5

532527%5153 sfg
(VD) Va5V
1
& 3 k: d o
6) (\/%:+\/:§»‘) =(1+VE+48% 7 Vol HogfF o=

=A B, conm ar' =t me w o o+ =1

5 i 1
8) R((@*+0%° —a)((a®+ 72 8 =adbya L5, a0, b0
] 2 ]

] A 1
9 3@ +5)° — @) (@ + Y7 =8}’ =(afb)” (@ abope b’
208, Joramure, 410

N vV PR P
V“T"‘V"&“"‘” 7T 2 rau

SIRVIRSTCA XOpHEM ypaBueas X --prg=0.
209. Joxaxwre, 2ro 1py A>0, 8>0 # A*— B >0 BepHO PABEHCTBO

w/mﬁ\/'th/f”‘gr\/’q_"‘wms .

2

210, Yapoctsie sHpaHemRs:

1) V2—+& 2) V2—v3: 3) Va—vat— 5% 4) Yo+ 77

5) ‘\,/a+b+c+2~\/ac+bc»§~‘\/a+b~§~c—2~\,’ac+bc,
a=0 6220, ¢ =0

214, Hoxaxure, uro:
2408, 28 v,
V424V VE—2f3

2) 420414 V2 +4/20— 14 2=4;
3 3)‘2?5-;.2“_3[1[5"“2 m_llq_) 3 f 058  4f§—1
V5 N 9+5+v3 841

5) Vr+r— 1 +x—2k—l= { 2 mpy 1< x<2,

2T mpr x> 2.
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212. Hafinure suasenee sin 16°, cos 16°, sin 22°307 u npeofipasyfive nosydemne
BHPAMEHNA,

6. YHWuTOMeHNe HPPRUROHARALHOCTE B IHAMEHATEAC HAM B “MC-
aereae. 3ameHa ApoOH, 3HAMEHAaTeNb KOTOPO# — HPPAHHOHANBHOE
BLIDAKCHHE, TOMACCTRCHHO paBHo# efi npobhIy, 3HaMEHATEAb KOTO-
pofi — PALHOHANBHOE BRIPANKEHHE, HEILIBACTCA YRUNTOMERUER UPPa-
BUORAALHOCTY 8 3HAMEHATZAC, AHAROTHUHO ONPEREAReTest YHHUTO-
JKeHHe HPPaAUHOHASBHOCTH B uncanTene. FIPHBeAeM NPHMEPH TAKOID
HpeoGPa3oBAHHEA HPPAUHOHAABHEX BhIpaKeHHH.

ITpumep | YHHUTOKEM HPPAHHOHAABHOCTE B 3HAMEHaTene

EpobH L.
X
PetledHe YMHOKHM UHCANTDE H SHAMEHATeb APOGH Ha /X,

[Toayunm:
S8 & 8V
Voo ¥V x
IEprmep 2 yHH‘-!TO}KHM HPPALHOHAJBHOCTE B 3HAaMeHateje
BRIPAKEHHSH
i

NEFT =1
Pemenne Hmeem:

! — Ve T
VEFI == WNEFT—VTST WP+ T4V

_ VR AP T
VPP (YT =1 2

Y HHUTO KeHHe HPPAUHOHAABHOCTH B JHAMCHATEAE HAH B HHCIHTENS

EpofiH TPHMEHSCTCH TNPH BHUYHCIEHHH APEJACAOR HPPANHOHAABHHX

hyHKUHR.
[Epumep 3. Buuncium npeaen

Jim (Ve d—+)

Pemenne, Taxg xax

WD T 4
Vit A= Wy N

B lim (Jrtd+n=+, 10

. 4
Jim (Vetd —rfr)= lim 0

= o

Hip




Ynpamaeans

213. YHHUTOKSTE KPPRIHOHRKLROCTH B 3RAMERATEAR!
230 ) Tabe’

i i M*EW'
]

4} \"E+~\/5; 5) %m!@: 6}W+%+W: L] W+W;

8) S
Ya+-4E+4c
214. Buuncaure npenesw: i
i WEEX m YT+ R L
1) .t!i]:-lo x“‘l“z : 2) x—E—I:I{!—‘lm V +r—x 3} xﬂT;W'
) Iim Y43 =T =2 nmwjza;-xﬂjw?_
x--ﬂ x-.{-xz ;,,.e VT3t '

1

(1) ]

wh\a

&) xini-mm(w,,!xi-}—lmﬂ\}?—l); 7 x_i“in;:{-\g'x’w{»'fwx); 8 Izm  frt1)° -

7. Hppauwonaanksie ypassenna. Ypaprerne A (x}mB {x), B ROTO-
poM xoTa 6 omHo H3 BuipaxeHu# A {x), B(x) uppaunonainHo,
Ha3RBACTCA uppayuonassbin. TIPHMeDaMH TaKHX YPABHEHHE MOTYT
CAYKHATE

V=34 +4==7, T -0 4~/F 9 —10=0.

¥pasHeHHE Ke

R Y

pauHOHaALHO, NOCKOALKY B HEM X H¢ HAXORATCHA NOJ 3HAKOM KODHS.
MonsiTHA KOpH® ypaBHeHHS H ero pelieHHs [/ HppalMOHaAbHLIX
ypaBHeHHR ONpemeAdoT TaK Xe, K&K H 4Af pPauHOHAALHLIX.

Hpumep . Uncao | asinercn xopueM ypaBHeHHs x+ 3 =2,

nockoNbKy vi-4+3=2. Munix xopHeR 3T¢ ypaBHeHHE He HMeer, H
HOTOMY ero pelHeHHeM ABAAeTCH x=1|.

Mpumep 2. Ypasueuue x4+ 2=-~3 He HMeer KopHe#, Tax
KaK X+ 2 NPHAMMAET JMHIb HEOTPHUATEAbHHE 3HAYEHHH.
Hpumep 3. He uMeer xopHedt # ypaBHeHHe

Vi 44+f 4 9=4,
TaK Kak HpH Ji00WX 3HAUCHHAX X HMeeM 1/?—1—4;?.2 BAE+923,
a moroMy x +4++x* 49225,

Pemenne HppauHoHANBABIX YPaBHEHHH OCHOBAHO Ha CACAYOLIEM
YEBePKACHHH:

Teopema. Fcau n>>0 — newernoe wucio, n=2k--1, 10 ypasue-
Hug A" {(x)=B"(x) u A(x)=B(x) pasnocusenn. Ecau oce
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n>>0 — qernoe wcao, n =2k, ro aoboll kopens ypasnerus A” (x}=
=8"(x} yOoesersopnaer xora Gu oOhomy us ypaererud: A (x}=
=8 (x) 4 A{x)= —B(x).

Hoxasateascrao. [lycm & -~ KODEHD ypaaHenan A (x)=
=8 (x). Torma A (ns =B {a), # noromy A" {(x)=8B"(a), 1. e. & —
Kopenb ypasHeHust A" (x)==B"(x). Takem obpasom, acakuit xopeub
ypa;;a(el;nﬂ A{x)=B (x) ABJaeTcss KopHeM ypaawenusn A" {x)=
== Xj.

OtGpatno, MycTh @ - KOpenb ypaaweHna A" (x)=B"(x), 1. e
B) B" (w). Ecan n HewerHo, To OTCiOfla abrexaer, ure A (a)=
(@), # notomy o - Kopeub ypaanerust A (x)=B (x). 3uaunur,
NpH HeyeTHOM 71 ypaaweHast A (x)=B(x) 1 A" {x)==B"(x) paano-
CHABHEL.

Ecan ke n veTHo, To papencre A" (a)==B"(x) MoXeT nMeTb
mecto JHGo npr A {a)=28(a), aubo npi A {a)=—B (a), a noTomy
o ABNSETCH KOPHEM 1o xpafneR Mepe ojHoro Ha ypaawenaf: A {x)==
=8 (x), A (x)==—B {x).

H3 reopemu cieayer, 4TO €CAH B XOXE PEHICHAS BDPAUHOHANLHOIO
ypaBrerest A (x)==B (x) Npuxomuiocs BO3BOANTH ofe ero yactn a
CTENEHb C YeTHHIM NOKAIAaTENEM, TO MOFYT NOSasThca NOCTOPOHHHE
KOPHH, T. €. KOPHH ypaaHeHns A (x)= — B (x). Uto6u oTaeanTs Hx,
cje Iyer MPOBEPHTD Halte HHEE KOPHsL, NOJACTABHA HX & HCXOJROE YPaa-
nenue. Tlogpnenne NOCTOPOMHHX KOPHER NMPH 203BeNCHHH OGeHX ua-
cTefl YpaaHeHus a CTeNeHb C YeTHHM TOKA3aTelleM BO3MOXKHO H H3-3a
H3MEHEHHS OONacTH CYILecTBoaaHHs.

Urobul 0TACANTH NOCTOPOBHHE KOPHH, He aceraa ueofxoxumo noj-
CTaBIATL HaflIeHHEIe KOPHH a JanHoe Ypaanenne. Paabepem naa aakx-

HBIX aKJia BPPAHHOBAJBRWX YpaancHr#: ypaanenne anpa “VA (r)==

=B (x} u ypaanenne anpa A/A()=/B(x), rie A(x) u B(x)—

palHOHa/bHEE ablpalKeHHH, a & — HaTypaibHOe IHCA0. Tak Kax
anavensst *4/A (x) acerna HEOTPAUATENbHEL, TO CHPAACLIHAC CHEAYIO-
Wee yreepHKACHIE:

Ypaenenue euda "RfA (x mB {X} pABROCHALHO CUCTEME, COLTOA-
wied us ypaanenus A (x)=B* (x) u nepasencrea B (x)=0:

— mt
A (x)=B (x) w{B(x’;);‘OB 2
B camom pene, 1o ompellesteHHI0 KOPHA H3 4HeAa PaBeHCTBO
A (x}= B (x} oanavaer, yto A (x)==B% (x), npryem B (x)>=0.
Amanorsuno JoKasbaaercsi, uTo ypassenue XA (x)=R/B (x)

PABROCUALHO CUCTeMe, COCTORWed us ypasuenus A (x)==B{x) u
nepasencrag B (x)=0:

VAT~ @ {5 (350

112



[Tpuwmep 4. Pemwum ypaasicHue
VEFAFT =x—4.

Pemense 310 ypaaseHHe paaHOCHABHO CHCTEME

{ x4 1 =(x 47,

x—4220

Ho ypaawenhe x*-x-41=(x—4)® nmeer exuncraeHHatil KopeHs
xm-—g—», KoTOpuitfi He yRoBAeraopsieT HepapeHcray x— 4220, IMosto-
My LaHHOE ypaaHe¢HHe He HMeeT KopHed.

[Tpumep 5 Pemwrnm ypaaweuse

VEF B+ 10m=2x =1,

Pemen e 310 ypaadeHie paaHOCHABHO CHCTEME

{x’+2x+i0={2x—i)2,
e 1 220,

Kophsimu  ypaavenusi x*+42x+4- 0={2x--1} sansiorcs upcna
-1 # 3, H3 KOTOPHX AHlb 3 YAORRETBOPSET H HepaseHeTRy 2x— 1 220,
3HauHT, RAHHOE ypaaHeHHe HMEEeT OZHMH KOpeHb x==3,

I[tpumep 6. Pewinm ypaaHeHHe

VO F3x— 6=/ —Bx— 2.
Peunien #e 310 ypaaHeHHe paasOCHAbHO CHCTeMme

{ Qx4 3x— 6= —6x—24,
—6x—24 220,

Kopusimi  ypaavenust —9x%+3x—6== —6x-24 HBAAIOTCHA uHC-
Aa —1 5 2, Onpaxo npE 3THX 3HAYECHHAX X HMe AHWIONNACTCH Hepa-
BeHCTBO —6x— 24 20, ¥ noToMY BaKHOE YpaaReHHe He HMeeT KopHeh.

TipH pewleHHsi HppaHROHAALMEX YpaaHeMHN nOJe3HO nepez BO3-
sejleHsieM 00eux WACTeR YPAZHEHHS B HEKOTOPYIO CTENEHb «YeXHHHTH
papHKana», T. e. fPeACTARHTL YypasHeHHe a aHje O ()= ‘VD (x).
Torza nocke aospelieHNst 06eHX 4acTell YPaaHeHsis a n-10 CTeneHs pa-
NHKaa CApaaa Hedesaer.

IMpumep 7. Peminm ypaanesne

Lo 2xb i+ 2+ 8—12=0.

Peuten e Merox yenHHeHHs pafHkaida RPHaOAWTY K ypaaHe-
HHIO 4eTBEPTOR CTeNeHH, l'lummy pelinm ypaadenre HHaue. [Toao-

®uM, " DB ==y, Tax KaK y° - 8==x?4 2x, TO AaHHOE ypaaHe-

fie NpHEHMaer aHx: y° -84 y—12==0, KOpHH KoToporo — 5 K 4.
Mockoasky £ 2x 4 8= —5 He mmeer Kopue#t, To 3afaua caesach

K peweHHI0 ypaaHeHHs 1}?~}«2x+8=‘=4.
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Bozaels o6e 2acTs 3TOro ypaBHCHHES a KaaxpaT, NOJYUHM Kaal-
paTHoe ypaamwenwe t 4 2x—B=0. OHO BMeeT KopuE --4 n 2,
tphueM ofa yAOBAETBOPAIOT KCXOAHOMY YPaaHEeHHIO.

Tipopepka kopHeh HPPAUBOKAALHOIO YpaaHeHsu A03MOKHA, €ClIH
MHOXeCTRO 3THX KopHeli KoneuHo. Ecan e Hx GeCKOHEUHO MHOTO, TO
NPEXOAMTCH NOCTYNATSH HHAYE: YCTAHARAKAATh JONOANHTENbHERE YCI0-
BHA, HaZaraemble Ha KOPHH, H NMPOBEPATh, KOrda OWH amNOAHMIOTCH.

ITprwmep B. Pemnm nppaunonasbhioe ypasHeHse

VI v B2 4 94 /25 4 100+ ¢*=38. (1

Pemenne Ecan paaxan yeAMBHET: PaidKkad, BO3aeas nNocie
sroro ofe dYacty ypaaWeHHsl a KaaApaT, TO NOAYUHM DABCHCTRO

254 10x 4 x* = x* 4 10x 4 25,

KOTOPOE HMeeT MeCTo s acex 3navenui x. OnHaKo, HauPHMep, YHCIO
4 He ARANETCA KOPHEM HCXOAHOro ypaawewHa (1), Tak xax

V& 64494254104 447 ==143-9:£8,

focroponnre KOPHH NOAaWAHCH TOTOMY, 4TO B IAHHOM YDaaHeRBE
ofla paaHKana AOMKKHB TPHEEMaTh HeOTPHUATEAbHBE 3BAucHBA, a
3T0 ycJoaBe CHEMaeTCH npPH BO3aeReHHH a KaajapaT o0eHX wacTel
ypaaHeHHs.

H3 ycaoansi BeoTpRuaTeALHOCTH PAARKAJ0A TONYUIEM, YTO HONXK-
Hhl  AMTOAMATLCH  Hepamenctaa B8 —-/25-F10x—+x° =0 H
8-1}x2—~6x+9 =0.

Ha nepaoro mepaaescraa nonyuaem: x°4 10x-39<C0. Ero
pelieHHeM HRANETCH OTpe3oK [— 13; 3] Pewenrex aToporo Hepaae-
cTaa Aannercs oTpe3ok [—5; 11} O6a vepasencTaa anNnoONRAIGTCH Ha
NEPECceueRny ITHX OTPe3Kos, T. €, Ka otpeske [—5; 3] ITockonbky,
KpOMe 3THX HepaaeHCTa, HEKaKHX OrpaHuuernil Ha x He HaKiaablagzeT-
C¥, a4 ypaaWewse, noiyzaemoe ocaoboXjeHsieM 07 ApPpauMOBaALHO-
CTe#, TOXKJCCTBEHHO abIONIBANEeTCH Ha acell uicaoBof IPAMOA, pele-
HHEM YDaaHeHHH CHYXKHT HalaeHmuf oTpesok [-5; 3]

3ameusdwe Ypasuesse (|} momeo pemwrs Husve. Bocroapsyemcs Tem,

uro A —Bx+0m= 3] u VP4 105495 [x-+5]. Jhansoe ypaswewwme npu-
HHMaCT BRI

bgom3l 4 | x4 5] =8B {1

Pasfusan uncaceyln npamMylo Ea npoMeMyTEH {— oo; —8] {—5; 3] {31 ), roe
x—3 B 2-+D coxpaHsioT sEak, M oCBoGOMASACH OF 3HAKE MoAyhs, yOemgaemcs,
uro {F'} umeer wecro auwe ga [—35; 31

Yrnpamuenuan

215. Hoxamare, yre ypapsesun |1—>5 e HMe0T peimrensdd:

3) VA —x—x—0=:2; 4) Vx5 xF B2 =2 5} Vr+xd9=2
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218. Pewnre HppauscHanbtne ypaBHeNus:

1) VBri—Txm= —52; 2) 2x4VE w“§=%;

1}?«46 o 7
2 T o {8 2em —+1i; piren— = ;
3) \f x4+ +x/3x 18 V’?x i 4) : A xb 3 V,__.m

¢ 5) VxdO=2+x-3;
VEFT 41 P T 1
Y8 + 4T
} VEF 1= =1 AT 1
T} Vx4 7— Va4 2=,

8) f+3wm=«g«-(x+l);

9) x{x+D+3 BT e 5=25—2x;
) VX r F 742V F T =35—2x;
1) a8 (e L3V 1B 1=

12) VA El4yr—l==1; 13} Y1y —Fmmx—1;
14} il A A— e 1204 36 =8;

B} i Ax Ao A T e 122 36 = 16;

16} Vb dx g d — - — 125436 =6;

A7) Vb vBr—8 +x— V6x— 6.

8. Hppaumonasnusie nepasencrsa. PeincHHe HPPARHOHAALHEIX He-
PABeHCTB OCHOMHACTCH TeM OGCTOATEAbCTBOM, 4r0 HepaBeHCTsa
A)<<B(x) B A" (x)<<B" (x) HC ABAMIOTCH DaABHOCHALHHMH: BCIb
TOAbKO AAH HEOTPHUATEAbLHHX YHCen @ H & M3 a<Cb crepyer a" < b",
a H3 a" << b" caeRyer a<Cb. TloyToMY BPH PEHICHHH HPPAIHHOHANDHRX
HEPABEHCTB HAZ0 YYHTHBATL 3HAKH ere mpaBodl H JesoH uwacredt.

HpuMep 1. PeiunM mepaseHCTBO

VP55 4 B0 x— 14, | §))

PeweHue IHocKoabky KBagpaTHble KOPHH MOMHO H3BAeKaTb
JAHIUL H3 HEOTPHIIATEABHEX YHCEJ, TO JOJHHO BRINOAHATECH YCAOBHE:
#—55x4-250>0. PeuienHeM 3TOro HepaBeHCTBA ABASETCH MHO-

HeCTsn
A=(— o, 5JU[B0; + o).

Kpome Toro, mOCKONLKY +/x'—55x+250220, nmeem x-— 1430
Onpenensis 061myio yacTh MHEoXects A i [14; + o0), nosyuaem syu
[50; 4 o0). Takum o6pasowm, peileHHe nepaBercTBa (1) AoMmKHO GuITh
HacTio ayua [50; + o}, .

Ecan x50, T0 ofe wacTH HepaseHcrea (1) cywmiecTBYIT H He-
OTPHUATeALHH, 8 DOTOMY 3T0 HePABCHCTRO PABHOCHILHO HePABEHCTRBY

2 — 555 4 250 < {x— 14}2.
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H{JE)TDM}' 0CTal0Ch PeuinTh CHCTEMY HepaseHCTs

{50%):.
x2—55x 4250 << x* —28x 4 196.

Vi3 sroporo Hepasecrsa nosydaem x> 2. IMocgkoasky (2, + oo)f)
NH0; + o0)==[60; + oo), 70 peilednem HepaseHcTBa {!} aBAAeTCcA
syu [50; - o0)

BooGute, aw06oe nepaaencrao auda AfA (x) << B (x) paanocurssuo
cucresme nepasencre A (x)220, B{(x)>0, A (x)<<B* (x):

A{x)=0,
%A {x)<B (x)w{ B{x)>0, 2
A {xy<< B* (x).

IepBoe H2 HHX BHIPAXKaET HEOTPHRUATENLHOCTH HOAKOPEHHOrD BHpA-
WeHHA, STOPOE — HEOTPHEATEABHOCTD KOpHA, 'rgeﬂ:e CACAYET H3 TOLO,
yto apH az20, b0 nepaseHcrsa a<lb w a® <2 b% BHONHALTCA
ORHOBPEMaHHO.

Hepaserncrao /4 (x)=> B (x) umeer mecto JHGo Koraa B (x)>=>
>0, A(xi>B%*(x), 160 xoraa A(x)220 v B (x)<<0. Tlosromy
HaNO PeHIHTH CHCTEMH HepaBeHCTs

(4032hu o * 150020 “

B OOBCARHENTL HX PCIHCHHA.
MNpuwmep 2. Pemwrnm Hepasexcrso

4 Bx— 40 >x 42 {4)

Pem e s e D10 HepaBeHCTBO CBOAHTCSH K CASAYIOUAM CACTEMAM
HepaBeHCTs!

{x+2}0. {xz+5x”40,>—-0.
2 bx e 40> 2 4x+ 4 x+2<0.

Pewennem nepsofl cucTeMsl ABAACTCA OTKPRITRA Ayy (22, 4 o),
BTOPO# CHCTEMbl — MHOXeCTs0 (- oo; ~ 10}, O6neauusns 3TH MHO-
WecTsa, RONYdaeM pellleHde HAHHOFD HepaseHCTBA: MHOXECTBO
(—oo; —100U(22; + o).

Bosee cAoXHO pelleHre HPPaUHOHAMLHHX HEpaBeHCTE BHAA

A (x} B (<< C (x. (5)
Mockoabky A ()220, +VB(x)320, T0 AOMKHH BhHIIOAHATLCA Y-
qa0sHA A ()220, B (x)=0, VB (1)< L (x) (coorsercreenio A (x)<

< C(x)). Ha MHoXecTBe, rie ITH YCAOBHA BHHOAHAIOTCA, AaWHOE
HEPABCHCTEG PABHOCHALHO HePaBeHCTBY

A ()<(C (5B ()

{(cooTsercreenno HepaseHcTsy B (x)<<(C (x)—+/A (x)}*), koTopoe cBo-
awrea ¥ pa3oGpaBHLIM BHUDE THIAM HepaBeucTs.

1i6



Mprnmep 3. Petrnm HepaneycTeo 5
Vx++x47 <6, (6)

Pemenne JlaHHoe HepaBeHCTBO PaBHOCHABHO Cleayioied
CHCTEME HEDABEHCTB!

x==0,

x4+T7220,

Vx <6, N
x4 T < {6 ) =36 — 12 VX + x.

TMocefHee HePaBEHCTBO STON CUCTEMB IPEBOANTCA K BHAY 12 vx << 29,

OTKYNAa HAXOLHM, 4T0 ng{—?ﬂ-—. Pewrewne wepaeencrBa {6)

aBAsieTcH ofuwlel 9acThio peweHnil Beex HepaBeHCTB CHetemur {7},
. B4l

T. €. HMeeT BRA [0. 144)’

FNpAKHEHER

217, Pemrute HppauHoHAMbHNE HEpaBeHCTBA:
1) V=342 > 21 2} VB - F 70 >3,
3) Val—ax— [0« 85x; 4) VI Fxd T x> 1;
5) VE-HEFT-H2 VT Tr <3526 6) \ Ssln;

7) \H2x+!{%; 8) Vo— —6xfi=x—3;

) 11 —114?w4x+ |+ 5;
1) VIZ+xE 4 8x+16>x—1.

§ 5. METOZ NOCAEROBATENDHBIX THPMEOKEMMA

1. Npubanxennoe penichne ypanuenud. [IpH H3yUeHHH Kypca
MATEMATHKH MH BCTPESafHCH C CAMKIMH pasHsiMH BHAaMH ypab-
HeHE#: AHHeHAHEIMY, KBAAPATHLIMH, HPPALHOHANLHLIMH, HOKa3aTedb-
HuIMH, JiorapHdMuueckaMH, TpHronomerpuuecknumi. [lpe srom Mu
CTpeMHENCEL HAlTH ofmne dopMyNE, TO3BGRAIDIINE BHDAINTL KOPHH
ypaBHeHusi uYepe3 BXOASIMEe B 3T0 ypapHewne udcxa. Hanpuwmep,
s ypasreHns ax—+b=0, a=~{, dopMyro#i pemenws sHBAHETCH

=L, mrs ypasrenns ax’4bx4-c=0, Go£0,— dopuyAa X\ 2=
m—‘“ﬁbizz —49¢  ann ypawewss a*=b, a>>0, askl,— dopuyna

xm%g«g», a 479 ypaBHeHWs cos x=ga, |al<{l,— dopMynra x=

== o ATCCOS G 20n, nEZ.
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BaiyncautensHas ueHHOCTh 3THX GOPMYA DE3AHYHA — B OHHHX
cAyHasix JOCTATOYHO BHOAHEHHN HeRCTBHA HEeJAEHHH, B HPYTHX Tpe-
Gyercsl euie HIBJACYCHHE KOpPHeH, a B TPETHHX —— OTHICKAKHE 3Maye-
Hul Jorapudma min o6paTHoH TPprronoMerprueckoft ¢ynkumy. Pe-
3yALTaTH BCEX 3THX onepausit AL NPAGIHKEHHO MOryT OuiTh 3a-
HHCAKRHl B BHAE HSCATHYMHIX Apoledi. Tipw s3ToM KAacc ypapuewwi,
JAAA KOTOPHIX MOXKHO HaBT#n GopMyay pelllennsi, sechMa y30K. Yke AaA
anreGpanvecknx ypapreHri nAToR crenenz Her oOwelt QopMyanl,
BHPaXawuiell KOPHHE 5TOr0 YpaBHEHWA uyepes €r0 KO3(hPHLHEHTH ¢
NOMOHILIO aPHPMETHUSCKHX JeHCTBHI H OllePALHE H3BACUSHHS KOPHS.
Her ¢opmya B AAA peleHHs TAKHX ypasHeurfl, xaKk 2" =x-3,
xﬂi+s—-—-———":§x % T. A, XOTH DOHOGHHE WM YDABHEHHN uacTO BCTpe-
YAKXTCH NPH PellleHHH IIPAKTHYECKHX 3a4Aad.

Onraxo ans peiieHKs NPAKTHYECKHEX 3a[aY He CTOAb BAXHO 06a-
AauHe GOPMYyHO# pellleHHN, CKOAL YMeHHe HAfTH XKOPHH yPaBHEHHA
C 3apaHee 3aiaHHOH TOYHOCTLIG. MIHbiMA CiloBaMH, HANO yMETh PelaTh
TARYIG 3a1a9Y:

Lano ypasrenue f{x)==0, usmerowee KOprU x|, X3, ... Xp, H WCAO
e>>0. Hadru aticaa f, ty, ..., e, OTAGHQIOUHECA OT KOpHell 3T020
YDOABHERUA MEKbLULe YeM HO &, T. e. rakue, 410 {li—xel <<g, T
s hk=in.

Pewenre yrasanHo#t 3aauH ABAAETCA OAHHM H3 BOAPOCOB S6{4UC-
auresvnod maremaruxu. B 37om naparpade Mol H3n0KeM HawGonee
BaXKKHI MeTON NprOAKIKEHHOTO DelicHusl YPEBHEHHE — MeTON NoC-
JEAOBATEAbHLIX NPHOAFIKEHAN.

2. MeToa nocaeaopateabrnix npubanmenwd. Ypasuense [ (x}=0
MOXHO PA3/HYHEIMA CNOCOGAME 3aNHCaTh B BHAE x==¢(x}, The ¢ —
vexoropad $yuxuud. Hanpumep, ypasuense x* - 2=0 MoOXHO 3a-
AHCATh B CJASRYIOIMMX BHAAX:

o2 x_Sx’»-i«? x_i{}‘(2wx")+x2+2
2x 7T 4 T 24

h 4

A T. 4. AnN ypaeuenfi, 3atucaHusx 3 BHAe x==@ (x), NPHMEHHIOT
caenyiowni MeTol NPpHGARKEHHOTO pPelleHds, HasHBaeMulll xeTodoM
nocaedosareasupix npubaumenud. Bubupaor HEKOTOPOE HavaALHOS
nprGanxeH#Ee x; B NOACTABARKOT €70 BMecTo x 8 ¢ {x). loayyenroe
3HayeHHe x2=1 (X)) 370l QYHKUKH CINTAIOT BTOPHIM IEPHEAKKEHHENM,
Hanee gaxouaT Tperbe npubankenue no Gopmyne xa=¢{xz) u 1. A.
[Ipu onpeseseHRLIX YCJAOBHAX, KOTopHE GYAYT yRasaun HHXeE, nosy-
HAKUAACH TAXHM 06PAIOM TOCASHOBATEALHOCTE YHCR X1, X2, ..., X, -.-
KMeeT npeded a. Torxa, ecast HyRKUAA ¢ HelPepuBHA, H3 PaBEHCT-
BA Xn4a==@(xs) BuITeKaer, uTO lim x,.+|w3imq>{xn)=w(fim Xn),
- 0 - R OF

T, e. a==¢ (@) 10 03KaYAET, YTO o FABANETCH PEIIeHHEM YD ABHEHHS
x=g{x). [Ipz AocTaTouHO GOALITHX 3HAUEHHAX N DA3HOCTL |X, — &
CTAHOBHTCH CKOJb YIOAHO MaNOR, T. €. X, ABIAETCHA HOCTATOYHO XOPO-
WHM NPHOAKIKEHHEM /LA HCKOMOTO KOPHA.

il




[Iprmep I HafiieM METOUOM MOCJHEAOBATENLHBIX ApHOANKe-
puif KOpeHb YpaBHEHHR xmi—-}m;uarctgx ¢ rounoctbio ao 0,081
Pemenne Honomem xy=1 Toraa uMeem:

xo==1-4-arctg | =1+221,39,
x=1+-arctg 1,39=1474,
xy=1-+3-arctg 1,474=1,487,
%5=1 4 4-arctg 1,487 =1,489,
xo==1-}-L-arctg 1,489 = 1,490,

xr= 1 2 arctg 1,490 = 1,490.

Tax xax 3Ha“eHKA Xs B X7 COBMaRAIOT C ToMHoCThio Ao 0,001, 1o ¢ yka-
3aurofl TOuHOCTHIO x=1,450

MeToa nocheA0BaTeALKLX NPAGARKEHRE A HPEMeHACTCS AJA H3BAE-
yeHHs KopueR. KsaJpaThuil KopeWb W3 FMOMOXKHTENbHOrO MHCAZ d
ABARCTCA NOJAOKHTEALHWM KOPHEM AAA ypaBHedns x =a. Jlerko

HpOBEPHTL, ¥TO 3TO YPABHEHHC PABHOCHJBLHO YPABHEBHIO xz%.

[TosroMy AnA HaBAeYeHHsA KBAAPATHHX KOpHeH HpBMeHAeTCd CReAYI-
HiEA MeTol: GepeM xaxoe-BMOYAb MONOKATEABHOS NPROGIKKCHBE X
ANA /@ ¥ CTPOKM NOCTEAOBATENBHOCTh YHCE X1, ..., X5, -\ TAE Xnp =

mxﬁg;}-a' Mpouecc Benercd Ao TEX NOP, HMOKa MOIYAb PasHOCTH

3HAYEBHE X,.: B X, Be CTaHeT MeHbilie 3alaHE0H TOMHOCTH BHIMHC-
JeHHE.
Npumep 2. Hafizem smauemwe /5 ¢ TouwmocThio Ao 0,001,
Pemenue MNoaowum, x;==2, Toraa

_ P45
Xo==55-=225,
22545
g 2 S o= 2,236,
L 2236°45
x4—mm2_2,236 -—-2,236.

3uaunt, ¢ TounocThio Ao 0,001 nosyuaem: /5=2,236.
Has shunciaenra xopuell k-f cTelieHH ypasHeHHe x'==a 3amH-
CHBAIOT B BHAE:

x=—_L—-Mk;j: X .
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[Tocre atoro BoiuncAcHHA BeAyred no opMyde

——e W

Fipumep 3. Hafimem ¢ TouHocThio fo 0,001 smauenne 3/970.
Pewedne Ionoxum B dopmyne (1) k=3, a==970 n Bu-
Gepem x, = 10. Torna
xy= LU0
9793+9299 8 9809,

3raunT, ¢ rouHocThi0 a0 0,001 noayuwaem: x=9899.

Xy zem

3amenanne 1. dopuyay x =a;;x3 , TPHMEHSIOIYIOCR IS HABJAeTeHHN
"

1 q
KBAJATHHY KODHeH, MOMMHO 387THCATR B BRIC xﬂlm?( xn-+~}-:) . Ona o2Hauaer,

qr0 CAREYIOIHEE 38 Xx APHOMHEeHHE SWIACTCA CPEMHEM ApHEMETHUYeCKHM YHCAOM X,
a a

H P DA KOTOPHX CPC/HAM TCOMETPHYECKEM SBaseTest xa-}—. T. €. w/E.

L3 3

Takpm ofipasoM, HPOLELT NOCHOROBATERLHEX RpRGaoKesnl 33RTONIETCR 8 HZHHOM
CAYMEE 4 TOM, Y70 H3 K3MAOM WATY CDe/Hee TeOMETPHUeCKoe 3JaMEHACTCH CPRAMHM
APHHMOTHECCKAM.

Meron nocielopaTebHEX ApHOAKKEHEH Ke BCerla HPHBORHT K
cxoaauwedca nocaegopartenbHocTH ukcen. Hccaepopamme jpaer cae-
Ayouue JOCTATOUHNE YCAOBHS CXOMMMOCTH METOAR NOCACIOBATEND-
BEX npuGAHXeHRH,

Teopema. [Tycre ra orpesxe [a, b] dynxyua | monoronsa, npu-
wex orpesox {f(a), [ (b)) neasmerca wacrew orpeska [a, b} u nycry
cyugecrayer rakoe wucao g, 4to 0<<qg<<1 u |f (x} L q na orpeske
[a, b] To20a aa srom orpeske aemur eduncreennwti Kopens ypas-
HentA x=[ (x), npuxen npoyecc ROCAeI0BATEALHBX APUOAUNEHLI,
Hadunaowudicn ¢ 400020 snadenus © uz [a, b, cxodurca Kk sromy
KOPNIO.

YIpaXdeHE s

218. Pewznre MeTRACM HOCHeROBATEAbHHX NMPHOERKEHAR YPpaaHeH:n:

Xl

i - b g 3‘ Tt
l}xm{x+l : 3 x=mix41)s 3} xemd - +1,
4 x=2445 6 xwil-ﬁe**; 6} 4—Bxmtg x;
7} Pe=sinx; 8} Pwsing 9) x==aresin f--li_«!-: 10 x H_smx_

i) Pein (x4 1} 12} tnx==4-—x" 13} et 42, 14) 2*=4x.
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§ 6. YPABHEHMS M HEPAREHCTBA C NAPAMETPAMMH

1. Panvonaibinie yPAaBHEHM® M HEPaBEeHCTBA ¢ DAPAMETDAME.
OfuMHO B ypaBHeHHH HAH HepaseHcTRe OyksamH 0603HAaualT He-
HasecTHHE, PeIHTh ypaBHeHHe {HepaBRHCTRO) ~ 3HAMHT HARTH MHO-
HeCTB0 IHaYeHHNA HeHIBECTHHIX, YAOBACTROPHIO HIHX ITOMY YPABHCHHIO
(nepasencrsy). Huoraa ypaanenus (uepaaencrsa), kpome Gyks, ofo-
3MAYAIDIRHX HeH3BeCTHble, coZepiar ApyrHe GyKBbl, Ha3biBaeMble
napaMerpaMH. Torja Mbl HMeeM Ze0 He ¢ OXHHM, a C GeCKOHeHbIM
MHOXeCTBOM ypaBHeHuBk (HepasedcTs). Iipu arom GuiBaer, uTo DpH
OAMHMX 3HAYEHHEX NapaMeTpoB ypaBHeHHe He HMeeT KopHe#t, npH
APYTHX — HMEET TOJBbKO ORHH KOpeHb, IPH TPeTHHX — ABa Kopus. [Ipn
peileHHH TaKHX YypasHeHHR (HepaBeHCTB) HaZo CHavata wWafiTh
MHOXKECTBO BeeX AONYCTHMBbIX 3HaYeHH# nmapamerpoa, a 3areMm pas-
6HTL 3TO MHOXKECTBO Ha YaCTH, B KaXXAOH H3 KOTOPHX OTBeT BEIpA-
WAETCH 0ZHOR H TOR XKe (;)ynxuuei yepes napaMerphl.

Paa6epeM caenywomui npHMep.

IMTpumep 1. Pewum ypasHeHHe ax®-4x--3u==0,

Pemeuue Baanioe ypasHenHe BXOAHT NHIIL ONHN NapaMeTp a.
Eenu stoT napamerp npuHHMaeT 3Havedde (, noayuaem nuueﬁuae

ypaBHeHHe, HMeiee JAHINbL ORHH KOpeHb, a HMEHHO x-»--——— nj}H

a0 ypasHeHHe HBASETCH KBARPATHHIM H €ro KOpHH aupamalorca
yepe3 napamerp a hopMyraMu

x;ﬂg“*"‘“_&’. x2m2m1/4w3a'
a a -
Ecau a<%, T0 HMEEM 2aBa Jleﬁt:‘raa're.rmuux KOpHH, HpH ﬂw—g—'

3TH KOPHH COAHaNRIOT, a HPH G}*g* ROAROPEHHOE BHpAXEHHE 0T

pHiaTeAbHO H AeHCTBHTEMLHMX KOpHeR Her.
OrBer 3aNHCKBAGM Tak:

Iipn @==0 x=—3——;

]"}pﬂ a{i x52=2i'£:*_3.a_-

3 . a '
4 3
fpy =g x=-5;
Iipu a::-%— AeRCTBHTENBHLIX KOpHe# Her.

Javewague Coyuadi g==0 MOMED PACCMATPHBATE Kak Npegensund. Huerno

2-4-/4—3a 24— 3a x 3
a 4]

CTPEMHETCA K o0, @ KOpexb ik

MH, omwako, we Gylem 5TOrO YuHTHBATE W GyAeM CuWTHTh, uTo ApH a=90 mMeeMm
EAHHCTHEHHNN KOpeRb,

ecaH ¢ -0, T0 Kopedhb
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Mpuesxep 2. Pemam ypaBuenue

3mxr—5 ; 3m- 1] Rxofe7
(—z}(x+3)' m-1 x4 B

{30ech B HHMe HeA3BECTHhe 0603navennl GykBaMe x, y, 2, Na-
pamerput — Gykpamu a, b, &, R, m, n 1 T. A},

Pemewnse Bopaxenusa B Jepod u npaBolt 4acTAX ypaBHEHAA
HMEIOT 3pauenust NPg m == 1 U x % — 3. TIpk 5TOM yenoBuR, yMROKaS
oGe uacrH ypapsenua wa (m—1)(x+3), noayvaeM ypasueHue, pap-
rockARROE Zawwosmy. [ocae ynpomenna moayuaeM ypapherse

(4m—9) x==3| —2m.

Hpn mq&—?—- OKO HMEeT KOpedb xm3;;2"9‘

Ocrasioce BHSCKETH, NPY KaKHX 3MAYEHHSX M ITOT KOPeHb A0-
AYCTHM, T. e. OTHY%EH OT YHeAa ~ 3. Peutas ypasrerue 3; 2’; =3,
HAXOAKM, YT0 M= —%.

Hrak, echw m==1, mmx: , Mk w%, TGO YpaBHEHHE HMeer
eLHHCTBEHHBIA KOpeHD x=%£§—-. Dpum==1, mw%, m= ——z—mp—

gelt ger.
Apajoruupo pelialoTCs Auseiinkle wepaBercrBa ¢ AapaMeTpaMu.
Hpuaemxep 3. PetipM wepaBencTpo
Ix—m m 3

(M- (x43) m—2 < 43

Pemenue. llonycTuMbMi 3uavedsisME M @ X SABAAIOTCS Ta-
ke, 4T0 m#=2, x¥ —J3. [epeneca Bce uneHn B JAeBY® %acTb
H ApeBeAs }.I]JOGH K OGMQMY 3HaMeRaTesan, NoJAYHacM HepaperCcTBO

{rrr — 2) x— {6 —Tm)
ey O

PABHOCHJIBHOE B OBNACTH M2, ¥+ — 8 Aepapedcrny

(x—=1D) r+3>0. (1)

"2

Pemiam wepasercrse (1) serozom mureppanos. Peiada ypasue-

e x-4-3==0 n xmﬁmjmm(} noaydaeMm: x== -3, xew—sm_z';-
BoaMOXubl fBa CAy4as: 3(6 7? # —3:::-6 m . Pemas we-
paBeKCTRO —3::-5 7';, T. € —;;_—2-—{0, paxoxnuM, 910 m-<<0 HIn



m>>2. HeDaBeHCTRO e — 3 —— 5— 7’2" BHINOJHSIETCH HE POMEXYTKE

[0; 2] 3urunr, ecns m<0 wan ecm: m>>2, 10 nepererctro (1) Bu-
NONKACTCH KB Jy4ax ( — o0} ﬁ:f.’.i',) H{—3; +oo) Mpr 0K m<<2

-2

OKO BLINOABACTCA BB AyuBX (—oo; —3) & (5;_3;' ; ~{~oo).

Ecig ByMBO BBISICHHTb, HET JIE 3HBUCHHM TBPAMETDPOB, TIPH KO-
TOPHIX KaKoH-MRGO KOPeHbH YPABHCHHS HMEET <«3BNPEHICHHOS» 3IHB-
deHWe, TO NPONIe BCEr0 NOACTARHTL P10 JMBYEHHE KOPHA B Npeos-
DR3OBAHHOE YDRBHEHHE — SICKOMBE 3HBUEHHS NlapaMeTpoR cpa3y
ONPCACHATCH.

Mpumep 4. Pemnm ypeBHeHHe

x . 2x 35 —4
b1 T k2 BENE—9)
Pemesne 3Aech HeRONYCTHMH 3HBYeHHA b= —1 B x==2.

B oGuascra, rae b=%—1, x5£2, RanHOe ypapHeHHe PBBHOCHALHO
YPARHEHKIO

4 %x—3b+4=0, (2)
KOPBE KOTOPOTNO KMEIT BRI

= — b —~BTF 36 —&, xy== — b +-/67+ 35 —4. (3)

Yrolhl BHIACHHTD, IPH KBKHX 3HBYEHAAX b OANHM H3 THX KopHef
paBer 2, NOACTRBEM x=2 B ypasuenue (2}. [Noayumem: 8-4-5=0,
orkyAa b= —8. [Ipr 3TOM 3HRuYeHHs b «3BNPeTHOMY> YHCaY 2 pB-
BeH Nepebifi KOperb, B BTOPOR NPHEEMaeT apavenue 14.

Octanoch BHACHHTH, NP KBKHX 3HBYCHHSIX b KOPHE X1 B Xo,
3pRABRBEMHIE dopuyaoh (3}, peficTeHTeNbHE. JTO HMeeT MeCTO NIIPH
b*+4-3b —420. Tek kak KopHamu ypeBrenHs b° 36 —4=0 spas-
wres by=1 H by=—4, 10 KOpHH aeﬁcrun'renmu npr b —4
{npauem bt —8) v npu b=t

Hrak, apnaunoe ypapweHse nMeeT ABB HeRCTRATEAbHBIX KOpHH,
SEABBBeMbe BRIDBKeHssiME (3) npy b<C —4, b —~8 w npu b= 1.
3t xopuH coBNaRelr npy b=—4 u npy b=I. Tlpu b=-—8
HMeeM OAHH koperb x=14. [IpH oCTBABHLIX 3HBYenHsuxX b peHcT-
BHTCABHLIX KOpHER HeT.

YutpaKHeBER R

219. 2} Hafigure BCe 3LAYSHHN o, HPHE KOTOPHX ONNY H3 Kopmefl ypaBnuesEus
£ 2ax 4 1=10 Goapise 1, a BrOpoR - Menbme 1.
6) Hpu xaxux szavennsx g ofa wopnst ypasnemwst % 6gxt 22096 =0
foasie 37
220.Tipr xaxmx suaueHBHX o Kopun ypansesud (14 a)x®—3ax+4a=0 ygonter-
BOPARDT YCAGBEID << b7 '
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221. Hafizute Bce aHadeHBs @, NpPH  KOTOPHX KOPHM ypabuewms x* 4 x4 a=0
Goaue a.

222, Hpu KakWX 3HEUEHHRX @ XOPHA ypabHewsi X —32x—a’-h1=0 Jexar
MenrAy KopHaME ypasuenma t° —2 (a+ lix+a{a-—i)==0?

223, Pemnte yepanedcTBa:
1) Pepaxd-129; 2) addz41>0 .

224. Tipy maxex smawenesx a swpawenne ¥ —({a-+2r4-a-+3 mosommressyo npu
Beex x>0?

225, [lpu RakeX 3HQUeHHAX o pWpamedne ar—2{g—Iix$3a—]1 noremuresbio
mpH Beex x> §P

226, Jav Hawux sHavewwit a wepamewcrso 2al--d4a®x—a'4 10 crpasegtuso
npH Beex x, x| 1?P

227, Hafigure Boe agaueHHA @, BPH KAaXKIAOM K3 KOTOPHX A0O60e ¥, YAQBAETBOPHKeE
gepaneHcTsy ax’ {1 —a¥x—a >0, no woaymo He npepocxoET 27

228. [Epn Kak#x avavemnaXx @ wHepasvenerso (o —4x’-—4ax-+-2>0 sersuno npe
Beex x> 2?

229, Haknpere sce avaueHHd g, NPE KOTOPHX H3 Hepadencrsa x-—a(l-+a'ie+tat <l
caedyer HepasecTso X% 4543 0.

230. Hafinnre Boe 3HaNeHHSt 0, OPH KOTOPHX HEPABENCTBO BREOEWMEICH Jipn JOGOM
x>0

1) (@ {1~V — (34 VDa+ 3V + 2 (@ — Dx - a>> —/3;
2) (@1 4+Ea (V2 — B)a+ 3R+ 2" — D d-a>> 2.

23f. Haliqute Boe SHAYCHHA @, NPH KOTOPHX CHCTEMR HMERT eLHHCTBeHHOE DelieHHe:

0 {x’+2x+as;ﬂ, 2} {x*+4x~§»3€a,
L —dr—basiO; L Dl 3 —6a.

232. Hafigare Bece smadensst q, TPH  KOTOPHA  peilleMHf CHCTeMu o6pazynT Ha
zHEROBoR OcH OTPpelnK Zaduw 1

) {x?_mg;aml, 2) {x2+6x+7+a€(3,
—dx< | —4a; B pdx T 40

233. [Ipr wamux suavewnss p ypasuewwe (x--pf(p{x—pff —p— == —~1 umeer
GOAOKHETEALHNX KOpHefl Gosbuie, dYeM OTPHURTENLHLX?

234. Iipu maxux 3uauenusx p ypapgeuse {(x—pf —I3p—4) {x—~pPe= —2p—3 umeer
OTPANATERLIMX KOPHefl GoAbILe, WeM ROAGHHTEAbHMXE

235. Haliaure Bee aHaYSHME p, GPE XOTOpHX ypaBuenwe £ (x-+ 1) (x +p) (x4 1 4 pl=p°
HMeeT £ ROpyA.

236. Hafiawre Bee avasewms p, Gpy  KOTOPMX ypaswewwe x'{p—1}x' 4P+
+ip— 1) x4+ 1 =0 HMeer ne Medee ABYX PANIHUHWX OTPRUATEALHEX XOpHeR.

237, HaladTe BCe IWANERMA P, NpY KOTOPHX ypasuenne x{x-+ (x4 2)(x+3}==p
HMEET He MeHee TPeX OTPHLATEALHHX KopHed.

238. Hakante Bce 3nadeHMH p, NPH KOTOPHX ypaBHenEe &' — pr®—(2p - 1) x* -
- px-+ 1 =0 umeer He Medee ABYX KopHek, BoaplisX 1.

239, Haitarre Bee 3HAYEHHS ¢ # D, NPH XOTOPHX CHCTEMA YPasvesufi HMeetr efHHCT-

BeHHOE pelleHEe: O
Xy 2= b,
Pri+L=4
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240, Hafinure see sHadeuwst 4, NPH KAMAOM K3 KOTOPHX CHCTEMA MMEET PeHIEHHE:

1) {x 25— Ty B 2) {5x’-—4xy+2y’;e3.

PENE
35+ Wy Byt - 178+ 24 < g:;é .

2. HppanuoHAARHbE YPoBHEHEA R HEDARERCTEA C NIAPAMETPAMH.
Ilpumep 1. Pennm ypasuenme

Vax—24-x4-2=gq, (1)
Pemenne OOa caaraeMuX SBNSIOTCS BO3PACTAIOMMME DyHK-
uwsiMH OT x. Tem xe csoficrsom ofaafzer H ux cymma. Ilosromy

3x—2 +wfx-§~ 2 MOXeT IPHHNTL KAKEOE 3HAUCHHE g He Bojee OEHOTO
pasa KopHy 8 sesoff yacTH ypasHeHHs OonpefiesieHk s o6nACTH, rie

;>_,-3-~H.x 2Tenpﬂx;;«§w
Orcwopa caeayer, 4o HaHMeHBIIHM 3HAYCHHEM, RPHHHMACMBIM
JAepoft nactew ypasHeuus (1), unme*rcn*\/wiw+2, T. €. «-}\/5 3o
# eCTh HaHMEHbee 3HaUYeH e @, IPH KOTOPOM ypasHeHHe paspeiliaMo,
Hrax, ypapHenre {1} HMeeT efHHCTSCHHRA KOPeHb BPH a;%% H e

HMeeT KODHeH TPH a<% /6.
HUrobw HafTH BHpPaXKeHHe JAA KOPHA Hepes g, YEAHHHM Pajukan
# BossejeM 06e YacTH ypasHeuus B KBafgpart:
x—2=a"—2axF24x+2 7. e 2x—4—a°=—2a+x+2.
-y
Orciofia CAGNYET, YTC JOJIKHO BHIIOAHITLEH HEPABEHCTBO x«<:2~{-»9——

3annies fesyl YaCTh NONYIRBIICIOCH YpanHeHHS B BHAE 2 (x +2)
—{8+ 4% u Bo3seseM 0fe wacTH ypasHenHs 5 Keaxpar. Floayuum
IOCHE PACKPHTHH CKOGOK M YIPOLISHHSN:

4 (x4 2} ~8 (4+0%) (x+2)+ (84 a?V=0.
Orciona

X H_gg'i U+a): V16 (44?7 —4 (84" 2(4+a”)ty3a" 1647
: 4 2

K TOTOMY
x1—ai+2——ax/30 xgma"’+2+wa*\j3az+16.
1 2
OCKOAILKY mpH a;b-,—gqjg YpasHeHHe 3aBEACMO HMEeeT OIHH KO-

2
PeHs, a x; He YAOBACTBOPHET YCIOBRIC x<:2~41~%, TO KOPHEM ABAHET-
CH Xy,
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Hrax, ypasuenne (1) ameer apn a;%——-\ﬂ—i eIHBCTBEHBLI KOpeHb
x=244"—2+37 16,

a npH a<-§—\f§ KOpHe#d He HMeeT.

Mpumep 2. Pemuwm ypasuenue \a-—+x+a=x.

Pemen re. Tax xak nojAxopenusie BhlpaKenusi NOKEH GHTbL
HEOTPHHATENLHR, TO LOJKHK BHAGIHATLCA HepaBeHcTBa x+a >0,
az=0, az/x4a. KpoMme toro, Boawuo Guith B x 22 0. 3naunr, ua-

HMeHbiIee 3HaUCHRE VX -|- @ PaBHO 1/ H KEOGXOAHMO BHNONHERHE HE-
papeHcTBa a>+a. 3Hawnt, a=0 wwm a>1. Hpr a0 noayuaem
ypaBuenne w—"_\?x=x, HMeKee efRHCTBERBHA Kopesb x =0, HycTb
Tenepb ¢ .= 1. Bospoaum o6e 4acTH YPABHEHHA B KBAAPAT K NOJYIACM:
awxta=2x®. 3naunt, a—x=+x+a, orkyEa a—x'=0. Ha
ypaBHeuns a- x*==+x + a caemyer, uto
(@~ +x) (@~ —x)=(x+6+x) fxta—=(x+a—x>),

OTKYZa

(x+ @ P (@ P o g 1) 0
3pawuT, K60 x+a—xZ =20, NTEG0 @~ X° e o | =0,
Peman neppoe KBaZpaTHOe ypaBHEHHE, MOJYHaEM:

[ T
xa—2+ 4*'}"(1. Xa== -5 4+a.

Hsa BTOPOIO KBRAAPATROTO YPABHEHHA HMeeMm:

R S 3
x3= 2-|— a 4,x4-- ?d'm

Buscaum, xaxkne w3 wopuefl x;, X3, X3, X: YEOBJICTBOPSAIOT YCAO-

BHIO (}QxQ\/&. TTockoasky X1 >1/c_l, x3<<( (HanoMuuM, yTo 2= 1),
TO X1 B Xp He SABASIIOTCA KOPHSIME yPaBHEHHSN; X4 TaKXKe He ABAfeTCA
KOpHEeM JLAaHKOIO ypaBHenusl, Tak Kak x<C0. Ilpw azi umeem:

HE- -»%+-\ f a»-»%—»{ a, ¥ NOTOMY X3 — KOPeBb AGHHOIC YPABHECHKA.
Wrak, npr az21 KBMeeM eOHHCTBeHHLIt KOPeHb X= —--;—+

+ a—% , @ Mpe a==0 nmeeM: £r==0. [Ipn ocraneBnx snauen#ax a
KOpHe# BeT.

3aMeuanee EINHCTREHHOCT: KOPHA DK 2= | MOXHOG YCTRHOBATE Tak: fryHK-
HHE ==X BOSpacTaer, a GyAKIMA y="Ya-+o-+x ylusaer. 3uaumr, rpadury
9THX GyHKIHA MOTYT nepecedhcd AHiln B ofHOA TOuxe.
Teneps peridM HDPPAUHOHARBLHOS HEPAPEHCTRO ¢ NapaMeTpPOM.
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ITpamep 3. Pemnm HepapeHCTBO
Vo @2x 4 1 > 3xom 4. (2)

Peniesn de UYrtolu Boce KOPHH, BXOASIINEG B HEPABCHCTBO, HMEJN

aHAUeHHE, JIOMIKHEL BHNOHATLCA MHEpaBeHCTBa X_ >4, X.= L
x;}-%, T. & XA x;«gw. Tak xak npH TaksX 3HAUEHHSIX X W 4 BCe
KOPHH B {2) HEOTPHHATEJbNH, TO MOKHO BO3BECTs 0fe YacTH Hepa-
peHcTBa B Kpaapat. [losyyaem cHcTeMy HepaseHCTB

2247 —(2a—Nx—a>a—>5,

xz2za, 3

4
X == 3
PasGepem Asa cayyas: a<<5n a=5. B nepeoM cayvae g - H <20

H NOTOMY NepEOe HepaBeNCTBO CHCTEMH CRPABEAAHBO sl BCeX X,
YAOBJCTBOPSIOMINX ABYM RPYruM HepaBeHcrsaM. OTciona moayuaes,

4yTO NEH ag% pelicHAeM cHCTeMmH (3) Apasercs Jayy [«%—- + o0 ) )

a npu %<a<5«—ﬁyu [a@, 4 o0).

ITycte temepnr a5, B stoM cayuae ofe Yacrd nepsoro Hepa-
peNCTBa B cucTeMe {3) HeOTPHIATENLHE H MOKHO BOJBECTH HX B KBAA-

part. Tax rax yonopse x;?wg-— 3aBelOM0O BHNOJIHEHOD, TO HMEeM CHCTEMY
.

HEPABEHCTR
{ 8x*—4 (2@~ 1) (@ —6a 425} >0,
xz=a.

3ametnm, uto @°—6a-+25={a—3)°4 16> 0 npn Bcex a ¥ ROTOMY
cBOGOANKE WieH KBAAPATHOINO TPexusiena oTpruatenen. OTcioaa BrITe-
KaeT, 4T KOPHH YPaBHEHHS .

8¢ —4 (2a—1) x—(a*—6a+25)=0 (4}
HMEIOT pPA3HHE 3HaKH.

flockoaskyY MH XOTHM, YTOOL OASH

H3 KopHell OniT He MeHnpille, uYeM a, TO vk
{cm. puc. 44) B TOYRe @ TpeXuier Ao eEH
APEHNMATE HENOJOKHATEABHNE 3HAYEHHA.
Orciona nonyuaeMm HI% 4 HMepPaBeHCTRO
Ba®—4 (2@~ 1) (@ —Ga+25)<0, 7. .

~—(@-~57 <30, Ouo BHNOAHAETCH AJH a
BCeX a. 3HavuHT, OJHH H3 KOpHe# ypaBue- ) ¥ e
Bes (4), a saMeHHO GOABLIIMH, YAOBJIETBO- \\_/
PRET YCHOBHID X2 a. JTOT KOpeHb HMeer
B
L AT NI
x1=-- (2a~—1 +~/6a’ - 16a-51). Puc. 44
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Hrax, MW AOKa3aA®, WO €CaH ag—g-—. T0 ~§-s;x<+oo.

Ecan %<a<5, ™ a<x<<+ oo, B a5, 10 xl‘>f3r(20—l+

46l —T6a+51).

Yepampenns

241. Pennre ypabsenns:
1) etVri=a
2 Ya+x . w’amx .
Vatvats  Ne—a—z
3} x+»&+w}x~§-2~§~\[x5+2x~—*a;
4 xz—z»‘/s?“*—zax+4+4m=2§(x+§+t) ;
2 2 1

5) (a+x}“'m+4 {ﬂwx}%‘— 5 (02 £7)° =0
6) lx+3l—alr—1)==4;
7) tx—2{-alx-43l=5.

242, Penre ypabBreHis {ApH MONOMHTEADHHK 3HARCHHNX NMapaMeTpos}:
D a5V LB —(a—b) o+ 65— =a + b7,
2) yl’x’—;_3ax—?2+1fgx2w3ax+a"'=wf2(a2+bz):
pre 2
3) 2ex P =xPf 4 5%
4) Va4 Ve t+ife— =45

5) NatVi-b _ fa.
Brvi—a V'
o JEEELVETE _ g

Va4l x
243. Hafiawre Bce 3RAYSHHA 4, HPH KOTOPMX YPABHEHHe

rir42al4+1=a

HMEET eANHCTBOHHOE PelEeHHe,
244, Haflpure nee 3mavedns d, aPu KOTOpHX ypabsrenne

b —2 jx g F—a=0

HMeeT POBHO ABA PA3NHYHMX PelUIcHHR.

245, TIpu K4KMX IHAYEHNWAX a ypasuesme t— 0,5a=4 |4 {x| —a®} wseer poBHo TpH
KopHA? Halgrre 3TH KOPHM,

246. Tlpa Kakex 378YEHRAX 0 YPABHEHHE KMeeT SAHHCTBEHHOE pelllcHRe:

1} H—ex]e {1 —2a) x4 ax® D Had 1} x—2)=e{l 4 a) £*—2ax 27
247. TIpH ®axmXx 3dasesnsX @ HepaBeHCTBO KMEET XOT# Oht OAHO OTPHASTEALHOS
peIIeHHE:
B} Bemlx—al>xh 2} 2 xdaif A
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248, Halfinure Bee 2HASERHS 4, UPH KOTOPHX CHCTCMA BMEST POBHO B3 POLICHMN:

{ bk o Tk 6] e 42 e Bx A B o 12 L] s,

Pe-2gwNrtalg—8=0

249, Hafigure Bee 3HAUYCHHR o, NPH KOTOPLX CHCTEMA WMEeT EAKHCTBEHHO? pe-
HIGHAE,

{ Jx?—Ba4-4] —9x Byt 4+ 10x [} =0,
B —2{a—1t) x4-a(a—2)m0.

3. Tpancucnaenrabie YDARBHEHUE H WEPBBCHCTBA ¢ RAPAMETPAMM.
OYHKIMH y==q°, y=log, x, y=sift x, y==arcsin x H T. A. Ha3HBAKOT
TP AHCHEHACHTHRIMH. PeiliiM TpaHCUeHACHTHbe YPAAHEHHH H HepaBeH-
CTaa ¢ NapaMerpaMH.

TIpr perieHnH HOKAa3aTebHHIX YypaaHedHfi H HepamneHCTa C mapa-

METDAMH HAZO IIPOBEPHTL CJyual, KOTHA QCHOBaHHE DaBHo 1.

MMpumep !. Pewnm ypaaHeHHe

. anwa_azx—2+a2xmb' (1}

Pemrenne 3anuuweM ypaadenHe (1) a suge
&3 (@ a+ 1}=b. @)
Ecan a==b==1, 1o npu mobom x mmeem: 13 (1314 f)e=l.
3uauur, NPpE a==b=1 KOPHeM yPaaHeHHH ABAHETCH MOGOe 3IHave-

HHe x.
[TycTs reneps a>0, a<%1. [lokakem, 4To HPH STHX IHAUEHHAX
ARIOAHHETCH HEPAaeHCTRO g ~~a--1>>0. B camom Aene, QyHKUHH

y=x—x+1 npa x>0 HMEeT TOALKO MHHHMYM B TOYKe x== :,
paaHntf g—”ig-ﬁ:;(]. [Tosromy @ —a-+ 1 >0 npr a2 0. Orcrona cae-

nyet, aro ecaH a>>0, a==1, >0, To a”"'am«&g-:%q_—i«}ﬂ H 1OTO-

L 3
My Y= 3 (3+10g¢m) .

B cayuae, Koraa a==0, pasencrac {l1) annoAHAETCH AHIE 1PH
bmo, x>~%-.

HakoHer, paccMoTPEM cayual, Korza a-cf.
B yroM cayyae BONYCTHMbl JHUGE Henne 3Hayenud 2x—3. Hanl-

MH cloaaMH, ecaH a<<0, 1o xzf-éﬂ, rie n — pefoe wHeno, [Tpu

s3ToM b=q" (@*—a-+1).
Hrax, ecam ga==b==1, 10 x — A060¢ pelcTanTeNbEOS YHCAO. ECaH

a>0, a1, 10 x=p{(34logs——tr). Ecnn amb=0, o
x>wg-. Bean a<c0, b==g"(a®*—a+1), rae n - gesnoe uHcro, TO
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x=n-2|-3' B APYTHX CAYYaRX Ypaauneuue KOpHeﬂ se ameer, Obuuno

a4 TakHX 3aAa9aX Aeaai0T Oroaopky, wT0 a0 u cayyan g==0,
a< 0 pe paccMarTpuaawTcs.
Hpumep 2. Pemum unepapeHCTEO
FEEN | 443
ax+6 g‘"axq—&. (3)

Pemeune JHonycTumsl anavenus x Takue, 4ro x== — 6. Ecau
a=1, T0 Raunoe HePAAEHCTAO ALNONHACTCA TPH aCeX IHAYCHUAX
X Tarux, 9o x —6. [lpu a>>1, x+4 6 0HO PaauOCHABHO Hepa-
i":ég‘l?w——x_tg , KOTOpOe RPHBOANTCA K aHay 2 (x-f 1}{x-{-6}220.
Merogom myTepaanca noayuaem, wro x<7 —6 gaH x> 1.

Eean O<g<Cl, x5 —06, To Raunoe HEPAACHCTBO PaANOCHALHO

241 4x-43
HepaaeHcTay f—ﬁ—}%, 7. e 2 (x4 1 {x46)< 0. Penan ero sme-
TOAOM HHTEPBA0OA, HoaydaeM: —O<x<l —1.

BEMCTRY

* Iips a==0 nepaﬂenc*rao'{ii) CTpapeEAHA0, eCHAH 2x"}"l}{} "

4’:‘”: ——>>0. Peiras 3Ty cHCTeMy nepaaencta, Todydaem, uro x< —6
win x> ——. Ecan a<Z0, 70 nepapenctBo (3) MOXKer AMeTh MeCTO
ARG A c.ﬁyqae, KoTAa ROKaaareau — Leante wncaa. Ecan 2‘_‘:{; m

43 _bm—1_ 2n-3 -
M g == TO MMEEM: x==-r—=7"—", OFKyAa 24m+4n—4=

= 34120 —6, 1. €, 21m—11n42=0 Hafizem "eane 3uaveHus
m W n, TPH KOTOPuX asimoausercA papeuctso 2lm—1ilan+42=0.

IToxGopoM naxogem OAHO pelfenue; Mg==2, np==4 OcTanbubie
peifens sl BHIPaXKAOTCA (opMyraMu

Cm=24114, n=4421t (4)

rie { ~— Hexoe HuCao.

Tenepe Hago aWACHHTH, NPH KaruX 3IHAYeHHAX { abNOJNHACTCHA
Hepaaeucrao (3), T. €. TPH KAKAX m u A uMeeMm: a” < a".

Eensn — 1 «<Zg<0, T0 370 HEPaBEUCTBO CHPABCAJIHBO A CeAYIOHIHX
CAyuanx:

a) n uwerno, m anGo werno, Anlio neveTno ¥ M=n;

6) m B n weveTHH, TPHUSM ni<lA.

Iipu a= —1 wepaaencTBO KMeeT MeCTO, €CAH Nt YETHO HIAH &K M
HeueTHo,

Iipu a<< —1 ouo cApaaessfao a CAefyIOIUX CAYYARAX:

a) n wetno, m nubo weTHO, AbO HeUeTHO A M= n;

8} m u n uedeTHH, NpHYEM M =N

Bo acex yKasauusix ciyuasix aninoausercs Hepaaeuctrao (3).
TIpegocrasnfem YATATEAN AWACHATL, MPH KakuX 3uavennsx ! a dop-
Myiax {4) anTONHAKTCH yKajauunle asline yoaoanusd.
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Jameuanne Meroau peinensn ypapHesnl Buja gx-+ by=c
B HEeJMWX YHCAAX H3YYAHOTCH B TeopHH uncesa. Ons OCHOBANW Ha
CHEAYIOUIEM YTRePKAeHHE  HanGoabinnil o6ulel feaurens d HaTYPaTh-
BHIX YHCET 4 1 & MOMHO npescTaBnTh B Bife ax by, rie x ¥ y — Be-
ANe dYHCAA, ’

lipusmep 3. Pemum ypasuenne

2 log, fxi 42 log, (x+2)=1.

Pe mense. Toonpesenesnio sorapudma AOMKEEL BEIIOAHATHCH
yeaosun a>>0, a1, x5£0, x> —2. [Ipn 91HX yenoBuux 3apansoe
ypaBHeHHe PABHOCHNBHO YPaBHEHHIO

el s +2)=+a.
Ecin —2<x<<0, to oOTCI0OHA HAXOLHM: «-x(x+2) “a.
310 ypaBHesHe HMeer neﬁcmn'reubnue KOPHH JHINb npn Va1
I— a,

B stom caygae iz e | o lmw/_ xgmm — 4 IpHYEM
Jerxo saMeTHtb, ¥ro 1pH 0<a <] o6a KOPHH JeXKaT Ha NPOMEXYTKE
(—2; 0). llps a==1 374 KOpHH ¢OBNANAT U X==— |.

Mpr x>0 noaydaem ypaesenwe x(x+2)=+/a, oTKyza
gawm e L 18, xym= — 131 ++/a. Tlonoxkurenen asms Ko-
PeHb X4

Hrak, npr O0<Ca<<l ypaBmesHe HmeeT TPH KOPHE X, X, Xi.
[ipn a:::-l — JAfitib OHH KODEHb X¢.

Mpumep 4. Pewnm sepasencrno log, (x4 2x)<1.

Pemenne Tloonpenenenno norajgmpma JOKHEE BRHIONHATHCH
sepasencTea aw:0, a1, g% —1 1 £ +2x>>0. Paccmorpum fisa
cayuau: |aj>1 w 0<<{al<<1.

Ecam lal=>1 {r. e. a>1 wm a<<—1), 10 HEMeeM cucTeMy
HepaBEHCTB

£ 4-2x < d’,
{x"~;~2ﬁ>0,

[Nepaoe sepapeHcTBO BLUIOAHKETCHE HA NPOMemYyrke (X, xg), rae
x;=-—l~—»~\}l+a!, xg~—--»1—|—1{l+a’, a  Bropoe — Ha JAydax
x< -2 8 x>0. [Nosromy cicTeMma BWIOIHHETCH Ha pepecede-
HHHE YKA3AHHOIO HPOMEXKYTKA ¢ ofneurenseM sTuX Ayuedi. [Tockouns-
Ky x1<Z—2, x22>0, T0 310 sMeeT mecro #a oUbeRHHEHHH NpOMe-
xyreos (xi; —*2) 8 (0; x).

[Tyers renepb 0<< [ai <<} {1.e. — 1 <<a<<1}, a=0). B srom cny-
yae FIOAYUAeM CHCTEMY HEPaBeHCTH

X422 a0,
{x’+2x>0

Mockoabky a?>>0, AGCTATOYHO PacCMOTPETh NEPBOE HEPABEHCTBO.
Ero penennem cayxur o6veannense aydell (— oo, x1) 8 (¥, + 00),
TAe xy H Xp TE Ke, 410 H Bhile.
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Hrax, ecn |ai > 1, o xi<<x<. —2 HAK 0 < X< X0, 0CAH |G| <1,
a0, To — oo < x<Zx; HAY Xp< X< + oo, FRe x1=—i—-wfi+a§,

xo= — 1 +/1 +a’.

[Hpumep 3. Pemum ypapHeHue
(@~~1) cos x+(a-}-1) sin x==2a.

Pemenne. Pasgennm o6e uacTH YpaBHEHHA HA BhipaKeHHE

Vg 1¥+{a4 1Y =2 {a*+1). Tak xak

a1 )2 a1 )2 1
V2 @+T) V@D '

. — 1
To wafijercs TaKoe @, WO Sift g==—S b cospm=—SEtl
ﬁ@+f VZ 1)
Hmenno ecin a2 — 1, 10 g =arcsift —=——  NpH a<< ~ | HMEEM:
VZE@FT 5
==y —aresin ___........_.. . Tosromy sin & cos x4 ¢os o 5in x—-ﬂ[:-

i Va1
T. . Sif (x—i—tx = . 370 ypaBHeHHe HMeeT ReRCTBHTENLHHE

KOPHH IIPH YCHOBHH, HTO I 7}%} <l re —1gas] B srom
¢nygae Cyllectsyer rakoe B, wro sin ﬁm-—“ﬁw. Hostomy npu

\Ha§+l
-] €L ass ! NaHROe YpaBHEHHE NPHHHMaeT sBrA: sin {x+a)=sin f.
Orciona noaywaes, 910 x==2an-+-f—o wIM x=2mn-in—f—a,
Tile 7 — nejoe YHCJI0. IDTH pemeHNs MOMHO [IPeacTas#th B BHAe

x==2xn-} arcsin A2 aresin—8=L

Va1 V2@ T3
HIH
x=={2n 4 1) m— aresin i—arcsm .
2n4-)=n ,2—3—(3 =

Mpusmep 6 PewmwuMm HepapeHcTBO
asin® x-4-2cos x—a+1>0.
Pemed He HepaseHCcTRO JIEFKO NPHBOMHTCH K BHAY
acos? x—2cos x—1<0. (5)
Ecan a==0, 10 umeem: 2 cos x4 1 >0, oTkyaa moayuaem:

—-—%’5+2nn<x<%’-‘-{r~2nn,

rRe nt — UeA0e HCJO,
Hpu a0 nodoxum cos x==2. Ioayvaem cuCTeMy HEPaBeHCTB

{wigzgh ®
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PazsBunble BOIMOKELIE CAYUaH ONpeAeNsIOTCA 3HaKaMK (PyRKuHR
f(z)r-_az’milz«-l B TOYKAX -1 H 1, 3HAKOM a H TIOJOKEHHEM
K 3HavYeHHEM 3KcTpeMyMma dynxunn y=f(z). Umeem: f(—1)=a+1,
f(1}==a—3. [laaee, TaK Kax ' {z)==2az— 2, 10 3KCTPEMYM HaX0oARTCH

B TOUKE z=%‘ H SIBAACTCH MEEEMYMOM NpE a>>0, MakCHMyMOM
npi a<<0. 3Bauer#e GYHKUHE B TOMKE 3KCTpeMyMa paBHO —5%-1—.

Ypamuenne az*—2z—1=0 mnmeer pAeficrBHTENLHLE KOPHH [P
a>> w1, TIPEYEM 3TH KOPHEH PaBHH

zlw__i—\ajl+a' zﬁ}ﬂt-{—«}ﬂl-}—a.

3urauennst pynxiumn f (z)=a2 — 22— B.roukax —1, | ¥ B TOuKe
3KCTPEMYMA MEHSIOT 3HAK NPH CICAYIOMHX 3HaveHusx g: -1, 0, 1
H 3. [Tosromy paszofbeM UYHCAOBYIO NPAMYIO Ha CHEEYVIOHIAe Tpome-
KytkH: {(—oo; — 1} {—1; 0), (0; 3y B (3; + o). Ecom a<< 1, TO
f{—1) ¥ f {1} orpHuatensinl, OTPHUATEALHO B 3HAYCHHE IKCTPEMYMA,

HaxoAserocs B TOUKe —:; npomexyrka {(—1; 1). B srom caygae

dynxuna y=f(z) oTpryaTebHA BO BCEX TOYKaX oTpeska [—1; 11

Mpr 1 <<a <0 3naverne PYBKUHHE TOAOKHTEAbEO NTPE Z== — |
H oTpruaTenspo npu z=1. TouRa 3KCTPpeMyMa JEXHT BHe OTpeska
[—1; 1] Moaromy dynKuEs HMeeT OAHN KOpeKs Ha oTpeske [--1; 1]
a uMeHkRo 2. [losmomy dyukusa y=/ (2) oTpruaTesbra Ba Tpome-
xyTke (2; 1)

Mpr 0<<a<3 aeno ofcront aBanoraauslM obpasoM. [lycrs re-
nepr a>>3. B sToM cayuae Qyskuss y==f(2) ToNOXKHTEIbHZ HA
KOEILAX oTpeska {—1; 1} BMeer Ea 3TOM OTPe3Ke TOUKY MEHHMYMA,
npHYeM ee 3HaveHHe B 310 Touke oTpruareasHo. [losromy
HepapeHeTBO [ (2) <20 HMeeT mecTO HA IPOMEKYTKe {21; Z9).

Hrak, Mpl BHsAcHEAH, KakoBo peulense cucremsl (6). Bosppamte-
ACk K HepasercrBy (5), moayuaem, yToO:

np# a<. — | HEPaBEHCTBO BLTOJNHAETCH AAH BCEX X,

npp —l<<a<<0 a nps O<Ca<<3

2nn — arccos 2, << x << 2nn -+ arccos 2y,
anpe a>>3

2an - AreCos 2) << X << 2na -~ AFCCOS 2y

KK ,
2mn - arceos 2z < x < 2nn 4 arceos 2,

a=Lt(1—VaF1), z=—1-(+va+1)
OrvernM eme, 4T0 1pH = —1 x396n(2n-4-1), npr a==0
2nnm%’3<x<2un+2—;‘; H npH a=3

The

2m-—arccos( m«:l;w) < X< 2nn HAH 2:m<:x<:2ﬁn+arccos( mé—) .
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260,

251.
252,

255

¥npaxaeuun

Hb}i KaKWX a ypabHeHHe BMeeT SANHCTHLHHOE pelieHHe:

1} 1g (& 648" P=in(ar—17); 2) log (ax—7)m=2 Jogis (12¥ — £* —32)P
Haﬁnn're BCe 3HAYSWRH ﬂ,l OpH KOTOPHX HEPaBLHRCTRO HMECT XOTH bk QAHO pelae-
ne {25 —268).

it P g f-320.

- logs (208 422 +-3.5) 2= log: {ax* +a).

Hafigame BCe 3Ha9eHMA @, AR KOTOPHX HEPAREHCTHO CHPANENNNSO NpH BEX
x {253--254).

a4 oD ¥Ft4a>1.
2564,

256,

257.

14Togs {x* + 1) 2 logs (ax’ +-4x+a).
Hafizure Boe 3HAYCHRS o, AA% HOTOPHX 002 HEPABEMITBE BHICAHAITCS NpH
n06ux x 8 gy (2556--258).

2a cos 2 (x - y)+ 8a® cos (x — g4 8a” (a+ 1) +5a <0,

4 4 1 > 2ax 4 2y - amal.

2a sin® (x+ P +a>4a% sin (s} 0’

Sf@t+ D P a2y,
Hafiasre Bee suaueMs g W b, IPH KOTOpHIX CHCTEMS HMEET CHRHCTACHHOE
pelerHe:

221
e ke
_ x2+yEWb, =0

HaflanTe ace anaueHus ¢, NPH KOTODWX CHCTEMSZ WMEET XOTS GH GRHO pelieHne
Ans moboro b {288—258).

288. | (F+ 1P+ 17 =2,

artbxy+ ¥y 1.

289, [ 2 f{a-t-1) byt =a?,

(@~ 44wl




Tnasa IX

MHOFOUYREMB OT HECKONBKMX FIEPEMEHHLIX,
CMCTEMbDI YPABHEMMA M MEPABEMCTS

§ 1. MHOTOMAEHLE OF HECHOALRMX NEPEMEHHDEX

1. CrappaprHmit BRA MHOTOUJEHZ OT HECKOMLKMX NEepeMEHHBIX.
B n. i §) rnapu 11 Guao Beegeno HoHATHE HEAOFO PaHHOHAJLHOTO
BRpaKeHHS OT BePeMeHHHX x, Y, ..., 2. [IpEMEpoOM Takoro Bripaxe-
HAA OT X, If, 2 MOXKET CHYKATH

(xby+2) (& + 442 —ay—xz—ya2).

Packpwpasd croGKK 9 NpHAoHA nonodnue GACRH, NMOAYYAEM {Ienoe
panHoRanbuoe Bhpamenne x4y’ -4 2% 3xyz, uMelOWee BHL CyM-
Mbi HECKOJLKHX OIHOWICHOB OT X, ¥, 2, MPEYEM MEKAKHe XBa cjarae-
MEIX B€ ABANITCH NOAOGHHMHE (aanounnm, YTO AB& OAHOWICHE OT X, Y,
Z Ka3HBAaTCA ROLOGHHIMHK, €CAH OKA OT.HPI‘ia!OTCH npyr OT BpYyTa JHHIb
anavenneM xoadprinentos, Hampamep 3x'yz’ i?) Takywo
CYMMY RE3LIBAIOT MEOTOYJEHOM OT X, ¥, 2

Onpedenenue 1. Muozousenom o:r nepexenmx X, .y Xn
HA3WBAKT CYMMY Bupaxenn#t Buaa axf .. x¥, rae a — sucto,
k1, .., k- HEOTPHUATEILHNWE UCAHE qnc.na, npryeM GYKBeHHHC
GacTh AIOOKX ABYX charaeMblX pasfnirbl B 3aNHCK OO YHO ONYCKa0T
MHOXKETENH C KYJACBHME TOKa3laTeAdMHK,

CnpaBeRiKBO CHAERYyiOUlee YTHepHKAEHHE:

JT060¢e ueaoe PAYUORAABHOE BUPANERUE OT X\, ..., Xn TOMAECTEEN-
HO BAGHO MHOZOYACHY OT X1, .., Xn.

Mpnorounedn oT OZHOR NMepeMeHHOR ¥ 3aNHCHBAKT TaK, 4TOGH
Cremer x YOHB&NH. CAeBAa HAUDABO, HanpuMep MAWYT — 2¢° 4
+6x—4. Takyi 3amick MEOTOYICHa MH Ka3Badk CTasiapThoi. Ara-
ADFHGHAA 3AMMCh €CTh W LJIA MHOTOWICHOB OT IEPEMEHHMX X, ..., Xn.

Onpedercnue 2 Ozmo:men axtxf .. xf cumraerca crap-
e, YeM oproYsel bxi™ x +° (3gech a B b OTIHYKEM OT BYAs), €Can
JARG0 Ky >my, nabo cymecmye*r Takoe s, lsis<n—1, 410
k;-«-m., veny ksmms, HO k3+|:>ms+;

IMpuwmep i. Onnounen 2xx3x; crapine, yem omnounen 0,1 xlxaxd,
TAK KaK AOKAZaTeAM V X1 A9 MMX OEHHEKOBH, A NOKA3aTeah ¥ xp B
RepBOM OZKOWNEHe GoAbINe, YeM BO BTOPOM.

Ecar crnaraeMiie MROFOYAEHA OT X3, ..., X; PACHOJOMKEHE TaK, 410
MoGoe craraemoe CTapHie, YeM Bre caraeMue, CTOSHIRE TpaBee HEro,
TO 'OBOPRT, YTO claraeMble PAcRODKEHH B cA08aproM {AeKcuroepa-
Puseckom} nopanxe.
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Mprmep 2. PacrosoXuM B ca0BBPHOM NOPSZAKE CIBTBEMbLIE
MHOTOU/ICHA

— 3x8x3 -+ Bxtaaxnl —0, 1 xfadrs 4 7xixdad.

Pewenune HauBucumit Nokassress y x; umeer 6xix,xi. B caa-
raeMbix — 0,1x3x3x; u 7xjxix} nokasBTesw Y x; ORMHBKOBH, HO
nepBoe CTBPLIE, TBK KBK B HeM Goabile NOKa3aTedb y X H T. A. JHB-
KT, MOAYJAEM:

6xtxaxd 0,1 cdxBxy 4 Txtubnd — 3xixs.

MoKiHo HOKB3BTb, 4TO JBA UENLIX PBUMOMBJABHLIX BLIPBIKEHH
TOXAECTBCHHO PBBHH B TOM K TOABKG B TOM CAYUBE, KOTZA COBRAJAIT
KX 3AIHCE B BHAE MHOFOU/ICHOB, PBCMOACKERKKLX B CAGBBPHOM ROPAA-
Ke. TBKEM OODB3OM, 3aQAHCs @ BUOE MHO20HAEHZ, DACROAONENHOZO
8 CACBAPHOM NOPAOKe, ABARETCR cTandaprrod popmotd yesstx payuo-
HOALHNX sutpawenud,

Onpedesaenue 3. HpaoBeM MEcrouNed oF NEPEMERHbLIX
Xty ey Xn OOHOPOOHMIMN CTemenn m, €CAE CYMMBH Norasatenell Bcex
erc 4/JeHoB PBBHBI /M.

HanpuMep, 3x--4y--52 — 0XHOPOJRBIE MHOTOWICR MePBOA CTe-
neun, X° -y 21— xy— yz-—xz — OAKOPOZHBIN MHOTOUACH BTOPOA
crenens, X° 4 g 4 2~ 3xyz — onmopoubll MEOrOUAEH TpeThedl CTe-
IERE.

Ecan axp ... xf — opnounen creneuu m, By - ... - Ry==m, 170 IpH
JIOBOM | HMeeM: :

a(bn). .. (fxn)trem b r-thge | phttaxp .. xb.
OTcioNB MOXKO BHBECTH, YTO MHO20YALH [ (X3, ..., Xa) ABRALTCR 00-

HOPOORbM CTEnenit m 8 TOM UL TOABHO 8 TOM Caywae, roz20a O0aa
Mo6o20 { BBNOARACTCR PABELHITBO

Fltx), .., txa)=1"F (21, ..., %a). (1)

Jlio6oRk MuOrouieH OT Xi, ..., X, €AHHCTBeHHKNM OOPB30M 3BRKHCH-
BRETCH B BHIE CYMMB! OAROPOIKEIX CABrBeMuiX. HacTo BMeCTo caoBap-
HOTO MOPSAKB MPHMEHAIT CASAYOUHA: cHayBaa Pa3bHBAIOT MHOMO-
Wiek UB CYMMY ORHOPOANWX CAArBeMBIX B PACHONArBIOT KX B HOPRHIKE
yOLBaHRA CTeReHed, 4 YK MOTOM WieHbl B KB)KAOM CJABTBEMOM PBCHO-
JBrBIOT B CJACBADHOM [OPAIKe.

HBupiuMep, pBCHOABIBS YKAa3BHHBIM CROCOOOM MEOFOYACH

2 A3y — x4 22 x24 0 4 3y — Bxyz,
roAyYBeM:
2 By —Bxyz e P — x2 4 2 e 24 3y

Teopema, Ecau F {x, y) — odropodnsiil mnozowsen crenensy m or

X u g, To cymecrayer mxozosaen | (£), Tarod, wro F {x, y)=x"f (~£~) .

Hokazateasctso lloacraeeM B MHOTOUIeH {x BMeCTo y.
B cuay dopmyan {I) ameem:
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Fx, )==F (x, xf)==x"F (1, 1),

rie F(l, £§§ — mHorouneH or { OGo3Havaa ero wepes f({f), noay-
yaeM TpeSyeMoe PaaeHCTRO.
TIpraemeusie lejinlX pallORANBHLIX aWPaKerull K aly MUorowie-
KA ApHMEeHsdeTcd IAd AOKaJaTeNbCTER TOXKEECTA.
pemep 3. HoxakeMm ToXaecTao

(@ 44 (£ + )=z + gt +(xt —y2)*. (2

Pemenne Packphaas ckolKe, HoJyzaeM:
(E+ P+ =22+ L0+ 28+

(xz+y)* +(xt —~yzP =12 ~}-2xzyt-i-. o
2w 2ty P = 2P 4 PR PP

fTockoabKy a 060HX praeHCTaaX €Hpaaa CTOHT OJHH K TOT XKe-MHOTO-
4IeH, TOXACCTBO HOKA3aHo,
ToxnecTno {2} ABMAeTCS YaCTHHM CAYZaeM TORIECTBA

4. D) G )=
=2 (11 A oo b Tt 2 (Xeg— Big), 3

rle a NpaBOR 4acTs CYMMHDOAaWHe DacnpOCTPaHeno Ha ace mapH
usgces k£ u [, rakde, uyro <k, k<! v [<_n. Toxaectao {3) raxxe
JOKA3WAZETCH NYTEM PACKPHTHA CKOGOK, PHBEACHHA NOZOSHHX uAe-
HOa M cpaaleHH® JieBON yacTé ¢ Npasof.

¥npamnenwgn

200. Hokamure Tomaecrsa:

1) (@40 P+ AV P b ) =(ax—by— ez —dtf +
+{bx+ ag-4ct —dz)’ +(cx -+ dy+ 0z — bl +(dx—cy-+bz+ a);
2 (xdygtaf =2~ =3 (x4 g} 9+ 2 242

3 (ot bbct dP g+ b—c—df (et e—b—dfF+
+{a+d—b—cf =4 (@®+ 074" 47

4) (@ — 5 — ¢ — d¥P 42 {ab - do b ad - bef = {a® + B -2 4 4B
—2 (ab —ad 4-bo+do);

5) (6" — 8% cd -+ (& ) ab) +-((@* — b%) (¢F — ") e daibed) ==

={a® 4+ ) {c*+ &)

261. Jloxawure, 910 HPH NOSHX IHAYCHERX o W ¢
Ptagty’=2,
1ae k=g +3pg* —p°, y= —3pg (p+ ¢ 2=p"+pq4+¢".

282, Tokaxmare, 4To ecan s+ o+ c=s, 10
8 (8 — 20} (5 26) o4~ § {§ —28) {5 2O) - § {5+ 20) (5 — 20) =
= (g v 2G) {5 - 20) (5 — 2¢) - Babo.
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263, HJokaxare TOKASCTHO
alh? et N bic*

{a—c}{b—c} : {a—Hc—8  (b—a)(c—a) ab+be+-ac.

2. Cummerpuveckue Muorousenn. Eciu B mmorownewe x’y —xy’
GYKBY x 3aMeHHTh OYKBOW g, a OyKRY y —— OYKBOA x (MAH, Kax roBoO-
PAT KOpoYe, NOMEHATh GYKBH X H ¥ MecTaMs), TO HOJAYUHTCH MHOTO-
wieH g'x—yx’, Koropuii oranden ot ucxopHoro, Ho ecam cheaars
TO Ke CaMOe ¢ MHOTOUReHOM X°y-f-xy’, 10 HOMYUHTCH MHOTOUAeH
x4 gx®, TOXeCTBeRHO paBHBI HCxoauomy. [osopsr, 4ro MHoro-
ynen X’y xy° He MEHSeTCB NpH mepectaHoBxe GYKB X M g, 4TO OH
CHMMETPHYEH OTHOCHTEABHO 3THX GyKE.

Onpedenenue Muorounen F(xy, .., X;) Ha3bBAOT CUM-
METDURECKUM, CCHH NPH NIOGOR NepecTaHOBKe BXOASIIMX B Hero GYKB
DONYYACTCH TOXIAECTBEHHO PABHEHA €MY MHOFOWJICH.

Tax Kax cyMMa He H3MEHseTCsl NPH HepecTaHOBKE caaraeMblxX, a
HpOH3BeJeHHe HDH NePeCTaHOBXe MMOMMHTENCH, TO ACHO, YTO MHO-
rouneHsl X+ X2+ ...+ Xa H X3« X2- ...« X, CHMMETPsiuHR. Bonee obmui
criocol NOoRYUEHHSt CHMMETPRUECKHX MHOIOUAEHOR COCTONT B CHRHYIO-
weM. Bopaxenwe

() (EF %) (4 20) (1)

npH AK06oH nepectaHoBke OYKB Xy, ..., X, NEPEXOdST B TOXIECTBEHHO
paBHOE eMY BHIpaxXende (OTAHYAKMNESCH OT HCXOAMOFO AHIIb NOPSLI-
KoM MuoxHuTeAeR}. TloaroMy ecaH pacKkpmiTh CKOOKH, 10 K03ddHuMen-
TH HpH cTeneHsX { 6yAYT CHMMETPHUCCKHMH MHOTOUACHAMH OF ltepe-
MEHHHIX X1, ..., Xo. ITH MHOTOURCHK HAIHBRIOT CCHOBHHMU CUMMET-
PURECKUMY MHO2ONACHAMY.

Tipn n=2 nmeeM BHIp&KEHHE

(£ by (£ 4 200)== £ (1 4 X2} £ X1 20

B stom cayyae OCHOBHBIMH CHMMETPHUECKHMH MHOTOYICHAME SBJS-
OTCH Y2Ke HIBECTHBIE HAM BHIPaXKeHust xi+Xx; H X -x2. OB603Haunm
HX 0 H o
o) == X - Xz, Oy == X) - Xg.
Hpu n==3 nmeenm:
. {4 () (£ x9) (E x5}
e 2 (x| - Xa - X5} £ {2224 X1X3 - Xoxa) -+ X1 XaXs.

B stoMm cayuae noayuaeM yKe TPH OCHOBHBIX CHMMETPHUECKHX MHOFO-
WAEHA:

Oy == 0 - xo 4 X3,
Oy == X1 X2 b X1 X3t XaX3, (2)
T3 = X1XaX3

H&pﬁﬂ,y C OCHOEHBDIMH CHMMETPHYCCKHMH MHOPOUeHaMH paccMarT-
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PHBAIOT TAKME CTCHENHLIC CYMMM, T. €. CHMMETDHHECKHE MHEOIOMAEHH
ania

PR B M g o

IIpy n==2 umeenm:
=x;4x2, Sse=x1+ 43, sa=xi+a3 H T A

B gypcax awictieft anrefpnt ROXa3plaai0T CACHYIOIIYIO TeopeMy:
Teopema 1. Jobod cummerpuseckull MHOOMACH OT NEPEMEHHRX
Kly ooy Xn MONCHO eQuncTaennupiM 00pAIOM 8LIPAZUTE KOK MHOZOUACH
OF OCHOBHLX CUMMETDULELKILX MHOZOKALHOG C TEMU DEE NEPEMEHABIMIL.
Mu nposejeM cefiMac JOKasaTeNbCTBO 3TOA TEOPEMH AAR CAYUER
payx nepemenmux. CHadana HOKaxkeM ceayioniee yTBepXKAenué:
Teopems 2. Jlwban crenennan cymma sy=x"-y* momer boire
npedcrasacha 8 sude mrozodAend o7 0y=x-}y & Og==xy.
Hoxkasareancrao. IIpiMedHn ans pokasaresbcraz MeTOR
mMareMatHueckoR Huayxusn, [py n==1 Bame yTeepXKieHHe cripapel-
JHBO, NOCKOAbLKY S1=x-+y==0,. Cnpapesinao OHO H NPR Aw==2:

se= 0+ i ={x+ ¢y} — 2xy=07 — 20.
{IpeanonoXRUM Teneph, HTO yTaepKAeHHE AOKA3AHO AAR CTeleHHLX
CYMM S5, isThsIn, rae nz2, M poKaxeM, UTO OHO cripaaeannao
IR Spqr. JLAR 3TOrO 3aMeTHM, uTo

$u+1wx“+]+y"+l_’(X"+yn)(x+]!{)+x"y“xyﬂm
={"+ ") (x+y)—xy (&

IT0 paBeHCTBO MOXKHO 3aNHCaTh a aHie
Sp4.1="8501— Sp..102. {4)

Tax xax no NPEANOACKEHHI H S, H S, MOXHO AHPA3HTh a aHAe
MHOTOMNEH0A OT O H O3, TO R Sp4.1 MOJKHO aHpa3HTh a TOM ¥Ke anje.

Hrak, JoxkaseipaeMoe yTBepKAeHHe aepHo npH k=1, k=2 1 u3
CHPABEANHAOCTH NPH R==7 CHAGAYET, UTO OHO AEPHO AAR R==n.-}- 1.
3"aunr, oMo aepl«m AAs acex k.

fIpamep Brepasum uepes 0| H 0y Crenedubie CyMMul §i, S,
53, Sa, S5, §6.

Pewenne Mu yike snaem, uto s;==0; H 5p=0]-20,.
[To (opmyse (4) noaydaem nocseroaarebHo:

S35 5201 = 5102 7= (07 — 202) 0| — 0,63 ==0} — 30, 03, {5)
$4=530; — 5202 ={0 — 30,03} 0; —{0} - 20z) 3= (§)
w0 —46102+262
ss—s;;t:u——ssm?—-(m~~~~4':)1cl2«]«202)uz—v(cii:i —30:090) Og==  (7)
—-0{’—50?02+50;o§,
Sg= 5501 «—s-a02m(0?—50102+50|0§) 0 — (8)

— (o} —40%6: 4 208) 0y =61 —6ofo, + Yofod— 208
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Teopema | npH n=2 npruHMaer BHA:
Teopema 1°. Haa awbozo cummerputecko2o mnooxaena F(x, i)
cyujecrayer Taxol {8000WE 2080pA, HECUMMETBUECKIE) MHO204ACH

® (0, 03), w10 F (x, g)=D (x+y, xp).
- Hoxaszareascrso IlycTs cHMMeTPHYeCKHR MHOFOUACH

F{x, y) comepxur caaraemoe ax’y. Ecan k==/ 1o 3T0 craraemoe
paBHO & (xy)l H NOTOMY PABHO &%

Ecan xe k=1, ckaxem £>>[, T0 HApRAY cO craraeMuM ax'y’ B
F (x, 4} BXOANT H caaraemoe ay”x!, IOGAYYAEMOE H3 HEFO 1EPECTaHOB-
kol 6yxe x H y. Ho ad’y'+ay'd=a(xy) (' Y=aohs_t
To Teopeme 2 5, ; MOXKHO BHPA3HTh Yepe3 o, H o2 CnepoBatensyo,
H cymma ax*y 4 ay*x’ eoipakaercs uepez o, B 0. Tak Kax 370 pac-
CYANeHHe NPHMEHHMO K A1060MY caaraeMomy dax‘y’, To H peck MHOrO-
uaed F(x, y) Bolpamaercs Jepes o: B Oo.

Tpusep 2. Buipasum vepes o; H ¢, CHMMETPHYECKHA MHOTO-
Ynen

F(x, g)m=x* 4y + 2%+ 2xg° + %%

Pemenne Hwmeen:

F(x, p=x*+y* + 253+ 20 + %y = 54 + 20252 - 65. TIpumensisi
GoOpMYAR AN $4 K §3, N0JYdAEM:

F (x, yy=0ct—40fo.+ 263+ 20, éﬁ—203}+{r§=
2z @} oo 2T g 05,

TToxakeM TeNepb, KaK B PAKAKTCH Yepes OCHOBHLE CHMMETpHYE-
CKHE MHOrOWISHH Oy ==x-}y- 2, Ug=xy+x2—|;;/z, 03 =xyz OT Tpex
flepeMEHHbLIX CTeMeHHbE CYMMB Sp==x"+4 g 4+ 2% W g=x"4 4"+ 2%
Tak kax

of ={x+ g+ 2 =x’ 4 g 4 2+ 2xy 4 2xz 4 2yz =53+ 2o,
TO HMEEM:
ss=0%—2a, (%)
(3Ta xe dopMysa BepHa H A% AByX RepeMeHHbix). Hanee umeem:
ote=(x+y+ 2P =(x+y+2) (x+y+ 2=
=(x4y+2) (4 y* b 2 2ey -+ 202+ 2y2)—
=+ 5t + 2+ 3x% 4 3xy” + Bx%2 +-3x2 + 322+ By2® 4 bxyz =
=" y* 4 2* +(3x*y 4 3xy® + Say2)
+ (822 + 362+ 3xy2) + (3y 24 3y2® + Bay2) - Bayz o
=24y’ + 2+ 3y (k+y+2)+3x2 (x+y +2)+
+3yz (x - y+2)—3ayz=x’ 4y’ 4+ 2>+
+3xty+ 2 (xytxzty2t—3xyz=153+300;—30;.

INoatomy
$3=U:|3—3G;0'2+3U3. ([0)

Hs dopmyan (10} BoiTeRaer TOMIECTRO
Zh]



Bty +2° - Bryz=(x+y+2) (*+ 4 + 22— 2y — xz —yz). (11)
B camom nene,
P P2 —Bxyz e 53— 305 = 0f — 30,05 ==
=0 (6] —80))=(xr+y+2) [(x+y+ 23 (xy+yz+ x2)}

PacKkpuBas cKOSKK, ROJyYHM ToOXAecrso (11).
¥npamfacang

264. Bulpasete Wepes 0: H ¢y CTEREHHNE CYMMA 55, §6, 5, 87, S8 OT X, 4, 2.

265. He pemas KBaApATHOre YPABHERMS ¥°—6x-|-|(mr(, COCTABLTE HOBOR YpaB:
HEHHE, KOPHAMH KOTGPOre Owsx Om xyOW KopHel AawHOro ypaBResas.

266. He peman ypapmenns xP-- 3w+ 1==0, ualure cymmy weTBCpTHX cTeReHed
ere ropief.

267, Bupaspte ueped o; B Oy CHMMETDHYELCKHE MHOPOUIEHH:

1y 4 4y 4+ 2) A +6x'y— 105 — 102" + By -+~
268, [lamc xeanpaToe ypapiense 24°--3xr—5:=0, umeouee xopur z u B. Co-
CTaBLTE HOBOE KBaJZPATHOE YPABHEHHE, KOPHAMHA KOTOPOro OGHAR {itd

ar=2ut gk P2

269, Peusire npefuaymyio aasady B cryuae:

2 R mi WL.

i) 3% T4 4220, o | LT 1’
2) 2 dxp B=0, | Py b
' Tat-p’ Piea

276. PaanoXHTe HA MHOEHTENR {BHPRsHTE Jepe3 6| A O2):

1) BDx 272y — 110007 972y -+ 100"
9) 24N 4 TPy b OB o Trrf b 2y

271, Pasaomure Ha MHOMKETend (DPeOCTaBhTe B BHES DPOKIDELEHHN CHMMETPH-
HECKMX fYE BPYEY MHOrOYAEHOB):

1) 2% 3’y 675" + 3y + 24",
2) 3x'—8x%y+ 14x°y* —8Bxy® - 35"

272. Peinre ypaBHERHA:

1} K08 =278 — FI0# — 2T 4 100,
2) 24 7P O T 2=0.

3. HoxasarenscTRo HEPABEHCTE C HECKOABKHMH NEPEMEHHRLIMH,
B srom nynkre Mbi 10K4KEM HEKOTOPHLIC HEP ZBEHCTBA, BHNOAHSIIOLIHE-
Cfl TIpH BCeX 3HaYeHHsX nepemedHniX. Kak H B wiyuae oamoro nepe-
MEHHOro, B OCHOBE AOKA3ATeNbCTBA ITHX HEPABEHCTB JeXKar yTBep-
KACHHS O TOSOMHTENBHOCTH CYMMB H NPOH3BEHEHUH ABYX IHOJNOMKH-
TeABHWX 4HCEH, &8 TAKKE T, Y410 KBaAPaT MOGOro umMcha HEOTPHUA-
Texen: o =0 nas Beex a.
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ITpumennn nocienuee y‘rsepmeﬂne K @=~x—y, tie xz{,
§=0, (x~-g'=0, 1. e 22yt 4’>0, orkyla caeayer, 4ro

2yt
S5 ()

Ilpn 9TOM 3HAK PABERCTBA MOKET HMETh MEETO JAHIIL B Cliydae x=
JIN60e HEOTPHUATEABHOE YHCAO0 @ MOMHO 3aNHcaTh B BHAE ==
Torna x=-/a. [losroMy H3 Hepasercrsa (1} BhiTekaer, uTo Ans .mn-
66X HEOTPHUATEABHHE JHCEN @ H b BHINOAHACTCHE HepaBeHCTBO

Vab < EEE, (@)

Ono ogHauaer, YTo cpeduee zeomerpuseckoe deyx suces ne Boabuie,
ueM ux cpeduee apudmeruqeckoe.

Sameunuue Hepapencrso {2) ACAYCKAET fIPOCTOC IEOMETHHUSIROE ROKHZA-
TeAbCTBO. (MIOKEM OTPESKH ARRHON @ W b wa ApAMOR ¥ npMMesM OOBELNHENHE ITHX
OTPe3KoB 3a DHamMeTp RoAyoRpymuocTR (pue. 45). Torga cpenmes reomerpuueckoe
dueed a # & pasmo pamme otpesxa UM, & mx cpepnee apudmermsieckoe — pamiycy
oxpywsocry. Hcro, aro {CMI <R, npnaey {OM1==R Toraa » TOSBXO TOTEA, KOTAR
a==b.

Ha prcylke 46 mzofpamelo reOMeTPHYECKOS AOKA3aTeARCTBO Hepasewcrha (1),

g

2
3necs xy — MiomkANE RpRMoyroakHeka OAMBE, a %-l-?m CYyMMa AACHIEAeR Tpe-

yroabuuros OAN w OBP, n BaANO, YTo TNOMIAZR ADAMOYTONBHHKA He APCBOCKOAMT
CYMMH RAOWAAeR TPeYTONLHMKOB.

Iokasanuoe BriHle HepapeHCTBO (2) SIBASIETCA YACTHHIM CAyYaeM
caeyioulero nepasencrea Koww:

[ - i,
Rfa].....augﬁﬂ;;‘t_ih&' (3)
HMEIIHers MecTo AAf JIOhX HCOTPRUATEABHBIX GHOSN Qy, 42, ..., Qn
(TIpH 3TOM 3HAK PABEHCTBE HMEET MECTO, JHHIb €CHH ) ==@y==.. == (,).

O#10 03HaYaeT, YTO CPEONEE ZEOMETDUNECKOE HEOTPUUATEABHINX YUCeA
He Boabwe, wem ux cpednee apupmerudecKoe.

lloxa}xem nepapercrio (3). B n. 5§ 3 raaent VIII Swio aokazano
HEepaBeHCTBO €' 2z i --X, HMeoLee MeCTo INPH BCeX 3BAUCHHAX X,

N
T : '{/ M
AaC A

Puc. 45 Prc. 46
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O6osnaquM Jepe3d S cpennee apuMeTHYECKOe HEOTPHEATEALHLIX HH-
cea 4i. .., d, H NTOACTABHM A HepaaeHcTao ¢ 2= 1-+x amecro ¥ uKeaa

%*;m-i. P sSk<{n. Nonyuum n nepaaescra:
iy
—_—r
T Ik<n (4)
Jleable 4acTH 3THX HEPABEHCTA HO YCJAOAHK HEOTPHLIATEAbLHM, H 1107T0-
My, TIepeMHONas n HepaaeHcra (4}, noayyaem:
n

&, e A e

Q). by §_ ¥ "
u M Q}lle =¢ ' t))

HamoM##M, 4To ;ﬂ I, 03HAYAET IPOHABCHAEHHE 4| ... G
=

HO & ...,

n

4.

% ==, JHa4YHT, U3 (B) crelyer:

=8 # moTOMy

0]'---'%.&80“}’

& 9TO # O3HAYAET, HTO
%i-...-aﬂg.s:MI

n

Jamevanne Tlockoarky pasescrao e =1{ 4 .x AMEET MECEC AL NpE k=0,
e

™ es “%5 ARst BoRX R, I< k<in, AL APH YCAOBHM, 9TQ %"»-—-—i LA BCeX &,

t R n, T. &. OPH YCAOBHM, YTO

=1} ﬂﬂg=...=ﬂnﬂs.
Do yeacsue HeoGXOAMMO M AOCTATONHO AAA TOTD, YTOGK CPEANES TEGMETPHMYECKOEe
HEOTPHIEATEABHAX UHCeH PaBRiAOCy HX cpefgesy apHGMETHUECKOMY.

Hpuwmep 1. Hoxamewm, uro nps x 220, y >0, 2220 aunoauner-
¢Sl HepaaeHcTao

2 gt e 28 Bayz 220, (6)
Pemenne [Mosoxum & (3) a=x® b=y’ c==2° Hmeen
it.%iifi;%[?yszs=xyz'

& 910 H £CTh HepaacHCTBO (6).

Yupamnenny

273. lokaw#nTe, 410 And 206X HEOTPHIATEALELHX X, ¥

2xy {‘f Q;x+—y<: x“-ziwyzl
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4.

275,

276,

277,

Tlycth %, § - HeOTpHRETEALHNE YHCHa B v+ y=F. Hokaxure, wro:
1 £ f
1 x’+y’}-2-; Y etz 3 St E

Hoxamaure, HEPaBeHCTRE:

1 ; b1, 1,1 1 _n—1 _
1} ::+I*i“n+2+"'+§5>_§" 2} —g-+~y+...+;y{ ~- A8 BOEX 1
LT + + RTUEICNE S "arug
f \/"‘
a’+b

3
5) 1af—w|e;|a+m=;aa;+w| 6) L85 LAY o 40y

2
9) %+;‘%€“+E_:;a+b“§w; (620, b0, c=>b);
e

+ +
n S 3( anrb) {@>0, 6>0); 8) 3 (645 +c)3 (0+b+cf

—— {a= b= 0}

11y o+ ej{(b+d)=vab++fed (a0, 530, c320, d320)
12} {a+5{a+tc) (b +e)z=8abe (@0, §>0, £ >0}

a B € 3 ‘
13 b+c+a+c ; P =5 (630, b>0, ¢>0)

t4) Va3 B E4-DicF mizYabe +Vkim (02>0, b0, ¢ >0, k>0,
1 9

150, m>0; 15) -t (@30, 630, >0

16) yasas 2L i (14 ) < t4g7) " <8
18) 2@(1+%)“+'g(1+;:1:-1-)“g4;

89} (o »§~xg+m+x,,)(;1;-+...+f:) =nt (gm0, I=1,2 .., )

20) T i 1 -
ctad  aFetera
1 1

21} (" + M <K(8"+ 5" (620, b0, m>n>0)
22} (ab+ bc +-acf 2 XaPb P (6320, 5320, ¢ =0);
23) (a+by <2 (0 + 67 (0220, b2=0);

a b

i S b 0, b =90}
24)@+\/E;av'&+x/"(a> >0% |
25) a'+-b'2a’htab’ (6320, b20) 26) X+ Erytayt (x=0, y=O0)
27) ab (a+ b)+ac (6+¢)-+ b (b4} > 6abe {a 20, b0, c=0);
28) a+ b+ c=abfbc4-vac (@20, b2 0, c20)
agrs o F Xt P S U3+ L EHY ) (nepasencrae Kowia).

o At xﬁ}; QO +y:)? =iy Ao b Xaga (Hepasencrao Peavdepa).
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§ 2. CHCTEMB YPABHEHMA ¥ HEPAREHCTE

1. F'eomeTpuuecknii cMLICA OARONG YPADHEHMA C ABYMH NEPeMeH-
upiMW. Mu 3HaeM, uTo Kamaoft menpepmisHofi QyHKuME [ cooTeet-
crayeT auHHs [~ rpadmk yroll gyuaxuun. Pasencrso y=f (¥}, koto-
POMY YROBJIETBOPHIOT KOOPAHHATH JI060A Toukn M (x, y} aroro rpadm-
K& H HE YNOBJCTBOPHIOT KOODAHHMATH HHBIX TOUEK MJIGCKOCTH, HA3bI-
BalT ypasHentiem aungy T, .

He Bce kpusrie HAa MI0CKOCTH #BAAIOTCR rpaduxamn pyukunf. Ha-
APAMED, HEe ABARETCH rPaHKOM PYHKUHH OKPYXHOCTH, TOCKOJALKY 01~
HOMY 3HaUYEHHIC X MOTYT COOTHETCTBOBAThL JBA 3Haveuns y (puc. 47).
Ho oxpymHOCTE cocTOosT H3 ABYX Roayokpyxuocrehi ABC u ADC,
ABASIOIEHXCA rpadmkame  dyrkuai. MoXiuo GOm0 Ou HanscaTh
OTREALHO YPABHEHHS STHX NOJYOKPYIRHOCTEH, HO MBI BMECTO 91010 Ha-
MHINEM OfHO YpaBHEHHEe ¢ TIEPEMEHHLIMM X H Y, KOTOPOMY YAOB-
JCTBOPHIOT KOOPAHHATH MOGOA TOUKH OKPYKHOCTH, HO He YEOBAETRO-
PAICT KOODAHHATH HH OJHOH TOUKH, HE JeKamed HA OKPYKHOCTH.

Yrolul BLIRECTH 3T0 ypabHeHHe, NPEANOAOMHM, YTO UEHTP OKPYXK-
HOCTH HaXoJHTCH B Touke A {a; b), a ee panuyc paped R (puc. 48).
Jnst 206o% Touxn M (x; y) OKPYIKHOCTH BHITIOAHEHO PaBeHcTBo AM? =
=R?. Ho {cMm. dopmyay (1) m. 3 § 2 raasm 1)

AM? ==(x — @) +(y— b},

a NOTOMY BHIOOAHASTCH DABEHCTRO

(xa) +{y—b =R (1)

Ypapuende {1} M #HBAHCTICH YDABHEHUECM OKDYNHOCTU -~ EMY,
Kak y:Ke roPopHACCh, YAOBACTBOPHIOT KOOPAHHATH 21060 TOUKH sToRt
oxpy}l;nocm, HO He YAOBJIETBOPHIOT KOOPAHHATEE TOUGK, HE JIeXKAUIHX
Ha Hed. .

Hpumep 1. Hanmuuiem ypaBHeHHE OKDPYKHOCTH C HEHTPOM
A(—4; 2} u paguycom 6.

Pemeunune. Ilo dopuyne (i) noayzaem:

(244 4 (y~2)° = 36.

vk
5 vk
Mx, ¥}
A c
0 * A(a,b)
o X
o
Puc. 47 Puc. 48

i45



Ecna packpeits B 3T0M ypaBHeHHH CKOGKH, NOJyUHM:
i 4 8x 4y =16,

Boofue, ypasieHHe OkpYXHOCTH ¢ HeHTpom A {a; b) B patuycom
R nocae packpuiTHA CKOGOK NPHHRMAaeT BHA:

2y —ax w20y =C, )

rae € == R g®—b°. O6paTHo, BuUICARNN B ypaBHeHHH Bufa (2}
NONHBle KBAAPATH, NPHBOMHM €r0 K BHAY
(x—af +(y—b)’=D, (3)

tae D=C+4 o+ b Ecm CH+a®+5'>0, 1o cymecrsyer Takoe
R, uro D==R% B stoM cayuae ypasHenHe suia (2) ABAAETCHA ypapHe-
HHEM OKDYXHOCTH ¢ newrpos A (a; b) s pamuycom R. Ecmu D=0,
T0 NonyuaeMm ypasuerne (x-——a)’(y— 67 =0, xoropomy yaosaerso-
PAIOT JHUIL KOOPAHHATH Touke A (a; b). B stom caywae ypasxe-
HHe 3alaeT «OKPYKHOCTL HYJAEBOro paluycas, T. €. Touky. Haxoueu,
ecan D <0, T0 noayuaem ypaBHeHHe, KOTOPOMY Heé yIDBASTBOPHIOT
KOOPAHHATH HHKAKOH TOUKH IJIOCKOCTH, T. €. ypaBHeHHe, 3ajaioilee
RYCTO€ MHOZKECTBO TOuek {i03JHee, KOTAA Mbl HO3HAKOMHMCH ¢ KOMI-
JMeKCHEIMA UHCAZMH, MOXHO GyHeT CKasaTh, uTO STOMY ypaBHeHRIO
YAOBACTBOPSRIOT TOYKA C KOMIMIEKCHBIMH KOGDAHHATAMH, HO M HOKa
paGoraeM JHiIL B OONACTH JeHCTRHTENbHBX uficen).

Ypassenne suaa F{x, ) ® (x, y)==0 3adaer oObedunenne AHNHRA
Fix, f)=0ua ® (x, y)=0.

Mpumep 2. Haligem AHHAK, 3a42HHYI0 YpaBHEHHeM

(x—4) (¥ +3)=0.

Pemenne Tak rak npoHspefieHHe ofpauiaercsl 8 HyJ s NpH
ofpaiieH s B HyAb XOTA Ol OAHOIO H3 MHOXKHTENeH, TO HAAD PeUIHTh
ypagHeHdd x—4==0 0 y+43==+0, a norou ofeeIHHATL HX peLle-
HEA. PaseHcTBy X--4m=(0 YAOBACTBOPAT KOOPHHHATH BCEX TOYEK
NpAMOH, napajflenbHoft OCH OPAHHAT H NPOXOASed uyepes TOUKY
A{4; 0) ocH abcuyce, a ypaBHeHHIO y-+3=0 — BCe TOUKH APAMOH,
napannesbHofl ocn abeunce M npoxoasiued vepes rouxky B{0; - 3)

Yopamusenns

278. Cocrapste ypapHEHHE, KOTOPOMY YAOBAETBODRIOT KOOPRHEATH JHINE TPEX TOHEK!
A 2) A2{—3; 4), As{0, O).
279. Haliagre pesTd ¥ PRAHYC OKPYHHOCTH!

0 4 de—8y=5 2} P4 g Bx— byt 2922 0;
3) by BBy +28=0; 4} A+ gt —6xtBa=0

280, Hapumre ypaswesse OKPYMHOCTR ¢ nenrpom A {a; b i pazuycom R:
1) a=1i, be=—1, R=5; 2) a= —4, b=3, R=10.
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2. Cucremm u coboxynnocTs ypasuennst. Tlycth 3apann faa ypaa-
et Fi{x, y)=®(x, y) 1 Fa3lx, y)=0y{x, y). Tlepace ua
STHX YPaaHeHHA 3a8eT HA IACCKOCTH JHHHW ['y, a aTopoe . IHHHIO
Fz. UT0OH Ha#TH TOUKM nepeceuerH® THX JAHHMA, Majgo HafATH ace
napel 4HCes {@; b), TaKHe, YTO NIPH 3aMEHE a JauHHX YPaaHeHHHX ¥ Ha
@ H y Ha b nonyyaioTcst aepHue yHcHoane papercria. Ecan noctaane-
M4 327344 06 OTHICKAHHH aceX TaKMX NMap YHCed, TO POBOPHT, UTO 3a-
RaHA CUCTEMA ypasrexud, H 3ANHCWRAIOT TY CHCTEMY a auie

{F: (x, ygﬂ(pi (x, ) {l)
Fg {x, s m‘pa (JC, y}‘

CoBOKYNHOCTL acex nap uHces {@;, b} TAKHX, YTO NPH NOACTAHOAKE
@ aMECTO x H b aMecTo y NoJAy4aloTes AePHLIE YHC/HOALE PaaeHCTaa,
ofipasyer peuienue NarHoA cAcreMul. Ecay petieMue cHCTeMH COCTOHT
n3 nap uncea {@; &), .., {(@s; ba), TO OraeT mAwyr JArGo a BHRe
{as 81 ..., (as; ba)l, 160 2 aune x\==a;, H1=81} ..., Xp==0Qp, Yn==b,.

ABanOrHYHO ONpPELNHIOTCH CHCTEMB YpaaHeHHH ¢ TpeMs H GoJb-
WHM YHCHOM nepeMerHnX, Kaxk rpaamiio, ync/io ypaaHeHa® CECTEMb
AOMKHO PAAHHTHCR “HCAY nepemeHHHX. PazoGpanunii abme reomer-
PHYECKHA CMBICH CHCTEMB LBYX yPAaweHHH C ABYMH NEepeMeHHLIME
NOKA3KAALT, YTG MpPH CoanajfeHHH YHCAA YPaaHeHHH ¢ 4HCJIOM Tepe-
MEHHBIX MK NoAyyaeM a ofileM cayuyae HAH KOHEUHYIO COBOKYNHOCTH
PelNeHHH, KM GeCKOREYRYI0 COROKYNHOCTS PEICHHE, KOTOPYI: MOXKHO
ace e nepeHymepoaats. [locnegmuft Chiyualt nokalaH Ha PHCYHKe
49 — runepbosa xy==1 nepecexaer a OeckoHeuHOM MHOXeCTae
TOYEK CHHYCOHXY y==Siht x, H NOTOMY CHCTeMA ypaaHeHHA

{zo=) @

uMeer GecKoneyHo MHoro pemennil. OHaKo 3T0 MHOXKECTA0 pelueHHH
He 3ANOJHAECT HHKAKOH JIHHHH.

Moxer clyuHTBCH, OZHAKO, uTO He CyilectayeT aHaueH#li nepe-
MEHMHBIX, NPH NOZCTAHOAKe KOTOPHIX a
YPAaHeHHH JaHHOH CHOTEME NOJyya- T T ]
OTCH ToXAeCcTaeHHble paaeHcraa. Ha- LI
NPHMEP, OYEBHAHO, YT0 HE HMeer pe- Y%
WieHHA CHCTeMa ypaasenuit

X e w2z D
{muwmz )
3 wiar

CucTems ypaanesufi, He HEMeouMe X
PelieHH® (WAH, 9TC TO XKE Ccamoe, %
C IycTsIM MHOJKECTBOM pelieHH#), yes
HaswaalT sxecoemecravimy. Kak npa-
BH/IO, HECOAMECTEHIMH OKashaaloTcH
CHCTEMB ypaaueHu#l, a KOTOPBIX yHCI0
ypaaHeHHil GoAbHIE uyHCIA NEPEMeM-
BhIX, ' Puc, 49
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Hpuwmep | JokameM, 4T0 CHCTEeM2a YPaBHeHHH

r—y=2,
4 y=8, 1)
{xf+yy*=9

HECOBMECTHA

PemerHe ¥HM3 nepaux ABYX ypaBHeHHR 3TOW CHCTeMH Ha-
X0oZHM, 4ro x~4, y=2. Ho npH noACTaHOBKE HANACHHLIX 3HAYE-
HHH B TPeThe YpaBRHeHHe NMOAYYaeM HeBepHoe PaBeHCTBO

47 4.2% =0,

['eoMeTpHUeCKHR CMLICJA 3TOre Pe3ystbraTa COCTOHT B TOM, 4TO
OKpyXHOCTH &° +y*=0 He NPOXOXHMT HePpes TOHYKY INepecedeHHs
A{4; 2) npaMEX x—y==2 H x-i-iymﬁ. JIvmp npa sxavewsu =20
1npaBof YacTH B ypasHenHH x° + y’ = C oKpyKHoOCTh Npoitita 6Ll yepes
3TY TOUKY.

Hpumep cacreMust ypasuenuA (3) noKasniBaer, uUTC ¥ B ciyuae,
Korjla YHCJO YPasHEeHHN COBNaAdeT C 4HCJAOM NMePeMeHHWX, CHCTeMa
MOXeT OKazarbcA HeconMecrHoll. B cayuae AByX ypaBHeHHR C IByMsA
nepeMedHbIME 3TO 03HAYAeT, YTO COOTBEeTCTBYIOHIHE JIHHEH He nepece-
kaworca. HecoBMecrsofi MoXer oKa3aThcH H CHCTEMa YPaBHeHHR, B
KOTOPOA 4HCO YPaBHeHHH MeHbINe YHC/IA REePEeMEHHBLX; HanpHMep,
HECOBMECTHA CHCTEMa ypaBHeHHH

2 2z==1,
{szig;j; gzm 15. (5)

B siekoTophix cAyyagx CHCTeMa Hueer GECKOHEuHO MHOTO pellie-
HHH, 3aBHCALIMX OT OLHOFTO HAH HECKOALKHX HelpephBHO MeHS0-
HIHXCH NepeMeHHnX. B 3ToM cayuae ee Ha3nBawT nedoonpederennol.
Yaule Bcero HepoonpeAeieHHON OKA3WBAETCH CHCTEMA YpaBHEHHA,
B KOTOPOH 4HCAO ypaBHeHHA medbilie 4HCAA MepeMeHHRIX.

HpusMep 2. HHoraxewm, uto cHCcTema ypaBueaH#

P =8,
(ru=s, o

HeAponpejeneHa.

Pemenne Vs nepeoro ypaBHerHS HAXONHM, wr0 ¥ ==§ —2y,
Hoxcrasnas 310 3HaueHHe x° BO BTOpoe YpaBHeHHe, MOAYYaeM, uTo
y—z=== -5 TlpH M060M 3HaueHdww y HafZercd 3HaueHHe 2, yIOB-
AETBOPMIOLICE STOMY YPaBHEHHIO, 8 HMeddo 2=y 5. UTax, pemenne
cacTreMu  ypaBHewHA (6) MOXKHO 3anncars B BHEe x";~—--8w2y,
z=y+5. TaKk KaKk 8 - 2y==x* >0, 10 y LONKHO NPHHALILKATL Jydy

(== co; 4]
Hpemep 3. CHcrema ypasHeHHR
{x2+y2w§~22mi69,
x+y+2~=19
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wepoonpenesena. Ecaun npaaath x onpepeniennoe 3nayenue, T0 Noay-
YHTCH CHCTEMA ABYX YpaBHeHHE C JBYMH NePeMEHHHIMH, H3 KOTopodH
MOXMHO HafiTH 3uavewwn y u 2. Hanpumep, npr xr==3 noayyaem

CHCTeMY ypaBHenu it
{32+y’+22m169,
34-y+2z=19,

H3 KOTOpOR HaxXoIuM yi=4, 2,=12 HAH yo==12, 2p==4. Tlpu
x=12 noayzaem CcHCTEMY, HMEOILYID pelieHHe =3, z)=4 HAH
z3=3, ge=4 u 1. &. Takum nyTeM naxonum GecKOHEUHOE MHOMKECTBO
TPOEK YHCEN, YAOBACTBOPHIOWIHX AQHHOR CHCTEMe ypaBHEeHH.

Hejoonpefenennosi MOKET OKAZATECH M CHCTeMa ypaBueuwR, B
KOTOPOH YHCAC YDaBHeHHH PABHO UHCAY NEPEMEHHHX HAK LaXe GoAb-
me wero. Hanprsep, renoonpenpieni CHCTEMB YDaBHerHH

R =9,
FEr AN )

+4°=09,
{Qx 4 2yf == 18,

347 437 =27. (8)
210 of6BACHHETCH TeM, 4ro B (7} BTOpoe ypaBHEHHE CHCTEMB NOJY-
HAETCH K3 NEPROre yMHrOXennem obenx vacrel na 2, a noromy xax-
BOe peHIeHHe NMEPBOr0 YpaBHEHHH SIBARETCH M pellennem Broporo. Ta-
kuM 00pazoM, Bropoe ypasuenne wIJHINHE H OCTAeTCH Hejpoonpene-
JCHHAM CHCTEMA W3 ONMOrO YPABHEHHHM ¢ IBYMS NepeMeHunMH. [eo-
METPHYECKH B 3TOM CAydae 00a ypaBHeHHR CHCTEMH 3afal0T OfHY H TY
®Ke AHRHIc. AHAAZOTHYHO OGCTOHT Keao # B cucTeme (8).

Hlrorna 6nBaer, 410 3ajanuas cucrema ypabrewnlt 06nanaer He-
KOTOpo#i CHMMETpHeR, HanpHMep yPaBHEHHMH CHCTEMR He MeHSITCH
NPH NEePECTAHOBKE NEPEMEHHBIX HJIH IiPH HIMEHEHHH 3HaKa Y OLHOrO
H/IH HECKOJLKHX nepesenublX. Torga coorsercrayionlefi chMmerpued
ofaajaer # MHOMKeCTBO peutenpil 9TOH cCHereMil ypasuenui.

IMpumep 4 TIlapa uucen {3; 4) yrosaersopHer cHCTEME ypas-

HeHHE
{f+fw%’
xy=12,

rak Kak 3°4+47=25 3.4==12. B cuay CcHMMETPHM YpaBueHwi
CHCTEMB ACHO, 4TO mapa uncea (4; 3) Toxe YUOBAETBOPHET 3ITOR
cucreme. Kpome toro, o6z ypaBHeHHH CHCTEMK! He HIMeHBIOTCH NpPH
oAHOBpeMennofl BepeMene 3naKka y x u . OTciofa caeinyer, 4To Napu
uncen { — 3; —4) u {—4; —3J) TakKe yA0BASTBOPHIOT HAINEH CHCTEME.
OrBer MoXkuHO 3anKcath AHG0 B BHAE

3 5 4 3), (3 —4), (—4 —3)}
Jubo B BHle
x.wS, x2=4, Xy —3, Xy == -“4,
Yl g 30 gaee — 4 g e 3,
§49



[No3aamee Mbl yBHAMM, 9TO 3Ta CHCTEMAa HE MMeeT SIMEX peuledui.
Ml yxe HEOAHOKPATHO NOSL30BAJMCE TEM, YTO pellieHsie ypasHe-

HHH BHHE
f[ (x) fn (X)=-»"0 (9)

CBOJMTCH K 3aftave of OTHICKAHMH 3HageHHR X, YAOBJCTBOPDSIOIMX
XOTsl Obl OEMOMY M3 YpaBHMeHH# fi (x)==0, ..., f. (x)==0. Ecan nocras-
A€Ma TaKas 3ajavda, TG rOBGPHT, UTO 341aWA COBOKYANOCTL ypae-
newudd fo (x)=0, 1<{E<Cn, Yrobu OTAMYNTL COBOKYNHOCTE YpasHe-
MR or cHMcremnl, Symem o603Hauats ee ¢ NOMOWIBID KsajapaTHof
cKOGKH AN TOdeK ¢ sanurtoit:

[ fi (x)=0,

...... (10)

fr (0)=0,

HITH _
Fr(6)=0; . fa (£)==0. (10")

ApaaoruuMslll CMEICH HMEeT NOMSTHE COBOKYUIMOCTH YpaBHeHHA
€ HECKObXKEMH NePeMEeHHBIME H COBOKYIHOCTH CHCTEM TaxuX ypapue-

nif. 3anuce
Fi{x, )=0,
[F; g 3))=£} Iy

03MauaeT, YTo TpeGyeTcsa HA#TH BCe napul ynucea (4; ), KoTopHe YR
BJIETBOPRIOT XOTH Obl OAHOMY M3 3alaMuulX ypaeuewud. Ecam ypae-
Henne F|(x, y)=0 sanaer suuum Iy, a ypapuenne Fy{x, y)=0—
auuu Ty, 10 comokynuocts (11) 3agzaer oGbefMHeHHe 3THEX JHHME
(B TO BpeMst XKaK CHCTEMa@ YpaBHEMHHA

F| (x, y)m{}’ _
{j-'o‘2 (x’ y)=0 nepeceyeHHe Tex Ke Jllf!l-!l-!ﬁ)'

3anuchk xe

........ (12)

{F" (xt y)=0t
(D" (x* y}w_m(_}

03HAYEET, YTO HAAO PEIIMTL BCE CHCTEMb! YpaBHeuudt

Fi(x, g)=9,
{& (£, =0, [<k<n

H oOBbeaHHnTE nafilcHuEle peuenns.
[Tpumep 5 PemuM COBOXYHMOCTE CHCTEM YPapHeHHH

{x“' 4= 25,

Xy =12,
x+y=10,
xy==18.
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Pe menne. Buiwe 6u0 YKa3aHo, 4TO pelleHHe Nepbofl CHCTEME
ypasrenuit Hmeer mux: {3; 4), 4; 3), (—3 —~4), (—4; ~3)
PeiierHe Xe BTOpo# CHCTeMbl ypassesufi Hmeer sua: {(2; 8), (8; 2)i
Yro6ul NOAYUHTE pellleHHe 3afaHHOH COBOKYHHOCTH CHCTEM ypabHe-
puil, HAN0 OGBeAHHHTL Hafilenpwe pewennda. B peayasrare noayzaem
orser: {3; 4), (4 3), (—3; —4), (—4; —3), (2, 8, 8; 2).

¥Ynpamdenns

281, PeilluTe COBOKYBHOCTh CHCTEM YRABHEeHR:

1) { x4y=5, 2) { P yt=58,

xy=8, 2% e gt 2 40,
{x+3yml. Opy=128,
go-Dyp= — &, gt e 124,
282, (OBACHATE, EONEMY HECOBMOCTHA CHCTEMB YDUBREHHNE
x4 3y =T,
gyl
42yt =15,
283, fmasercn AW HecommecTnoft cHCTeMa ypapaenm#t
x4 3ye=T,
3‘:_3% ]',
B P 177

284, Fipw xaxom 3navenss C COBMECTHZ CHCTEMA YpaBHeswd
Bx—py=T,
x4 3y==17,
2 m e CP
285. Tlpn wakom anaveHnE O cOBMECTHE CHCTEMa ypBBRHeHHA
Cx+42y==1,
Xy 5,
Apyf=17?
286. BripasHTe H3 CHCTEMHE ypaBHeHH®
{ PER RS
2x2—3y2+52m 1

X W y depes z. Kakee 3Ha%eHRH MOMET HPHRHMATH Z?
287, [lonosuuTe CHCTEMY YPABHEHAR

{ sy=8,
Qx4 |

ABYMA YORBHEHMAMH TAK, drofint OMA ¢Ta48: |} HECOBMECTHOR; 2] mMewikeR xoO-

HewHOe MHMKECTBO pexrennft. Orper RoscRETe rpadETeCKd.
288. KaxoR cHMMeTpredl 063301 MHGKECTBO Deilienni CHCTeMH ypapsenud:

1 {x‘-«i—y‘mfﬁ. 2) {xy=&

25y =793, 2yt e 20
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3) { A+f=17. ¥ { &yt =20,
2 pytb =200
288. fonoxuwre ypasuemwe y* -yt -+-2ey:== 12 elle OANNM YpaBHEHHEM TaK, TrOOM
TOAYYHBIEAACR cHcTeMa ypasHenuk pmecre ¢ peilesiieM x=ga, y==5 HMess
G4 elle peineHns y==b, y=@a; xee —g, g —H @ X — B, gy —q.
288. Tlpn xarom 3uasenms C cucrema ypassennh

{ Ix4-y=0Cx,
bx—~2y=Cx

umeer: |} eAMHCTRenMoe pelreniie; 2} Geckoseuno MHOFO petrennld?

3. Pasnocuanane crcremu ypasnensit, TTpe peniednn cHcreM ypaa-
HeHHi HX OGHYHO 3aMeHAIDT PABHOCHADHEIMH CHCTEMAMH ypaaHeHHH,
NOKa He TPHAYT K CHCTeMe ypaaHeHHR aHBa [ x==a, HIH K cOaOKyn-

w=
HOCTH Takux cHcreM. TIpH 3TOM NOHATHE DAaHOCHALHOCTH CHCTEM
ypaaHeHHS OnpeesiAeTcH aHANCIHYHO TOMY, KaK 3T0 Gul10 CHeAaHO
an 2§ 4 rsaan 1l ans ypaarennit ¢ onpoft nepemennof.

Onpedeaernue Hpe cucTeMu ypaaHeHHH

F[ s ﬂ‘b 3 s
§ 33 g (M

{Fs (x, #)=Ds{x, y),
Folx, yy=W4(x, y)

HASH AAKTCS PGEROCUABRMMY, ¢CH 10643t napa wicen (a; b), y RoBaer-
sopAlciian nepaoll cHCTeMe, yAOBAGTAOPAST H aTopoll, a mobas napa
uHees, yAOBACTBOPAWLLAK aTOPofl CHCTeMe, YAOBHETa0OPAET H nepaof
{MHLIMH CAOAGMH, €CHH PEIHCHAN 3THX CHCTEM ypaane HEfl oZHHaxoan!) .
Oueanino, Yo NPH 3aMeHe OJHOTD H3 YpaaHeHHH CHCTCMH paaHO-
CHALHEM eMy YpaaHeHneM {T. ¢, ypaaHeHHeM, 3aAI0LHM TO XKe caMoc
MHOXECTan) CHCTeMa NepeXORHT a PAAHOCHALHYO efi cCHCTeMYy ypaa-
nednfi. TToaToMy Mb! MOXKeM 3aMeHHTb cHcTeMy {1) paaHOCHAbLHOH et
cHcTeMof
f‘ (x; #y=0,
(R =0 @
rae fi{x, g)=Fi(x, y)— Qi {x, y), fo{x, Y)=Fa{x, y)—DQa(x, y}.
Moxer cayuntien, yto pemennn X, 1 Xy jayx cHereM ypaaHedHf
PAIHYHE!, HO NePecCYCHHR STHX PerleHHA ¢ HEKOTOPHIM MHOKECTHOM
Y paanz. B sToM cayuae GylieM rOBOPHTH, 4TO JaHHHEe CHCTeMH pag-
ROCUABHYE HO MHOXeecTge Y.
ITpumep . CHCTeMH ypaaHeHH#

{x-i-ymg, {x-i-ymg,
H Xif © 18
(x—3P+(y—BF (x—3P+(y—6F

152

xy=18




He ARMMIOTCH PAAHOCHALHEMHE, TaX Kak napa vscea (3; 6), yaosneTso-
pAIcIias HEPROA H3 HAX, He YAORAETBODAET aTOpoR (NpH x=3, y==6
ofpaiiaeTca a HyJab 3HaMeHarens (x —3F -4 {y--6)%). Ho Ha Mmuo-
KecTe, TOJYHAeMOM H3 TWIOCKOCTH awbpackipauseM Toukd (3; 6),
3TH CHCTeMH YPasHeHnHA DaaHOCHAbHBL.

ITpr pemensii cHcTeM ypaaneHsil, KaK ¥ TIPH peilleHHK YpaaHeHHH
cONHOA NepeMerHON, NPHMEHACTCH METO, PASIOKEHHA Ha MHOJKHTENH.
OH ocHoaaH Ka chellyionies Teopeme:

Teopema. Ecau pynnyun F:(x, ), ..., Fa{x, y) onpedesenst xa
HEKOTOPOX RHOXecTae X, TO HA 3TOM MHGKELTOE CUCTEMG YpasHe-

Hull
{F1 (x, ¥+ ...-Fa(x, )=0, 3)
® (x, y)==0
PRBKOCUALNG COBOKYAROCTH CUCTEXR ypaanenuil
F, (xv y)ﬁov : F (xv y)mov
{GI’ {x, )=0; {(Dn{x, y)==0. (4)

Hdoxkazateanctao. Ilycts napa ukcen (a; b) yroanerso-
preT CHcTeMe ypaaueHsii {3}, t. e. nycTb

{F; {a, b)-...-Faf(a, b)==0,
® (a, b)=0.

Toraa na#izerca Takoe k, 1 k< n, 9o Fi(a, b)=0, 1 notomy 12 Xxe
napa uiceJ YAOBAETBOPSIET CHCTEMe ypaaHeHwH

{ Fi(x, g)==0,
® (x, y)=0

H TeM caMhiM COBOKYNHOCTH CHCTEM ypaasHeHH# {4).

Ofparwro, ecaH napa udcen {a; b) yNOBAETAOPHET COBOKYTHOCTH
cHCTeM ypaarexh#t (4}, To nafinercs rakoe £, | s{k<n, uTo 3Ta napa
YHCEeA YRORJCTBOPHET CACTEME ypaaHe¢HH#

{ Fu(x, )=0,
O (x, =0,
T. e. Fi(a, B)=0, ®(a, b)=0.

[Tockonexy sce dynxuun Fi, 1 <<k < n, onpeleaeHt Ha MHOXKecTae
X, To oHH onpeleacHn a Touke M {a; b), H noromy npoHzaecleHHe
Fila, b)...-Fu(a, b) Toxe paano HysO. 3TO SHauHT, 4TO napa
(a; b) yrosneTropsier cHcTeMe ypaanenaft (3).

ITpremep 2. Pemsm cHcTeMy ypaaneHHH

{(x2+yz—25) (x+y—8)=0,
xgyg== 12,

Pemwrenne Jlankas cHcTeMa YpaaHeHHH paanoensbHa c0ao-
KYTHOCTH CACTeM ypaaHeHHA

{x2+y2—25-—-0, {x+y—3=0;
xy=12; Xy s 12,
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fleppan cucreMa nmeer pewesne {3; 4), (4; 3), (—3; —4), (—4; - 3)},
a propas - pewmenre {2; 6), (6; 2).
3xaunT, LaHHAs CHoTeMa KMeeT petierse {(3; 4), (4; 3), (—3; —4),
(—4; ~3), (2; 6), (6; 2)}, man unave
[1=3 fx=d =3 fx=—t (=2 {xu=6
=4 lyp==3; lyse= -ty lgyz=3; lys=6 |yge=2

3amevanne Tlosropuo opuMessn Teopemy, NOAYGaeM, HTO PEIIEHHE CH-
cresyt ypapaenwd

{ Fiigg)e..- Fuoix, y)=0,
O e, y) e On s, g)=0
CROAHTCA K PRIMEHRIC COBOKYIFHOCTH, cocmnmeﬁ H3 CHCTEM BHIA

{ Falx, y)=0,
@y {x, y)=0,

ene k -~ npoteraerT sce 3HadeHBs of | Ao a, a [ — sce saadesus or | go m,

¥ppamuennn

291, fiaamorcR ¥ PAaBMOCKABLHEMH CHEAYREHIKE CHCTeMM YpaBHenuf:

{x+3ym6. ] {(x+3y){x’+y’)=6fx*+y*}.
gl ==1 {3 1) {Xom g} m & — g

282, Kaxof cOBORYRHOCTH CHCTEM YDPRBHEHHS DABHOCHERHA CHCTEMA YpaBHeHMHE

{x — yod- 13 (2% e gf? o 26370,
{ (3% Ay +8) (xy — 12) = 07

4, MeToa uckaovenna. Hasnbonee MORIKEM METOAOM pelller g CHe-
TEM YPABHEHKR ABXHCTCH MeTOO UCKAOHEREA HOUIGEOTHBLX, TFOBBONRIO
IHHE NOCACNOBATEABHO CROAHTh PEIlCHKE JAHHOM CHCTEME K PelIeHHI)
CHCTEMH {KJH COBOKYIIKOCTH CHCTEM), cogepiKanlell Ha OfHY NepeMen-
HY10 MEHbBIIE, 3TOT METOA NOCASHOBATERBHOIO KCKIIOUEHRS OCHOBAK HA
OUYERHAHOM YTREPHHCHNH, UTO CHCTEMA YPAGHERL

(63 D=0 g
PABHOCUADNA CUCTeMe ypaarerud
D {x, { (x)=0

H akaJorHyHo As Gosbllero uncaa nepemenukx. Ho pemenre chcre-

MH {2) CBOAKTCH K TOMY, UTO MK pewraem ypapresune O (x, f (x))==0,

coZepxaniee XHIL x, DOCAE Yero NOACTANIACM HalleHHEe SHAYCHHA

X B paBeHcTBO y==f{X} H HAXOANM COOTBETCTBYIOUIHE 3HAMEHHA V.
Uto6u CReCTH 3aHZHUYI0 CHCTEMY YPaBHEHKH

Fix, )==0,
{£le 9=C @
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K cHCTeM¢ ypaBHeHHR BHAa (1) uaW cOBOKYHHOCTH TaKHX CACTEM,

Haj0 DEUIATh HaHoe-JHGC ypaBHende CACTEMMH OTHOCHTENALHO OZHOrO

H3 MEPEMEHHbIX, T. € BLPA3HTb €ro uepes APYryl nepemenHyio.
ITpumep. Pewnm cacremy ypasHennft

xym{Q,
+y'=2.

Pewenne Hanepsoro ypasuerus HaxOnam: ym—i:-?-. ITopcrae-

JSIA 3TO 3HAYEHHE BO BTOPOE YPaBHEHHe, noJtydaeM: x° -+ %im—d& HAH

nocxe yRpowenns: x* —25x% 4 144 =<0, Kopusinn sroro GHKBaApaTHO-
ro YPaBHCHHS ABAAKTCA 4BCAa X1=3, xn=4, xy=—3, xnu=—1%

12
¥iM COOTBETCTBYIOT 3HaueHHS y;m%&=4, ygm_..,lr?,:& Yy =

= -4, y4=-£~2~i—=w3. 3naunt, pewreHHeM AIuHOR CHCTEME Yypas-

HeHHA FBASICTCA MHOXKecTBO nap udcen {3 4), (4; 3), (—3; —4)
(~-4; ~3)|. Bolore Mol YKa3LBanH 3T Haphi YRS, HO JHUED TeNepd
yGeAHAUCk, YTO HMH HCHEPTIMBACTCA peUICHHE.

¥npaxnennn
203, Pelmnte CHCTeMH YPABRCHiH:

l){4x’+?y’m14~8, ) | x—E28y,

2

F__ .

38—y =1l x+3yu1_
4 42

3) {x+y=xﬂ, 8 | =+4=1

y—x=¢"

a &
FAr

5. Merog anreGpanueckoro caoxesnn yparmenni. BropuM Mol
HEIM METOZOM DEUICHHA CACTEM YPABHCHAR ABJARTCH MeTol aarelfpan-
4eCHOro COMEHHS, KOTOpHE OCHOBaH Ha caelyiouied TeopeMe:

Teopema. Tycre Ppynxyus  {x, y) onpedeaena dan acex nap (a; b),
npu KoTopsix onpedesensi obe gyncyuu F u ®. Tozda cucrema ypasne-
hud

{F{x, y)==0, (M
®(x, y)=0
DUBHOCUNBHE CUCTEME YPOaneRub
{ Fix, y)=0, 9
Ox, Y+ {x, 5 F (x, y)=0. @
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FIHLHIMH CIOBaMH, IPH PEHICHHH CHCTEM YPaBHEHuH MOXKHO IIpHOaR-
JATH K ORHOMY H3 YPaBHCHHI CHCTEMBl IPYIoe YpPaBHeHHE TOA Xe CH-
CTeMH, YMHOXCHHOC HA HEXOTOPHIA MHOXKHTEIL.

Hokasarenscrro. [ycrs napa uncer {a, 5} yaoszrerno-
;ltae'r cucreme ypapuwenuii {1), 1. e. nyers F(a, 5)=0, ®{a, b)==0.

oraa BepHO papercrae ${a, b} F (e, 5)=0 B, caepoparensso, pa-
penctBO ® (@, b)+¢(a, 5)-F{(a, b)=0. 310 ¥ 3Hauar, 410 napa
(@, b) ynosaereropser cHcTeMe ypaBHeHmE (2).

O6parso, nycts napa unced (a; b) yROBICTROPSAET CHCTEME YPaBHE-
Hul (2}, 7. e. nycets F {a, b)=0, @ {a, b)+¢(a, b} F{a, b)==0. Toraa
Bepso ¥ panesctTro ® (g, b)==0, a TOTOMY AaHMad Hapa yroBAeTROPALT
" cucreme (1). Teopema AoKasaHa.

Caencrene. Ecau k o0nomy us ypasuenuid cucrems {1} npubaeurs
Opyaoe ypasHenue Tl e CUCTEMB, YRHONEHHOS HO HEKOTOPOE HUCAO
A, @ Opyaoe ypasreHue CUCTEMbE OCTABUTD (3 USMEHEHUA, TO NOAYYUM
CUCTEMY, POBHOCUABHYID OGNHOE.

f1pumep. Petunm crcreMy ypaBHeHHH

B4y =28,
{ Ly+xy?=12.

Peme nne MerTon HCKAIOMEHHA HPHBOJHT B RaHHOM chydae K
CAOXKHBIM BHIKZaZKaM. [To3TOMy MOCTYNHM HHaue: NPHGapHEM K nep-
BOMY YPAaBHEHHIC CHCTeMil BTOpOe ypaBHenHe, yMHOXenHoe Ha 3. B
cHiy GopMyan 1A KySa CYMMB HOAydaeM CHCTCMY yPAaBHEHHA

{&%ﬂ?zﬁt
xy (x4-y)=12,
PABHOCHILHYI0 3agaHHOH. OHa papHOCHAbHA CHCTEME ypaBHeHHH

{x";“ym‘l'» {x+ym4,

xy(x+y)=12, 1. e. {xy==3.

Teneph yxe MOXHO HCKAIOUHTH nepeMensoe. Via nepporo ypapHeHHs
HaxoRHM: y=4--x. [loacrasana 1o 3nayeHue 50 BTOpOE YPaBHE-
HHe, nonydaeM kpagparHoe ypabremue x'—4x-+3==0, umewuree
KOPHH X =], x;==3. CooTBeTcCTRYWIlHE 3HAUCHHA y PaBHu: i ==3,
Ya==1. 3nauur, W pelnenue fannoR cucremu HMeer Brx {(1; 3), {3; 1),
KA, YTO TO e camoe,

{x:=l, {x2=3,
y|m3; y;r‘"—"l.

Y¥npaxueensn

204. Pewpre cucremn ypabuenui:

1) {x*+xy+2y9m74. 2) {‘2+yx=15. 3 x+2y+§~’5=16,
242 4 2xy 4 i =73; Xtf— % w2 ;'
3x+g+f~m23.
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6. Mervozn samensz nepemennnix. CHCTEML CHMMETPHYECKHX YPaB-
HeHn#*, flaa penlends cucreM ypaBueHsR NpHMeHsiercAl Taioke Me-
100 3GMEHBL NepeMenrmY — HEROTODHE BHIPANKEHHA OT HCXONHHIX
nepeMeH bl X NPHHHMAaIOTCA 3a HOBHE NEPEMEHHKE, B Pe3yibTaTe 2€ro
noviyuaerca Honee npocras CHCTeMa YPABHEHHA OTHOCHTEABHO 3ITHX
nepemennnix. [Jocne toro xax sra cucrema pesiena, Hafo fo Haifew-
HhHM 3HAYEHHAM BHGPEHHEX HAMH BHpaXeHHR HAHTH 3HAYEHHA HC-
XOEHHIX AEPEMEHHBIX,

Hpuwep |. Peulnm cHcremy ypaBrenss

{xy"%?y%-y"’ 3r. (1)

Pemewnsne Ecn BHHECTH B NEPBOM ypaBHEHHH 3a cKOGKH Xy,
noayusm ypasuenne xy (x*-+-y%)=300. Temeps BHANWO, uTO AeBue
yacTH 0GOMX ypaBHeHn# Bhipaskaiorcs uepes xy u x°+y°. Mosromy
NONOXKHM xy==1{, ¥’y ==3 W NOAYUHM ARA OTHICKAWHA ! H s Gojee
BPOCTYIO CHCTEMY YpaBHeHHH:

{ts= ,
d 5o 37, {2)
Pemlan 31y cHCTeMy METOROM ACKJAIOYEHHA, HaxoawMm, 310 £; =12,
£ =25, f2=25, Sg“—“i?.
Tax xaK t==xy, S==x°-4¢°, T0 LA OTHICKAKHHA X H y Hajo pe-
WHTH COBOKYHHOCTh ABYX CHCTEM YDABHEHME:

{';5!:;3*:25; {igfy%ilz. 3)

PeilliM nepBYI0 H3 3THX CHCTEM METO0M anrefpaHuecKkoro cloXKenHd.
Hosyuaem, uro oHa SKBHBANEHTHA CHCTEME YPaBHEHHN

{ -2y +y=49, o {(x+y)2—49

| X2 e Qg e gy e 1, (3 o Y § 4)
Ho w3 (x+2y) =49 caepyer, ur0 x+tgy=T7 HAH Xy T,
a H3 {x—yr=1 caenyer, ur0 x--g=1 HAH x—y=—1. T[lo-

ITOMY ROJIYYEHHaf CHCTEMA YDABHEHHA PABHOCHAbBHA COBOKYRHOCTH
YeTHPEX CHCTEM YPARHEHHA NepRo# CTeneHH:

{x+ym?- {x-énym—»»«—?r {x—i-ym?, {x+y=—7,
x—y=1; lx—y=1; X—g= =], | X ppoms e |,
Pemas ee, noayuaeMm oTBeT:

{4; 3) (—3: —4), (3 9, (—4 —3) (5)
HAM HHaue:

xi==4, xg=—3, m=3, xi=-—4,

i==3; yo=—4; a4, == -3

Jlerko nposepHrs, 4T0 Bropas cHCTeMa, T. €. {.x e 20,

+yt=12,
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e usmeer pemendii. [Nosromy (5) wBasercs M pelleHHeM 3ajaHMOM
CHCTeMbl YpaBRHeHHA.

Ofuwero npasuaa BubOPE HOBLIX IIEDEMEHMLIX He CYLIeCTBYeT.
CymecTsyOT 18a BHAa CHCTEM, KOTJA €CTh Pa3yMuuA BuiGop nepemen-
EHX: 1} CHCTeMa CHMMeTPHHECKMX ypaBHeHH# H 2) cHCTeMa YpanHe-
WH#, OLHO H3 KOTOPHIX OJHOPOLHO.

Ecan ofa ypaBweHHs CHCTEMbI

Fx, y)e=0,
{ o = (6)

ABNHIOTCH CHMMETDHYECKHMH MHOPOWICHAMH OT X My, MOJE3HO MPH-
HHATb 34 HOBLIE NMEPEMEHHBIE OCHOBHME CHMMETPHUECKHE MHOIOWIEHb!
Gr==x-+4y W 6a=xy or x # y. Kak Onlto noxasawo 8 1. 2 § 1, oba
mHorounesa Flx, y) m @ (x, y) MOKHO BHIPasHIL Yepes 6; H Oy, B
pesyabraTe Yero NoAywaeTcs CHCTeMa ypaBHeMMH OT o), O, KOTOpaH
o0HYHO GoMee MPOCT&E, HeM HCXORHAdA. PellHs ee, HAXOAHM X H ¥ H3
COOTHOLIEHHE X+ y==0;, xy~=02.
[Epumep 2. Peilnm CHCTEMY YpaBHeHHR

{x2+xy+y”m2t,
x+xy+y=9. (7)

Pemewnne Taxk xak sesse dgacti OG0HX YpaBHEHHH CHMMer-
PRUHE OTHOCHTCNLEO X M Y, BBELEM HOBLIE NEPeMeHH:e o;=1x-1y,
Gz==Xx{ W BHIPA3HM YePe3 HHX JieBhle YacTH ypaBHEHHE:

P4 xy+ gt =(x+ ) — xy=of — a3
x+xy4y=0 402

Taxm\m OGPQSOM, 3agaHuan CHCreMa ¢senack K cne.u.ylomeﬁ:
* { U?— Ga = 21,
0’;"5“0'3=g- (8}
CJI0KHMB 3TH ypaBHeHMs, NMOJydaeM KBAAPATHOS YDARHENHe
oi+0,—30=0. '

Ha wero caeayer, 9ro o =5 HAM o;=—86. Tak xaKk o;+0o;=9,
10 Gz==4 HAH 63==15. Wrax, nosyuens ase mapu (5; 4) m {—6; 15},
YAOBJACTBOPHIONIHE CHCTEME ypasHeHHHd (8).

[ockoabky x+4-y=01 H xy=09, T0 38JaMHas" CHCTEMa YDanHe-
WH# CBEesiaCh K COBOKYIHOCTH ABYX CHCTEM:

{ghoos {rbys =6

H

Pemas nepsyio cHCTeMY, HAXODHM peilleHHe:
X we l, xzm‘l,
ih ﬁﬁ-; Bg e 1.
Bropas cuctema peileHHlt we HMeer.
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[Tpuwmep 3. Peidm HppauRoHASBHOE YPaBHEHHE
AVe+4/97 —x =35, (9)

Pew e H He. O6osHaunM 4/x wepes u, a /37 —x uepes v. Toraa
3ajlaHHO® YpaBHeHHe MPHMET BHA: 4-kv==D. Tak Kak, xpome 1010,

i+ vt o= (VO A97 1) o+ OF — x =297,

AO3TOMY peLieHHe 3aAaHHOr0 YPABHEHHS CBEAOCH K PelleHsIo CHeTeMbl
ypaBHenHi

{y~+-vm5.
wt4vt=97.

Tak Kak Jephl¢ HacTH 3THX YPaBHCHHA CHMMETPHUHH OTHOCHTEALHO
% H v, BBeIEeM HOBHe fNepeMeHHHe o) ==& v, oy=uv. Hicnoansys
dopuyay (6) n. 2 § |, npuxopHm K CHCTeme ypaBHeHH#H

{ oy == D,
o} ~doles + 208 =97,

[MoacraBH¥ 3HaueHHe O =5 BO BTOpOE ypaBHEHHE H HOJYUHM IAS
OTHICRAHHA Oy KBAZPATHOE YpaBHeHHE ot — 50024264 =0. Pemasn
ero, AoAyuaeM Op==60 WAH oy==44. TakHMm 06pazoM, AAS OTHICKAHHHA
4 H U HAIO DPEHIHTh COBOKYNHOCTS M3 ABYX CHCTEM YpaBHeWHE:

{u+vm5, {u»}-u=5,

uv=06; wv==44,

fleppan A3 HHX HMmeer ABA PeHIeHHA: 41 =2, py==3; uy=3, va=2,
a BTOpPas# He HMeeT pemieHHA. Taxk Kak a~43/x, TO Aojyuaes JABa
3HAYEHHN AAS x, YAOBACTBOPAOINHe ypasHenHio {9):

X M?‘wfﬁ, xgm'&3‘=8§.

Paccmo'rpum, KakK peHIaTCH CHCTEMR ypaBHEHHﬁ, OAHO H3 KOTO-
phiX OAHOPOAHO QTHOCHTEABHO X H Y, T. €. CHCTEMB YpaBHEHHﬁ BHAZ

~ F(x, )=0,
{85 92% (10)

rae, Hanpamep, F (X, ) — OJHOPOHHHA MHOTOUACH OT X ¥ Y CTERCHH .

Pasbepes apa cayuas.

a) B wmHorounewe F{x, y) ects uneH BHAA ay”. Toraa F (0, y)==
=oy" 0GpalHaeTCA B HYAb AWHIL HPH y=0 H aH60 napa wicen {0; 0)
YAOBSETBOPAET CHCTeMe ypaBHeHHH {310 OY/NIeT, B HAaCTHOCTH, ecH #
ypaprenwe @ {x, y}==(} oaHopoaHo), sHGO B peilleHAH AaHHOH CH-
cremul pooSmie HetT TakHx map, uro x=0. B sroM cayuae BBeaeM
HOBYIO NepeMEHHYI0 {, IONIOXHEB i ==X, [lonyuaeu cHeremy ypaphesufi

{ F(x, tx}==0,
@ (x, £x}=0,
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HAH B CHAY ©JHOPOAHOCTH MHOroujexa F CHCTeMy

{x" F{, H==0,
® {x, tx)=0.

{Tockoabky x=0, noAyyaem CHCTEMY YPBBHEHHH

F{, H=0,
{ (D{(x, 3.:)-—-0. (11}
M3 neproro ypaBHeHHSl CHCTEMBI HBXOZHM 3HBUYEHHSA !, MOACTBRASEM
HX BO BTOPO€ YPBBHEHHE H HBXOEHM COOTBETCTBYIOIHE 3HAUCHHA X.
fTo @o%my.ne g== X HAXOZHM 3HBYEHHA ¥.

6) Ecan sce uaeunt muorounena F(x, y} Aeasircsl Ha HEKOTOPY)
cTeneHb X, CKBXKeM HB x*, HBEO BHIHeCTH x* 3a cKoOKu: F{x, y)=
== g Fy(X, ¥} — H csecTH pemleHne cuctemul (10} K pemennio coso-
KYMHOCTH ABYX CHCTEM BHIA

x"mﬂ, F ¥ mot
{mwykm; {éﬁﬁga (12)

{lepsBS M3 HHX peuIBeTCA OYEeBHAWHM 06pazoM, a BTOPas — CROCO-
G0M, YKBIAaHHLIM B B).
fipuMep 4. PeuwraM cucremy ypsBHeHH#

3x% g =0,
{ 'S +2y§y=—f£gf’

Pewmenne Tak Kax charaeMoe y° B TNEPBOM YDABHEHHE He
AEANTCA HB £, TO NPHMEHAEM MoACcTaHORKY y— {x. [Tomyuaem cucremy

Pﬁm«f+ﬁﬁmm1|e{ﬁm#+6=m
242845 =19, TR (1 4268 =19,

KopuaMH# nepeoro ypeBHeHHA sBAAKTCH fi =3, ly==1. {loacrannan
BO BTOpOE ypBBHeHHe {—3, MoayuseM x==1, u noTOMY x==1 Han
x== 1. [logcramanaa we f=1{, noayuseMm x“——*;t\/:?y. TBK XBK

ypasuenu#t

y==lx, HMeeM cllellyloiliee peltieHHe CHCTeMb:

{x;=l Xo=—1, xas\/-i_g-, PP .1.:?.,‘
fTpumep 5 Pemwnm cHCreMmy ypasHeHH#
3 — 4Py + 2yt =0,
{ﬁ+fmz

Pemenne [lepsoe ypasuenne CHCTEMB OZHOPOXHO, HO BCE
YeHb ero Jeeofi YBCTH BeAATCA HB X. [ToSTOMY BHIHOCHM X 38 CKOOKH
H CBOJHM 3Bilady K PELICHHR COBOKYMHOCTH ABYX CHCTEM YPBBHCHHE,
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{xng, 3}:2 4xy+y =0,
X yfa=2; Pb g2

[lepsaa cacTeMa paBMOCHXbHA CHCTEMe Xx=={), y2m2, OTKYHa Wa-
Xogum: x1==0, y;mxfﬁ- HAH xp==0, y2=—’\[§. Bropasa cHcTeMa
ypaBHenu# pemiaerca TaK Ke, Kak B npumepe 4, H efi YAOBIETBOPAIOT
ueTHpE Nmapi HYHCes:

{x3=l, {:qmml, {x5=m, {xaﬁ—m.
w=1 ‘ge=—1 ly=302 lye=—3-02

Oﬁﬁeﬂﬂﬁﬂﬂ noay4yeHHne OrpeTH, HaX04HM DEHICHHE 33}18““0& CH-
cremt B sune {0; v2), (0 2, (I; D), (—1; —1), (J0.2; 3+0.2),
(=02, —3+0,2)}

3anava Or npucrama A OAHOBDPEMEHHO OTNPABHANCE BHH3
RO TeYEHHIO pexH Katep H nior. Karep CHYCTHACA BHH3 N0 TEYEHHIO
Ha 96 kM, 3aTem nosepHyn ofparHo H sepHysch B A yepea 14 4, Haftra
CROPOCTH Katepa B CTOMMER BORE, €CJH HIBECTHO, Y10 OH BCTPErHA
0T Ha o6pAaTHOM NYTH Ha paccTosHua 24 xm or A.

Pemeunne CHauanra cocTasum CHCTeMY ypabHeHHR. B kaue-
cTBE HCKOMBX BriflepeM CKODOCTE # KATepa B cTosuel BOAE H CROPOCTE
teyeHHs v, Toraa cKopoctTk KaTepa NPH HBHIKCHHH N0 TeueHHK> pabHa
i-4-0, a NPH HBHKEHAH NPOTHE TeUYCHHA ¥ — v, JHauBT, 4yTo0W NpodTH

BAM3 MO TedeHmin 96 kM, eMy Hapo % qacos, a BREPX N0 TeyeHHID
96

96 56
-i— Yacos, Bcerc on szatpatyt ———f—
g P u+v+u—v .
YCAOBHIC 3aj4a4d OH BEPHyscs Hazaj 4depes 14 4, to uMeeMm nepsoe
ypasHeHHe:

gacos, Tax Kak no

S Fo=1a
Yrofm noAyuHTs BrOopoe ypasHenHe, HafleM, Kaxoe BpeMs 3a-
TPATHA Katep A0 BOTpeud ¢ maoroM. O npoures 96 KM BHH3 Mo Teye-
HEWD # 72 KM nporas rtewensa. Ha sro oM sarpatan % -&%
tacos. [laor Xe npomimn 24 kM €O CKOPOCTHIO D, HA WO 3ATPATHA
?:; 4acos. Tak Kaxk II0T H KaTep 0AHOBPeMeHHO OTNPABHAHCE H3 A, T0
3aTpaveHHoOe HMH JO BCTPEYH BPEMS OJHHAKOBO, H MH HMEEM BTOPOE

ypaBHeHHe;

% 2.2
u-+v H—u v "
Hrak, ana pemreHns 3ajiaud nOAYYHM CACTEMY ypanHeHHR
96 96
u-{w + et 4,
er.___

u»{w R

I

6 H. 2. Braexgsn 16%



Tlpa 3amene 4 Ha {u w v Ha {v o6e yacTy BTOPOre ypaBHeHEs YMHO-
KAOTCH Ha '}L [Tosromy oHO mBaseTcH ORHOPOEHHM YPABHEHHEM.

Tax xax v==0 He yAoBAETBOPSET ITOMY YPABHEHHIO, BE/IACM 1OACTA-
HOBKY y=vz. TOrZa BTOPOE YpaBHeHHE NPHMET BHA

96 72

21 7 Z—1 =24.
Ocpo6oxkaasich or 3gamenatened, noayyaem:
242 — 168z==0,

2ro ypasnerwe umeer Kopud 0 u 7. [lpH z==0 noayvaem u=0, a
3T 3HAYeHHe # HH HPH KaxXom 3Ha4eHME v He YAOBACTBOPHET
nepsomy ypasueuwio, Ilostomy z==7, 7. e, u==7v. JToacrarass sto

3HAYCHHE § B MEpBOR YpaBHeHHe CHCTeMH, Modydaem: ;ﬁ-{—%ﬁ.m 14
v {

L]

oruyEa v=2 {xm/4). Ho rorma u==7.2=14 {xm/4). Hrax, cxo-
pocTh KaTepa B crosmelt sofe paswa 14 xM/u.

Yrpaxsedasn

293, PenHre CHCTeMH ypaBHEHHA: 25
) {"2_xy+f==21, )§ 2Hd =5
o= 2xy 4 15y x5 gt T
3 x+y+ —y_10 x2+y =4,
=y x+g 3 ?.4...,_
52 4yf w45,
5) {x+y}’+(x~y)’“%{f—y’)‘ 8) J =+ _"*‘29'2
x4yt =20, 4=
7 x‘+y‘+x“y+xy3=%3 2, 8) {x’+x2y+xy +4'=0,
PR, x4y =

7. I'padmuieckoe pentense cHcTeMu ypaswmenwdt. M yxe adaem,
YTO PERICHHE CHCTeMH YPABHEHHE ¢ DMBYMS HEH3BECTHLIMH

{ F(x, 5)=0,

®ix, 5)=0 (1)
reoMeTpHYECKH HCTOMIKOBHBASTCH KaK OTHCKHBAHHE KOOPAHHAT TOYeK
nepecewedss aunah Iy v Tz, sananaux ypasuenwsmu F{x, gi=0 n
@ (x, y)=0 coorpercTeenno. DTHM MONKNC BOCTIOABIOBATRCSL A
NpHGAHKEHHOrO pemlenndst cHcreMu ypasueHndi (1). Jdas 3toro wano
Haueptdthk AHHAE [ 0 T’y Ha xneraatofl (a eute ayunie Ha MEANHMET-
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poBOA} Gymare H NO YepTeXKY ONPeReNATH KOOPHHHATH TOUSK fiepece-
deHHA 3THX AHNHE. Pasymeercs, upH aroM nojydarcs AHEL HpHGau-
KeHHDIe 3HaeHHd X H ¢

[Ipumep 1. Pemum rpadnueckn cucTeMy ypaBHenni

{ywx?+4x+4,
2x 4 g oo 4 =),

Pemenne Jlunna y=x>+4x+44, 1. e y==(x+ 27, asaserca
napabonolt, noxydaemoft H3 napabodm y=x" CABMIOM Ha 2 EAHHH-

It BAEBO, & YpaBHeHHe 2x--y44==0 3amaeT APHMYIO JHHHIS
y==—2x—4. Ha prcyHre 50 nokasanst 971 auan. [lo nemy yeranae-
ApBaeM, UT0 JAHHNH mepecexaloTcd B Toukax A{(—4;, 4) w
B({—2; 0). 3naunT, HMeeM pelleHHe CHCTEME:

{x;m—‘!, {xzﬂ—2,
Yy b ya==0).
Hpoaepxa IOKA3WBAaCT {IPABHIALHOCTL #afiaeHHoOro PelleHHA. f“lpeno-

CTABJASICM YHTATENIO PEIIHTD TY XKe CHCTEMY YPaBHEeHHH aHAAHTHYCCKH.
Mpumep 2. Pemnwm rpadruecks cHCTeMY ypaBHeHHA

{ y....—*.,xi —— 2):—}— 4,
y=2x.

Pemenne TIpaman y==2x u napabosa y=i'—2c+4==
=(x— 1743 naobpamenti Ha pucynke Bi. Buzum, uto npsmas
Kacaercs mapaGosini 8 equncTBer ol Touke A {2; 4). Orciona Haxoxum
peltieHHe CHCTemb: x=2, y=4.

¥y y 71
A\ 11 i -
‘ _—
1

X

\ \ M

|
AFEELD /l A{Z4)

BEZOINID ] g o7 ) X

T
= \
Puec. 5¢ Puc. 3] Puc. 52
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Hpumep 38 Pewum chcTemy ypaBHeHH#A

{y=x2~2x4~4,
Y= 2x— |

Pemen H & W3 pueyuka 52 suasim, uro npsaMas y=2x—1 H
napabona yu=x’-2x44 He HMEOT O6WMX Touek. CHETeMa HeCOB-
MecTHa.

Hpumep 4. Pemnm rpadrueckn cHereMy ypasHenui

{xyww.
x—2y—2=0,
Pem e s ue YpaereHde xy=12, 1. e. ye=—= 12 ; 3agaer ranep6oay.

M3 pueyrka 53 BrakM, 9T0 TOUXaMK nepeceqenuﬂ 3T0# THnepbosn
¢ BpAMoR x— 2y —2==0 apamotea A (—4; —3) u B(6; 2). 3naunT,

{x;=—4, {.‘{QWG,
Yro= - 3; yo=2.
[ pumep 5 Pemnm cacreMy ypaBHedd#i

y==x> 45,
{ == y*+ By.

Pewenue YpashenHe y—x’45x 3anaer napaﬁmy ¢ OCBID,
BapaiNenbHON OCH OpAMHAT, a ypapeenue x=y° 4 Sy — rzapaﬁmy
¢ OCbiO, NapaaseibHOH ocH abenuee, 3TH BapaGoab H306paXenH Ha
prcyrke 34, Kimeem ucrnipe TouxH nepeceuesna O, A4, B, C, a notomy
peleHHe HMEeST BHA!

7 {xz=0. {xzm"*‘i-
= ya= —4,

{x;,z —4,7, {x;z —1,3,

yare w1 3; Ysme e d 7.

e

B sroM npumepe 3uaueHHs Koop-
Aunar rouex B u € nafifenn npe-
OAMKeHHD. AHaAHTHYECKOR pelieHHe

ﬁ;-" [OKAZHBACT, UTD
X Ky= 3 —f3 {X4——3+“\;F
~ Dr {y3m_3"+“\/§§ Yim= —3 -3
. {4rolsl NPAATH X OTEETY, HAAO BHYECTE
[OUWIEHHO BTOpOE ypaBHEHHE M3 pep-
\ BOTO).
Hpumep 6, Pewum  cucremy
ypaBHeuH#H
{x9+y3+4x—-ﬁym 13,
Pue, 53 xy--3x42g=11.
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Pemeune. Hepnoe ypamienue CHCTEMB MOKHO 3AITHCATR B BHAS
(427 + (g — 3 = 26.

Ouo 3afaer OKPYKHOCTh pagmycom 262251 ¢ ueMrpoM B TOuKe
Br i1
x42

y23-§-;§_-§m 310 ypasHerre renepBoanl, NOAYIEHHOA B3 rHNEpOONH

K{—2:; 3). Bropoe ypaBsWerHe nepeliHileM B BHIE &= T. €.

ym—}- ITYTeM PACTAKEHHS BAGD OCH OPAHHAT ¢ KONpPHIUMEHTOM B H

ACCAGAYIOHLETO 1TADAAAEALHONO 11ePEeHOCa, NPH KOTOPOM HAYale KO-
OpARHAT RepeXxodnt B Touky K (—2; 3). Obe Anuun naobpamenn Ha
pucyrke 55. Tlo wemy wWaxoZMM KOODAHHATH TOYEK [ePECeUeHHS:
A(—7,2), B(—3, —2), C(—1, 8), b(3; 4.
Hraxk,
{xi«—*—?’, {xgm—*—& {x3=—l, {x4m3,
ylmg; ygm«—-Q; y3m3; y;mfi
Jre auaiMTHYSCKOTO DEIlieMHs CHCTeMBbl HAJ0 RoudenHo npwba-
BHTh K NI€PBOMY YDRBHEHHI YIBOCHHOE BTODOC YPaBHEHHE.
Ha prcynxax 56 w 57 wokasawo rpaduuecxoe peilieHHe CHCTeM
ypasHexu#
{y—x“’—?xml, {xﬂ+yz+2xmﬁym6w0,
4y —2x—6y+5=0 0 {0+ 4 8x+4 2y 320,
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Pue. 56 Puc. 57

Bamenanne [MNpu peweniu ypasuenudl rPAPRICCKRY METONOM CHLAYET BMETH
B BHRY, WIO [EHRHWA, RONYMAEMHE ITRM METOLOM, HBASIOTCH JHmb ApBGAE-
wenummy, Bonee Tore, HHOrAR rpedHKH MOEYT BBECTH Hac B 2abaymienke. Hanpe-

x
Mep, tpi rpadHecKor PeiIeHn ypasuenm(}%) =log ; x HAHO RalTd TOUKY hepe-
T

i r
CeveHHS KPRBHX 9=(YE§) B y=log, x. BcaR caenars 3CKH3, TG MOKMKEICH, Y10
I8

FYH KPHBHE EMEIT MHUID GAEY ODIUYIC TOYKY, ASKAHULYY HA GHCCEKTPHCE NEPROTO KO-
opansarEore yraa. Oauaxo wa caMom Jeie 970 YDABHEHH2 HMEeT eHle /(88 KOpHs:

¥onpakuesun

208. Pauinre rpadacecKs CACAYIOIEHE CHCTEMM YDABHEHRH H npopepsTe HORYHEAHEe
OTRETH TYTEM AHAAKMTHYECROTO DElieHHN:

I

) {xwy“+5y» 2) {xﬂmax—atymﬁ. 3) {x2+f~_~36,
g=x"4-Bx; g7+ By —Br=0; 24 by=36;
1) {x*—élxmﬁy——“?(}‘ 5) {xﬂwﬂm%, 6) {x'*_yz—_“%,
kg ==~ 8; X* (g —9) == 36 By =47,
7 { o g m 25, 8) {x*+y’+4x—ﬁya13,
K g = 26, xy—8x-4 By =11,
297, Hadlzure ycaosue, OpH KOTOPOM NPAMANR y==Rkx-}m Kacaercs:
2 2 7 2z
1) aaasnca %9 +%, =1; 2} runepbonm %3 —u%«g =1; 3} napabosu g®=7Ppx;

4) oRpYRUOCTR (X —af +{y—bF = R%
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8. Cucrembl HppAMMOHAABHMX, TPHIOHOMETPHUCCKKX, AOKA3IBTEAL-
HBIX # Norapudmuveckux ypasnenusl. Meroan pellenHs CHCTEM ypas-
HeHHH, ONHCAHHKE B NPEXLAYUIHX MYHKTAX, MOARTCH AAA ypaBHEeHAR
fosee obimiere BHAa. PaaGepeM HeCKOALKO NPHMepOB.

Mpumep 1. PemuM cHCTeMY ypaBHeHHH

{ sin x+-sin y=a,

x4 y==b, b£0. (1}
Pemenue [Hopopuyse (7) n. 6 § 3 raasu VI nepsoe ypapue-

HHE ZaHHON cucTeMB MOXHO 3amHcaTh B BHAE 2 sin %Ecos "—g—ﬁwa.

3amMeHHM Xty er0 3HaUEHHeM H3 BTOPOFO YPABHEHHA, MOAYSAM:

B X—y
2 sin > Cos 3

=a. OTcioza ClERyeT, YTO COS 5-“2:-5*—* 2 v, W O
2 sin —
2

& -+4nn, n€Z. Orcoma BHIHO, wro

251:1?

TOMY X—y== 42 arccos

ccreMa {1} umeer pemiesde NpH yoaoBHH, wro |al g?' sin —;—I 560,
JIaHHas CHCTeMa ¢BENach K COBOKYNHOCTH CHCTeM YpaBHEHHNA

x—y= 42 arccos —2 -+ 4nn, n€Z,
2s'm«§~

Xofrgpu= b,

M3 KOTOPOR ANS KAWKAOro 3Hawenusi n€Z nodyuaeM [ABa PelICHHSA
HCXOZHOW CHCTEMB:

xﬂ%i arccos —2 b+2:m, y=% #4-arccos —2 7 —2nn.
2 sin o 2 5in -
2 2
IIpusmep 2. Petinm clicreMy ypasHeHu#
igxt-lgy=a,
{1(}*'+sf'mb. (2)

Pemed ne Tak kax norapHpmuueckan ydguMa onpeaesieHa
JMLL TPH NONOKHTEIEH KX SHAYCHHAX APTYMEHTA, TO ZOMKHE BHINOJ-
HAThCH HepaBeHcrsa x>0, y>>0. TIpH TaKHX 3HadeHHAX ¥ H ¢
fepBoe ypaBHeHHe CHCTeME (2) MOXKHO nepeniucars B Balte ig xy=a,
oTkyna Haxoaam xy=10°. Kpome Torp, H3 BTOPOre YpaBHEHHA CH-
cTeMul creyer, ute X' +y’=Ig b, b > 0. Tarum ofipasom, sagannan
CHCTEMA PABHOCHNLHA CAeAYiOulel CHCTeMe YPAaBHeHHA B HEPABEHCTS!

xy == 10,
¥4y =Ilg b,
x>0,

y=>=>0.
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Ha ypaavennd Borekaer, wro {x%-+2xy+4yhi=lg b 2-107
T. € 910 {x g’ =lg b+ 2- 10, (x—yf’ =lg b—2.10°% Orciona nony-

yaeM, 4T0 x-+ y== +ig &4 2.10%, x-y= +4/lg &—2.10° Ho no
yenoaHio HyeeM x >0, y = 0, 1 aoromy x -4 g => 0. 3Ha4HT, HYKHO anb-
path TONOKHTENLROS SHAYCHHE Nepaoto paankana. Pemiast Aae cHere-
ML ypaaHeHHi

x+y=rlg 642-10°, {x+4y=~igb-+2.10%
{x—y=~\;'lgb_.2.§0“, {I—yﬁ—yrligbﬂQ-iOa.
HaXOJMHM, 4TO
x;————— Vigb4-2-1 10"+1ﬁgb 2- 1),
=g b+2-10°—~/ig 6—2-10°),
x=- g6+ 2-106° —~g 6—2-10°),

=L Vig b2 10° 4-+/ig 5 —2-10°).

Haunasn CHCTEMa HMeeT PeuleHHs NpPH YCAOasH, uTo lg b=2.107,
1. e b= 104!
TipuMep 3. Pentnw CHCTEMY ypaBHEHHH

VL e 167 w1 oo 1627 == 2 (x + ),
g 4x =-é-.

Pemenne K3 nepaore ypaaHewus CACAYeT, 4TO ROJKHH abl-

NONHATHCH HepaaeHcTaa ixlg—iw, Iyig%, APHUEM 3HAK PA3HOCTH

V1 — 1647 —+/1— 1627 RosKeH cOBMAfaTe €O SHAKOM CYMMH
x-gy, a noromy ix|Zzlyl, ecowm x4y=0, v lxi<lyl, ecmn
x4y =<<0.

Bosaessi ofie yaCTH mepBOro ypaaHeHAsi a Kaajnpar, HOAYYHM
ypaaHeHHe

(4§ 1 — 16 (x*+ y")+ 2565y =
=2 (4 )+ 4ay.

3amenuM a HeM x4 y° ero sHaverHeM %— ~-4xy A3 ATOPOro ypasHe-
uusi. Flocne ynpowmensft nonyvaem:

—1+ 36xy=-\/ — 3+ 64xy+ 256x%".

Bosaens £iie pas a KaaApar ofe %aCTH YpaaHeHAA, nojiy4aeM ypas-
HeHHe 650x7y® —85xy 4 220,

Ipa sroM ROJAXHO ABMOAHATLCSA YCa0aHe 36xy—120.

Flocae moacranoakd xy=[ noAydaeM &xaajparHoe ypaaHeHHe

OTHOCHTEABHO {1 65012 —85f42==0, EPHIEM AOJKHO ABNOJHSITHCA
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ycAoBHe t}f;-é-. O6a xopra tl_llﬁ tgn--é%u KBaApPaTHOro YpaB-

HEHHS YAOBJIETBOPAKT 3Tomy ycaoenwn. Ho #s |x§-<‘_-;i-‘ Iylé—i—

a 3TOMY HepaBeHCTBY YLOBAETBOPAET AHIUB

T A
HMEeM: ltl—l:c_l,ifié_IG R

KOpEHb tw 2 . [ToaToMy Hajo pelnRTh CHCTEMY ypaBHeHHN
Lot 4 Ay ==t
2
xy*—*g

MepBoe ypaBrexKe 3TOR CHCTEME! Nepennmen B Brae (x+yf +2xy—

m—é- H TOLCTABEM B HETO 3HAYCHHE -6?5— ans xy. NonyuaeM ypaBHenne

9 3
(x+-y)' =z, oTRYZA x-i-yw—w:i:ﬁ.
Hrax, ocranoCh peliyTh ABe CHCTeMh YpasHeHHHA

3 3
Xy — x4 y= o
+y N2 +y -k
2 2
xy—g X, .
Peliag HX, HaXONHM ueTulpe pelHeHHs:
2 . 1 2 1
xi=_“'_t x m_"—; x.'i#*‘"'_“'"» x mm—-m—‘
i 1
ylw:[—;‘-&-; y2=ﬁ; ya=—ﬁ; 9’4=—7§§-

Honoanarensnomy ycaopuo, uto ixiZz |yl npu x4y =203 |xl <y
np¥ x4y <0 ynosrersopsior suiin pelieHHR (X, y1) # (X4 Ya).
3nauuT, HMEEM DPeIHEHHS

& w"(-w

Bamenanne Momao 6HI0 6u He CISMHTH 33 YOTODHAMY, BOIHHRAOLEHMMEH
Bl AaHAHX ypaBHeHEM, & EHOXYSHTD BCC PEIICHHR A NPOBREGPHTE AX NORCTAROBHOR B
ABHEYI0 CHCTeMy ypasHesnd. Ho asorna raxas ROACTEHORKA 33TPYAHKTEABHA.

YHpAKHCHRER

208, Pewnre cHCTeMb yPaBEeHRk:
1} x’=2i3, ) 12 2} f+1‘§_y
(1024 ¥ =(-§-) ; y«*’*ﬂ’” =X

3) { fogs (g £)—loga (3y — Bx)=0,
x2+yﬂ= 5

B
Kl
'Y
"5
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Syt 5) {ioggx+iogaay=l,
v Jree =% RN »

logs x-logs { y+1)2mi;

6) (g 2co~=(x+y) N {1/1*+~ g Vr—g=a,
cosxcosym VEEF +F =g =g
8 12+ +ru=1, 9) Va ~xt g —b*_LVa2+x2 | y’-{-b*m
m..p—ma, ¥ b? rﬂ — Y e By
xy==ab;

10) {Vx%ﬁ”““y"ﬂfy%ﬁ“‘--a
x4y443 Ybay=4;
i1) {coe. ¢+ 3 sin x sin y=0, 12) {igx-{—cigyma,

M cos 2x-cos Py==10; ctgx+igy=2;
n . . a*
13} s:n _a:—— y»—T)ma, 14} aresin x aresin y=15 ,
xdy= 2arcsm--- arcsin x --arccos y=0;
15) {x/a—x—v’“ux=wf, 16) {-\/?Wémwfx——"ﬁu!,
Vb—x-{--w.;'y—xmwfg; y‘?my«}-v?-i-yml.

9. Pemenne HepaBeHcre ¢ ApyMA nepemeHmbimA. Jimmma I

F (x, yy=0 Aensr mi0CKOCTH HAZ BeCXodbko ofnacredl, BHYTDH Kax-
Ao#i H3 KOTOpHWX F (¥, y) coxpapAer 3Hax — B HEKOTODHX H3 3THX
ofnacrefi BuNONHAETCA HepaBeHcTRO F{x, y)=>0, a B ocranbHux
nepasencteo F (x, y)<<0. [lostomy, wroGum peiunTh HePaBeHCTBO
Fi{x, )>>0, naao cuavana wuao0pasHtb Jrurw [ F{x, §)=0 n
B KaXJoA #3 06aacTed, Ha KOTODHE OHE AGAHT IHIOCKOCTL, BHOpaTH
npoGRYK: TOYKY. 3HAK, KOTOPHE npuHAMaer F g 970/ TOuxe, oHa npa-
Humaer w Bo Beeir obnactn. Ilocae sToro ocraerca orofparp o6-
AACTH, B KOTOPuX F nonoxutenbro. [pHcoeasuas K nonydeHHOMY
petieHmio camy aurrio I, nonyuaes petnenne nepasescrea F (¢, y) > 0.

I[ipamep 1. Pemnm nepaBeHcCTBO

£y gt b6y —122>0, (n

Pewenne Bogeansa nosHuf KBaspar, noaydaes:
(x—2)" + (g -+ 3)° > 25.

Ypaererne (x—2)°4(y+43)2=25 3anaer OKPYXHOCTh ¢ HeHT-
pom A (2; —3) v paanycom 5. B kayectee nPoGHOA TOUKH AAA BHYT-
peHHefi ofnacta swGHpaem uentp A (2; —3). Tak xax (2—2¥-+
(34 3P =025 TO BO BHyTpeHHe# OGNacTH JaHHO® He-
papeHCTBO He BultosHuercA. Bo ehetnef o6aactH pabGHpaen npoGHYyIc
rouky B{8; —3). Hua pee ameeM (8-2) 4 (ww34-3) 23625,
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Orcfa cAexyeT, uro BO  BHellHed
ofIacTH  BHMOJHACTCH  HEePaBeHCTBO
(1). Pewenne uzoGpakeHo Ha pHCYH-
ke 58. Ha pucynke 59 wusolpaxeno
peleHHe HepaBeHCTRa “

Ldxd g +6y— 1220 597
{pooluie, MBI HEPTHM CHVIOWHYIO JH- 4 AR TY,
HHIO, €CAH TrpaHHila HPHHEALICHHT
pacCMaTPHBAEMOMY  MHOXECTBY, H
WTPHXOBYI0 JAHHHI0O B  TPOTHBHOM

o

cayuae). : s
lipumep 2. Pewnm nepasencrso 1 ;;,,j;’y’/,
(4 — ) (2 4y 16)<0. (2) DA -
<.

Pemenne [ockonbxy npons-
BeRCHHE PABHO MYMI0 JHIHbL B CJAyHae,
KOTAA X0TH Ohl ORMH H3 MHOMHTEHEA paBed HyAi0, ypaBHeHHe

(45" —4) (& -y 16) =0
aajaeT AMHHIO, PACHAfAlOIXYIOCs Ha OBe oKpyXHMocTH x°+y°=4 n
Lyt 16 (prc. 60). Oun gensit NAOCKOCTL Ha TPH vacTd. C no-
MOHIBKC MeTOAZ MNPOOMHX TOUEK YCTAHABAMBAEM, HTO HEPABEHCTRO
{2) BHNONHBETCH B KOABLE, OrPAHHYCHHOM THMH OKPYKHOCTMHE (5712
o6JacTh 3alITPHXOBAHA).
Han rpaduueckoro H306parkeHHs peleHHs CHCTEMB HEPaBEHCTR

F(x, 0,
{ lb%a yy))::io

HaXOANT CHAYANA MHOWECTRO X; TOUEK RAOCKOCTH, HA KOTOPOM BH-
NOAHMETCH [NepBOC HEDaBeHCTBO, HOTOM MHONKECTRO X2 TOueK

VA AN A A [IvE 11
Vo N A A A A
o A A A et “‘%
A A A AN A A A XA A
A AR A L A A A A A ]
A VA L A
iy . //ﬁ'é W 777 A A A
A [e] A X 722 A e n
Wiy Vr’/ v A A X »n
1A Lo ins i A b A A s
o ¥ VA A A 7] 2y i
vl A AT Ay 1
AT A TN G
Wiy P A 2579Y Yol
A VA A A A
GAva 7Y, XA AT ARG P Ih T Va7 77
AR VAl Aot AIAIRIS Y P I Y,

VA A A A ] Lt W,
o A A A A A A A [ ]

Pue, 59 Pic. 60
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AAOCKOCTH, rfie BHNONHHETCH BTOPOE HEPAaBeHCTRO, H, HaKoHeil,
fepyr nepecederHe ITHX MHOXKECTB (T. €. HX OGIYI0 4acTs).

Mprumep 3. HszobpasaM rpadHueckds peliesHe CHCTEMB He-
paBeHCTB

{x+y+l}~0
¥4 <L 25.

Pemenne Hepapencreo x+y-+1220 nepemamem B BHAe
y== —x-1. Hcwo, yro opo BHponmsercH xa Npamod y= «—xmi

H B TOUKaX, JCKANAX Bbimme 370k npsMoi. Hepapencrao xe 1% 4 2 <<
£ 25 BLMOAHNETCH HAa OKPYMHOCTH paiBycoM 5 c HeHTPOM B Hayasne
KOOpAHHAT H BHYTPH Hee, OGHIaH waCTh 3THX MHOXECTB 3alNTPHXO-
pa#a Ha pHCyHKe 61.
ITprmep 4. HUsolpasum rpapuueckH pellesnde CHCTEMH He-
PaBeHCTR
Sx+42y =0,
3x 42912,
x+4y = 2,
x+4y<24.

Pemenne Kamaoe u3s 3ananHbx HEpaBeHCTB HIOHpaimaeTcH
HOAYINNOCKOCTHIO, IPHYEM IPasudgysle NPHMble e PBOH ¥ BTOPOR Hozy-
nA0eKOCTER napasiensdsl, PABHO KaK M 'paHiyHble NpAMHle TpeThed
B ueTBepTOR monymiockacreR. B nannoM ciaydae obuteft YacTbio Beex
yeTHpeX NOAYIMIOCKOCTeR HBAKCTCH MapaaaesorpaMM (prac. 62). Pe-
KOMeHjyeM uHTareMo pa3zolparth, kakHe 00JaCTH 3aAa10T CHCTEMHL,
NONYYAEMBE H3 33J3HHOR BCCBOIMOXMHLIMH HIMCHEHHHMH 3IHAKOB
HEPABEHCTE Ha IPOTHRONONONKMLE (BCETO HOAYRHTCH 9 pasjHHLIX
ofaacredl).

Huoraa Gupaer yaobuo paaluth 00AECTE HE 9ACTH, 3d/I8Th KaX-
AYK) M3 HHX HEPABEHCTBOM H/H CHCTeMOH HepaBeHCTB, 2 NMOTOM ofhL-
IHHHTE STH HACTH.

J‘ i i .!1
e U
h |
s
A o
s A -
//./ /' /:/
AA UL 2%
AN h A
14 /f?f)/j e N A
L 7 "X
10N Y
o B
X \"—m
N
i h
Puc. 61 Pyie. 62



Y
1 y=(x)
Yo p(Xx) .
2 a & X
Puc. 63 Puc, 64

Hpumep 5 3azaanM ¢ noMombic HepapescTe o6aacTs, H306-
paXeHHyi0 Ha PHCYHKe 63.

Pewmenne 3ra ofnacrs COCTORT A3 KBARAPATA H HeTHPEX HO-
AyKpyroB. JIerko RpoBepHTH, 4TO KBAApAt 3aRae€TCA CHCTEMOR He-
paBeHcTR

X4-g-4-6220,
x—y—6=0,
x—y+6220,

A ROJAYKPYTH — COOTBETCTREHHO HepPABCHCTBAMH

{&—ﬁf+@~6f€& {u+ﬁf+w+ﬁfé&

{x-i-ywﬁéﬁ.

x4y 620, x+y+6<0;
{(x~3)*+(y+3)“€9, {(x+3)2+@m3)?g9,
X gy 6 2 0; £y +6<0,

Bo MHOrHX cnyuadx Gusaer yA0GHO 3aaBaTh 0GJACTH CHCTEMONR
KePaBeHCTE BHAA

assxs b,
{mcx}gyglp(x) @
BIN BHAA
{cgys;d, (3
e <e<¢ (Y.

Cuctema {3) yKaswipaeT, BO-TICPBHX, FPawMUnl @ H b HIMeHeNHA
X, @ IAA KaXKACTO X, JeXAailero MeXay d W b, rpanHub siaMeHe-
A gy (psc. 64). Anajor¥uHbpii CMBICA WMEeT CACTEMAa HEpABENCTB
(3"). Huoraa npuxoantcs npeaBapareibHo pa3Gusarts ofnacth Ha
4aCTH A 3agaBath HepaseHcrBaMH eHaa {3) san (37) xaxayw
H3 3ITHX yacTed.
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i ) Mpemep 6 3amkmeMm ¢ no-
MOILI) CHCTEMH HEPABCHCTE  BHAA
i (3) oBnacts, 3apsHHy0 cHcTeMOfi He-
£ paBeHcTB
y<2x49,
: {y;a2x”m2x-——7.
3N Pemenne Cravana uaitaem
X TOURK nepeceuenns npaMod y==2x4 9
RRR B napaGosinl y=2x*-—2x—7. Jas
THeR | \*‘3}5\ 3TOr0 PeIiHM CHCTEMY YpaBHeHHH
R y=2x49,
_&\:\\3;\ { Y2 —2x—7.
SER Haxomam A, (—2; 5) v A2(4; 17). Ha

A1 pucynKa 65 BEAMM, 9TQ 3BAUCHHN X
W HaMeusto e o — 2 o 4, —2<C x4,
[pr 3anauKoM 3aveHNK X 3HAYECHHE Y
Mmeustercst or 2% —2x—7 po 2x4-9
{or napaGonun ao npsiMoft}. Iostomy
Aapkast ofaacthk 3ansercst CHCTeMoRA

HEPABEHCTR
Pue. 65 { —2%3‘%4,
20— — T Ly 2049

MHpremep 7. 3amanum cHcTemol nepaBedcTB BHua {3) Kpyr
pannyca 6 ¢ ueprpom B touke A (—4; 3),
Pemerne YpapueHHe rpaHHUH 5TOTC KPYra KHMEET BHI:

(474 (y — 37 =36.
y—3= 436 _(x 47,

y=3£36—{x+4).
y=3—~/36 (x4’

3aHACT KHFRBIN AOYOKPYRHOCTh, a YPaRPHeHHe
S
y=3+36—(x+4)

BEDXHIOID NMOJIYOKPYRHOCTH. TaK KAk, XpPOMe TOro, iCHO, 9T0 X H3-
meusiercss or — 1 0 2, noayyaem CHCTEMY KepaBeHCTB

Orciia BAXOUEM:
H TNOTOMY

Yparuenue

{ — 102,

3—36 "X+ 47 <y<3+36—(x+ 47
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301.

3062,

303,

364,

¥YnpakseHnun

BB‘IEPTWIE Oﬁn’lac‘ﬂ!, AdHaHHEE CHCTEMAMHE uepaseac‘ra'.
1 {mss.:x@_ 2) {myga_

f:-—léyé2mx; R i0—y,
3) { 123, 4 {0 x<C3,
S+ 0<Cy<B

, Jagafite HepapeHCTBAME:

1y Tpeyroasusk ¢ sepirnaame OO0, 03, A(L 0, B(1; 1),

2) rpapennro ¢ Bepmunamy O(0; 6), A2 Oy, Bl &), C{0; L}

3) napanneserpams ¢ eepmimmana Al 2, B2 4, O, 7, D(L; 3

4} spyropok <ekrop AOQB ¢ nemrpom O{0; 0) u romuzmn ayre Al 1) m
B{—1; i}

5} napafionsueckufl cersmenr AQB, O(0, 0}, orpammuentufi zyroft napabonn
AOB w xopaoR, coegrusomed rougn A (— 1 2)m B, 2

O6nacte D sajaxa HEPaBEHCTBOM KAH cHCTeMaR sepapescrs. 3azadlre ee on-
cremofi HepabencrB Buaa {3):

1} 20, 920, x+924" 2) SH4<ah B L
) yz=x, x2lL g —1 B {ysmwm
0Ky

Ofaacrs D sagana cacremoft unepasencrs swaa (3}, 3Sapafre ee cwcremol
Hepanencrs suna (37

1} {(lé;xg&, 2 {(}gxgt, 3 {Oéxéi.
4y § O0Sxslt,

2
%«—&yévam?.

Yupamuwensn % §2

Pemare cHCTEME YPABHEHHH:

1} } 3x—4y+50=18, 2 § 224 5=3x,
2e 44y — 3w =26, x4-by +4z=10,
r—By+ Ba=0; By — Sx-4-2=0,

3} x4 7=0, 4§ stytar=6
x+y—r—1==0, xdyg—z=1,

Ix—y+22--2==0; L 3x—gtz=4.

H rxtyda=14, 2 rxdPy—z+A=10, 3} exidxztant =36
x4 g 0, 3xwy+2z+ﬁiw.i9, X Xg—Xg - Xy =24,
[IEFENE 31N 25+ By 3245 w3, XXXy —xs4=12,
r+zHi=12; x4y 122— 3t =40 Xy g ga+ x4 =10,

YT e 220,

y=>0,
x+9>y
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(r-y) (£ )= 40; {(x-+p) (xg— D=3;

305, 1) {(x#y}(x"—gg)m—wiﬁ. 2 { (£ 1) P+ 1) =10,
{r’*«+—y‘*+xytx+y)mta. 1) {Mm%

'y (4 5= 468;

254 8y="5; g+ xy” =30.

306. ”{ o i =Ll 2) {x”+4y"—3x-2=~—0. 3 yt+rty=11,
9

—y=8a% 2 {x&l"é«"y_xfif =a,
VEF AT =

xu= g x4 y+2,

y=hx4yz,

2 nXdy--2, a0 b20, =0

Vet g+ Vx—g=2, 2}{‘\/x+w'§—‘\/x—v‘§ml,
Vo +VE—fy—fx=1, Ve — g Fg=1;
x VX +y Jy=341,

X g+ g x =330,

x’ Tx I2
+y===6

=243, 9}

55 Ve SR E {
logy x+log, y= 5m 2) {|0gv.f‘y =mn<41,

gg_4

311, 1) 2

Tewe Y

diz. 1y Hy+1y~H000, . 2) {{({/‘)2:}33_53

(999g ¥ 1yF O e g

318. 1) xiﬂgyl B, 1 logs ¥ log_} 2%5&"\@{[ 10y Zh
bogy g log, (y—3xj=§; log,s 2 log g5 x=1.
log, x log, {xyz)==48 5
§14. '
'} logay loga (xyz)= 12, 2) {*% x4 log, g5,
log, 2 log, (xy2) =84, a==0, a1 tty=ata

315. 1)

{
{
{
{
{
810. 1) {gsmmgg.gww*. 2)
{
{
¥
{
{

fogex-+logay—D logrsa=—1, 2) {Ig’x—i--lg"ya?,&lggd‘z
x+y=2a, a0 ax=l; xy=a*, a={.
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37

318,

319.

320.

321.

322

323,

324,

1) {sinxsmymm}, 2) {igxwthyml.
3 4
€08 X COS yum—r ) ig(xmfty)m-sw
0§ 12x—pig2 2} ¥ Ix4241 <2,
ax+3y=l, lyi<H,
<3 Lx— gy 20,
. 3

3] Sm-">%; 2) sinx}%.
3

wsx}m%; cosx::--é—-

1) { sinxcos yp=H¥, 2) { sin xcos y=a,
X gz By €08 X §in y==a.

D { x+aytaz=a’ 2) frdoy-airtatamat,
x -4 by biz o 62, x4 by b2z =0,
sboy4ctr=c xtoy+ a4ttt

xtdy-die d®t e dt.

1) { (y+2f—ri=a, 2) x+y+x:ﬂ ga+%~,
(2t =0, Y |

— gy e £ —_—
(gl —2* meg; A el

H@o&paame:na KOOpAHKATHOR RIOCKUCTH MHOXKECTBO PRUISHHA CHOTEMH Kepa-
BeRCTP M Hafipare anoutayk ttoaywenscli Guryp:

) [ £+, 2) {EHyi4n,
y==dxl—1; xy>=>4;
8} [ 2t 18, 4 [ Bt — 4,
<l { el byl L2
llaa FOBEPHINA, HMEH OIHH BEeAOCHIED, OAHOBPEMEHHG HANPABHIHCL H3 [YHK

ta A B sywxr B; nepewit M3 uuX noexan Ha BerocHnese, a sropofl nomres
nemxoM. Ha HEXOTOPOM PAcCTORMHN oT A TepBul GCTABRA PEJOCKAGH M TSN
Eo B pemxom. Bropofl, xofias so senocmnexa, noexas pasbre xa wem. (Ofa
rosapriia npebuie 8 B oadospesmerno. Ha oGpateox nyrH s 8 B A osu
NOCTYNMHAR TOYHO THK e, TOARKG NEpBHH TORAPHIL TPOLXAA HA BEACCHTICAL
#a | ®M Gonbile, YeM B TepBH pa3, m3-3a 3TOFC Bropofl TOBapHIN NpHexan
B 4 2a 2 mAx poame, uem TyAa npumen nepenll. Onpeneturs CRODPOCTD
XoabOH KAMJIOrO Ha TOBApPRINeN, ¢CAR Ra BOACCHIENE OHB eXaiH ¢ oxnofl u
1ol We ckopocThio, pasHoR 20 Em/w, a npH xoApfe mepBHi zaTpadRBas wa
ROKAMHE KAJICMETP B8 3 MHz Menubile, YeM Bropodl.

[lkoneunx 3aTpaTh HEKOTOPYI CYMMY fASHEr WA NOKYNKY foprdets, asro-
pyukd W kudre. Ecan 6u moprdieas croms p 5 paa femesse, apropyski ——
B 2 pasa gopoxe, a xumra — 8 2,0 pasa jemense, To Ta Xe [IOKylXs CToHAA
6 B p. Ecar 6 N0 CPABHEHHE) ¢ TEPROMAYAABHON CTORMOCTRID HOPTHEAB
croun B 2 pasa felsesjie, KEwra — B 3 pasa Zeiienjie, aBTOPYuKa — 8 4 pasa
ZeideRIe, TO 3a TY XKe TOKYIKY IKOABRME yosatia 6w 2 p. CKORBKO CTOMT
MOKYNKE B 58 4o OWA0 YRIAYCHD OOmIEe: 3a& noprdeir i 32 ABTOPydKy?



Tnasa X
KOMMAEHCUBIE UMCTIA U ONEPALUUM UAJL HHMH

§ 1. HOMTTHEKCHBIE HMCHA B ANIFEEPAMNECKOR DOPME

t. Bpenenue. 1o CHX HOp Mbl PACCMATPHBAAK ARIIL BeRCTBHTEAD-
kble ukcna, C MOMOWLIO TOJOKHTEALHLIX AeACTBHTEJNLELIX uYHced
MOZKHO BLIPASKHTD PE3YARTAT JIOGOTO HIMEPEHHH, A ¢ TIOMOIEbIO TPOH3-
BOMLKALIX ASfICTEETEALBLHIX YHCEd -— H3MeHeRHe AIG0A BEJRUYRHLL
ApupmeTHueckne onepanuy (CAOKEHHe, BHIUHTZHHE, YMHOXEHHE H
AeJieBHe Ha 4HCAO0, OTAHYA0E OT HYJAH) HAA ACACTERETEILHEMHE 4HCAA-
MH CHOBA AalOT AeficTBHTEAbKb e yHeha, OTciofa CAeayeT, B 4aCTHOCTH,
YTO panKOHaiALHAH QYHKHEA ¢ ACACTBHTENLHBME KOIPOHIHEHTAMA
npEEHMaer AeACTBHTENbHLIE 3HAUYGHHH IIPH BCeX ACHCTBHTEAbHLIX
3HaUeHHHX APryMenTa, AAH KOTOPhiX OHA ONpetefeHa.

OnepanHl Xe KIBICYCHHEH KBAAPATHOTC KOPHA ONpededeHa He
Aay Bcex AefICTBHTENbHBIX 4HCENd, a JHIEbL AAH HEOTPHUATEAbHBIX -
H3 OTPHHATEALHOTO YHCAA KRAAPATHHN KopeHb H3pneub HeabsH. [lo-
STOMY B TEOPHH KBaJADATHLIX YPaBHeHHH NDPHXOAHTCH paccMatpHBaTh
TPH caydam: ecas D==b*—4ac>0, 10 ypasnenne ax’-+bx-j-c=0
BMEET [IBA PasAHYMBX AeACTBHTEAbHBLIX KOPHH, npH D == okOo HMeer
ARG OBK AeACTBHTEALELIA Koperb {BTOPOA KpaTHOCTH), a rpH D <0
910 ypaBHeHHe NeHCTBHTEAbLHHIX KOpHeH He HMeeT.

Puj BompocoB, BOSHEKINHX NPH PelleHHM YPaBHeHHH TpeTbed H
4eTBepTOR CTenenedl, NPHBEA MaTEeMaTHKOR K BEOSXOAHMOCTH PACIK-
PHTh MHEOKECTBO AeHCTBHTEJNBHLIX YHCE], NIPHCOSAHHEE K HeMy HOBoe
YHCAQ i, TaKoe, 410 i*== —1|. Hlockoabky AefACTBHTEAbHLIX YHCEA C
TAKAM CBOAICTEOM He CYHIECTBYET, HOBO€ YHCAO Ba3IBAJAE <MHHMOA
efiRHHLRH» — OHO K BBHIPAXKAA0 HH Pe3VALTATOR HIMEDeHUH BEIHUHH,
HH HaMmeHeMHH 3THX Besauund. Ho Bkrouerre uucia i ioTpeGOB2A0
AaAbHeHIero pacilEPerHH MHEOMECTBRA YACES — IPHILIOCh BBECTH
IIPOH3BCCHHH 3TOM0 YKL A HA BCe AeACTBHTEALHLIE YHCAA, T. €. YBCaa
BHAa bi, vie PER, a Taxue cyMMbl NeACTRETESbELIX YHCED B TaKEX
NpoH3BeAeHHHA, T, e udcaA BHAZ a--bi, rae a, bER. [ToayunBiiRecH
NPH 3TOM YBCAa GHAM Ha3RaWhl KOMILIEKCHhIMH, TAXK KAK OHH {OAep-
KAME KaK AefACTBETEALHYI) 4acTh &, TAK B YHCTO MHHMYIO 4acTh bi.

[TockoabKy BhipamernHe a-+-bi HanoOMHEaeT MHOrowilen NepBod
cTenerr 07T [ {c TOR CyWecTRERHO A pasHiilell, wr0 [ He HBAHETCH ftepe-
MeHBOR }, MareMaTukid XV] Bexa 1NPOB3IBOAKIM OlepaltiH HAA TAKHMH
BHpPANEHHEHMH [0 TEM XE NPasraaM, 470 ¥ Baj MHOTOYAEHaMH, JIpH-
YeM KOTJa ¥ HHX MOSBJAKAQCh BhlpaXKehHe i, erc saMeusid Ka - 1.
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HanpaMep, CYMMY H NPOH3BCACHHE KOMIJCKCHBIX HHCEN Onpeleisid
CHERAYIOHIEM 06pA30M;

(a4 b+ (c+-di==(a+ )+ (b +d)i, (1)
(a+ bi} {c+di)=ac+adi+ bei - bdi* =
==(ac — bd)+4-(ad 4 be)i. 2)

HacTHoe JBYX MHOrOu/ieHOB TEPBOA CTeneWH He BhipaKaercs,
BoOGie ropopf, B BHOe MHorouneda. Ho jas xoMnAexcumx ymcea
4aCTHOE CHOBZ BhIPAXKaeTCA B BHAS KOMINCKCHOIO Xke yncaa. Mimenno,

a+bi_ (a-+bi)e—di)__(ac-t-bd)4(bc—ad)i

cbedi  (e4dD){c—di) & —d
At ¢t d? I i d

Vs dopmyan (2) BuTeKaer, 41O

& =¢2 cm(-*i)c——l,
foePojom(— = —F= —{wm a1,
Pm=iteiz=1-im=i.
Boobwie,
i‘"+km(l4)n-£km§"'i&mc*.

Hanpamep,

P57 e 4D o A 163 B

2% o

PagenctBa (1), (2), (3) umeoT noka uro Axs Gopmasbisk Xa-
paxrep. Ilps naabsefitieM aHaNH3EC NOHATHE KOMILIEKCHOTO YHCa
BOZHHKAM CHCHYIOIHEe BONPOCH:

a) MoMHO an ynoTpeSasTh B 2aHCH KOMIIEKCHBIX ulcea onepa-
LHH CHOKCHHRE H YMHOXKCHHA A0 TOTO, KAK OHH HOAYY&IOT Onpene-
NeHnn?

6) SlpasieTcs JAH { eJHHCTBEHHBIM KOMIIEKCHLIM YHCJIOM, KBaZpaT
KOTOpOro paren —17?

B) JlocTaToORHO JAHM KOMIJAEXCHHIX WHCEA JUIA 3alHCH KopHe# Mo-
Onix ypaBienni ¢ xomnsexcHbMH kovdouusentamu? (Ipu oTpana-
TeAbHOM OTBETE HA STOT BONPOC NPHEMOCH Obl Aajee DPACIIHPATL
MOJYUEHHOS YHCAOBOS MHOMECTBO.)

M Haxower, nowiegunit, Ho NEpBHl N0 BaXKHOCTH BORpoe:

r) Kakee NpakTHYeCKHE NPHAOKEHHS MOMET HMETH TEOPHA KOMI-
ACKCHBIX HHCeH?

B srofl rmape Mut pazfepeM yKa3aHHbe BONPOCHL.

YOapagsEeHns

325, Brinoannre ZeRcTBHA Ka[ KOMIMEKCHEIME SHCHSMH:

0 (224850 {5415 D 1O+0200—(~210)+ 080
e



3 @ vﬁw4i\/§>—(v’2?wf@)+(m2r+i);

0 (£-4)+(8 - {(E-4) (4

5) {4-+30)-0,(2); 6 {—2—3){— L4 7) (~350)(—4.5}
8) (1) (L—i) 9) (V3—i {34k 10) (1 —+/30) (V3B

il) «m:\/:;) (1 +~30; 12) m(_m_);

13) @450 30 14) B+ 18) (42 (1-2)%
16) (2+;‘}‘+(2 i}‘, 17) i m P8 73

2. Onpeaenienne KOMBJACKCHEX 4ncea # orepanui nan uuMu. He-
ACHOCTH, CBASAHHLE ¢ TpeXAeBpeMeHHLM YROTpeSACHHEM SHAKOSB CJIO-
HeHHA H YMHOXKEHHS, YCTPAHAIOTCA BecbMa Rpocro. Bean B samscH
a- bi Hac HHTEpeCYiOT JAHHIbL JeHCTBHTeNbHLe uHCIa a H b, HEYURE
E ORpeReieHHOM nopAliKe. [103TOMY BBeAeM CJeRyOLlee OlpeReNeHHe:

Onpedescnue KOMRASKCHOIM HUCAOM Z HAIHBAOT NaPY
(a; b) teficTERTEABHNX YHCEN ¢ H b, B3ATHIX B ONpeAEACHHOM TOpPA-
ke. Hpe mapu {a@; &) 1 {¢; d) 3aRar OAHO U TO Xe KOMAAEKCHO
YHCAO B TOM H TOABKO B TOM CJIydae, KOTAa OHH COBRANANOT, T. €. KOTja
=g A be==d.

H3 sroro onpepenenna caexyer, 4ro 0RHO papencTRo {a; by=(c; 4}
ANSl KOMTJAEKCHHIX 4HCes DABHOCH/ABHO ABYM pABEHCTBAM aQ==C fl
b=d pna peficrenrensHmX uucen. EciH z=(g; b) — xomnacrcHoe
YHCJIO, TO G HA3LIBAKOT e€ro ReACTBHTE/bLHOR 4acThic, a b — MHHMOH
qacThio. [ipaants o6osnadenda a==Re z, b=Im z {or Pppanuyackux
cnoe réele — peficTeHTenRHNE B imaginaire — MuEMu#). UYnona
{a; 5), Ana KoTopuiX b=£0, HA3LBAIT MHUMBMY SUCAQMU, 2 YHCJA
Buia {(; B), bos0,— HUCTO MAUMBIML HUCATMU,

Onpenenis Teneph ONEPalHH CJIOKEHHA H YMHOXKEHHS KOMIIEKC-
HBIX 4fcen (T. e. map (a; 4)) B COOTBETCTBHA € «HAMBHEMA® HOPMY-
Aamy (1) v (2) m 1: ecnnn 2={a; b) u w==(¢; d), T0

ztw=(a; b)+{¢; d)=(a+c; b+d) (1)

zw=(a; b)(c; dy—=(ac—bd; ad+ be). 2)

Hrak, bl BBeAH NOHATHE KOMILIEKCHOYO UHCNA M ONPefeaniH
LR STHX 4HCEN OREPArHA CJIONKEHHs B yMuoMXenus. Teneph MoXHO
RepefiTH K 3anHCH KOMINIEKCHHIX YHCEA B BHEe Zw==a -+ bi, 0 KOTOPO#
rOBOPHAOCH Bbimie. [{ng 3T0ro 3amerHM cuexywilee:

a} anas nap eaZa (a; () onpeftenedubie BuLIe ONEPANHH CA0KeHHA
# YMHOXeHHS CBOAATCA X COOTReTCTBYHIMLHM OonepatHaM Hap ,Eeﬂ(‘.'?*
BHTEARHHIMK YACTHMH, T. €. HMEOT MECTO PaBeHcCTBa

(a; Oy +(c; Oy=(a+¢; 0} (3)
{a; 0)(c; OY==(gc; O); (4)

i80




6) HMEIT MECTO paBeHCcTBa
(b; 0)(0; 1)==(0; &) )
©; 1-0; B=(—1 0). (6)

3re yrRepXIeHHA HeMOCPeHCTBEHHO BhiTexkamwT u3 dopmya (1)
¥ (2).

W3 yreepxaeHan &) caeayet, 4to napy {a@; 0) MoxHo kpaTko 06o-
3navuTh Yepes a. Torka pasencrso (6) mpumer pua: (0; 1}+(0; je=
== — }. Haxoren, oGosnauum mapy (0; 1} vepes i. B amux oBo3Have-
HAAX pasedcTBo (D) npHHAMaer BHE: bi==(0; b). [lockoabky {g; b)=
=(c;?; 0)+(0; 5), To noayuaes, 4T¢ HApy {q; B) MOXHO G003HaYHTH
a-thi:

(a; By=a+bi.

Teneph yxXe oNepansEH CAONEHHA H YMHOKEHHS B Hpapofl 4acTH
paBeHCTBA HMEIT CMBICT.

B naavHefimenm Mul OyneM 3aRHCLIBATL KOMANEKCHBIR YHCAA B BHAR
a-+-bi. Gopuynuat (3) B (2) npHEAMaKT B 3THX 0603HAUCHHAX BHI,
yKasaHHuf yxe B m. 1

(a4 bi)+(c+d)=(a+0) & +d)i (1)
(a+ bi) (¢ -+ di}w=(ac — bd)+-{ad -+ bc} ¢ )

(310 HeyAHBHTENLHO, HOCKOALKY cama dopmyast {1) H (2) Guam Boe-
JeHnl Ha OCHOBE «HAHBHOIO®» ONPEACJACHHA OHEPalHl CHOMEHHA H
YMHOXEHHA) .

Ceofictsa onepanufi CIOKEHHA H YMHOKCHHA JUIH KOMILAGKCHBIX
qHCEA TaKHe XKe, KaKk H A [eACTBHTEALHHIX: HMEIT MEeCTo ToX-
AeCTBEHHBIC paBeHCTBA!

1) z+w=w+2z, 1"} 2w =wz2,
2) (z4w)+i==z4(w+1), 2%) (zw)fmz(wt)
3) z4+0~=z, 3) zolemg,

a TaKXe paBeHCTBO
4) z(w+H=zw+2t.

Kpome toro, Kaxaoe KOMHNEKCHOE YHCAQ Z==@g-+-bi HMeeT HPOTH-
BOHOJOMHOS eMy HHOIO — 2, 8 KMEeHHO »—-Zﬂma—bf. B cCaMoOMm
Hene,

(@4 bi) 4 (— @ i) = (@~ Q) F- (b~ B) § 0.

HakoHed, Kaxzoe OTIHYHOR OT HYAH KOMANCKCHOE YHCJAO 2 HMEeT
ofpataoe eMy HHCAO, T. . TAKGE UHCAO W, 9T0 zw == 1. HefcTaurens-
He, Gyaem ACKaTh HHCIO w B BHle w=x+ yi. Pabedcreo zws=1,
npuAHMaeT Opd ITOM BEA (a+56i) (x+y)=1, T. e.

(ax—by)+ (bx+ay) i=1. (N
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Ho xoMnaekcHole 4HCAa paBHH B TOM H TOABKO B TOM Giydae, Koria
Y BBX Ol HAKOSD K4K HX NCACTSHTEALHIWE YACTH, TAK B MEHMLIE JaCTH,
IosTomy B3 pasencrsa (7) nodyuaem apa ypaBrReHHS 4451 OTHICKAHHS
XHy
{ ax— by= I,
bx+ ay =0,

1] — e f3
P Y a’-b°
{npu aromM a’+b? 0, TaKk Kak ukcao 2 npeAnGiaraeTcs OTARYHLIM
OT Kydid, a caelloBatensho, XoTAa Oul OREO H3 YMCeN 4, b OTAH4HO OT
HyAR).

Mu poxaszanm, uro ecau z=~a-+ bi, 10

wmlwa ]

i
z a4 P+

Pewras 1y cacreMy ypaBHeHRH, nosydaeM, 410 x=

Hrax, asce 9 ocrosaux croficrs onepautafl CROKEHHA B yMHONe-
HUA ACACTBHTERBHEIX UHCEH, Ha KOTOPHX OCHOBaWa ajrelpa, sepHu W
L KoMIaeKeHuX wreest. Orciofla caenyer, 4ro aAnGoe aareGpanvec-
KOS TOWUECTBO OCTRETCHA CHPABEIAMBHM B B KOMIVickcHol obaacTh.
Hanpnuep, AAA KOMINICKCHBIX HHCEN 2 B W BCPHH TOXRICCTBA

(2 4+ wf=2* + 220+ w?,

(z+ w)(z— wy=2*—w*

BT A
Onepaunn BHURTAHEA B OCACHEA KOMINICKCHEX HYHCOJ Onpenean-
OTCHA papCHCTBAMEKE

z—w=z+4(—w)

*]
z .l
=20 w0,
Ha 3Ttex pasedcTs solTeKaer, 4r1o
(@+bi)—(c+di)=(a—c}+(b—d) i
i
atbi__ U S c 4 A—
c-4-di (a-+5i) ot di {a+bt’)(¢2+d2 &% - I[)
e GEH b be—ad i
d® | Epdt

ur0 copnafaer ¢ opmyaofl (3) n. 1. Ha npe«i ake BMecTo nofyyennof
DOPMYAR MCTIOABLIYIOT yKazauuutli B 0. | NpueM: YMHOXKAIOT UHCAR-
G4-bi

o wa c—di.

Te/ib H 3HaAMEHaTeN b ApoeOH
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Ynpamuenns
326. Hafianare feficTBaTEALHME YHCHZ X ¥ 4 Tax, wFOOH SHAOGNERANCE pPaBescraa:
D Etigaa-T oy 2 (1 i+l —y=e3—i;
3y (24 30x+2 -3 (x+y)=T —8i.
327. Hafiznre AcficTBHTENbHME YHCAB X B Y, TaKHEe, 4T0

—3yf) (Zx 4 3yiy 4 xi =97 4+ 2i.
328, BuUHCANTE BRPARCHEA

0 342 2) 3+s Yo .2 ( E+2‘) f—t

T—2{ HEEY N
w/——i-wr g b2 “WF+5W_3L 1—i y3)*
Lot }{+bs ’wa_ "8)( 2 2)

9}(7,——;) D 10) PR BER 1) P s,

2 " :
(1+i)(1-y|‘-:')_ 13) v 4"3?“2_\[; 1 ‘
1+ 42 '\/él' t‘\/ul'
VighV2gi -y ligi

Bi, 2 . Y3y
} 3“‘ T{i—“:‘:j“*, 15}(%9,5+i'~§» N

73]

16) {6—0.2466:}((\/@-”\/?@“)( i¥ 4%f)+
+5(\6,6i—+B4i 42
7 2OBEY /15— (VB4 (1 —V3)
(745 V2) (2%~ '

329. TToramure, wro ects 1 e+ =0, To
(a4 b+ ) {a4 be+ce®} {a4-bel 4 c8) =a® + b 4 £ —3abe.

330. Pewente cucremy AHnefHMX ypaBHERKN

x+tytz=A,
X opogfe oo ze® s
x4geddze=C,

rae | 4+e-+e® =0,

3. Conpamennnie KOMAACKCHBIE YHCEA, BReaem caeayioniee ompe-
negende;

Onpedearenue Jlpa KOMOIEKCHHX YHCAA HAIHBANTCR CO-
RPANMENKBIMY, CCAW OHH OTAHYZIOTCY JHIHL 3HAKOM MHHMOH Y9acTh.

Yucao, conpiKeHHOe KOMIVICKCHOMY 4HCHY 2, o6osHayawr Z.
TakuM 08pasoM, ecats z—=a-1-bi, To Z==a—bi. Hanpumep 354 =

=3 —4i. HcHo, YTO UKCAO, CONPANKEHHOE WHCHY Z, pasHO 2

2o,
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Yueao, conpskennoe feficTEHTeALHOMY YHCIY @, COBFafaeT ¢ @, a
YHCAO, COAPSDKEHHOE YHCTO MHHMOMY HHCAY bi, MPOTHBOMONOMKHO
eMy: 1

_*Ema. acR,

bi= —bi, beR.
JlokakeMm cleRylomsie YTBeDRACHHS O CONPAKEHHHX KOMIAEKCHBIX
YHCAAX!

Teopema I. Hucao, conpamentoe ¢ cysmmoll KOMNACKCHOIX HUCceA,
PABHD CYMME HUCER, CONPRANCCHHBIX CO CAQRQEMBIMIUL

Zhwe=2tw
Horkazateascrso llycrs z=a+4bi, w=c--di. Torga
2mmQ— bi, WwsC—di, H NOTOMY
¥ w =@+ b) @t dh=lato+b+d)i=
o G o e (B b () § (@ o 08 - (€ o ) w2 204 00,

Teopema 2. Hucao, conpamennoe ¢ RPOUIGELOCHUEM KOMNACKCHOEX
WUCER, PABHO NPOUIBEOCHINO QULeN, CORPANCEHNLIX ¢ MHONCUTEAAMU!

W=z -w.
Nokazarteabctro. Eciw z=a+bi, w=c+di 10 zw=
zf g e B (¢ - di)=={ac — bd} -+ {ad + bc) i=ac— bd —{ad + bc) i
C apyro#i CTOpOHH,
2+ w={a— bi} (¢~ di)=ac — bd —(ad + bc) i.

IMoayunau onMHaKOBHIE PE3YAbTATH, 3T0 M AOKASBIBACT HAILC YTBEDK-
AeHHe.
Teopema 3. Ecau 2540, To wucso, conpaxcennoe ¢ wuciom, obpar-
HOLM 2, OGPATHO HUCAY, CONPANECHHOMY € 2!
1ok (n e Tiz=1:2).
z z
Hokasareascrpo. ¥is pasercrea z-u-:;»ml no Teopeme 2

cliegyerT, 410 2- m;-»ml ==}, Ho Torpa L=E—
z F4
M2 poxasaHHbiX yTRepKIAeHHE BHTEKAT CACACTEUA:
Caeazcrene 1. Yucao, conpsacennoe Haryparbrol Crenedi Kos-
LACKCHOR0 HUCAQ, PAGHO CTEneHl C TeM Xe NOR03ATeACM HUCAQ, COMN-

PANCEHHOBD OAHHOMY:
P P,
310 yrsepKACHHE BHTEKAET H3 TEOPEMH 2 H TOTO, NTO CTefeHh — HpO-
H3BCJCHHE paBHBIX MHOMHTesed.
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- Caepcrene 2. Ecau 3aMenuts 8 Kuoeowsene P {2) ¢ KOMRACKCKbLMIL
KOIPPUBLENTAMU IRAYCHIE Z==2Z; HA CONPANEHHOE 3IHAUCHUE 2,
a 8ce KOPUULeRTH — CONPANCCHROIML UM HUCAGMU, TO FRONERUE
HHOS04ACKA SAMEHUTCA HE CONPRMEHROE.

EcnH  mosokuts P (2)=aw2"+Gp1 2" '+ .. tae ® P(2=
ma..z"+a"..1 4 4ae, TO YTBepKNIeHHE 3a1HCHIBAETCH cfe-

AVIOIHM 06pasom: P {z)=P (z5).
Iins ero xoKasaTeancTRa AOCTATOUHO 32METHTD, YT0 B CHAY TEGpEM
I 1 2 ¥ ciescTBHA | HMeeM:

P(zp=andltan12 ..+ ao=an2l+ @128~
F ot o= Gah - Qny 257 e oo == P {20).

FlockonbKy NeACTBATENbHAE YHCHE camu cefe CONPSIKEH:, TO H3
cAeacTBAS 2 ftoayuaeM:

Caegcrewe 3. [lpu samene 6 muozounene ¢ QelfcTouresbuviMi
KOIPDUUUEHTAMU FHAYEHUR 2==20 HA CORPANEHHOE HUCAO Zo GHAYE-
HUE MNOZOUALHO 3AMCHACTIR RO COMPAMEHHOE.

YreepKAcHAR%, aHANOTHYHNE cHefcTBHSM |, 2, 3, BepHE anst Jo-
OLIX PEUHOHANBHBX (QYHKUHA OT 2.

Teopema 4. Cymma u apoussedenue Goyx CONPAMEHHDIX KOM-
ACKCHBIX HUCEA AGARIOTCA OeliCTOUTEAbHOING HUCAGHL.

JogasareanbeTno Hueem:

ztz2= a+bi)+(a—b;) =2a,
2z == (@ + bi) (@ bi) == @' B = a® 4 B°.

¥npakHeHRR

431, toxkampTe, 4TO ewIH CyMMa H NPOHIBEREHHE ABYX XOMIIEKCHHX UACes ARAS-
e NefiCTBHTeALHEME  MECIAMHE, TO STH HKOMDACKCHHE UHCOAS — BIAUMHO
CORPAMKEHHLE.

332. 1) Tipu xakex AeBCTBATEALENX SHAYCHHAX 4 H y KOMIAEKCHne uHcAa Btixy,
-4 Synyr conpamennn mE?

2} Cromexo pewrennh Syser umers zapaua 332 (1), ecnm me TpeGoBaTH B ee
YCAOBHR, HTOOK X A y GHAR ZefcTBuTenLEMMA? [IpuBeanTe HECKOALKCO APUMEPQR.
333, PaasroMuTe Ha MHOKHTEH BupamReHRd:

1) m*4nr® 2) 4% 496% 3) b dx-+13; 4) B 25,
33, Yopoerare seipamenss:
B a1 4HE—14la—1—iiadi—i
2) {x+2—3) (x—243) (x4} (x—ik
3) (36 444 50) (36 4 — i),
335. CocrasbTe KBaApPETHOS YPaBdeHHe C JCHCTBHTRILHEME KOMDOALUEHTIME,
OHHHM K3 HOpHeR KOTOPOFO ABASETCR HHCAO:

1) &2 t45 3) 24 &) 14248

336, Hafimsre ROMISEKCHO® UHCARO, PABHOE KBGAPATY CONDAMEHHOTO C HHM HHCJIA.
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4. Hasaeweusie KBapPRTHHX KOpHEA B3 KOMAAGKCHBIX YHCEH ¥ pe-
HieHHEe KBAXAPATHHIX YPABHEHKA ¢ XOMNJEKCHHIMM xoa@pnuaemnu.
Beefem caenywiiee onpejeaenne:

Onpedenenue Uncno w Ha3uBaETCH KBAIPATHHIM KOPHEM
U3 KOMAACKCNOZO HUCAQ 2, CHH €70 Knajpat pasen z:

w?=z.

Ksagpareuifi xopeHb W3 z o6osWaualf +z. Tak kak pameHcrso
w? =0 BuROAHAErcd ML upn w=0, TO V’ﬁmﬁ. Taxns olbpasoM,
H3 yncAa 0 MOMKHO W3Bhedb AAb ONHH KBAaZPAaTHHA Koperb. Ecan
W — KBARPATHLIA KOPEHb H3 UHCAA 2, TO H — W SABNNETCH KRANAPATHBIM
KopHeM H3 2. H3 w' =2 caeayer (—w)f ==z Mn nokaxem cefivac,
YTO KB3APATHHX KOpHell H3 2 HHOro BHMAA HE CYIUIECTBYET.

Teopema. ITycre z=a-}bi — OTAUMNOE OT NYAR KOMIAEKLNOE
ucao. Toeda cyuecreyior J8a G3GUMHO RPOTUGONOACHCAY KOMM-
ACKCNOLE SUCAG, KBAOPATH KOTOPHX PASBHUL 2, G UHMX K8GOPGTHBIX
Kopuetl uz z ne cywecrayer. Ecau b+#0, ro sru wucsra snpamawores

Popuyrol

wem [\ G pign p Y]y

I, ecan 50,
sign b==¢ 1, ecsn b<C0,
0, ecan &=0.

Mpu b=0, a=>0 umeex: w==-4-/g, a npu b=0, a<<0 umeex:
w==47{+flal.

HHokasareancTso, l'iy(:'rb w=ua+uvi # w'=z Torga
BRTOAHSETCH paseHcrBo (u-vif==a--bi, 7. e w'—v*Quvi==
=ag-} bi. Ho gBa KOMHACKCHRIX THCAE PpaBHE B TOM H TONBKO B TOM
cjyuae, KOrAa COOTBETCTREHHO DABHLl HX ACHCTBHTENbIHE H MHHMLE
yacTh. [03TOMY AA OTHICKAHNS & W U NOSAYYAEM CHCTEMY YDaBHEHHH
BTOPOM CTEHEHH:

W —ov=a,
{2uv= b.

Ecan b=0, vo aubo u=0, suso v=0. [Ipn U--«O nmeeM &=,
H IOTOMY a>0 u=+-/a. Ecan e u==0, 70 —ov’==g, ¥ nOTOMY

a<<0, v==—4~/lal. Pas6epem Tenepr caywafl, korma bs4(. B srom
ciayuae w0, # A3 BTOPOrO YPaBHEHHS HAXOIMM, YTO om«é%».

[loacrasana ITo BHIpaxenHe B NEpBOS YPaBHEHHE, TONYYAEM YpaBHe-
Hae 4ut—4au® —b2=0. Ouo HuMeeT AHIL HB3 AEHCTBHETEHLHHX

KOpHs:
- ’}!ﬂf*{;ﬁf'«}-a H gp== — /i“f"l";f'*"ﬂ_
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HEPBOH)’ IHEYEHHID AIA u COOT&&TCT&}"&‘T AHAUCHHE

=t b e b et

2uy \/m 2
a
b

e S1QT b, AHAYMT,

b
° T
U.=signb\p‘3‘%.
wi="\/ N+ 5 +a +2b ey, sign b7V Nt b-a +2b -4,

Bropomy 3HauesMic u COOTBETCTAYeT HPOTHAONOMOKHOE 3IHAYeHHe
e w.

TeopeMa poxaszaua.

fIpumep 1. Buuncanm 3 —4i

Pemenne [lonoxum B dopmyae (1) a=3, b=—4. Tax
RAK 3HAK YHCAa -4 OTPHUATNEH, TO

H NOTOMY

e A S T — o
N iy T V8 e V3 +(24§ H = @i,

Jameuanne B owvmuuwe 07 chaydas Xopaelt H3 AefCTBHTEJSBHMHX YHCEA NoOA
KOPHEM B3 KOMIAEKCHOTO YHCAA PONAMAKTCR 064 3HAYEeRWA, OT/AHNAOILMECH 3Ha-

xame. Taxum oSpasom, 8 JamioM cAYHae 3ankch -\/;. QR ICARET HE OXHOD, 4 ABd HKcnd.
Kaapparube ypaawewus azt - bz omm(, amk, ¢ KOMOJERC-
HEIMH kO3thdHuEenTaMy peiraloTed o TOH xe dopMyae

p— -b:l::ybf««»«iac

2a '

Y70 W YpaaHeHHA ¢ ACHCTBHTEALHHIMH Kozdduuuentamu. (fleper
KOpHEM MOKHO Obiao Obi OCTAAHTh JHIUbL 3HAK «IJHOC», HO MBI HHILEM
ofa 3Hara, YTOOH COXPAHHTh auj paxee H3BecTHOHR HopMYaH.)
B uyacrrocTH, Temeph MOXEM PeIIaTh H Ypaauewws ¢ AelcTantenb-
HoiMH KO3POHHHEHTAMH, HMeUHEe OTPHUATEALHBIR AHCKPHMHHANT,

flp HMeEp 2. Pemsnm ypaaseHns:

1) x 2 4 x4 2G == 0);

2) 22—{3+2U=z2+6i=0.

Peme nne [na ypaanenna | umeem:

xo= PP — P e oy 2D = — 2 5i.
Haa ypaanennus 2 nmeem:

34232 —24 342 EVI—4—12 3+ 24~F<1%
2 2 - 3 .

e
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flo dopmyae (I} nomywaeM, wro
n B — 1275, B+ {— 13y —5 .
VBT | RS N VFRCTFS g,

{Gepem AHIL OZHO 3HAWEHHE KOPM#}, W NOTOMY

3232
2 o —————
2
Juaunt, 2, =3, Zy==2i.
Popryiei Buera
b
21297 —
[
i ey==r

COXPaMSUIOT CHAY H A4St YPABHEHSIR ¢ KOMIICKCHLIME KOOQOHUHEHTAME,

Jlerko npoBepHTL, UTG 8 CAyHaAe, Ko2da Kosfdpuyuentsl Kead-
PATHOZO YPABHERIUN ABASIOTCS CRUCTOUTEADNOIMIL HILCAAMY, £20 KOPHU
conpaxcens: Opye dpyey.

Ynpawmuenunn

337. Pemwre KBaApaTHHe YPaBHCHWN'
1}y 22242 2) 2 10x4-50=20; 3) 0x% — 12847 ==0);
4} A4 30,

338. BuuucanTe KBAZDATHME KOPHH:
{y —7—24i; 2y V24-£T0L; 3) \/l+i\/5; 4) \/2-{—{\(":?;
5) V75 6) V—7.

339, Pemmre xBajpaTHbie ypapHeHuu:

) 22— (2424 2i=0; 3) 2&(5-+2i} 245+ 5{=0.

§ 1. TPHIOHOMETPHMECKAS DOPMA KOMITAEKCHMX YHCEN

1. FeoMeTpuvecKkoe K3o0paxeHHe KOMIACKCHMX yacen. Mu nann
Onpene/ene HOHATHIO KOMIWICKCHOTO YHCA H HAYHHJHCE BLTIOJHATE
HaJl KOMIICKCHBIMH YHCIaMH apHOMeTHUecKHe AeACTBHS, a TaKKe
H3BIEKATEL H3 HHX KBAaZpaTHHE KOPHH. TeM CaMbiM NaHL OTBETH HA
BOftpOcH: #) st 6) w3 n. 1 § 1. Kak Tam orMeuszaoch, OAHHM H3 BaKHeH-
UIHX HBJRETCH BOAPOC O BPAKTHYECKOM 3HAUCHHH KOMANCKCHEIX YHCes.
Urobul OTBETHTE Ha Hero, MYMHO cHayaja Hay4uHTbcst H306paXarh
3TH YHCA FROMETPHUECKH NOJOGHO TOMY, KaK H306paXaworest aeficT-
BATENLHKE WACHE TOMKAMH HEZ KOODEWHATHOR HPRMON.

KoMunexcHoe uneao z=x-yi 3afgaercs napoi (x; y) aefcrsw-
TeShHLIX YHced Ta Me napa YHCe] MOMKET PacCMATPHBATHCH B Kawe-
CTBe KOOPAWHAT ToUEM M (v, y) Ha xoopAWHatwOK naockocrH. flo-
3TOMY TOCTABHM B CODTBETCTBHE KAMIAOMY HHCHY 2==Xx-}-yi TOuUKy M
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B obo3unauuM ee M (2} {puc. 66). Hcho, yTo ¥
NPpe 3TOM KaXKAaH TOYKA KOODRHHATHOH JHxy)
TWIOCKOCTH B300PaKaer O4KO K TONHKO OfIHO
YEUIO, A KaXKAOe YHCAO0 HIOGpaXKaercH
ofHoR H ToALKO opmor roukof. [leficTae-
TebHBIM YHCIAM COOTBETCTBYIOT TOUKH OCH
abCuHce, 2 YHCTO MHHEMWM — TOUKH OCH
opapHar. ConpHXeHHWe 4YHCAa H3aobpaxa-
OTCH TOUKAME KOOPAHHATHOH MJOCKOCTH, Pue. 66
CHMMETPHYHLMHE OTHOCKTEABHO Ock afcysce.

Hacro BMECTQ TOYEK Ha IIOCKOCTH 6epyr nx paduyc-eexropu,

7. €. BekTopn OM, rnymue w3 Havwaga koopsuHar O (0; 0) B Touky
M (x; ). Pasymeercd, BMECTO PajHYC-BEKTOPOB MOXKHO §path awofne
BEKTOPH, KMRIOIIKE TO e HanpaBAcHHE H TY XK€ AJHKY.
Haolpaxerne KOMANEKCHHIX YHCEN ¢ MOMONILIO BEKTOPOB YAOGHO
TEM, UTO HPH ITOM HOAYRAKT HPOCTOE PEOMETPHUECKOE HCTONKOBAHHKE
ofnepaiig Haj HEME. Mbl 3HaeM, YT0 NPH CAOKEHHE KOMINeKCHBIX Y-
€6l OTAENLHO CKASABBAIOTCA KX ACHCTBHTCHbHbIC K MHHEMbIE YaCTH:

(a4 (¢ 4 di)=(a+c)-4-(b 4-d) i.
TOYHO TaK Xe HPH caomeﬂnn nex'ropoa OTLENbLHO cmallhmamcn HX
KOOPAHHATH: €C/H OM m+b; H ON=r.:t +d;, TO OM+ON—-
—~{a+b)¢+{c+d); 370 03HauaeT, HTO OPH YKASAKHOM COQTBETCT-

BHH OIMEPALHHM CHAOMEHHH H BHYHTAHEH KOMIJEKCHNX 49HCER COOT-
BUTCTBYIOT T e OpepallHg Haj BCKTOpaMH. Heuimn CJIOBEIMH_,’&CJ!&!
e

utcay 2z ¢ooraercrayer sexrop OM, @ _HUCAY W - BEKTOP ON, 10
aucay z-+w cooreercreyer sexrop OM4ON, a sucay z—w —
—

—
aexrop OM—ON.
AHanOrHYKO NIPE YMEOKEHHH KOMIVIEKCHOTG YHCNA 2 Ha 1eACTBY-

TEALHOE YHCAO O COOTBETCTBYIOHIHA eMy Bexkrop OM YMHOXKAeTCH Ha
370 e 9YHeao. Hebive cropame, SHCAY G2 COOTRETCTRYET BEKTOP

a~OM._§ CaMOM fiesié, Ha 0 YMHOXKAXTCH Kak ofe KOODLHHATH Bek-

Topa OM, Tax B AehCTRETEAbHAR H MHHMAH YACTH YHCIA 2.
Bonpoc 0 reOMeTprYeeKOM CMBICAE ONIRPAUHE YMHOXKEHHH HA KOM-
BAEKCHO® UKCI0 SYfieT paccMOTpeH HeKe.

x¥

¥opamHeHus

340. Kak pacnosomeHbl TOYKA ROMUOACKCHOR NAGCKOCTH, COOTBETCTRYIOIHAE HECAZM
ze=ad-bi B 2= a—bi?
34]1. Kax pacnosoenH HA KOMIJEKcHOH NMOCKOCTH TOMKH, COOTBETCTBYRHE NPO-
THROTQACHKNLIM UHCAAM Z B —27
342. Bo wT0o mepexcanT KDYr eRAEKYHOPG PAAKYCA ¢ LEHTpaM B Ha%ale KOOPAHHAT
upH npecpasoBanke z—2z— 2-+-3i?
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2. floanpras CHCTEMA KOODARHAT H TPHICGHOMETPHYCCKas dopMa
KOMAACKCHHIX wHced. TosoKedHe TOYKH Ha KOOPAHHATHOR NAOCKOCTH
MOIKHO 33/13BaTh He TONLKO £¢ HeKaPTOBbMH ROGPAHHaTamMi. Moxk#o
3a4aTh 5T0 HOAOKEHHE, YKA3ap PaccTOsHie r oroft Toukn M 1o k-
cHponanHof Toukd O {NMosnmca) a9 HanpaBaeHHe fyda OM. flocaernee
3ajgercs penduanoOil yraa ¢, ofpazopaHHOro ayuoM OM ¢ dHreHpo-
BaHHBIM AydoM OX, pmxoauumm H3 Touxe . {IpR stoM yroa orcum-
THBAKT IIPOTHE X0Ha uacoBo# crpeakd (pHe. 67).

Tlapy uHcen {r, @) Ha3LIBAT NOARPHOIMIL KOVPOURATAME TOURA M.
Mul paHEM, 410 AA% 32FAHARA NONAPHOR CHCTEMEl KOOPARHAT HA 1A0-
CKOCTH HAZ0 3a4aTk noaioc O, noanpuoid aya OX ¥ Buabpartsh egHAA LY
H3MepeHH? AJHH H YrJ0B. YIAnl O6bMHO H3MepaioTCs B pafHaHAX.
B nanbneitiem Mu GYAEM HA3RBaTh UHCAO © Gaunol paduyc-6exTopa
OM, 2z @ — geaununoll noanprozo yeaa (HAH ROARPHOIM Y2AOM, @CIH
3TO HE BLI3biBaeT HEJ0pa3yMeHHA). 3HaueHse HEOTPHLIATENLHOTO
YHCAA ¢ OEHO3HAUMO ONpejeneHo AR BCeX TOueK IMOCKOCTH, & 3Ha-
uYeHHE ¢ ONPeresZeTC’ ¢ TOMHOCTBIO A0 CJAraeMoro, KpatHoro 2,
I8 BCEX TOUeK, OTAHYHEX OT MOAIOCA, H He oRpelenieHo AR TouxH O,

B cayuae, Koria Ha MACCKOCTH 3aiaHa JeRapTOBA CHCTEMa KOop-
AHHAT, B KAUeeTne NoJioCca BHOHPZIOT 00LIYH0 HAUBN0 3TOR CHCTeM:l
KOODHHHAT, 2 B KAueCTBE NMOARPHOrC JAyua — NOJOXKHTEARHO? Ha-
npapreHHe ocH abcurce. IIpH TAKOM B3aRMHOM PaclONOXeHHH je-
Kaprosok B noAApHOR CHCTEM KOODHMHAT BHIIOMHAKTCE PABEHCTRA

Xz F QoS @, H
Yy==r sin ¢. (2)

B camom pene, Ay OM nNepecekaeT KOOPAHHATHYH) OKPYKHOCTh B
rouke P (i), HeKAproBnl KOOpPAAHATH KOTOpOft papHul cOs ¢ H sin ¢
{puc. 68). KoopuuuaTthl #e ToukH M, nexamtel Ha aywe OF H Haxo-
aumzeites or roukn O Ha paccrosHaH r, B r pa3 Sonbiue.

H3 papedcrn (1) H {2) BRTEXAKT COOTHOLLICHRR

cos p=£., | (3)
sin q:m%. {4)
Kpome Tore, us TpeyroabHHka OMN Baltam, uTo
R (5)
: M i Moy}
by . [#
/ rhg) y
4 E ¥ -
o T -l J1 X x

Pre. 67 Puc. 68
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ToayyeHHbie COOTHOHICHHHM MO3BOJSIOT HAXOAHTH AEKAPTOBH KOOP-
AMHATH TOYKH IO e€ NOVAPHLIM KoopauHaTaM M obGpaTho. M3 dop-
mya (3} u (4) puTeKaer, u4TO

g o==. (6)

Tio aTOMY PABEHCTBY MOMKHO HAATH 3HAYCHHE ¢ ¢ TOUHOCTLIO HO 74-
raeMoro, KpaTHoOro n. 3HAKH X H Y RO3BOAHIOT YCTAHOBHTHL YeTBEPTS,
rAe PACHOVIOKEHA TOUKA, M TeM CaMhiM 3HAYCHHE @ C TGUHOCTBIO O
¢AATAEMOro, KPATHOro 21,
Mpumep 1. Halinem noasprae xoopaunaret Touks M (1/3; —1).
Pewmenne [To popmyaam (3), {4), (5) nmeem:

r=VHBFH(—11=2,
<08 qamﬂg, sin q)z—-vé-.
[1o sapanabiM 3HAYECHHAM C€OS @ H Sin @ HAXOHAHM, HTO tp=—%.

3HAUHT, HOARPHHE KOOPAHHATH TouxkH M pannu(?; -—-~56-‘-).
IMprmep 2. Hakpem AexapToOBH KOODAHHATH TOUKH M, ecan ee
HOASPHLE KOOPAHHATH PaBHH 4 H wé:-.

Pemenne Ilo gopmynam {1}, (2) ameem:
x=4 cos( —%) =4—32é=2-\/§,
y=tsin( —2)=—a. 2 2.5

Huoraa oroicKanMe NONSIDHEIX KOOPAMHAT TOUXKM Jerde JAenaTh
IO yepTeXKy, 3eM 110 opMyiaM,

[Ipumep 3. Hafnem nonspuasie Xoopannate Touxn M (—1; 1)

Pemenne. M3 pracynxka 69 cpasy pHEHM, 41O

r=V{ZTPF =12 o=3n.

Tax kax KOMIIEKCHBE YHCAA H30GDANKAIOTCH TOUKAME KOOPAH-
HaTHOH DAOCKOCTH, HX MOXHO 3aJaBaTh He TOABLKO C [OMOIIGI Ae-
KAPTOBEIX KOODAMHAT STOH TOUYKH, HO H C
NOMOIILIO €6 NOJSPHEIX KoopAHHAT. H3
dopmya {1), (2) caeayer, 4T0 €CAH 2=
= -4, TO

Z2=r cos @g-}-ir 5in g==r {cos ¢{ sin ¢).

Onpederenne Hanna pamayc-pex-

Topa ToskH M, H3OOpaXawIeH YHCIO 2,

HASRIBACTCH MOGYAeM ITOTO YHCHA, 4 HOAAP-
HEI® yron ToukH M — apaymenrTox nan Puc. 69
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¢pasod wicna z. Moayas u¥cna z oboskavanT |z|, apryMent sroro
uucHa ofo3HayaT Arg 2.
Takum ofipasom, 3 3anBCH

z=r{cos ¢-+isin ¢) {7)

YHCAO 7 SBAHETCH MOAYJEM 2, 8 YHCHD ¢ —— apryMEHTOM STOr0 UHCAA.
3anuchk (7) HA3WBAIT Tpu2OKOMETPUKECKOL (PopMoOd wucra 2.

Moayas a060r0 KOMIJIEKCHOTO HHC/A €CTh KeoTpRuUaTeibhoe defh-
CTBHTEABKOE YKL, pAasKOe HYAI ARb tpr 2=0. ApryMerTt udcaa 2
HMEET GECKOHeuHOe MHOMKECTBO 3HAUeHH:, OTAMYAKMIBXCS APYT OT
Ipyra Ha cjaraemue, Kparume i,

B ciayuae, ecan XOTAT HOAYUYHTH OHO3HAYKO OTIPEAENEHHOE 3HA-
qyeHHe APTYMerT#, BROEPAIOT 3Kavenre, JiexRaliee MeXIy 4HC/IAMH
—n ¥ %, # ofo3HavaleT ero arg 2, —n<arg z<<n. Ilpy nepexone
yepes OTPHUATEALHYIO OAYOCh 3HAYCHHE arg 2 MEHAeTCE CKAUKOM
REIIE 3TOH NTOAYOCH OHO PABKHO T, A HHXE Hee OHO PABHO I

Ifpumep 4. HalneM TPErOROMETPHUECKYI) 3aTHCh YHCEHA:

1) V3—4 2} —6; 3) w?(cos Fomisin 9

Pemenne 1) Hmeem: r=2, @==—7. 3uaunr,

| -\/§—£:2(cos( w-gw) i sin( —%))‘
2) Umeem: r=06, p=mn. Inaunr,
—6="6 (cos n-}-i sin %),

3) 3anmkce 2= —2(cos +—isin -;_9 He WBAHETCH TPHIOHOMET-

pHYeCKOH GOPMOR 3ANHCH KOMIJIEKCHOTO 4HOIA 2, TIOCKOALKY 31eCh
MBOKHTEAL — 2 OTPHILATENEH, PABHO Kak K 3Hax neped /. Tlepennmenm
Z B BBAC
i 4 . n
zm2( ~ COS ~§-~§«¢ sin «gw)
Teneps ocranocs HaATH TakoE yroa ¢, uTO COS == —COS ..’g‘..

: . 4
sin ¢=sin - flewo, uro @==-z-1t. 3uaunr,
4 |
z=2{ cos —n+isin —mn}.
5 5
Bameuanne |. Tax Rak wph Zw iy, ze=x—yi 1 zz=2+ g =|z]% 10
CRPABENIHBO PABEHCTBO

izl =2z, (8}

Bamewanwe 2. i sgeficrauTesbrnx HHCeaq NOHATHE MOIVER COBHAMGET
c snpefienuntd B VH xaacce. Aprymesr peficrpuressuoro uncans x panes 0, ecan x>0,
H DAReH 1T, echn x=I0.
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B saxmouenne BRACHHM TEOMETpH-  yi
yeCKHA CMHCA BHpamenus |z wi,
Mu 3HaeM, 410 HHCAO 2~ ﬁoﬁpax_@»

¢rel pasHOCTLIO BekTopok OM u ON,
K300paKAIOLAX YHCAA 2 H @ COOTReET-

CTBEHHO, 7. €. BexTopom NM (puc. 70).
Upcao e f(z—w!| papno paHHE -
3TOr0  BEKTOPa, T. € PACCTORHHID
Mexay Touikamd M u N, Hrax,
HHOHO |2 — W | pasro pOACCTOANIIO Me-
dy rouxamu M (2) u N (w).

Ilprmep 5. Hakzem muoxecrno Touex z, s KOTOPHX:

1} |2~245f1=6; 2) j2—2-45i| <6,

Pemenune 1) JlanHoe mHOXecTso SRJISETCHE OKPYKHOCTHIO
paapyca 6 C neHTpoM B Touke A {2; —B5).

2} Dro MHOMKECTBO ®BAAETCA KPYroM paaHyca 6 ¢ UEHTpOM B
roure A {2; 5}

»y

Pre. 70

¥npzxuesun

344 TIpencTanbTe B TRHIOHOMETPHUCCROR (OpME KOMIVIEKCHEE JHCAal
1y V345 2) 2—25 3) 6465 4) 1 —i+3; B) 3+4;-

6) —3(cos +isin ) 7} 3cos——3¢ssn : 8) sin— 8 :cos%.
344. Hpeacrassre B aarefpauveckoll dopme amcaa

3] 3(cos—+¢ gin ) H S(cos 2“4«13&1 3)
345, Hokamwure, 410 A A00LX KOMIAEKCHIX YHCeHR

| —lznlKinda Kinl + 1zl
348. Jloxamure, wre ecau |zf=1, To Ewi.
2
a+i

347, Toxamute, 4o ecnn [2]==1, 2581, TO 2 MOKBO NIPpRACTABATL B BHIE z=a—~‘7, THe
@ - JeRCTRETEIRHOE YHCAO.
348, Hoxaxure, uto ecni [2i=1, To 2% A000ro ACACTBRTE/ABEOID HHLAA § WMEDM,

I # cos ¢4 sin q>|
Zsingdcos gl

349, Buuncaure MOIYAR KOMIWICKCHRX JHCCED

__ e " +i+2ab
(a—8)+2%i~ab
350, Hoxascare, w10 249 SOCHX KOMIACKCHRX THCEH Z) # 27 PHAGIRACTCH PaBEHCTRO
[21 422 2o L2y e 22 P e 2 ([ 237 e | 2312,

7 H. R Basessun 193
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7 ' X e N Y I T

Puc. 71

351. M3 3cex xoMIUEKCERYX WHCeR, YAORISTBOPRMNIHX YCROBHI 1z--25i < 15,
HAliuTe YHCEO, HMEIlee KaHMeHblISe 3IHA4YCHWE aprymenta (eC/lH 3WANEHHA
APTYMEHTA Opath SAKNGUEHHNME MEKAY -~ H %),

352, Ysobpaskre Ha HEPTEME MHOMECTRO TOMEK KoMirekcuofi offacru, yAaomier-
BOPSKHUHX YCAOBMIO:

1} Rezz>1; 2) Imas —2; 3) le—4if =7, 4) 17— 44§ <5;
e ) 1]
5} ZZ+3Z"§'3250, ﬁ} l ;'"—4] w3,
353. Halizwre yonoBua, 3azaminue 002aCTH 23 pucyHke 71,

3. YMuoXeHNE, BO3BLICHHE B CTENCHR H SCACHHE KOMAASKCHLIX
4ucea s rpuroHoMerpudecxoft dopme. B 1o Bpema xak cioxense H BH-
YHTAHHE KOMIACKCHRX YHCEH YHEOOHee BHIIOAHATL B aireOpanuecKoh
dopMe, YMHOXATE ¥ ACANTH ITH UHCAA YROOHEe, MCHOAL3YR TPHIO-
HOMETpHYECKYIO OpMYy 3EIHCH,

Boakmem uncAa 2 M w, 3aZaHHbie B TPHTOHOMETPHUECKOR dopme:

z=r{cos i sin ¢},
w=R {cos p+ sin §).

ﬂepemuomaﬂ ITH “HGEA, THWIYHHM:

2w=r{cos p+isin ¢)R{cos p+isin )=
= rR [cos ¢ cos P sin ¢ sin - i (sin ¢ cos Y -f-sin ¢ cos ¢}l
Ho no ¢opmyaam 1. | § 3 raapnt VI
COS ¢ COs ¥ — SiA @ Sin P ==cos {g 4¢P},
sin ¢ cos Y+ sin P cos p=sin{p+ P},
B HOSTOMY

zw=rR {cos (g+ P}-+isin (p-+ P}l

Takum o6pa3oM, npu YMHOFCENUH KOMBAEKCNBIX UCeA X MOOYAU
REePEeXMHONAIOTCR, G apzyMenTst cxagdsnisanres. Tak Kak NpH 3ToM
MOXVAH H apryMenthl HpeoOpasyiorcs OTAeNbHO ApYT OT Hpyra, BHL-
NORHEHHE YMHONKEBHA B TPUTONOMerpHueckoll dopme npoie, deM s
anreGpaunueckofl.

Mockonvxy r==\z|, R=|w|, ¢=Argz, Y=Argw, 10 noay-
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YeHHBIA PE3Y/ALTAT MOXHO 3alHUCATH CJICRAYIOLIHM 06pasoM:

lzwl|=lzl-|wl, (1)
Arg (zw)==Arg 2 Arg w. (&)

Cwmbics papescrsa (2) COCTOMT B TOM, 4TO APryMeHT YHCHA ZW OT-
NEYAeTCH OT CYMMB apryMes#TOB UHCER 2z B @ JAlbL Ha KpaTHOe 2.

Hockoabky aenenne — neficTae, 06paTHOE YMHOKEHHIO, TO NPH
w40 gmeeM:

£ =L (c0s (¢~ ) +i sint (b)),

¥ NOTOMY
2| wdzl
|5 = @
Arg(%)mArg z—ATg w. 4}

Huwme caosamu, xodyss 4acriozo pasex oTaowenuio modyaed
CeAUMO20 1 CeRUTEAR, A QPZYMENT HACTHOZO — PAIHOCTHE QPRYMeEH-
108 OeAUMO20 U JeAiTeAn.

Haxkosen, FOCKOALKY BO3BejleH#e B CTeNeHb € HATYPaNLHLIM MO-
Ka3aresieM CBORHTCH K YMHOMKEHHIO PaB#biX MHOXKHTEIEH, #MeeT MeCTO

dopMyaa

2 =r" (cos ng+i sin ne). (5}

Taknm o6pasom,
12°] = | 2", (6)
Arg (Z")=nArg z. (7)

HubiMu caoramu, Modyas CTeneHu ¢ HATYPRALHLLK NOKG3ATEAEM N

PaseK CTeneni ¢ TeM e NOKGIATeAeM MOGYAA OCROBAHUN, APSYMENT

Iroil me cTenenu - APLYMENTY OCHOBAKUS, YMHONEHKOMY KO 1.
[ipumep 1. BuuncauM 3HaveH#e sbipaXeddu

e (DB
{ t4i43)"? (2 20

Pemenne Packpbisan ¢koOK#, Mbl nosyusig Gbl o%edb rpo-
MO3JKO? BhipaXXeH#e, BLIYHCACHHE KOToporo Guvio GW 3aTPYHEH-
reabso. [lostomy noctynsm u#ave — npeobpasyem Bce uRCAA K
TpEroHOMerTpiieckofi opue:

l—i-imﬁ(cos _;.E....{..i sin »%»); 1/5—522((:03( W_g..) +£sin( —%),
w1+£\/§m2(cos 281 isin 25);
—2—2i=2 x/ﬁ(cos( —%’5) i sin( m%ﬁ)).

ﬂanﬂoe shipaxeiie MOXHO 3aNM4CaTh B Bfle
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o (o) (ool = vn( D)
T ) (e e 3)

Orceaa noayyaeM, 470

1133
5103
A (cos(lin 5n 207;,315 |£S!ﬂ(lsﬂ Sn 2{}u§

; ] 3 4 i 3
*P-%ﬁ»m?m_? (cos( ww?wn) wp § sin( m%-u)) =
__L(i JL)
V2

¥opaxHeHHSR

354. Buugcanre chenywwlie BHPRIKeHHA, NPEACTABNS HX B TPHIOHOMETDHYECKOR
popue:

0 \[3—-{—1 .2 V343 - l+cosa-tising
i-y3 ' 1+cosm—isine

355, Buuncante —— T ] , Mg Z==cos @-+isin .

356, BrunciauTe cReAviORlHe BHRAReHRA;

1) {l ";"05 ({"{'I}lo } {t _f) { \;_ i}m 3} (! +£}!24
(1—if { ;\J"”' T+3" ' -5 —i{lF5

R
457. Hadawte (§+sin ¢-+i cos ¢ff.

1
358 Hoxamure, 410 ecin z+~;=2 cos o [rRe  Z-— KOMILASKCHOE HHCHD), TO
s 1
F4 -i-?-m2 COS A,

4. Popmyaa Myaspa. flpumeseHEn KOMANEKCHBIX YKCER K HO-
KA3ATEALCTSY TPHIGHOMETDPHUECKHX Tompaecrs. Ecaw noaoxuTts B
dopuyae (5) n. 3 r==1, To noAyunM wacruui cnyqai sroll GopuyaH,
HasuRaeMmbtii opayiod Myaepa:

{cos @-+isin @) ==cos ng3i sin ny. (1)

Sroit GOPpMYNOR MONKHO BOCHOALIOBATLCH IS BHPRIKEHHS CHHYCOB B
KOCHHYCOB apryMeHta n¢ 4epes CHHYCH H KOCHHYCH aplyMeHTa .
HOas arore npHMeHBM XK JeBoft uacTH ¢opMyay GREoMa HiioroBa
(em. 1, 8§ 3 raae V) 8 yureM opmysiat gist crenenedt uneaa i [oay-
HaeM, T

€08 ng-t-i 8in Ag=cos” gL} i cos" " g sin g—
— 2 cos " g sin® @ C3 i cos"? @ sin® g
+Ch cos "t gsin® g ...
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OFCioRa CACAYIOT paBeHCTBA
€08 == 008" 9 —C; cos" " g sin® g4 Cheos®* g sint 9— ...,
sin np=_Chcos” ' g sin p—~Cicos" * gsin® g4 ... .

CyMMHpOBAHHE BeeTCA RO TeX NOP, NOKa NOKA3ATENb NPH COS ¢ He
obpatHTeA B O Han B 1 (B 3aBHCHMOCTH OT weTHOCTH n1). [lockoabky B
BHIpaKeHAe AR COS g BXOLAT AHIL YeTHHe CTeNeHE sin ¢, 10 HX
MOXKHO BLIPA3HTL Yepes cOS ¢ H NOAYYNTb BHpAKeHHe A COS A
MKib yepes cos ¢. J{nA sin ng npH HeyeTHOM N MOKHO HONYYHTH Bh-
pajKeHHe JHINb Yyepes Sin ¢, a NPH YETHOM A -~ B BHAE HPOH3BEACHHN
€0S ¢ Ha BupaxXende o7 sin ¢, Hafizem takue Bupaxenun Aad BEK0TO-
patX 3HaYeHHH 7.

fipu n==3 noayqyaem:

cos 3p=cos® p—3cos ¢ sin g=
=cos® g—3 cos g {1 —cos® g)=14 cos® p—3 cos ¢,
sin 3p=3 cos’ ¢ sin g-~sin® p=3 (1 —sin® ¢) sin g —sin® p=
=23 sin ¢4 sin® .
Iips n=4 noxyuaem:
c0s 4p=cos* ¢ -6 cos® ¢ sin® ¢4 sin* p=
=008t 9—6 c0s? @ (1 —cos? g)4-{ ~cos? P =
=8 cos* g8 cos’ g1,
sin 4g==4 cos® ¢ sint -4 cos @ sin® p=
=4 cos ¢ {{1 —sin® g) sin p—sin® g)==4 cos ¢ (sin p—2 sin® ¢).

¥npamHenusn

359. HMoasayacy dopmysoll Myaspa, supasute uepes cos ¢ ¥ sin ¢!
1) cos gy 2) sin 5 3) cos 6p;  4) sin By
360. Hafigure cymmy:

1} sin ¢4sin 29+ ... +sinrg, 2} cos p4cos 29+ .. . +cos ng.
361, foxakuTe TORASCTRO
$g® 20° — 33 tg' 20° 97 tg* 20°=3.

5. Hapiredenne xopHA H3 KOMNAEKCHOTO uwncha. Kaw v Aan peil-
CTBETENLHEEX YHCER, KOPHEM N-il CTENeRN U3 KOMNAEKCHO20 4UCAQ 2,
TAe 1 — RATYPAAbHOE YHCAD, HA3HBAKT TAKOE KOMNVIEKCHO? YHCEO W@,
sro w"=2. Kopenb n-# crenesn #3 z obosnavawr 4/z. Takum obpa-
3oM, ecan @ =>4z, ro z=w", Tloramen, wro Ha JOGOFO KOMAJEKC-
HOT'O YHC/IA 2 MOWHO HaBAeuyb KOPeHb 71-K CTENeRH, NpHYeM ecan 2550,
T0 Yz NpEHHEMAaET N Pa3NHYHLIX 3HAYEHHE

Byzem sanscumaTh uncAa B TpHTOHOMerpHuecko# ¢opme. Ilyeth
Z==r {cos @4 sin @) Hncao @ Oynem uckaTh B Baje w =R {cos ¢}

197



1|—i sin ¢). B crny dopmyant (5) n. 3 papencreo w"=2 npuuEMaer
BE A

R (cos ne+i sin ng)=r (cos a1 sin al.

Ho Apa KOMIIEKCHBIX uMC/ia PEBHE B TOM H TOJLKO B TOM Ciyuae,
KOT'la HX MOXYJiH DARHK, 2 aPTyMeHTH OTAHYAIOTCH RIS CaraeMaM,
KpaTHbM 2%, 3Haudr,
. Rn=f,
np=a-+2kn, keZ.

[Hockonaery uscno R fomk#Ho Obth HEOTPHIATENBHLIM, THOAYUYaeM,

4TD
R=Afr, (1)
p=2E22 rez. (@)

Hrax, aan Moxyar R HCKOMOro 4scAa Mbi IOAYYHJAH OnpelefcHHOe
azavesde. HTo Me KacaeTcs apryMesta ¢ 3TOTo YHCAA, OH MOXKCT IPH-
HHMATL PAIHUHDIC 3HAUCHHH B SABHCHMOCTH OT 3HAUCHHH LEAOTO
uuciia k. BLIHCHEM, TPH KakEX IHAYSHHSK R H Ry NOJY2a0TCH 3Have-
HES @, OTAHYAKIMHECH XPYT OT APyra #a KpatHoe 27 (T. . CEHHAKO-
Bhie axavensH® w). Has storo passocts

atdnk etk 2n(ki—ky
n n n

nomksa ObiTh KpaTHA 27, 310 HMEET MECTO 8 TOM H TOALKO B TOM
cayuae, Korna &k —k; nensren #a n, Orcoga caenyer, 9To npH r=%0
3HaueHH M k==0, I, .., A-~1 COOTBETCTBYIOT pa3nHu#He 3HAYE-
HHH KOPHH, & R=n JaeT T0 K¢ 3HaYeHHe KopHu, yro k=0, npu k=
== | BOAYYaeM TO JKe 3HaueHHe KODHH, UTC H NpH R==] & T. 1.
Uscno pasisuupiX 3dauveHHR KOpPHA paBHo N,

Mul oKasann, TagEM o6pa3oM, CACAYIOUIee YTHEP KIeHHe:

Teopema, Jan 106020 HATYPAALHO20 HUCAG 1 1 200020 OTAURHOED
O HYAR KOMNACKCHO20 HUCAG Z CYIGECTBYIOT N PAIAUNHDEY IRAXCHUL
Kopua n-d crenenu.

Ecau z=r{cos atisin a) 10 374 3novenun soipaxeaores gop-
mgaod

wam%(cos Ej";g-’3+i sin 3‘122—"3) (3)

2de k=0, 1, ..., n1.

Bce TOUYKH w, AeXKaT Ha OKPYXKHOCTE pafHycoMm 4fr ¢ newrpoM B
HAYANE KOOPAHEAT. APryMeTh COCEAHHX TOUEK OTAHYAKTCH APYL OT
Apyra Ha -2;:1 a IOTOMY YKasaMELe TOUKH [eIAT OKPYHKHOCTL Ha n
paBEnX vacre. HdnMu cnosaME, OHH HBJASIOTCH BepIEHAMMH 11Da-
BHABHOIO A-yIOABHEKA, BNHCAHHOTO B 3TY OKPYXEOCT: {(puc. 72).
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NMMpumep 1. Hafizem Bce ana-
gewna aan i —1 i

Wy
Pemenre Haxonum ans—1 4,
q10 r=—ﬁ, 1;):3—“'. 31‘[3‘!]{1‘,
wﬂ
-
X
\<J

m+2m’2 4 +23k
1/ (cos 3 o SiNE
Orcona noayvyaeMm, 4o
_ .....’.?w s s a _£
wa—ﬁ\/ﬁ(cos Tood-d sl ) (14-), Wy

Wzmg\/é(cos nisin :; ) Puc. 72

B (B E—D),
w'sz{@( cos Ef; 2 b isin 1?;) 5\{5( sin -—«wt cos T’-‘-») =
=L (B—E—i (VB +2).

PaccMOTPHM HEKOTOPHE YACTHHE CIY4aH:
1Y Kaadparnsild Kopens uz xomnaexcrozo wucaa. 1ipr n =2 $op-

myaa (3) onpeneaner ABa 3HaUEHMs AAA +/r {cos ¢ -+ i sin a):
IEJ{)W‘\/F( cos «wg-»—}-i sin -;—) ,
W M—*\/F( cos ““;2“ i sin “";2“) - —\F( cos -g—-H sin -;—) .

TH 3HAUCHHA OKA3WBAKICH (xax H S ROBAAD OJKHJZ.aTI:) B33aHMHO

HBPOTHBONOADMHEIMY, anMEHHﬂ CpOpMYJlbl, BHDAXKATHE COS% H

sim % uepea c0s &, AEFKO Npeolpasesars TH GOPMYAs K BHAY, YKa-

sannomy B U 4 § 1.

2) Kopernw n-fi crenesu u3 noAONCUTEABHOZD OeliCTAUTEALHORO
ducaa. ECIH x — HOS0MHTENLHoe AefiCTBHTENRHOe YHLID, TO (x| =1,
p=>0. dopmyra (3} npHHmMaer B FTOM Ciydae SHA:

w.&:!v’—(cos%_n_}_‘ s]n%_ﬂ' k={}, l, ey n"'“"'}..

Iipu k=1 noayuaem no0KHETEALHOS JEHCTBHTENLHOE BHAYEHHE wp=
=4/x, T. e. apHdMeTHYecKkoe 3HayeWHe KOpHA. EciW n — yeTHoe
YHCAO, n==2m, TO BPH A==/ [HOAYYAEM eHie OAWCG AeRCTBHTEABHOE
{OTpHUATENBHOE) 3HAUEHHE ROPHA:
wm=!\/§(cos 22”: +isin 22'::‘) = —4/,
P99




Ecas xe m - nedervoe UYHCHO, TO Hafifesinoe BhNIe 3Hauense
KOPHA npH k== ABAACTCA CAMHCTBEHMHIM ACHACTBHTENALHMM 3HANUE-
HAIEM A KOPHA n-f CTenenH.

K uasneuennio kopuefi CROONTCA PelueHHe TAK HA3HBaeMHX dey-
4AGHHBLX ypasuenwd, T. . ypaBHeHu#l BuAa

az"4-bh=0,

B

B caMou fiene, raxoe YpaBHeHe PaBROCHILHO YPaBHCHHRI) = =

K {I0TOMY JAJIR €ro pelueHHa #Kalo AAlib HalTh BCe 3InadeHHA
n b
o

g\ ——-.
Mpremep 2. Pemnm aBydseHHbie ypaBHEHHS:

1) 2z ~|—i-- .2 z«—-tm(}; 3) zn—i—O' 4) 24+ 1=0;
5) 8—1==0; 6) *+1=0; 7) L+1=0; 8) *—1=08

Pemen e Kampoe us srux ypasuensfi pewiaercs nyrem pas-
JIOKEHHS COOTBETCTBYIOUIErO MHOTOWICHE HA MHOMATEHH Nepsodl H
B1OpOf crefiend.

1) Pasnomense Mporounena 2°-41 na MHOXHATENH WMeeT BHA:
LA 1=(z—(z+ 0. Orciona raxofkM ABa KOPHA YPABHEHHSN:

2y =i, 2g=—1L.
2) Tak xax
L — 1= =10+ =z — 1} {z+4 1) (224 1),
T0 B CHAY 1) HMESM HeTHPE KOPHA YpaBuerna: z;=1I, zo== —1],
Z3.4== i,

3) Paatoxsum 2°-1 Ha MuomuTenn: z°—le=(z 1) (22 + 24 1).
Pewtast ypaguernsl 2y — 1 =0 u 2% 24 1 =0, noayyaem Tpu Kopusi:

zi=i, 22'3=——1i:£ﬁ'

2

4) Pemaerca ananornuno 3). Kopusamu nsasorca uncia

zi=—1, 22.3=1—$§{”‘V§-
5) Tak wak 2°—1==(2®-1)(2*+ 1), 310 ypaBuenme cBOAHTCA
K RBYM npeannyuiuM. Kopusime sinmsiorcs

] i 3

Zig==k 1, 23455~ 5

{(GepyTces BCE YETHIPE COULTaHARA 3naxoa}
6y aa pasaomennﬂ Mnormmena 7'+ 1 va MrOKHTENH npubaBaM
B BaiuteM 22°, 1. e. (2 +/2)%

A= 4 22H1 — (2 V2P =2 1P — (2 V2 =
= —2\2+ 1) +22+1)
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Teneph HAAG PeIuHTh ARA KBAAPATHHX ypasmemus: 2°--+22-4 1'=0
g 224224 1 ==0. Pearas ux, HoAydaeM YETHIPE KOPHA:

31.2.3.4“”%(:': 1)
7) Mporounen 2°4 1 packrazusaercst HA MHOKHISIH CJAEAYIO-
HiHM o5 paszoM:
PH1=E"+1) 2=+ )=
={z—1} (248} {(z* +22° 4 1) 327] =
=(z—i) (z+) (£ —B324+ D) (Z +~Bz+1).
Pemias KsaPaTHHE YPasHeHHsH, NONYYaeM LICCTh KOPHeR ypasHEeHMA:
Zy, ==k, 33.4.5.s=£%§“¥“i-
8) PasnokHM MHOrouAeH 2°— 1 Ha MHOXHTEIH:
2 l=(z— 1M+ 22+ 2224 1)

Orcoaa caeayer, y1o z;==1. Urobu HafTH oCTajbHLe YETHPE KOPHS,
HAAO PERINTH YpaBHEHHE

A4 =0
PaszesnamM obe qac';n FToro ypa;;neanﬁ Ha 2° % NOROXUM 2+-£-mw.
Tak Kak wsu;z"’+2+;§—, TO TONY4aeM YpasHeHHE
@2 w1 =0, 1. €. Wid-w— 1 2=0.
Ono uMeer Xga KOpHA: w;,gm:—%ﬁ. Teﬁepb OC'I"aHDCh‘ PELIHTD

ABA ypaBHenus: z+:’ _];'Vrg H z+; _;2_\(5’ T, e

242 B ot 1m0, 1B 4 =0,

Peman HX, noxyuaem:
= iBain/1042 48
2y, T ,

- o LB e £ A 10 2 /5 '
. .

K u3BAeuesHI0 KopHedl CBOAMTCA H peilleHHE TaK HA3hBACMBLX
TPexusennotx ypasnenwd, 1. e. ypasuennil suaa az**+ b2+ c=0.
3necy Mano cHayana cAenarb NOACTAHOBKY 2'==w@, PeIuNTh KBaj-
patHoe ypasHenHe aw’4bw-¢==0, 2 NOTOM PEWHTL YpasHEHMs
=w 8 2"=wy, TAe Wi H Wy — KOPHE KBaJPaTHOTO YpasHEHHs:.

IIpumep 3. Penmm ypasuense

29248 =0,
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Pemenne IfoacranoBRka z=—w NIPHBOOHT XK KBaipaTHOMY
ypasHenno w’—%w-+8==0, nmewowemy kopsn ! u 8. Peuasn
ypasHennst Z°==1 H 2°==8, nosyuaem KOpHH LaWHOrO YpPAaBHEHMs:

2;=!, Zg_3mMI:§£ 3, ZqﬁQ, 25'52—1:135"\/5.

¥Ynpamuacaan

362. CKONLKO # KAKHE JHAUERHH HMEET NPOHIBEAEHHE ~ — 16/ — 07
383. MomuD AK YTBEPHAATH, YT0 AAA KOMIAGKCHRX YHCEA CUPABCAAKBH PaBeucTRa:

D V@F ) EF dl=vaFhi-veFdh, 2) VaFbi=(at b7
364, Buuacaure suauenwns: 3L V7 Y2091, YT,

365. PeruTe KBaADATHME YPABHEHHK

i1} Pddixd12=0, 2} OpTix—iZe=0; 3§} 17— Bix— {52l
366. Pelwsre payunessne ypasHerus:

1} 88 —27==0; 2) 2% —1==0; 3) £4+32x=0; 4 2/ 1024=0,
387. Pewnre TpexuieuyHe ypaBHednn.

1y 2172+ 16==0; 2} 2'* — 6525 64 =0,

6. Ocrosnan reopema aarcGpa muorounenos, Bo Bcex npumepax,
pazofSpaHiBIX B HpeALIAYIIEM TYHKTe, ypaBHenHe n-A CTeneHH HMeno n
KopHelt (RefiCTBHTENbHHX HAH MHHMBX}. AHanorsuno o6CTOHT neso
anst ypasuennus (x-3)° (x+4)°=0, ecnu cumrate KaMiui Kopews
CrOJIbKO a3, KakoBa ero KPaTHOCTh,— OHO HMEeT NHTh KopHeli:
KOpeHb — 4 TpeThe#f KpaTHOUTH M Koperb 3 BTOpod KPATHOCTH.
H agech uncao Kopreh coBnasaeT co CTenenbio ypasHen#s. [loameven-
Hast 3aKOHOMEDHOCTL He cayuafina, oHa HMeeT MeCTO iast BeeX asres-
PAHIECKHX YDaBHEHHH, EPHUEM HE TOABKO jAA ypaBHeHHE ¢ pelicT-
BHTEJbHH MH KOSGOHUHEHTAMH, HO H E/IS yDABHEHHH C KOMIIEKCHHMH
KosppHunenramt. JloKa3arenbcrBo ITOFQ YTBEPIKHEHHS OCHOBAHO
HA CAeRYUIeR TeopeMe, KOTOPYID HA3HBAIOT OCHOBKOU Teopemol as-
2ebpbl. MHOZOUAEHOE:

Teopema 1. JTioboe ypasnenue ¢ komniekcHbiMy Kosdipuguenranu,
crenent KoTopozo Dossuie nyan, aseer xors o o0un xosmnaexcHoil
KOpets.

OrmerhM, yto B GOpMyNHPOBKe ST0H TeopeMu NeACTBHTeAbHHE
yACRA PACCMETPHBAIOTCH KaK YACTHLIE CHYYaH KOMIICKCHBX, H No-
TOMY H3 Hee Clefyer, 4To Al050e ypaBHeHHe ¢ SefCTBHTENLHHMHE KO-
appHUHEHTaMH HMeeT XOTH Obt OANH (ObTh MOXET, KOMTJIEKCHBE)
KOpeHb.

JoKaszaTenbcTBO OCHOBHOM TEOPEMH ajATeOpH MHOTOWISHOB KO-
BOJILHO CAOHO, H ME £70 ONyCKaeM.

OrMeriM HEKOTOPHE CAEACTBHS M3 Teopembl 1.

Caepcrsue 1. Ji060d muozousen n-li CTenesu ¢ KOMRACKCHBIMU
KOIPPuyuenTams packaadoegerca 6 npouzgedenue n AUNSENEX MHO-
wuresen:
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e . Aty =2) =z, (1)

20e @y, ..., Qp, 21 ..., 3 — KOMOACKCHOIE HUCAQ.
Hdoxaszareancrso. [IpoBeaem ZOKasaredbcTBO 10 HHAYK-
psig. [Ips nm==1 yreepaaense HCTHHHO, T2K KaK a;2-+Gp=

xa;(z+{:%). [peanonoxaM, Yre yrBepxieHsie BepHo npe n=4k.

JoxameM HCTHHHOCTb ITOrO YTBepWaes#s npH n==k-+i. [To Teo-
peme 1 mHorousex

P(2)emgy, 2" a4+ ...+ ag

siMeeT X0ts Obi 0JHH KOMNEKCHHR KOpeHb 24, Ho TOoraa no reope-
me Beay {cm. 1. 3 § 3 rmasu 11) 3701 MHOTOUACH AAHTCH HA 2 ~ 4,
s nmnﬁy P(2)me(zwzp 41} Q(2), rie @Q{2) — MHOrOunes cre-
re#y n. Io ppesnoAomeHHI0 HHAYKUHH HMeeM:

Q{2)==b(z—2)-...- (2—21).
3naqnT,
Pz)eblz—2)-..-(2—2) (2—2241).

To, 410 b=Ga%.+1, HOAYYAELM TIYTEM PACKPHTHSI CKOGOK H CPABHEHHSA
Kostpuusenros npy 2!

Hrak, B cuay npuHuMna MaTemaTHyeckol HHAYKUSH yTBepXKIeHHe
HCTHHHO AAA #Cex n.

Caencrene 2. Jlioboe ypasnenue n-i crenenu (20e n =1} ¢ koan-
AEKCHBIMY KOSPGUUUEHTAMY UMEET N KOMRACKCHOLX Kophed {nps
5TOM KaXKAHA KOpeHih CHATAIT CTONLKO pPas, KAKOBA ero KPaTHOCTH).

HdokasareawcrBo. Ilo cnencrBuio 1 ypasueHre

a.2" ...ty ==0
MOXHO 341HCaTh B BHAE
r(2—21) oo (2 2,) =0,

Bugum, 410 KOpHSIMSL 9TOrO ypaBHEHHﬁ SABAKIOTCH YHONA 2y, ..., 2,
H 4T0 BHNX KOPHe# 080 HE HMeer.

INHpamep . Cocrapim ypaBHesue Haﬂmeﬂbmeﬁ CTeneHH, KOp-
HHME KOTOpOro sipasiorest wicna 3, 24-i, 2-—4, a crapusit koapdn-
HEEHT paBed 4.

Pemenne HcxoMoe ypaBHeHHE HMEET BHA:

4(2—3) (z—2—1) {z—2+1i) =0
PackpwiBasi ckoGKH, nofydaem ypaBHeHHe
47% - 282% 4 682 60 ==0.
Hpamep 2. Cocrapsam ypaBHeHHe HaHMeHbilefl CreneHH, AAs
KOTOPOTO UHCXO { SABASIeTCs KOPHeM BTODOA KPATHOCTH, a dxeno 1 —

KopHeM TPethell KPATHOCTH, KOShQHUHEHT e NPE CTAPHIEM UJeHe
paped 3.
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Pewenne Hcxkomoe ypasHenHne HMeeT BHA:
3(z—i)? {z1) =0
Pacxpuisar cKofKH, noaydaeM YpaBHeHHe
32— (94+6)2° 4 (64 18)) 2+ (6 — 18))2°— {9 —Bi) 2+ 3=0.

3aweuanne Jlockoneky AoB0R MHOroudes RONYCRACT PAINONEHHE Ha K-
neRiMe MHCHATEAE (i), MeMIY erc KOPHAMH B KO3DDKAHEHTAME HMEIOT MECTO
coorsomenay Brera (cm. n. 3 § 3 rnasw 11).

B zaxniouenHe pacCMOTPHM BOHPOC O PA3A0KeHHH Ha MHOKHTENH
MHOrOuAeHOR ¢ AeficTeHrenbHiMH Kosdduumenramy, Cravana goxa-
WeM CaeRywilee yreepieHHe:

Teopema 2. Ecau KOMRACKCHOE HUCAG 0L RBARETCH KOPHEM MHOZO-
drena P(z}, useouiezo GelCToUTEALHBE KOIPHUUUCKT, TO U COnpR-
HEHHOE C O HICAG 0. AEARETCR KOPHEM TO20 HE MHO204ACHA.

Hoxasareascreo B n 3§ 1 6uao noxkalano, yro AM
MHOT'OUJIRHOB € AeACTBHTEALHLIMH KO DHUMEHTAMH BEPHO PEBEHCTBO

P (a) =P {a).
Tax kaKk no yCAOBHIO o HBJAHCTCH KOpHEM MHOrownera P, ro P{a) =0,

a Toraa P{a)=P{aj=0=0, u AOTOMY & — KOpeHb MHOTOuseHa P.

Jannyio Teopemy MOKHO YTOUHHTH: & He TOALKO WRJIHETCH KOpHEM
Myorouteda P {z), HO MMeeT NpH 3TOM Ty XKe KPAaTHOCTL, uTO H d.
Orciona BuTEKaET, 470 KOPHH MHOTOYJMeHa P (2) MOXHO pa3GHTh Ha
AeRCTBHTEIbHEIC KOPHH H Ha Haphbl B3aHMHO CONPHIKEHHBIX KOMIJGKC-
Huift Kopuefl. [leficTRHTEALHOMY KOPHIO ¢ COOTBETCTEYET B Paszjioxe-
HHH MEOTOuJeHA P {z) MHOXNHTENS (Z-~a), 4 HAPE @ H o CONPANEH-
HWX KOMTJIEKCHBIX KOPHER — /B MHOXHTeIH (z—a) {z—a). Ecan
o=f+4¥i, 10

{z—a) (z—a) = (z~B~vi) {z-~ B+ vi)=
= (z—B) — iV =(z—B)’ +¥' =2"— 22+ B’ +7*.

IIpn sTom oueBHAHO, ¥TO KBaApaTHuURMA Tpexwien 22— 2Bz+p*+ v
He MMeeT AeACTBHTe/bHBX KOpHeA. TeM caMbiM JOKa3aHa CHASAYIOLEEH
TegpeMma:

Teopema 3. Jwoboil mnozousen ¢ Oedcrauresvroimy Kosthpuuen-
TaME moxcer Goire npedcrassen 8 sude

P(xy=a.(x—x) s (x—x) (F4bixtci)-.. X

2

2
XA+ bpx -+ Ca),
a0e Xy, ..., Xe 8 by, ba, ..., Ba, €1, Co, ..., Cw — GelCTEUTEAbKBIE HUCAA,
npU4eM MARONCUTEAU OBTOPOl CTENEHH HE WUMEOT OeliCTeuTesbHbX

Kopretd.

(Mul nHmem x BMeCTo 2, NOCKOJABRY TEODEMA KACACTCH MHOTOW/Ie-
HOB ¢ APACTRHTENLHRIMH KOSQHUHCHTAMH ¥ MOXKHC CUHTATL 3HA-
HeHHH x JeHCTBHTENIBHBLIMK YHCAEMH.)
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Ynpamwenns

368. Cocranbre ypapueHEE NATON CTENEHE, HMEIOIEe KOpHR
Xy==f, Xom=Df, Kaym=xyw= i, Xgum i,

369, CocrannTe ypasHenHe <eTBEDIOR CTONEHE, HMEKHIEE KODHE Xj==tp=xy=
=144, 54=2

370. CocrashTe ypARHEHAS HaHMeHbliel cremerd ¢ AefCTRUTEXLUNME ROSG(HUA-
EHTAMH, HMOOIREe XODHW Xjw=fpm=d i, xym=i

371. Pasnomure ga aAuuclnHe MHOMHTERH MHOTGUICHEH,

1) 44l 45 2) o 647425.

372, Hoxamnare, yro:
1} mmorodses (cos @+ x sin g}" —cos ng—x sin ag AeanTcR #a &4 1;
2} MHOTOURCH xsing@—p®~! xsin spdpsin fn—1) @ LejtaTCH Ha
& —Qpx cos g+p7.

373. Hsfiapre cymMy p-X creneselt kopHel ypaBueHHd x"==1, rEZe p - HATYDANhL-
HOE YHLJO.

7. KoMBIeKCHNE SHCAR M reoMeTpHuecKHe npeoSpRioBsHMs.
GYRKIHE KOMIJIEKCHOrG mepeMennore, Mu sunean shime (oM. nm |
§ 2}, 4TO CAOFEHHI) KOMRJIEKCHLX YHCEA OTBEYAeT CAGKEHHE BEKTO-
poB Touex, HA0OPAKAIOHIHX 1A YHCIR HA KOMILIGKCHOHR MAOCHOCTH.
Orciosa caenyer, 4To oToSpamense z—2 -+ a, CONOCTABAAIOUICe KAXK-
DOf TOUKE z TOUKY Z-- 4, HMeeT NPOCIOA reoMeTPHYecKHH CMBICH —
OHO fIBASIETCH RaApaNieybHEM HMEePEHOCOM Ha BeKTop, pasHuidl pa-
JIHYC-BEKTOPY ToukH A (a).

BLiicHEM Teneph reoMeTpHUeCKHE CMBICH YMHOMXKeEHHSA Ha KOMH-
Jexchoe yacno. Tlpu 3ToM a9 NPOCTOTH peum He Gylem pa3aHvaTh
CaMO YHCAO Z H H30Gpaskaoulyio ero touky M (2). Tiyers R — nono-
KHuTe/NbHOE 4HCAO, Mbl 3HaeM, 4To ecild z==r (cOs @-isin @}, TO
Rz=Rr (cos g-isin ¢). Takum o6paszom, MOay:sb YHCHAA 2 YMHO-
KaeTCH Ha R, a apryMeHT oCTaeTCA HeHaMeHHLIM. YUHThIBAA TeoMeT-
PHUECKHA CMKICJ MORY/Sl H apryMeHTa KOMILIEKCHOrO 4HCJIA, BALHM,
4ro oTobpaxense z-»Rz, riae R > 0 AieTcs roMoTerHel ¢ HeHTpOM
B Hadane KOOPAHHAT H KOIPHHRHEHTOM R.

Haaee, nycrs a==co0s a-+isin «, zwr {cos q:+s sin @). Toraa
az==r (¢os {@-f-ct}-isin {g4a)). AOKa3kBAST, ¢TC YMHO-
HEHHIO Ha YHeN0 ¢ e/iHHHYHhM mozlyneu H APTYMEHTOM & COOTBETCT-
ByeT NOBOPOT BOKPYE HAYaJka KOOPAHHAT Ha yrox o. $fcHO, 4T0 YMHO-
WEHRIO 4MCen Z Ha 4YHoIa BHRA R (cos a-Hisin o)} coorpercreyer
KOMHO3SHHHA YKA34aHHBX Buifie npeofipasozasuil, T. e nocaenosa-
TeAbHOE BLINOAHEHHE TOMOTETHE ¢ KOSPPHUHeHTOM R OTHOCHTEALHO
HayaJa KOOpA#HaT O H NOBOPOTA Ha yrod o BOKpyT Touk# O. Boaee
cAomHOe npecfpasoBanHe HOAY4YAETCs, €CAH NOCTABHTh KaKAOMY

Kcay 2:%0 B COOTBETCTBHE YHOIO —;}- Tax xax

1
r {cos ¢ sin g}

=L {(cos (—q) +isin (—),
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Prc. 73

TO IPH 3TOM Npec6pasoaaHHH TOUYKa ¢ NOJADHEIMH KOODAHHaTaMK
(r: ®} DEPEXOAHT a TOUKY C [OAAPHEIMK KOODAMHATaMH %; —qj.

Ha pucynke 73 HaoOpakeHo, a Kakyio QHIYpY NEPEXOAHT IPH 3TOM
npeoGpazoaanar xaaipar OABC. Buaum, uro dopma Gurypu as-
MEHHAACH, HO YIH MEXIY JHHHAMHE OCTAJHCH HEHSMEHHKWMH,

TIpeoGpasoaalif HAOCKOCTH, WPH KOTOPWX COXPAHAITCA yrabi
MEXAY AKHHAMH, HA3HaaloT Konpopsubisme npeobpasoaaniasu. OHH
HIpaIoT aa2XEYID PONb & KaprorpadHH, TaK KaK MOSBONAKYT HVIYYaTL
RApPTH 3eMHOH TO2EPXHGCTH, HA KOTOPHWX YIih MeRULy JHHASMH Ta-
KHE XK€, KaK Ha 3Tofl noacpxroctH. TeopHa KOH(POPMHEKWX npechpaso-
aaHill IJAOCKOCTH TecinlM o6pasoM can3aHa ¢ dughgrepenyupyemvinu
PyYHKYuAMY, aPTYMEHT KOTOPHE H 3HAYCHHA ABJAAOTCH KOMAACKCHM-
MH uHcaaMH. FlonatHe AHQdepeHUHPYEMOCTH ONPeACAACTCA TaK Xe,
Kak AnA QyseKiHi AceficTanTesJbHOIO apryMeHTa.

Korgopmunie 0To6pakerssi HCIOAL3YIOTCA TIPK PELICHHH MHOTHX
3ada4 TeopAA YIPYIOCTH, &3p0- H CHEDOAHHAMHKH, 3JCKTPOCTaTHHH
U HHRX ofsacrel GHIHKH H TeXHHKH. JiA 3T0re cAomune ofzacry
konopMuo npeofpasyior a Gosee npocToie (HanpHMep, a Xpyr),
OCAe Yero pelaioT aafauy AasA 3T0R NPoCTof 06JaCTH H OGpaTHHM
KOHPOPMHRM n1peolpasoaadHeM IOJYYRIOT PEUIEHHE ANA HCXOIHOR
obaacte. Komnaexcuole dHcAa HAXOAAT DPHMEHEHHE H & KaaWropoH
MeXaHHKE.

¥npaxaenna

3974. Kakoe reomeTpHueckoe npeolipasoasune onipeaeaser foepuyas,
1) a==Biz; 2) we —3Jz+2—4i?

375. Bupasgre B BHRe u=[ (2) reoMerpHUECKOE APeoBPAIVBANKE KOMILIEXCROR
BAGCKOETH], COCTORNLCE B ROCASROBATEABHOM APHMEHEHHN:
1) romoTerHH OTHOCHTENbHO touiK {0 c koapdmipenNTOM 2 H NepeHOocaz Ha
perrop 3-f-4i 2} rex Xe npeolpazosanAl, HC BNAOIHEHHWX B oSpaTHOM BO-
PRIRe.
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§76. Bupaaute B BHEe 4==f (2} TOMOTETHI: KOMITEXCHON RACCKOCTH OTHOCHTEABHO
rToykk }-—i ¢ xosHdHuAeHTOM 5 R npencTasLTe o6 B BHAE BOCAEHOBATEALHOCG
BHIOAHEHAT TOMOTETHN OTHOCNTEALHO ToukdH (& B TNADAAACXBHOrO DepeHoca.

477, Joxamere, 410 HOCACLOBATEALE0S BHIKNHEHHe ABYX npeofpasopasmB, Kaxioe
H3 KOTOPHX FOAYHACTCH MOCAGEOBRTEALHEIM BEILOXHEKNEM FOMOTETHH, ROBOPUTE
BOKPYT TOTO K€ HeHTPa H NADAJAGALHOTO NHEPEHOCH, MOMHG JAMEHETH OAHEM
npeoGpazopaed TOFD Xe TANA,

378, Tlocrpofire ofipaa xeagpata c sepuosnami A (0 0}, B {0; 2}, C{2;: 2y u D (2, 0)
fIpH CAEAYICINEM TPeatipaloBaHNK:

§) iz 2} weBiz— | 3 3) wa=z" 4) w=~}£-,



Tonasa Xi
SNEMEHTE KOMEMHATOPMKM

§ 1. MHOMECTRA, HOPTEWH, OTOBPANEHMA

1, Muoxecrea # oneparmn Hag semn. B § | maaw | Guso ase-
BeHO fIOHKTHE YHCAOBOTO MHOJKECcTaa W oilpeRe/ieHH Olepalldk wal,
TAKHMK MHOKecraamu. Baegem reneph MOHNHTHE MHOKECTSQ € 348
Menrasmy moGok npEpoRn. D10 NOHATHE He ONpPeleHeTCH, a JHIIb
HAJIOCTPHPYETCH ifpHMepamu. Hanpumep, MOXKHO roBOPHTH O MHO-
AecTse HOOK a MeInKe, MHOMECTae HaTyPaibibiX YHCCHA, MHOKECTRE
KBajparoa Ba IOCKOCTE B T. 4. MHOXecTBO CUHTACTCH 3ajJaWKbiM,
€CHH O KaXKJKOM 3ACMEHTE MOMKHO OAROSHAUKO (KA3ATH, IPHEEAMJIEKHT
OB 3TOMY MHOXecTay WaH HeT. OOniumMo MuOMecTaa oO603HAYAIOT
NPONKCHHME JATHRCKEMH GYKaaMu, 8 HX 3J€MeHTh — CTPOYKBIMH
Gyxaamu. Ecan saeMeHT x npuscdiexcur MHOXecTay X, 10 nsmyT
x€X, a npotradom cyuae nuyr x§X.

MNMpusmep | Ecar X — MHOXECTBO PDYCCRKEX CJI0a H3 Cl0AapH
B. K. Jans, 1o «ceMbu»€ X, a «sichens¢ X, 8¢ X.

HprMmep 2. Ecar N — MHOXKECTA0 HATYDANLHBIX UHCEJ, TO
4¢N, a— 03¢N, CrapuycéN.

Jlaa MBOXeCTRPa Ha3LiaaNITCH PABHLIME, €CNIH OBH COCTOHMT K3 O/i-
HEX H Tex xe ssiemenroa. Hanpumep, MHOXKECTBO PaaHOCTOPOHKHX
TPeYroAbHHKOA DAAHO MHOXKECTAy PAABOYNOJALHEX TPEYroJbHEKOA,
a MHOXeCTBO flapa/IeNorpaMM0oa — MHOKECTay ueThipexyroabirKoa,
HMEIOWHX HeATp cummerpun. Ecan Muoxecraa X v ¥V paaun, 10 ngn-
wyT X==Y,

MHoXkecTao, He CoAepKaliee WHE OAHOrO jieMenTa (Hanpeumep,
MHOXECTBO ISITHJETHHX PpoccMmeiicrepoa RO HIAXMATAM HIAK MBO-
KeCTao KaTypanbubiX KOpHeR ypaakeHun 4x°—1==(0), waswaaioT
nycTein xuoxecreos. Ero oosnavaior ¢,

MeroxecTro 610K a MerKe, P a oxeane, BHIIOA XKHBLIX CyHiecTa
KoHewsp — KOJWYECTBO HX SJeMeHTOA MOXHO ablpa3snTh HaTypadb-
HRIM 4sCAOM {XOTH MH He aceria 3waeM 3HauedHe 3TOr0 umucia).
Muoxecraa HatypasbHBX uHCces, pomMGoa Ha NAOCKOCTH, Hlapoa a 11po-
crpaBctae Geckonewnti. KOHeuroe MEOKECTan MOKHO 3A4aTh CrUCKOM
ero ieMentoa (ManprMep, MHOKECTA0 YUEHHKOA a KJacce 3ajaercs
HX CIIHCKOM a KjaccHoM Jkyprane). [laa cnucka siemer1oa 0BHOTo
K TOrO JXe MHOXKECTBAa X MOryT OTAHYaThCH XPYE OT APYra AWML i10-
puBKoM saesmerroa. Hanpemep, {1, 2, 31 u {3, 1, 2] — cnvcrs oa-
BOTO K TOro #e MHoxectaa {1, 2, 3t = {3, |, 2}
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B nanbueiinem mur Oyzem oSo3nauaTh HHCNO INEMEHTOE KOKEYHO-
ro Mpoxectaa X uepe3 n (X), a muomecrao X, cofepaailiee n Ae-
MEHTOR, OYIEM KA3LIAATh f-FASMEHTHOIM MHONECLTEOM.

Tpumep 3. Iycrb X — MHMOKECTBO NPOCTHX UMCEN, MEHbLIHX,
germ 20, OBo COCTOMT K3 aoChLMK uMcen: 2, 3, 5, 7, 11, 13, 17 g 19
[Mostomy 7 {(X)=258, a X HBAsETCH AOCHMHIIEMENTHLIM MHEOXECTaoM.

EcaH saeMeHTHl KOMeuHOro MHOMECTad Kak-NHGO lNeperyMmepoaa-
KH, ME 6yA€M TOBOPHTh, YTO 3TO MHOXKecTao ynopadoueno. Onuo
K TO e MHOXKeCTBO MOXHC YNOPHEOUKaaTh PalBISHKIMKE CloCo6aMK.
Hanpumep, MEOKECTBO YUaliHXCH a8 KJAacce MOXKHO YROPSLOYHTh 110
poCcTY (Kak M0 a03pacTakHio, Tak K 10 y6Haan#o), 1o aecy, a aada-
auTHOM nopsgxe damuapt v 1. 4.

BeckoHeuroe MHOKECTA0 Hestbas 3afarb cnckoM. Ero 3anawr
OBLIGHO XAPAKTePUCTUHECKUM C8OUCTEOM, T. €. CRORCTBOM, KOTOPHIM
o61alai0T ace SNEMeHThl MHOXKECTaa B He OGNaJalT VeMeNTH, He
ApHEaAAeXallpe BTOMY MEOXKecTay. MHOMECTRO, 3a/laHHOE X&PaK-
TepucTHRZecKAM caolicraom P (x), oGospadanr: [xiP (x})} Hanpu-
mep, 3amschk {x}x®—7x+412=0} ofoanauaeT ' MHOXKeCcTEO KOpHeH
ypaarenust x* —Tx-+12=:0 (1. e Muowecrso {3, 4)), a samach
AABCIAB=AC=BC} — MBOXKeCT20 PaanoCTOPOHHBX TPeYroJib-
KHKO,

Ecsv Kampui#i aseMeHT mMHOXecTaa X SABASETCA a TO Xe apems
MNIeMEHTOM MHOXKecTaa Y, To ropopst, 9ro X — 4acrs, WAH, HBade,
nodsmuomecTao MuAoXecraa Y. B srom caysae mwmyr: X< ¥, Ha-
NpHMep, MEOXKECTa0 KaalpaToa ABIAeTCH NMOAMHONECTZ0M MHOKeCT-
Ba pomGoa, a MHOXKecTao poMG0a — NOAMHOKECTA0OM MHOKeCTaa Ia-
paanesorpamMmoa. MBOXKeCTRO HaTYPaAbHbIX YHCER, Aeanmuxes Ha 10,
ABASETCH NMOAMHOMKECTAOM MHOXKECTAZ HCTHHIX HATYPAZLHLHIX dHCeN.

Queannwo, yro ecms X=¥ n Y Zi, 70 XeZ Eeng XY n
Yo X, 7o X=Y. Hanee, znn awforo muoxecraa X BepHH aknio-
verrd =X v XX,

OfobuipM Ha Jiofse MHOXKeCTaa, apeacnnuie a § 1 riaal | onepa-
DHM TepecedeHust, OGheHHEHHS ¥ ALIUHTEHHA YHEN0aHX MHONKeCTa.

Onpedesnenue I [lepeceuenuem wmHokects X u Y nazn-
agercs MHOKectae X{1Y, cocTosuniee W3 3ACMEHTOA, KOTOphie NpH-
HaaJexKart Kak X, rak v Y.

Hanprmep, MHOXKECTRO Kaa/lpaToa SIRASETCH NEpecedeHHeM MEO-
Hecraa NpSIMOYIONBHEKOE C MHOXKECTBOM pomG0a, 4 MHOKECTao Npa-
HABLHLIX LEECTHYrOJNLHHKOZ — llepecedenneM MHOXKECTaa  iecT#-
YTOBHEKO@ ¢ MHOKECT2OM NpaaHJbHLIX MHOOYIOJbREKOA.

Onpedeaenne 2. Obvedunenuesm muoRecta X v Y naaot-
aalor muoxecrao XUJY, cocrosiuee B3 3aemenroa, KOTOpale 1pu-
HaAAeXaT XoTH OH ONHOMY K3 MHoXKecra X, Y.

Hanpumep, MBEOXECTRO TPEYroALHHKOZ HRASICTCH OOBEAMHeHREM
MHOXKECTa KOCOYTOJbHLIX H INPAMOYFONbHEX TPEYronbHEKOR.

AHanOrHYHO ONpPeReRIOTCH ORCPANHHE NEepPecedeHus H o6beaune-
HRA Hall AOOLIMAE COBOKYNHOCTAME MHOXeCTS.

Onpedenenue 3. Pasnocrsio Muoxecta X ¥ Y nasuaaercs
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a) Xuyr 8} X\Y

5 xny
Puc, 74

mEoKecTeo X\ Y, cocrofiiee H3 BCeX feMERTOB MHOMXecTsa X, We
nprnagaexkamnx smeHoxecrsy Y. Ecam Y X, To pasnocte X\VY
Ha3LBaT Jonoanenues mMupoxeersa ¥ n Muoxecrse X W ofosznaya-
or Yy

Hanpumep, pasHOCTHI0 MHOXKECTBA HeTHbIX UHCEA A MHOXKeCTSa
YHCE, KPATHHIX 3, ABIHETCA MHOMKECTS0 YETHHIX YHCSN, HE JeARIIHX-
ca #Ha 6. Ono ssaseTca ofLeAAHENNEM MHOMKECTBAa 4YeTHhIX 4HCEN,
JAOEIHX TPE ZeAeHHd Ha 6 0¢TaTOK 2, H MHOKECTSA YeTHRIX 4N-
ces, RaUHX NpH fexedud #a 6 ocratok 4. lonosinenseM K MHOMXe-
CT8Y KB83APATOS B MHOXECTBe poMOOB ABAHETCA MHOXKecTso pombosn
¢ X0TR Obi ORHHM OCTPHM YIViOM. A JOMOJHENHEM TOTO KE MAONKECT-
H4 KBAAPATOB 8 MHOMKECTBE DPAMOYIOALHHKOS HBAACTCH MHOMNECTSO
APAMOYTOALHHKOS C HCPAsHLIMA COCEAHHMH CTOPOHAMB.

Ha pucysxe 74, a, 6, 8 H30GpakKenh CXeMATHYECKH ONEpPAUNA
Hag muowkectsamu X v Y. Taxkue nsolpakesna MHOKeCTs W ofepa-
MR HAR HAMH HA3bBaloT duazpamsaru Jdaepa — Bewna,

Yopaxnennna

379, Jas waxkex B3 CHSRYIOUIEX (A MHOMECTE HMEST MECTO OHHO W3 cOOTHOEHHA
AcB, BeA A=B, A¢8, Bea:
N A=fa, b o d B=la, ¢, df) 2} A=0@, B=03;, 3§ A==3,
B=la, b, o 4) A=ls, b o B=, ¢, af 5) A=g@, B={@}
6} A=fa} a, @} B=la}j 7) A==fa, b [o, d} ¢, d B={fa, b o
8) A=la} a, @}, B=op?

380. Bepuo i, 1O

3 f1, Qeffi, 2, 34 4, 3L 1, 2, 2 {1, 2ef, 2, 8, {1, 31 1, 2

3) {1, ey, 2,08, 1, 3 1, & JN=d, o2, (1, 31, MW

381, Raunt muomecrsa A=, 1, 2, 3, 4, 5 6, 7, B=[@, 4 5 6, 7, 8 9
C={—3, —2, —1, 0, 1, 2 3, 4, D=2 3 4, 5 § 3azafire coecxamd
MHOKECTRAS

1) AUBUCUD; 2) ANBNEND; 3) (ANBYU(CAD);
4} (AUBINCUD); 5) (MBYU(B\A), 6) DaU(C\B).

382. HaobpazuTe ¢ MOMOLELIO AMErpaMM Jiaeps — Benua suomecrsa 4, B, C, ecan:
) AcsB v Bz, 2 A, Bocl v A\B=g,;, 3) A, Bco(C
w C=AB; 4 AcC, B<C n ANB=x=G; B ANB=g, ANC=o,
BRC==g, ANBNC3; 6} AN8=0, ANC=0, BNC+0.
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2. Anrefipa muomecra. Onepaupd Hal MHOXKecTaaMd ofAagaloT
caofiCTaaM#, KOTOPHE OTHACTH HANOMAHAKT cBoficTaa jeficrank #an
yHC/laMH, a OTHACTH OTRHUHAL! OT 9THX caoficta. Mmenno:

I. Jan mobuix muoxcecre X u Y esnoanmorcs paseucraa

1) XUY==YyX n 1’) XNY=YnX

(anasor TOXAECTA X y==y-+x B Xy==gX).
I1. Qra aobotx vpex smuoxecrs X, Y, Z s6inpANsioOTes pasencraa

2) (XUNUZ=XU(YUZ) a 2) (XNYINZ=XN(¥YNZ}

(ananor ToRHeCTB (x4 y) fz=x-4{y+2) v {xg)z=x(y2)), a
TAKME POBERCTAA.

3) (XU NZ=(XNZ2)U(¥YnZz)
H

3} (XN UZ={XuzZ)n(ryé)

{H3 THX PAAGHCTA OAHO MOXHO CUHTAThH AHAJOTOM TONXJECTAA
{x-}y}z=xz-4-y2, HO Torjia BrOpOe He HMeeT aHajora a obuu-
Hoft aareGpe).

B cayuae, KorAa ace paccMarpHaaeMbie MHOMKECTBA HAMRKTCH
HAaCTHMH OZHOTO H TOTO JXKe yrusepcasbhoeo muoxecrea [/, pesyan-
TATH ALIOJHEHHN ONepaunit nepeceueHns A oOLeRNHEHAR CHOAA Jla-
0T MOAMHOXECTRG K3 TOTO XMe MHOXectaa. Jonoanesse K amoboi
uactd Muoxecraa U cHoaa MBJAKETCH YacThio TOrO e MHOXKeCTaa.
Mpn ¢urcapoaannon YHHAEPCATLHOM MHONECTae Aonoanense ¥ X
oboananawr X', onyckaun angekc U, Ormeram caegyiomise caoficTaa
ONepaiHK A0 HEeHNA:

III. Jan aobozo muomecrsa X<-U umeer mecro pasencrao

4) (X')' =X
V. Butnoansiorcs pasescran
5 @'=Unby U=g.
V. Hasn aoboix Geyx muomecrs X u Y ua U umeen:
6) (XNY)'=X"Y¥Y n &) (XUYV)'=X'nV. ’
Mul ge 6yneM AoXa3kaaTh aCe NMepeulcienybie caoficTaa, a2 AOKA-
JXeM AHIGE paBeHCTBO (6):
ac{XNY) « agXNY > agX
AIA ag Y <> acX’ unn a€Y wacX'Yv.

3HaK <> YHTACTCH. «TOTAA H TGJALKO TOrAa, KOraas.
3naqnr,
(XNYV =X UV,

OrsetaM, uto ecau Xc=V¥, 7o XnY=X, XU¥=Y. B uacr-
HOCTH, MOCKONIbKY AAR AKGoT0 mHOKecTaa X cuopasemmnac @ X
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b XX, to 8cezda aeprm pasencrea GNX=@, @UX=1X,
XNX=X, XyxX=2X. :

Tax »e Kag ¢ noMoHIbIO Rpasyua oSuiyHOR axarefpu npeolpasyior an-
reSpanyeckie BePaXeHHs, B KOTOpuX Oykshl NPHHAMAIT SHCAOBHE
aHaWeHkd, ¢ HOMOULLI0 anreGpiE MHOKeCTB NPe0Opa3yIOT BRIPAMKEHHS,
B KOTOphiX OYKBE 0603HaualOT MHOMECTBA, fpHUeM GYKBH COefHHe-
BB APYT C ApYroM 3HaxamH {], . \, @ kK HexoTophiM GyKBaM mpH-
MeHeHA Omepauusit RONoAHeHHs (B YWHBEpcajsbHOM MHOMecTBe U).
FIpH 3TOoM CTpeMSTCH MPHBECTH TaKoe BhipaeHHe K HOPMANLHOMY
BHAY, a4 HMeRHO K BHAY OGnCIAHHEHH# IepeceueHHsl HEKOTOPLIX M3
AaWHBIX MHOXECTB H HOHOAHEHHHA K APYFHM HaHHBIM MHOXKeCTBaM.
Ecan psa sbipaMedHd HMeOT OJHHAKOBYIO HOpMansHywo dopmy
{c TOMROCTBIO O MEPECTAHOBKH), TO OHH TOXAECTBEHHO paBHEL —
HpH NOJACTAHOBKE BMECTO GYXB JHOOLIX MHOMeCTB H3 WHX DIOAyUaert-
Cfl OHHO ¥ TO e MHOXKecTso.

¥npaxsennn

383, Iycrs A B B — noawsomectsa yHRBepCaAbHOre MHoMecra U/, Huewmae me
nycroe mepecedenne. HaoSpaskte o nomowbo auarpams faseps — Benua cte
AY0IgHe MECHECTBA H YKaXKTe CPBEH HHX pPaBHhe:

By (ANBY, 2) ANE; 3) A'NBY 8 (AUB), §) AUB,
6y A'{B".

384, Howamure, yro zif AROHX MHEOKECTE BEPHH CACAYICUIHE COOTHOIHEHKSR:
D A=AB)UANB), 2} (AABINANB) =g
3) (AABINB=g3; 4 AAB=A\(4nB);

8) AN(BUCI=(ANB) § (AN10);
6) AH(BNCY=(AUB)R{4AUC),
73 (ABNC=A\(BUC) = (ANCHEB={A\BIN (A\C);
8 AUB\OI = (AUBNG 9 (ABIUCD{AUCNS.

385, Iyere A, B H € -~ NOAMHOMECTBA YHHBEPCANLHOTO MHOXecTBa {f. JlokaxHre,

HTO

1) A\B=ANB, 2) (A\B) =A"Y(ANB);
3) A’U(BUCY =(ANB) "N (ANC)".

386, OGoawavss wmamsecrse (A\BYU (B\A) uepea AAB {(cummerpuveckan paz-
#octe showecre A w BY. Joxkaxure, aro:

) AAB=BAA; 2) (AAB)AB=A; 3) AA@=A; 4) AAA=g;
5) (AAB) AC=AA(BAC); 6) AAB=(AYB)\{ANB};
7y AUB=(AABYA(ANB). 8) (BMANACN\A) ={AUBIAALC).

d87. Ynpocrrte (reayoIHHe BRDaMERH:

B An{AUBY;, 2) (PR@A(Q'AP) 8) (ANBIU(ANB),
4) (A"UBIR{AUB).
388, Tlycrs A« B, CcD. Jloxaware, uro  (ANBYHENNVANRCI=A4AC.
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3. Pasluenrwe MMONKecTBa Ha NOgMHOMEcCTBA. B ocHoae aceso3-
MOXKBIX KiaccHHKaudi, NpuMedsieMbix a SHONOTHH, JHHTAHCTHKE
B APYrHX HAYKAX, JeXHT Onepauud pasbHenmsa MHOXKeCTBa Ha NO-
NapHO HenepeceKaloiHecs JacTH.

Onpedeaenue, [Tlyers U — nerkoropoe muowecrso B X,

af A~ CHCTEMa DOAMMOMXKECTB M3 [/, ofaajaioman caenyiouuMH

caoHcTaaMu:
a) ofpelflHHenne aceX mmoXKecra X, coanapaer ¢ U, U=={}X,;
[}

6) ecan as=f, T0 nepecevenre MHoxkecra X, ¥ Xp mycro:
an Xam @ .

Toraa rosopar, yro saoxecrao U pasburo na wacru X, a€A.

ITprmep |. MHioxkecrse yueHHKoa pa3bHaaeTca Ha YacTH IO
nepaniM GyxaaM uX damuanit (Anekceea B AHTOMIOK NpHHamAeKaT
ofHoR uacti, beavca, bBoxenxo u baxpanse — Apyron ® T. A.}.
ITpr 3TOM HEKOTOpBLIE YACTH NMYCTH, HANPHMEp YACTb, COCTOANIAA K3
YIEHHX0A ¢ QaMHAHAME, HAYKHAIGHIEMHACA HA 3, & HAK Ha &L

[Ipemep 2. Eciw X — noampoxecrso 8 U, To {/ pasbraaerca
Ha muoxkecraa X v X' (nonoasende K X).

ITprmep 3. MHOXecTao ateX MHOTOYTOABHHKOA PasbuaaeTest
Ha MHOXeCcTaa TPeyrOJbHHKDA, YeTHPeXYTOJbHHKOA, NHATHYIOJbHE-
KOB B T. A _

ITpremep 4. Ilycrs a mHoxecrae I/ 3anans mobbie NOAMHONE-
craa Xy, ..., Xy Kampm# spemenr mpoxecrea [/ npraagiexur og-
HHM H3 3THX MHOXECTa W He NPHHALIEIKMT APYrEM. DTHM onpeness-
ercA pasOxemue Mmuoxkecraz U/ wa wacrh, Hmeoume aua T TN
N ... N Ta tae paa aoboro & muoxecrao 7: coanalaer aulo ¢ X,
arbe ¢ XL '

Paa6uenns na HenepecexawuiHecsl NOAMHONECTRA BCTPEdAIOTCA
NPH pelllGHHH NPOH3BOACTACHHMHX 33]a4: AeTadH paszbuealorca Ha
KAACCH A0 MarepHanty, Ha KOTOPOTO OK¥ H3roTOBJICHH, SopMe i pas-
MepaM, TeXHoA0rnu o6paboTke | T. A.

Yapamueennn

388, Pasfiefire MuoxKecrTsc 3arnAsHMX GYKR DYCCKOTC aAaBATA HA CACLYICHIHE KA3C-
ootz 1) HMEnMEHEe TOAbKO BEepTHKARbHYIO OCh CHMMErpHH; 2} HMEIOHINE TOXRKO
TOPHACHTEABHYD OCE CHMMETDHH; 3) HMEKMIIHE K2X BepTHKARLHYW, Tak B ro-
PHIOHTAABHYE GCH CHMMeTpHH; 4) He Wwewine ocell cHMMeTPHA.

390, Cprenalfire KaaccHPHXAREW, X4k B yRpawueuns 389, nas undp 5 pas Oyes
NATHHCRONO aAaBHETS.

391. Ha pacysxe 75 wsofipsmenn 8 ¢aryp. [praywadive 3 sonpoca, possoaswinue
O[HO3IHZYHC ORPEJEAHTE 3a2RHYH HRIypy.

4, Koprexm M ACKAPTOBC MPORIBEACHHE MHONKECTB. K NOBATHIO
YyIOpPAAOYEHHOTO MHOXecraa GJH3KO, XOTA H OTAHYAETCR OT Hero,
NOHATHE KOpTEXA. .
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Onpedeaenue I Ilycrk nann MHoXecTRa X, .., Xa.

Koprexem janes i1, COCTABACHHRIM H3 JIEMERTOB ITHX MHOIKECTB,
Ha3LBAeTCH KOHeYHAs TMOCASAOBATeARHOCTR &==(Xi, ..., Xz), FAC AAA
seex R, <Ch<n, umeeM: x€X, 3aeMmeHT x Haswpaercs k-f
KOOpOUNATOd {HAH R-A KOMNONEHTHOM) XOpTeXa «.

MDpremep 1. M3 mroxecrs {a, b, ¢} H {1, 2} MOXKHO cOCTaBHThH
G KopTekeH AHRE 2

{a, 1} (@, 2), (b, 1), (b, 2), (¢, 1}, {c, 2).

Hpumep 2. Jlntioe cloBO HABAAETCH KOPTEKEM, COCTABICHHEM
H3 GyKB, AecATHUHAs 3JaNHchk ANGOrc HaTypaibHOTO YHCIA — KOp-
TeWeM, COCTaBJAEHHHM H3 WHp, H T. A,

ITpxmep 3. JI060e yIOpRIOUEHHOE KOHEUHOE MHOXKECTRO SIBNIS-
ETCH KOPTEXKEM, BCE KOOPAHHATH KOTOPOrQ pasfHYHHL.

Koprexu AMHER 2 BaIupawT ynopAGOYeHHLIMAL nOpasi, IAHHH
3 - YNOPAGOREHHBIME TPOUKAMU, ..., ZAHHE 1 — YROPAGORCHHLIML
n-xaMH. Jias KpaTKOCTH peus CJIOBO «YROpSAOUEHHHEY uacTo Onyc-
KaloT,

Onpedesrenue 2 ]iBa KOPTRKA pasisi B TOM H TOABKO B TOM
ciyyae, KOrAa OHH HMEIOT OJMHAKORYIC MIHHY, NPHUEM HX KOOpIH-
HATH, CTOSIIEE Ha MECTAX ¢ ONHHAKOBRIME HOMEPAMH, PaBHH.

TaxkeM 06pasoM, KOPTeKH & ={xi, ..., Xu) B B==(y, ..., Ys) PABHH
B TOM H TOJbKO B TOM CJIy4ae, KOrAa m ==, MPHUEM X =Y BIA% BCeX &,
l<Cbgn

MMprumep 4. Koprexn (1%, 22, 3% u (1, +/16, /81) pamux,
mockonbky 12 =1, 2*=-/16, 3*=-/8l.

IHpausmep 5 Koprexka (I, 2, 3) » (3, |, 2) pasawuHn, XotH
HMEIOT OAKHAKOBYIO JUIHHY ¥ OAHO H TO JKeé MHOMeCTBO KOODAHHAT —
ITH XKOODAHHATH CTORT B pasHOM TNOpEAKe. PasHuHR ¥ KOpTeMKH
{1, 2,3} u {1, 2, 3, 4) — OHH HMEKT PA3HYID IAHHY.

KoopasHaraMu gopreska MOPyT SnlTh MHOXKECTBA, KOPTEXE B T. 1.
ITpe atom, HanpeMep, xopTexH (ja, &), ¢) v ({b, a}, ¢) paBHn, Tak Kak
{a, b}=={b, a}, a xoprexHu {(a, b), c) & (b, a), ¢) pasiHuHNl, TaK Kax
{a, b)5=(b, a). :
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Koprex, se cofepxatiihft HH OAHOR KOODAHHATHL (T. €. KOPTeX
AAMHEBL O}, HA3SBIBAGTES: RYCTHM.

TMopuepkuer elite pas OTAHUMSE NOMSTHE KOPTe)XKa H MHONKECTBA:

3) B MHO¥eCTBE AOPANOK SHEMEHTGB He HTPACT POJSH, a KOPTeXKH,
OT/MHYAIGIIHECSH NOPHAKOM SEMEHTOR, PAMHUHH Aake B cAydvae,
KOF2 OHH HMEIOT OAMHAKOBLI COCTAB;

6} B MHOXeCTBE BCe 3/ eMeNThl PAINIHAHK, a B KOPTEKE KOODAHHA-
TH MOTYT HOBTODHTHCH,

Uro6ht pasnHyath MHOMKECTBA H KOPTEXH, MKW SyAeMm B Aadbiedi-
HIEM 3JCMENTH MHOXXECTB 33KRI0UATh B PHTYPHLIC CKOGKH, a 3AeMenTH
KOoprexe# — B Kpyrabe (B YacTHOCTH, B KPyribie CKOGKH 3aKA-
HaKT ACMEHTH YNOPAROYEHHBIX MHOXECTB).

Bpenem teneph OHRTHE AeKAPTOBA INDPOHIBEAEHHA MHOKECTS.

Onpedeaenue 3 Tlyete Ay, ..., Ay — HEHOTOPLIE MHOXKECTRA.
Vix dexaprosstm npoussedenuem HA3LIBAIOT MHOXKECTBO, COCTOAILee
H3 BCEX Koprexed BHAA (dy, ..., Gn), A€ Gp€ Ay, 1 Ch<Cn. Hexaproso
npoNspeaeHne MHoxkecT® A, ..., A, ofiosHanawnT A;X... XA..

Mpumep 6 Ecmn A=={l, 2, 3}, B={x, y},

TO
AXB={1, ©)(1, y), (2, x), 2, y). 3, x), 3, ¥)}

BXA={x 1), (% 2, (= 3) @& 1) ® 2, (& 3}

3roT NPHMEP NOKA3LIBAET, UTO, BOOGILE FOBOPS, AEKAPTOBL! IPOH3-
peacHrr AXB u BXA pasanuMb, XOTH# OHH COAEPIRAT HOPOBHY
SJIEMEHTOB.

Paannunsl ® MuroxectBa AXBXC, (AXB)XC s AX{BXC)—
nepBoe COCTOMT H3 Tpoek {a@, b, ¢), BTopoe — n3 pap Buza ({a, b), ¢},
a TpeThe — M3 nap BHAA (a, (b, ¢)), Tae Bo Beex Tpex caydanx af A,
bEB, ceC.

Ecan xots 66 opmo N3 MHoxecrs A, B nycro, To cuMraloT, 4YTo
H #X JleRapTOBO HPOSIBEAEHHE MYCTO:

AXD=BXA=BX D= .

Mpumep 7. Hexaproso npouzpesenne R X R cocTouT Hs nap
{x, y) BeRCTBITEABHBIX HHCE, HpHUEM {X;, §1)==(Xs, y2) B TOM H TONEKO
B TOM ciiydae, KOTAA X =Xy, ¥ =y Kampok Taxo# nmape coorser-
creyer rouka M (x, ¥} Ma BAOCKOCTH, A5t KOTOPOR UHCHA X M ¥ AB-
AROTCH AGKADTOBLIMH KOOP AHHATAMH {OTCIOAZ HAIBAMHE «IEKaPTOBG
npouasenennes). Hekaprono nponssenenne RXXRXR coCTOMT H3
TPoeK umcea (x, ¥, 2), KOTOPHe MOMHO PACCMATPHBATE KAK KOOPAH-
Matl ToukH M {x; y; 2} B Tpexmepuom npoctpancise. Hexapropo
nponssefiense RX RX... X R {n MHOXHTEeH} HAIWBAKT n-MEPNHM
apudseruseckun npocrpaxcraos. Ero obosznavant R".
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¥opasuesnusn

392, Mz andyp 1,2, 3, 4, 5 cocTaBeTe BCE ABYIHAANE vHend. KaK cBRIAH0 NOAYSHBHERCH
WMHCHKECTRO ¢ ACKAPTOBNM fnponapescunes AXA, rre A=«{, 2, 3, 4, 5
363, Pabisl AR CAGAYICHIKE KODTEXE!

iy fa fa, b, c) b, ) m{a ia, b, ) b, ol
2} fa. fa, b, ek b, Sy m{a (boa ch b, Ck
Bda, f@, b, ¢l b, ¢ K (a, {a. b, ¢} ¢ &),
.4} {a, o, b, &, b, Y m {a, [a, b, ¢} a, b P

5. Orofipaxeune miaomecrs. HucioBad pyHkuns | ¢TaBHT B COOT-
BETCTBHE KBM(AOMY YHCAY H3 ee¢ 0OJBCTH ONMPeAENeHHA OAHOIHAYHO
onpeneaennoe uacno f(x). lpy reoMerpryeckom npeoSpPa3OBBHHH
TIOCKOCTH (HBNpPHMED, MBPBJAJCALHOM NEpeHoce} kaxaoh touxe M
3TOR MIOCKOETH COOTBETCTRYET OAHOBHBYHO ONpeleNeHHBA TOUKA TOA
Ke onockoctH {06pas touxe M). O6a 9TH noHATHA {YHCAOBaR
DYHKHUMA ¥ reoMeTpHuecKoe oTobpaXKeHne} ABJIAIOTCA YBCTHHIMH CJIY-
YaBMH OGLIEr0 NMOHATHA OTOOPBIKEHHA MHOMXECTBA B MHOMECTBO.

Onpedeanenue 1. CoOTBETCTBHE, COROCTBBIANLICS KBKIAOMY
BAEMENTY X MHOKECTBB X OJKH M 1T0MbKO OJHH SAEMEHT MHOXKeCTBa Y,
HB3WBBeTCH orobpameniuem suowecrsa X e mromecrso Y.

fipumep 1. Ecam KBxAOGE ABALTO B rBpAEPOSE BHCHT HB OZHOM
KpiOuKe, TO, CTaBH B COOTRETCTBHE KAKIOMY NaJbTO KPIOYOK, HB
KOTODOM OHO BHCHT, HOJAYy4BeM OTOODBIKEHHE MHOMKCCTBE NBJALTO X B
MHOMECTBO KDIOUKOB Y,

IIpumep 2 Crana B COOTBETCTBHE KAXKIOMY TPEYroJbHHKY
BIHCAHHYIO B HETO OKPYKHOCTb, NMOJIYUBEM OTOGPBIKEHHE MHOXECTRA
TPEYTOALHHKOB X B MHOMKECTS0 OKPYKHocTedt Y.

{Ipumep 3. CrBBA B COOTBETCTBHE KAKAOMY TPEYTOJLHHKY
ero QAOHIAAb, NOJNYYBeM OTOGpaKeHHe MHOXKECTBa TPEeyroJbHHKOB
X B MHOXecTBO R.

MIpumep 4. CooTsercrBHe, CONMOCTBBAAMLES HETHPEXYTOMNb-
HHKY BITHC&HHYIO OKPYKHOCTD, HEe ABARETCH OTOGpaiKeHHEM MHOKE-
CTBB YCTHPEXYTOALHHKOB B MHOMECTBO OKPYHKHOCTEH, MOCKOABKY
He B KBIKARM 4YerulpeXyrofbHHK MOMKHO BRAHCBTb OKPYKHOCTB. DTO
COOTBETCTBHE ABNACTCH OTOOP2KEHHEM MHOMKECTBA Y HeTH pexyrojib-
HHKOB, ¥ KOTOPBIX CYMMB! BJHH IPOTHBOTON0K HHX CTOPOH ORHHAKOBH,
B MHOXKECTBO OKPYKHOCTEN.

IMpumep 5 CoorpercTBre, COMOCTABAMOHICE TPEYIOALHHKY
LAHHY €r0 BHICOTH, HE ABJAACTCH OTOOPBKEHHEM MHOMECTB2 Tpe-
YrOABHHKOB B MHOMXECTBO HHCEJ, TAK KBK ¥y TPEYroJbHHKA TPH
BHICOTH, H IIOTOMY €MY COOTBETCTBYKOT TPH HHCJA, B He ORHO.

ITpumep 6. CoorBercrase, CONOCTABRANIES OKPYKHOCTH ORH-
CBHHEIA TPEYTOJNIBHHK, He ABAAETCA OTOGPBIKEHHEM MHONKECTBA OK-
PYHOCTER B MHOMECTBO TPEYrOAbHHKOB, TBK KaK OKOJO AAaHHOR
OKPYKHOCTH MOJKHO ONTHCBTb GeCKOHEYHOE MHOXKECTBO TPEYroAbHHKOB.

DneMenT MHOMKecTB2 Y, COOTBETCTBYIOLHE NMPH OTOGDBXKEHHH [
anementy x H3 X, 06o3nauaior f (x) H HA3HBBIOT 06paIOM SNEMEHTB X
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npA 3ToM oToGpamenad. Ecm f{x)==y, TO 3A€MEHT X HA3LWPBAKT
npooBpazoxr sneMenta y npr otobpamennr [ COBOKYMHOCTL. BCeX
poobpa30R MeMEHTa y NPH oToOpaxeRWH [ HASHBAIT NOAHWM
npoolpasoM 3T0TO 3aeMedTa H obozHauawt [~ (y):

F~ @y={xif (x)=g}.

{Ipppan uacts urTRerca: «COPOKYMHOCTL TAKHX X, 4TO f(x)==y».

Kaxnomy mogmuoxecTRy A MEOXKecTBa X COGTBETCTRYET e1'0 06pa3
f{A) npa oToGpaxenun f. J1oT 06paz COCTOHT H3 BCEX BJEMEHTOR
uﬂt:q}xecrna ¥, KoTOphie KRAKIOTCH 06PA3AMH KaKOFO-HRGY Kb ZCMEHTA
ns A:

[ {Ay==lyly==Ff(a), acA)}

Kaxpomy nogMuoxectry B a3 ¥ cooTRercrsyer ero NOAHEH MpoolGpas
F~ ' (B) upa oro6pamenny f. OR COCTOMT H3 BCEX SAEMEHTOR, 06pasbi
KOTOPHX MpHHEAMACKAT B

[~ (By={xIf (x)€ B}

Muoxecrno A HasHPBAWOT 0640CToi0 onpedesenun eroGpaxensn f, a
MaoKecTRo f (A) — MuoecTaon 3nayenuld 37010 oTo6GpaXKEHHN,

Hpamep 7. flycts f - oproroHanbaal NPOEKIHA IVIOCKOCTH
na nprmyio { {pac. 76). O6pasom vethipexyroasanka ABCD naaneTcn
oTpesck EF. l'fonnum npooGpazom orpeska EF MBAMETCH AOA0OCA, OF-
paHHueHHaH NpuMbiMA EL a1 FM.

OrMeTaM RAexOTOPHe BRAN OTOOpAKEHHE

Onpedesenue 2 Ecanw npa oro6pamennn [ pasinunnie
WIEMEHTH MHOXKECTRa X MePeXoAAT B PasJHuHMe 3eMEHTH MHOXe-
crRa ¥, T0 oToGPaXeHHe [ HA3LBRIOT 00pATUMbDIM.

Onpedeaenue 3 Ecan npr otolpamkenH f KaX sl eMenT
MHONKecTRa ¥ mBamercs o6pasoM XorA Gbi 04HOTO smementa H3 X
{1. e. ec/tn Bce NOARLE Mpoobpasu f~! (y), y€ ¥ HenycTw), TO | Ha3H-
paloT oroGppxennemM X wa Y, ane X B Y

Onpedesenue 4. O6parumoe oroGpakenne MHOMKECTBR X
HB MHOXecTBO Y Ha3LBRIOT 83AUMHO
o0noanusnbiM orobpasentes X Ha ¥,

3ameuanue B coppemennol Marema-
THHeCKOR ARTEPETYPE NPHHATH WBHE HIIBAHHA
YRA3EHHMX Ble THAOS orolpadenuh: ofpa-
THMue OTOUpRKEHHA HBIHBRIOT UADEKTUGHBIMI
{oT cavea injectio — promenHe), orobpINKEHHE
HA — cropBexTusNoimai {oT QparIyICROTC npei-
AOTA SUr — Ha), & BIAWMHO OARGIHAYHKE —
SuexTuansmi.

fIpamep 8 Orofipawmenne, upH
KOTOPOM KaXkAOMY HAJNBTO CONOCTAR-
JIRETCH KPIOHOK, Ha KOTOPOM OHO BH-
CHT, MBAMETCH OODRTHMBIM, &CIH Ha Pre. 76
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KEXKAOM KPIOUKe BHCHT He 50/1ee ORHOTO NaNbTe (HeXKoTOphie KPIoUKH
MOFyT OuiTe AyeThiMH}. OHO RBARETCH O0TOOpaMeHHEM MHOKECTBa
naxbTo X Ha MHOXKECTBO XPIOUKOB ¥, ecitH Ha KAXKIAOM KPIUKEe BHCHT
XOTh OBHO HANLTO (HAa HEKOTOPBIX KPIOUKaX MOXEeT GbiTh HeCKOALKO
zafsTe). Hakorel, oHO HBASETCA B3aHMHO ORHOZHAYHHM OTOGpaKe-
Hem X Ha Y, ecnAd Ma KaXKAOM KPKHYKE BHCHT pPOBHO ORHO HafbTO.

Ecaun oroGpaxenne [ muoxecrsa A B MHOMecTBO B o6parnmo,
TO Kaxaomy aneMmenry b ua f (A) coorsercrpyer ORMH H TOABKO ORHH
sneMent a u3 A, Takodi, wro f (a)==b. [losarau f~' (b)=a, noayvaem
orobpaxense f““' mpoxecTsa [ (B) Ha A. Ero Ha3dunBawoT obparuoim
orofpaxennio f. Ecan oroSpaxende [ paaHmuo ORHO3HAUHO, TO TeM
e CROMCTBOM oGnasaet ¥ ofpatHoe eMy OToGpaxemme [~

OrseTHM, 4TO ecsiM CyHIeCTBYeT B3aHMHO oaxo3HauHoe orolpa-
KEHHE KOHeYHOTO MHOXKeCTBa A HA KOHeWHoe MHOKeCTBO B, ToB A H B
B nopepry anementoB. Ecan xe cymecreyer olpaTHMoe orobpa-
KeHHe KOHEYHONS MHOXKeCTBa A B KOHEeYHoe MHOXKECTBO B, TO MOMKHO
AHIIE CKA38Th, UTO B B He Meubiue saeMeHTOB, ueM B A. J10 yTBEpXK-
Henne QOPMYAHPYIOT YaCTO CAeRYUHM olpazom:

Ecau npedmeros Goavute, vem Awuxos, 1o npu siobox pacnpede-
ACHUIL IACMEHTOR N0 AUUKAM XOTO 6 OOROM U3 HUX axaxeTcs Dosee
odnozo npedmera (apunuun Hupuxae).

Ha ssuixe oroGpaxeunil sta HopMynsHpoBKa 03HAYaeT, UTO eciH
8 A (MHOXecTBe IpeAMeroB) G0ABIHIe 3AeMEHTOB, 3eM B B {MHOKecTBe
EHI#KOB), To He cyulectByer obpaTHMOro orolpaxennn 4 B B.

B caywae, xoraa cyuecrpyer orofpameune f KOHEUHOro MHO-
#ecTBa A Ha KOHEYHOE MHOXECTBO B, T0 B A He MeHblue 3TeMeHTOB,
yeM B B. UroGL yOeAHTECH B 3TOM, ROCTATOYHO BLIGPATE B KaXKXA0M H3
HOJIHEEX NpOOGPa30B 3NEMEHTOB MHOXKECTBA A N0 ORHOMY 1€MEHTY.
Bripannnie saemenTh 06pa3yioT vacTh MHOXecTBa A, CoAepxanlyio
CTOJBKO e 3AEMEeHTOB, YT0 H MHOXecTno B. Zr1o M 3HauHT, uro B A
He MeHbLIIe 3/eMeHTOB, yeMm B B.

¥npamnenusn

394, Kampaomy Tpeyrofbigky CTABHTCH B COCTBOTCTRHE 8RO NAGHEARL. YKawure ofracTs
ONPEREACHHEY H MHOXKECTBO 3HaueHm# 1010 orToGpamenns. Kax naanpaomces
TPEYIOBHAKR, 00pa3N KOTOpPKX TpH 3T0M OTo0DaMERHH COBNALANTY

385, Kamzomy giareSpaftuecKoMy YDABHEHHI CTABHTCA B COOTBETCTRHE €0 CTRHEHE.
YramHTe MHOXECTRO 3RAUENHl AR 3T0TO OTobpaKeRud.

388. Cpeawr caeayommrx oroSpaxedsi yKawmwre oroSpakesns 23: 1) X -—MHOKe-
CTBO KPYIoB, V - MHOKECTBO ACBCTRHTCALHMA SHCOE, KaMAO0MY KPYTY CONO-
CTABRTHETCH €10 NROINAER;

2} X -~ MHOMECTRO KPYTOR, Y — MHOWECTBO DOACKHTEABHHX AelctBHTENLHMX
QHCON, KAMAOMY KPYTY COHNOCragisercs €ro fnolaih;

3) Xe={el —3a(B), V=R, f: s~
) X={t| —3<Cx<EL Y=[x0 x5} frasal
397, Hafianre ofipas X aam oroGpamen#s [ x—x —4x-+5 rae X=Y=R.
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388. Sinasercst AW COOTBETCTBHE «‘Hedosex g -— ChlE ueAOBEKa x» OTOGpAMENHEM
fi x-»y mpoMecrsa scex jofed B ceGx? Sbisercs JN TAKHM OTOGPaMEHHEM
coorpercrine «Hemonex y — cTapnd chy wesopexa x»? Mpasercs am orobpa-
wenreM i x>y coorRercTRHe <Uenopex y —— OTRI YEAOBEKE X>?

359. SpagercA AW 0TOGpAMEHHEM COOTBRTCTEME «UTOANRER rOCYABPCYAR X RENHETCH
ropox y»?

400, TIpreeAnTe WaBECTHHE BAM BPAMEPM orolpameswil W3 reomerpri. Jns orobpa-
wennd f1 x-rslBr44 mnomecrea R B R nefianre:

i} ofpaadk wmcea 3 o 7;
2) ofpea oTpeska [3; 7}
3} nonmde npoolpasu wucen —2 w 4
4) moawsfi npoobpes orpeaks [—2; £1

401, Kawnpok Gyxne padasuie, KpoMe SysBal «i», CTABHTCH B COOTBETCYBHE ie-
nyioutss 38 Helk Gyxna, B Gykne s — Gyxna «a». Hallpare o6pas nosMuoxecTsa
raacHbix GYKB H TCpEcEeHAE ITOro C0pasa ¢ MHOIKECTBOM FASCHHX GYKB.

402, Moxasnre, 910 oOBLAHHENHE HeKOTOPOR (GMIVPH K €¢ OGPB3E fIpH CHMMETPHH
QTHOCHTEALHO 1paMolt | CHMMETPHYHO OTHOCHTEARHO 3roR npriMol.

403, Hoxamute, 410 nepecedende MexorOpoft GUrypH o ee o6pase npu CuMMETpPHH
OTHOCHTEJNRHO FOURM A CHMMETPHYHO OTHOCHTEALHO 3TON TOUKH.

404. Cpean caesyolnnx orofpamersf ykamure ofparTiMEe B B3BHMEO GANCIHBUHEE!
I} ramitofi ORDYKHOCTH CTABHTCH B COOTSLTCTBHE €€ LEHTD,
2} wamsoll oxpymRoCta pamwyca | CTABHTCR B COOTBETCTBME €0 NEHTP;
3} KawpEoMy KBRADATY CTABHTCH B COOTBETCTBHE ere nepumerp (3dech X wmuo-
HeCTBO KBagpBToB, Y=R} Bee QHryp PACCMATPHBAIOTCH HA IJQCKOCTH.

405, Tlecrpoltre cfpathue orolpaKenus AAM CASAYRHERX OTOGEE Meunl:

1} erxt—4x43, X=[2, + o), ¥=R;
2 xorxt 4243, X==[f3, 4 00), Y=R.

406. Cymectayer an orofpamenne, ofpaTHoe OTOGPBHERHIO:

1) xrg' —4x° 43, X=hHfZ, + o0}, Y=R;
2} ko at e dg® 43, X 00, —3] Ye=R?

& 2. OCHOBHBLIE JAKOHD KOMEMHATOPHKM

1. Breaenwe. IIpB pemieBHB MHOTHX APAKTHHECKHX 38434 NPHXO-
ABtcA BHOHpATh H3 KHeHOTOPOH COBOBYNBOCTE OGBLEHTOB IMCMERTH,
ofizazaloige TeM HJAH HHHM CBORCTBOM, PAcHONaraTh 3TH 3NEMEHTH
B ONpeACACHHOM FOPHAKe W T. i, [IOCKONLKY B T&HHX 3ajavax peus
BAET 0 TeX HAH BEMX KoMGHHAUHAX OfHeHTOB, HX HANBAKLT KOMOu-
naropupisu sadawamu. OO0AECTL MATEMATHKH, B HOTOPOA HAYYaTCA
KOMOBBATOPHHEC 3aAaUH, HA3HBAIOT KOMOUHATOPUKOL.

{IpuaeseM BECHOALKO NMPAMEPOER KOMOHHATOPDHHX 3aiad.

1. Pacnosaoxirs 10 Touer B 5 OTpe3KOB Tak, YTOGH KA BAXIAOM
orpeske Guliio 10 4 TOYHR.

2, Pacitosoxmrs uncsta 1, 2, 3, 4, 5, 6, 7, 8, 9 ran, urobs oHH 06-
Pa3oBafK «MarHuecHRi KBagparTs, T. 8. KBaApar, B HOTOPOM CYMME HO
BCeM CIDOHAM, BceM CToaGnaM ¥ OGeHM AHMArOHAMAM OJRHaKOBH .
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3. Hafitn Bce pacnonoxenns Bockny Qep3edt Ha maxMatHo# Roc-
Ke, IPH KOTOPHIX HH OIHH H3 HHX He MOXET B3ATH ApYroro {(T. €. He
CTOMT C WHM Ha OJAHO# TOPH3OHTaJH, AWGO OZNOR BEPTHKANH, JHOO
OAHOR AMATOHMaNN}.

4. Hafitv uncao pacnonoMeHHA BOCbMH Jaflelt Ha mraxmaTHOR
BOCKe, HPH KOTODHWX HSl OfiHA H3 HHX HE MOXKeT B3ATh APYFYO,

5. ¥auarh, CKOALKHMH crocoBamH MOXKHO H3 7 MaNRIHKOB H 9 Je-
BoueK BuGpark KoMaMAy &af scrapeTHore Oera, eciH B KOMaHAy
AOJKHE BOATH 4 MaABuHKA W 4 LEBOHYKH.

6. [lyremiecTBenHHK ZOsKeH 06LeXaTh HECKOARKO FOPOAOB, HO-
GuiBaB B KaXAOM H3 HHX IO OZHOMY pasy, H BepHyThcH nazaa. Hadtw
KpaTdafuifi BapsRauT AyTeitecTBHN, ecad HIBECTHR PAaCCTORHER MEX-
Ay TOPOAAMH, MIDHYEM H3 KaXKAOTO FOPOAA MOXKHO HONACTh B AG60H
HApyTofi, MHHYR OCTashHble rOpona.

DTH npuMepH NOKa3HBaKT, YT0 KOMOGAHaTOpHHE 3aAaun MOXKHO
peitiath Ha Pa3HEIX YPOBHAX: HCKATh XOTH 6 OAHO PELICHHe HOCTaB-
JieHHo# 2afavn (fpumepu i g 2), HCKaTh BCe e¢ penieHHs (NpHMep
3), OTHCKHBaATh ZHCJO peiteWHA Aaunoffi 3amaus (mpumepn 4 H 5),
CpellH pasiuaunblX CHOcoGOB pelieHHA HCKaTh ONTHMaJAhHbtd (NpH-
mep 6). Mnoraa npHXoAHTCS AOKa3uBaTh, YTC Aannas KoMOGzEHaTOD-
uas 3afaua we HMeer pemeuns. Hanmpuwmep, emte J1. finep nokasaa,
70 HeAb3s pacONOXKHTE 36 oduiepoB, HMeliWX 6 pasnmuHuX
BOHHCKEX 3BaHHf s HpHHAJAeXKAMMX § pasinuysnlM pofaM BOWCK
(mo opnoMy odrLiepy AaHHOFO 3BaHHA B AAHHOM pOfe Bo#cK), B 36
KeTKAaX KBajpaTa Tak, 4t0GH B KaXKAOR BEPTHKAJN H KaXAOH ropu-
aouTanH GbiAH ApefcTasiennl Bee 3BaWHsl H Bce pofa Bofick. Ha
pHCYHKe 77 AOKAzaWo peilieHHe ¥TOR 3aauUN JI% YeTHIPEX BOMHCKHX
3BaNA# H YeTHPEX POAOB BOMHCK.

Mu Gynem zanWMaThcd B 310# rAape MWL 3a4a%aMu, B KOTOpHIX
HAJ0 HARTH ZHCNO ¢NOcOGOB pemensa Tofl HAR HHOB KoMGuHatopHo#
apofaeMy. 3TH 3anaus o0pa3yiOT uacTh KOMOGWHATOPHKH, Ha3H-
BAEMYIO HEPERUCAUTEALHOL KOMOUROTOPUKOE WIH Teopuel nepeduc-
Aenudl.

XapakrepHof ueproit MATEMaTHYECKORO MOAXOAA K PELIEHHIO NIpaK-
THUECKAX 3ajiau Asasercs abCTpArHpoBAWMe, T. €. OTRACYEH#e OF
KOHKPETHHIX 3epT, BRABAeHHe TIYGHHHOTO COAepXKaWHa, o6uere Ans
3ajad, BHeilHe OTAHHAWIHXCA APyl OT Zpyra. APHBOAHT K [HOCT-
POCHAID MATEMATHYESCKOH MOACAH 3ajaYH, K BBEICHHIO OGI{HX MOHA-
THHA, OXBATHBAWIUIHX YacTeHe cayuan. B
KOMOHHATOPHKE TakHe MOHEAH OGHUHO
Dd CTPOST ¢ HpHBAeUeHHEM pPa306paHHbIX
B § | mOHATAR MHOXKECTBa, MOAMHONKECT-
8d | Ac | Db | la Ba, YHOPAAOYECHHOTQ MHOKECTBa, KOpTe-
wa, 07o0paXeHHs B T. A. B cHeayoliHx
AygKTaX MB pasGepem, ONHPAACk #a STH

Aa 56 [

Lh Da Ad 8¢

Fils fa Ba Ak NOHATHA, ABa CCHOBHEIX 3aK0Ha KOmOuHa-
TOPHEH — paB#A0 CymMMB H n0paBHaOQ
Puc. 77 APOH3IBEAEHHA.

220




¥npamnennn

407. U3 maxsaraol A0ckW BepesaHM ABe YIVICBHE KACTKH, PACRONONEHHNE HA
OxuoRf pEaronank. MoMHO AH 3AMOCTHTR 1Y AOCKY NPAMOYTOALHHKAMH, €O-
CTOATHMA H3 HABYX KAETOK?

408. Ulaxmataye AOCKY ¢ 3 ropHaoHTalAMH H 3 BepTHKAAAME OGXOAAT JAafbell #
Ha NyTH e¢ CACACBaMNA THIYT GRHO 38 KpyTem umciaa, 1,2, 3, 4,5,6,7, 8, 9.
Haflarme tyTe fafibi, NPR  KOTOPOM TREXZHAWHOS WHCA0, HOAYNHOHICECA ¥
Tperbe# FODHACHTAE, PABHO CYMME TPEX3HAYHMX uMCes, TOAYEHBINHXCA B
fICPBEX ABYX TOPKIOHTANAX.

409, TlocTapkTe A MAXMATEYE A0CkY 5 dep3edi Tax, 4Tolin OHA JepMank ACH yHa-
pOM BCE e¢ HOAA.

410. HoxamuTe, UTo MaKCEMAaAbHOS MACHKO CHOHOB, ROTOPHX MOKHC TOLT2BHTH HA
WEXMATHYID BOCKY T&K, YroOu 0HH we OHAX Zpyr Apyra, paswo 14. Ofobumate
pesyAsTaT Ha cAydal AOCKE € n FOPH3SOHTAAAMHE # BEPTEKAANME.

411, Dokaxare, ure cpend U gedoBex ecth AHGO 3 NOTUAPHO 3MaKoMuXx, AHGo 4 nwo-
HapHa HE3HANOMEBX.

2. Hopamuao cymmil. Ecay va Smope aexat 7 abiox @ 4 rpyly,
70 BHGPATH OLHH NNOL MOXKHO 74 4 =11 crnocoGeMu. BooGuie, cipa-
BeAIHBO CAGHYIOLICe YTBePIKIEHHe, HasmBaeMmoe B xomGHHATODHKe
NPABUAOM CYMMBL:

Ecau 3nement a moxcno asbpars m capcobami, @ saement b —
n cnocobanu, npiudes 2000l 8u00p 34EMEHTA G OTAUNEH OT RI0BOE0
autBopa aaemenra b, 10 aufop «a uass b» Moxno cdesars m-+n cno-
cobamu. .

HE fianixe TeOpHH MHOKECTB 310 NpaBHA0 GOpMYJIHPYeTCR CACRY -
1{HM oOpasoMm:

Teopema 1. Fcau nepecederiie Konenbix mioxecra A u B nycro,
ANB=3, 10 4ucso sremenros 8 ux obveduHeHul DOBHG CYMME
HiiCes IAEMEHTOB MHONerTd A u B:

ANB=@=n (AiB}=n{A)4n (B). {H

3pnuck X=+Y uynraerca: «Ecau X, 10 V3.

[MpuMenns MeTon MaTeMarHuecKoh HHAYKUHH, BHBOAHM H3 31off
TeopeMBl CACACTRHE:

Caeacrene |, Ecau xoneunve Muoxncecrsa A, .., As nonapuo
He nepeCexaioTen, 1. e. ecaw A\ Ap== @ npu jv=k, ro umeer mecro
Pagencrao

(A UA)==n (A) ...+ n {As). 2

[TpaBuAo CyMMbi H €ro CACUCTBHE HPAMEHAWTCA LN DEINCHHA
KOMOHHATOPHEX 3BABY. Vimewno, vacto mpHXoZdrca pasbeeath BCe
MHOXECTRO NepeyHcAseMHX KoMOHHAUHR HA nomapHO Henepecexawo-
H{HeCsl Fpymikl KOMOHHAUHE, HOACYATHBATH YHCAO IHAEMEHTOR B
KB ZOH TPYIHIE B HOTOM CKAARHNBBTS NONYYHBIIHecs orBeTt. [IpBBEI0
CYMME MOXKHO ChOpMyAHPOBATh H HA AIHKE OTOGPRIKeHHH.

Caepcrane 2. Fcau 3adono orobpamente | KOHEHHO20 MHO-
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wecraq X na muomecTso Y, TO 4uCA0
axemenTos 8 X paeHo cymme wucea
SACMENTOR 8 NOARLIX npocbpasax sae-
Merroe muoowecraa Y.

B camom jsene, Bce muowecTso X
pacnagaeTcd Ha ToNapHe Hemepece-

AUB KalQiHecs 4acTH —— NOKHke Mpoobpa-
Pue. 78 3H S/ICMEHTOB MHOMecTBa Y.

HE.

PaaGepem Teneph cnywal, Roraa
MHOXECTBA MOFYT HMeTs HEMyCTHe
nepeceyedns. Haumem co ciyuas aByx wmHoxXecTB (pHc. 78).

Teopema 2. [Jaa swoloix xoueunoix snoxecra A u B sepro pa-
sercTEe0

n (AU B)=n (A)-+n (B)--n (AN B). Q)

HoxaszateascTs o Maoxecrso AYB ssnserc ofnejHue.
HHeM TPEX MoNaPHo HemepeceKaloiiaxcs MuoxecTs: A\ (A8} (ane-
MeHTH, NTpHRasseKamue Toasko A), B\ (AN B) (snemenrH, npuuasie-
xawpe TOABKe BY U ANB {saemedTH, NPHHaMAeKaimHe OGOUM
muoxecream). fleproe u3 sTHX MHOXecTB coepxur i (A} — n (AN B)
WNIEMEHTOB, BE0poe CoAepRHT 1t {B) — n (A ] B) 3neMEeHTOB, 2 TPETHE —
n{ANB) anemenToB. 3HauaT, YHCIO VIEMEHTOB B MHoXecTRe AlR
paBHO

n{A)—n (AN By+n (B)—n {(ANB)+n (ANB),
n (AU B)==n ()4 n (B)~n (ANB).

Hampumep, ecan muoxecTro A coctour U3 6yks {a, 6, a, 2, 4, &},
a muoxecrse B u3 Gyke {2, 4, ¢, &, 3, To HX OOBEIHHCHHEM RBJINETCH
MHOXecTBO {o, 6, 8, 2, 4, ¢, a, 3|, & MepeceueHHeM — MHOKECTRo
2, 3, ¢} Tlpa arom n{A)==6, n (B)==5, n{ANB)=3, n{Al)B)=38,
yro coraacyercst ¢ gopmyaok (3).

opmyaa {3) BBARCTCR YACTHHM caydaes Goxee obmell GopMyan

(A JAn)==n (A4 .. F o {An)—n (AN A)—n (A NAz)—...
e (A[ﬂAm)—ﬂ(AzﬂA:a)—.-.mﬂ (A2ﬂAm)*“'--- (4)
ceetl (A~ (N Am) + 0 (A: 1A2NAs) ..

e (=D (A NAD A (o 1) R (AN N A,
KOTOPYIO Ha3nBaloT dopmysch nepexpoitid HAH, HHaue, dopmyaod
axarouenuli & uckmouenut. B sty dopryny, kpoMe CaMHX MHOMKeCTs
Al ..., An, BXOZAT HX BCEBO3IMOXKHEE Mepeceuedis no 2, e 3, ..., no
m. [1p 3ToM, eclld YHC/IC NepeceKaeMbX MHOKECTB HeyeTHO, COUTBET-
CTRYBOHIIee CAaraeMoe BXoHT B dopmyay (4) co 3HaroM «mawc», a
eCAH OHO YETHO, TO CO 3HAKOM €MHHYCH.

Hanpramep, npu n=3 umeeMm:
n (AU BUC)=n (A}+n (B)4n (C)--n (ANB)—
A {ACyn (BNC)+nr (ANBNC). )
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YroOnt AokasaTh pasencTeo (D), 3amerum, uro AYBUC=(A|B)Y
UC, n noromy mo dopmyae (3} umeem: n{(AUYBUO)=n{AUB)+
+n{C)—n (AUB)NC). Ho no ceolicteam onepaunfi Hap MHoXKecT-
BaMH

(AUBINC={ANCYBNC),

U 1noToMYy

7 (AYBNIC)=n(ANC)+n (BNC)—n(ANCNBN )=
= {ANCY+n{BNC)—n (AQNBNCO).

3uauur,

n (AUBYC)=n (AUB)+n (C)—n (ANC)—
—n{(BNC)+n (ANBNC).

3amensa n{A|)B) no dopmyzre {3), nosayuaem {5).

B ofumiem cayyae dopMyna (4) AoKa3biBaercsl aHaJOTHUHO MeTo-
JOM MareMaTHYeCKOH# HHIYKUMH.

C nomombio Gopmyan {4) nerko HafTH H 4HCHAO SJAEMEHTOB He-
KOTOpOTe MuOXKecTBa U, we MPHHAZAEKAUIHX HH OXHOMY H3 IOA-
MHOXECTB A, ..., An 3TOT0 MHOXKECTBA —- CHAYAAA HAJO HARTH YHCAO
aneMeHTOB B 4) ... An, & NTOTOM BHYECTE HARAEHHOE HYHCAO H3 YHCa
snemeHToB B U,

Mpuwmep 1. B ki1acce obyuarorea 42 yuennra. Ua wux 16 yuacr-
BYIOT B CeKUHH MO JAerko# ataerure, 24 — p $yTO0OABHOR CeXUMH,
15 — p mraxMaTHOR CeKIWH, 1] — H B CeXUHH N0 Aerkofl aTjAeTHKE,
H B (yrGonbHof, B - A B Aerxkoarsernveckofi, ¥ B ImaxmartHof,
12 — u B hyr6oabroft, o B MaxmaTHOH, 8 6 — BO BCEX TPeX CEKUHNX.
OcTanbubie UIKOABHHKH YBJAGKAIOTCA TOABKO TypHamoM. CKoJbKO
HIKONBHHKOB SIBASHOTCH TYPHCTAMH?

Peuie nne OGo3naunm uepes {/ MHOXKeCTBO BCeX YUYALIHXCR,
vepe3 A — wAeHOB JerkoatieTnyeckoft cexuun, uepes B — ¢yr6oab-
HOR, uepes C — axmaTHOR H depea [ — typucThueckoH. [io ycao-
BHIO 32Ja4H HMeeM:

U==AUBYCcyDn,
npHYeM

DN{AUBYCO)=0

u 1 (U)=42, néﬁ)mlﬁ, n (B)=24, n(C)=15, n{ANB)=11,
n{ANC)=8, n (BNC)=12, n (AN B C)=6.

ITo dopmyne (5) noaywaem, uro
n{AUBYO)=164+24+4+15—11—8—1246=230,
H II0TOMY
n{Dy=n (U} —n{AYBUC)=42—-30=12.

3HauuT, TYPUIMOM 3aHHMAKTCA 12 HMIKOJBHHKOB.
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¥npaxuenun

412, B oraeae Hayuno-HCCASIOBATRELCKOTO HHCTATYTA Paforair HECKOXLRO Ye/ODEK,
Hpuues KaKzud B3 HHX 3Haer xoTH Ob OfuM dHOCTpAuHul a3nx, 6 veroBeR
3MBIOT AUFAMHACKHA A3sK, 6 - Remenimk, 7 - dpapuysckul, 4 apaT anraRi-
ckdli N Hemeuxnh, 3 — wemeuxndi w ppapuyscruf, 2 -— dpaHuyscked B asr-
Anfickpft, | genoper snaer BCe TPH Aanka. CKONDKO 4YeAOBEK paloTaior B Oraene?
CroabKo B3 MAX 3HAKT TOALKG ABrAalckEfl #3uKk? CKOZBKO YETOBEK 3IMABT
TOALKO GIHH HIHKF

413. Crapocra OZHOTO KI8CCa AaA CACEYIOHIHG CBEACHPA of yyermwax: «B xaacce
yuarcs 45 WROALHAKOR, B TOM gncie 25 smadvunxos. 30 WKONLHEKOS yuartcs Ha
XOpoUIe M otauvyno, 3 toMm wHcne 16 manpswron. Choprom saMemalpored 28 yue-
HAKOB, B TOM YAcAe 8 Maapunkon A |7 OIROABHEKOD, YHAIMMXCH MA XOPOIBC K
OTARYEC. 15 MARLUAROD y¥ared HA XOpOWNO B OTIHUHO H 38MUMAIOTCH CHOPTOM®.
Hokam#pTe, Uro B 3THX CREREHHAX eCTh oWHixa.

414, Cronpko gucen cpesd nepaux (00 marypadbHelXx GHCER HE HEARTCH HE Ha 2, 4B
B8 3, 71 Ha 5?

415, Cxroabko YHCEN CPRAR NepsoRt THCHUH HaTYPAsLHER HWCeA HE Heastred #H Ba 2,
K BHE 3, He HA B, uu ua 77

3. NMpasnro nporsseaenns. BrophiM OCEOABHM IPAAHAOM KOMGH-
HATOPHKH HBAACTCH npasuso npouzsedenus. OHO aHpakaeTcH che-
Byioiue# teopemoli:

Teopema 1. Ecau muomecrea A u B xowneunst, o whcao nap 6 ux
dexaprosos npoussedenuu A X B pasHo npouseedeniio wiuces 34emen-
TO8 ITUX MHONLCTE!

n{AXBy=n(A)-n(B). (1)
Boxasarteabcrao. MBoxkecrao A X B cocronT 13 nap anla
(@, b), rre acA, beB.

Ecar A=ia\, ..., .} # B={b), ..., b, 10 9TH map" MOXKHO 3a-
nHCATh A aWje cnegRymel Tabarus:

{ﬂ[, &1)| ey (ah bk)r
{&m;'bi)', --‘-‘ (“zm; bk‘).
BHauM, YTO NHCACG 3THX Nap paano mk, T. . n{A)-n (B).
C nOMOIIbIG METOAA MaTeMaTHuecKo# HHAYKuBH GdopMyaa 0606-

BLaeTcs Ba JioGoe YHECI0 MBOXecTa:
Teopema 2. Ecau muomecraa Ay, ..., An KONEUHB, TO UMEET RECTO

PABENCTHO
(A1 X X An)==n{A1) oot {Am).

Iprmep I Cxonbko nomepoa, COCTOHIIMX H3 Aayx OyKa, 3a
KOTOPHIME HAYT BHTH RAGD, MOKHO COCTAARTD, HCNOAL30Aaa 32 OyKan!
B 10 audp?

P e me u r e. O6o3naunrm MEOXecTso H3 32 Oyka depes A, a MHO-
xecrso B3 10 nudp yepea B, Kaxawh soMep TpebyeMOro anaa -ARJs-
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ercsl KopTemeM W3 AexaprToBa npoHlBederdHs AXAXBXBXB.
Tak Kak n (A)==32, n{B}=10, T0 no dopuyae (2) nmeem:

n(AXAXBXBX B)=32-32.10-10:10=1 024 000.

[Tpr pemennst HeKOTOPHIX KOMGHHATOPHRIX 3334 HPHXOAMTCA
HMerh Aen0 ¢ Gosee ofiiedl cHATYanMe#t, ueM PacCMOTPEHHAR BbHIE.
Ona ONHCHBACTCA CJjelylomied TeopeMoR:

Teopema 3. Tycrs sadano orobpamente KaneUNOIO MNONCECTEA
X na muoxcecrso Y, npudem 8 xamOuid asement snogxecrea Y orobpa-
HALTCR OOHO & TO He wucA0 arementos muoxecrsa X. Tozda wucao
saementos 6 X pasno npoussedenuio wucaa saementos 8 Y na 4ucao
FAEMEHTOS, OTOOPANQICUHUXCA 8 Kawond asesenT Muoxecrea Y.

Hoxasaressnctr o MeoKecrpo X pacnapaercst ua nomap-
HO MeNepeCceKSIoIHeCH TOAMHOXKECTEE — NOAKLe BpooSpasn sJeMel-
TOB MEONecTBa Y npk oroGpaxenun f. IToaroMy 4YHCHO 3reMeHTOB
B X PABHO CYMMe JHCE] 9JCMEHTOB B 3THX npoofipa3ax, a YHCIAO Bpo-
o6pasoe papvo uncay saemenroe B Y. Ifo ycnoenio see npooSpasnt
uMerT mopoBry saemeHros. [lostomy 2 (X) paswo cymme (YY) pas-
WBIX CJaraeMuX, T. €. npouasedeHuio n (¥} # uHCAA 3JeMeHTOR B
Kaxaom npoofipase.

OTMeTHM, 4T0 1e0peMa | ABANETCA YACTHEM CAYYAEM TeopeMi 3: ROCTATONHO
paccMoTperh oroSpamenue (a, b)}— & Muoxecrsa AXB wa B. Buasm, aro apo-
otipaz Ramaoro b€ B conepwuT 2 (A) saemerTos, 4 B B coaepuwarcs n (B} snemenTon.
{losromy 1 (AX B)=n{A}-n{B}

[Tpumep 2. Ckonbro ynOPAAOUEHHKX RAP MOKHO COCTABHTH H3
32 Syus, echaM B xaxpoft nape ofic SYKBH pasHyHE?

Pe wenne [Tocrapum B cooTBeTcTBHE Kaxao#h nape Gyxp nep-
By Sykey stoli mapu. [loayunm orofpaxesne muoXectea Y nap
TpeSyeMoro BMAa Ha MHOXectBo X Oyks. [Toaunit npoofpas Kaxaok
dykent coaepxur 31 GykBy {Bce GyxBH, KpoMe Aaunoi). [Tosromy unc-
0 §ap tpefiveMoro sMaa paeuo 32.31 =992

3amerTiM, 410 MHOKECTHO Hap B 3TOM NIpHMepe He OLuIO Aexap-
TOBHM MPOH3BEACHMEM ARBYX MHOXecTR. AHZJOTHYHO MOXMO HafiTh
YHCAO TPOEK, B KOTOPHIX HHKAaKMe ABe OJHMaNOBhLi¢ GYKBH Me HEYT
noapaa. Taxue rpolixk 3anucKBalOTCA B BHAR (a, &, €), rde a5=6 ¥
b=, [Tpe oToSpaxkennn {a, b, ¢)—(a, b) xaxnas napa {a, b} Hmeer
noauuift npooGpas ka3 31 rpofiky. Tax xak ykcao map pasuo 32-31,
TO YHCAO TPoeK paBro 32.31%=30752.

PeiliegHe 3aaa4 TAKOFO THHA MOXHO HPOBOJINTH TAKKE KA OCHOBE
c/le AYIOIHETO yTBepKAeHHsA, 060Ginaninero Teopemy 2.

Ecau nepeyto koopdunary xoprexma Oaunti B MONHO 8bbpoTs
n; cnocobanu, npu mobom evibope nepeold KoopOunarn 8r1opas
subupaerca n. cnocobaxt, npu A06oxK awbope nepsblx Jeyx xoopdu-
HOT TPETLA 8LBUPAETCR N3 cROCOGaMu & 1. 0. 00 k-8 xooplunars. s8R0~
HUTERLHO, TO OBDHLEE SUCAO NOAYHAEMBX TaKum o0pasom xoprexced
PagHO Mg ... M.
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[Ip# ROCTPOSHHH TPOEK, He COAEPKAIHX PHAOM CTOSINHX OLHHA-
KOBHX OGYKB, NepBYK KOOPAHHATY MOXHO BbiGparb 32 cnocoGamm,
NPH KaXJEOM TakoM sufope sropas KoopanHata shiGuapaercs 31 cho-
cofoM, a NPH KamAOM Bbibope nepsuiX ABYX Oyks TpeTha snlHpacTcs
Toxe 31 crnocoGom. Bross nosyuaem orser 32-31-31==30 752

YnpasHensun

416. Hmeercs 5 Bugos kousepron Ges mapok ¥ 4 BrAa mapok. CroabkHME clocolamu
MOMEC BHOpath KOHBEPT B MaPRy AMH HOCHtIGT pHebMA?

417. CroABKEMH CTHOCOBaMB MOKHO BRIGRATL COTACHYX H TAACHYO H3 CACHZ «3fa-
HHes? H3 CHOBA €HAPHETS?

418. CroABKEMYE CIOCODAMHE MOMEO YK23aTh Ha HaxMmarrod AocKe ZRa KBARApara —
Seantfi # wepuuft? Pemure Ty e 3agagy, ecam uer orpadkuesdfi sa Hmer
kBajparon. Pemute ee, ecan wamn BROpaTh ABa fefnX KBAAPATa.

418, Cxoapkudy criocofaMy MOXAO BHOPATh 5 IHAXMATHOR jocke Oentlt 3 vepunidt
KBAJpaTH, He JeXatine Ha QAH0R TOPHIOHTARH HAM OfHOH BEePTHKAARP

420, Mz 3 axsemoaspon yueGuwka aAreSpw, T Ix3eMIRAE0B YueOHRMKA FEOMETPHH H
G skaemnaupos yoeOnaxa usERM 2ag0 BubpaTk KoMiert, copepmamuaii ace
pi yrefunka 0o ofHomy pasy. CONBREMU CROCOGAMM 570 MOMHC CIeAath?

421. B ropauue aexar {2 sGaox u 10 anenscunos. Bang sabupaer anbe abioko,
AHGG anedbcHK, Tocae Yere Hals puGHpaeT M3 OCTABIHXCE PPYRTOB H RO70KO,
i anesbcHn. CKOABKO BOAMOMHO Taxkkx pmbopos? {lpy xawom pubope Bawn y
Hazy Goawite RossomnocTed Bxfopa?

§ 3. OCHOBHBIE DOPMY AN KOMEMHATOPMIH

1. Pasmemenna c nopTopennsmi. B 3T0M naparpade Mbl paccMot-
PHM HEKOTOphiE THNOBHIE KOMOHHATODHEE 3alaYH.

3anava |} Hadru wucao acex roprewmed Gaunve k, Koropsie
MOKCHG COCTABUTE US FACMENTO8 mMrOMecTed X, ecau wucao srux
aremenTos pasno m, n{X)==

Pewenue Ham Hamo HaliTE 4HOIO 3AeMEHTOB HEKADTOBE
npousseaenan XX ... X X, cocrosuiero u3 k& OAHHAKOBBIX MHOXH-
teaed. [To dopmyse {2) n 3 § 2 370 wncso pasro 17 {X)X...Xn (X)
(k mnoxureneh, T. e. pasHo n (Xf=m"

Onpedeasenue Koprexn AnHHE R, COCTaBAeHHHIe 3 e
MEHTOB m-3AEMEHTHOTO MHOoXecTsa X, HAMBAIOT PAIMEUERUAMI C
ROBTOPERUIML U3 m IReMeuTos no k. Yucno 3max Koprexe#t o6oana-
qaior A%, (Byksa A or ¢pasuyackoro ciosa arrangément - pas-
melenne, YepTa ykasmsaeT #Ha BO3MOMKHOCTh NOBTOPEHHS JIEMeH-
TOB.}

Mp noxasaan Gopmyny
Ak e, {1
Mpumep [. CROALKO AATHIHAYHBIX HOMEPOB MOXHO COCTABHTD
ua neeats uudp 1, 2, 3, 4, 5,6, 7,8,
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Pemenune Taxde HOMepa AmaAOTCS xo;:n\emamn IEHBL D,
COCTABJCHHBIMH H3 SACMEHTOB MHOIKOCTRA X ={}, 2,345,678 9.
Mo hopmyse (1) BX wHeno paado Af=9%=6561.

K nogcuery uncaa xoprexeft faHHoN AMMHB CAONATCA MHOTHE
Apyrae KoMOuHHATOPHBIE 3ajaud.

3agavya 2. Haddem wucro orobpamenud smuoxecrsa X 6 mno-
wmecrao ¥, ecau n (X)=k u n{Yi=m

Pemenne [Ilepenymepyem 5SiaeMeHTH mHONKecTaa X: X
=ik, ..., Xe). Kawaomy oro6paxendio f mMoxecrsa X a Y cooraer-
cTayeT KOprex AJAHHL £, CocraBJeHHb# H3 06pa3oa 3THX 3JEeMEHTOA
(asaTHX a TOM XKe nopanke), 1. e. xoprex (f (x1}, ..., f {xx)}. O6parHo,
3aflaHie KOprema {ii, .., H), COCTABJCHHOTO H3 3JCMEHTOA MHO-
Kectaa Y, oauo3Mauuo onpefesnsier orobpaxende f: ateMeHT x; ne-
PEXOIHT A SJIEMEHT Y.

3uaunt, yHeno orobpaxeHH® maoxkecTaa X a MHOXKecTso Y paaHo
uyHeny xoprexef AAMHEL B, COCTABACHHHX H3 HACMEHTOA MHOXecTaa
Y. Tax xax n{Y}=m, To no Qopmyne {1} 310 wucao paamo m*.

Mpumep 2. CronbkaMu cnoco6aMH MOXHO pasfeadth 6 pas-
AMYHLX KOHdeT MeXIY TpeMs HeThMH?

Pemenne Kamuui ciocob pasgena apagercg oTobpaxeHHeM
MHOXeCTaa kouer a mMHowecTao gereft. Uncao TaKux owodpamenui-’:
paaso 3% 1. e 729.

Booﬁme Jlboe oTo6pakende k-3NeMEHTHOTO MHOWecTaa X a

m-3AEMEHTHOE MHOMNECTa0 I MOXHO HCTGAKOAATh Kak pacKiaagky &
SACMEHTOR 110 /1 AUHKAM. Mnl aHAHM, YTO YHCJIO TAKMX PACKAAROK
paano m".

3anaua 3. Halilem YHCIO BCEX NOAMHONECTA MHOXecTaz X,
ecam X ComepaHT R snemedroa.

P e w e v v e. Bynem packragniaath 3MEMEHTH MHOMecTaa X a xaa
auka, KaxzaoMy noamuoxecray A Muoxectaa X cooTercrayer
c1oco6 pacKJafxy, 1IPH XKOTOPOM SAEMEHTH I0AMHOXECTAA N0afaloT
a nepantfi AUIMK, a OCTABHEE 3JEMeHTHl — a0 aropofi. O6paTHO,
Ka)KEas Taxas packiafxa OJHO3HAYHO OilpefenseT NOSMHOXeCcTao
MEMEHTOA, NONaPIMX B nepacifi aumMx. TTosromy obuiee uncao nog-
MHOXecTa a X paado gucay cnocoBoa pacmanxﬁ 3MeMeHT0a MHO-
KECTBA 1O ABYM RuiMKam, T. € paauo 2" ¥ 2k

310 yTBEPKICHHE IerKo SOKA3aTh H € IOMOLIBI0 MATeMaTH4eCKOf
BHAYKHHH 110 &.

MIpumep 3. Bunumem ace 1nogMHONKECTaa MHOXKECTaa {u, b, ¢}

Peme# He JlanHoe MHONECTAD HMeET BOCEMb TIOAMHOXECTA:

G) {a}; {b}; {C}t { L b}l {a; c}l {b‘ c}t {an b) C}
Tax xax 8=2% 5T0 cootsercrayer HOKA3AHHOMY abiiiie yraepxfe-
HHIO. '
Ynipamuenns
422, CROABKO CYHIGCTBYET NATH3HAYHWX HOMEDOB, He copepKamnx uwdpy 57 we
coaepmaumux undn ¥ u 8?7 cocrasmennmx ws uagp 2, 3, 5, 7?
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423, CroabxkBMK cocofiaMk MOMBO pasnoxaTs 12 pasanunux geradtefl no 3 amuxan?

424. HUmeerca palop w3 16 xaprouex. Ha uetnpex ma mux nanmcasz Gyxpa «A», Ha
seTepex — Gykpa «Bs, ua gerwpex — Gyksa «Bs, B 2a wernpex — Gyxsa «F»,
CKOALRO PAIRBHHLEX KOMOHHAURE OYKS MOMHO DOAYUHTS, BuGHPaAs W3 =abopa
4 KapTOuKE ¥ PACHOAArAS HX B HERGTOPOM (OPSIKE?

425, B HEKCOTOPOM CRa30UNOM KOPOJeRCTRe He OHAC APYX YEIOBEK ¢ OMHHAKORNM
safopom zyfob. Kaxoso More Gurth HanGoabliee qucio KiTeled sroro koponen-
CTRA, ECAM ¥ wesoBeRa 32 3y6a?

2. Pasmemenns Ges popvopenn#. DyneM Tenepn COCTAB/HITL M3
INEMEHTOR M-3NEMRHTHOTD MHOXecrsa X He KODTreXH [AHHW %, &
YHOpAACHEH Hile MHOMKECTBa TOH e AAHHN. VHBIMH c10BaMH, B OTAR-
wwe or T, 1 Gyaem GpaTh JHilh KOPTeMH AAHHE £ Oe3s NGRTOPRIO-
WHXCA 3AeMEeHTOR.

Onpedesenue YDopanouenHoe MHONECTBC HAHHH k, co-
CTABJCHHOE H3 INIEMEHTOB M-3JEMCHTHOrO MHOXecTRa X, HA3HIBAT
pasmeienunmu Ge3 nosroperud 13 m IAEMEHTOB MHoXKecTBa X no k.
Uncno Takix pasmewenndl o6osnagant AL,

3anaua 1, Haidden wucao pasmewjenuil 6es nosropenuil uz m
3seMerTo8 no k.

Pemenne [leppok koMnonentolt KopTema MOMeET CTaTh Ai0GoH
H3 VIeMEHTOB MHoXecTa X. Tak Kak HX YHCAO PABHO M, TO NOJAYUaEM
m BoaMoXuocre#t splGopa. Ecau nepeuit sneMmeHT x; yRe muifipad,
BTOPGH IEMEHT MOXHO BHODATh AHWL m — | cnocoGamH {noBrope-
HAE 3JieMeHTa X, He joNyckaercd). AHANOIAYHO YCTAHZBAHBAEM,
uTO NPH BHIGPAHHBIX IMEMEHTAX Xy H X2 JAEMEHT X3 MOMHO BHGpaTh
m — 2 cnocobaMu u T. . BIIOTE [0 SSeMeHTA Xp, KOTOPHIE MOXHO
subpate m—{k—1), T. . m—k& 41 cnocobamy (g0 Hero BHGpaHm
k-1 30eMeHT: X, ..., Xk—1, HH ONHH H3 KOTOPHIX M€ JONNeH NOBTO-
PRTECA ).

[lo npasuny npouameleHus nNofAydaeM, ¥TO 9uCIO0 pa3melleHHR
fe3 nOBTOPeHHA H3 M JICMEHTOB NTO £ BhipakaeTcA Qopmynof

A =mm—1).. (m—bk+1) (1)

1y bopMyay MOXKHO 3anHCaTh HHAYe, €CAH BOCTOAL30BAaTECHA o603Ha-
venneM n! {sn axropuar} ANA DPOMIBLNSHHS HATYPAABHHX UHCEN
or | non, al==1-2....-n. Ecay yMHOXHTL 00e yacTH pasencria (I}
Ha {(m-g) ={m —£k)....» 1, TO DONYUHM, 4TO

(m— k) A= m-(m—1)-..-(m— k4 D (m—E) .- T=m!

Otcioaa BRITEKaeT, HTO

k__ mi ’
Am"-(m—k}!' ()

[puwmep 1. Hafimem, cxonapkuMr chnocobaMi Moxuoc subpaTh
H3 KAacca, HacunTHBawilero 40 yueHHKOB, CTAPOCTY, KOMCOpPra H
dusopra.
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Peme s ue. Jlo6ol rakol swfop ABARETCA paIMelenyeM Oes
nesTopenndt na 40 anementos o 3 (ou 3a/aerTcA KOPTERKEM AAHHBEL 3
6e3 HOBTOPEHHA, COCTABACHHBIM HI SNCMEHTOB MHOKECTDA YIEHHKOB).
JuauuT, uacAo cnocobos BHGOPA pABKHO

Al=40-39.38 =59 280, )

B n | Ouisa ycTAHORACHA CBA3bL MEXKAY KODTEHAMH LAHHB K,
COCTABICHHEHMH H3 IeMeHTos MHoKecTsa Y, A orolpaxednamu s
Y k-sneMenrroro muoxecrsa X. Pasmewmennsnn Ge3 noRTOpeHni cOoT-
RETCTBYIOT TakHe OTOBPAXKEeHHN, HPH KOTOPHX PpAsHbe SAEMEHTH
MHOKeCcTBa X 0ToGpaMaiTcs 8 pa3Hbe INEMEHTH MHOXKectsa Y,
T. €. o6paTambic oTo6paxennn muoxecTsa X s Y. Tem caMbiM Bokasa-
HO CACAYIOINEe yTBepIKAeHHe:

{fycre muomecrso X codepacur k sremenros, a mnoxecreo Y —
m saemenTo8. To2da uucao obparumsix orobpaxenuil muowecrsa X
8 anoxecrse Y paeno Ab.

HaraagHoe peronxosanne ofpataMuix orobpamenust X s Y co-
CTOHT B TOM, YTQ SNEMENTH MHOMKECTBA X PACKABAKWBAKTCA TI0 /M AH-
KaM, tIpHUEeM HA B OAMYM MNFK Hesb3s NOJ0KUTHL Gosee oRMOro 3ne-
MEHTA.

¥upaxuernny

426. CroMpKHME CBOCOGAME MOXHO COUTHBETL TPEXHBETHMH NOAOCETHH taar, ecaw
AMCIOTCH TKAHK NATH pajiBYimX BBeToB? Pelsnre Ty Me 3agasy THE YOIOHHH,
YTO OFHA HOAOcH AGHXHA OHTE KPaCcHOM.

427. B nexe paSoranT 8 Tokapefi. CrOZBKAMA cHOCOSAME MOXHO DOPYMHTS TheM Ha
HHX HAFOTOBAcHHE THEX pasiwuuux puach geradell {40 ofnomy RRAY 82 Kaw-
more)?

428. Ha 10 paspuadmx Repr sMORPaoT 4 aA% ROCHARE. CKOABKHME CRocofGasmu
ITO MOMHO CHEAATL?

428. B npodrkom HabSpano % wenosek. Ha wHx majio BEOparth DpesceszTesn, ero 3a-
MECTHTEAN, CEKPETAPA E Kyasropra. CxOAbKHMA CROCOODAME 370 MOXEQ CAE
Aate?

430, Cxonsumme crocoGaMH MoxHe onyetath b nucem B Il novrosHy AELEKOB, ocisd
B KaMANA AUHK onyckaT He Goaee OAHOrG NHChMA?

3. flepecranonxn Ge3 nosropenwst. Ecan Aauna pasmemesnn Ges
TOBTOPEHAR pasHa uHCAY M SAEMEHTO s MHOXKecTsa X, 10 8 310M pa3-
MEIHEeHHH BCTPERAKITCA RO ORHOMY pasy Bce saement u3 X. [isa
TAKHX Pa3Meilesss OTAMYATCA ADYT OT ADYTa NHILL TOPAAKOM 3THX
iemeHTos. JaauM TakuM pasMelMEHHAM 0cofoe HassaHMe,

Onpedeaenue. lfepecrancancil 6ez noatopenud us m sne-
MEHTOB HA3LIBAI0T pasMmelteHHe §e3 MOBTOPeHHMl H3 STHX SAeMEeHTOB
no m.

Uneno nepecta HOBCK #3 M 3AeMENToB ¢f03navawnT Py, (O $pan-
iyackore caosa permutation —— nepecrawoska.) Taxk xax
P =A% To no dopmyae (1} n. 2 moayyaem, uro

Pup==m-{m—1)-. .. (m—m+=m-(m1)e.... | =m!
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Hrak,
Pyp=m!

Hpamep 1. CroabkamM cnocoaMa 6 ueaoBeK MOTYT CecTh Ha
6 cryanen?

Pemensne 3anymepyem cryiba unciama I, 2, 3, 4, 5, 6 »
0603auAM YER0BEKa, ceBllero #a k-# ¢TyR, yepes x.. Toraa (xi, ...,
Xg} ~- MEPECTAHOBKA K3 HMEH 3THX INECTH JAl0Zefd, npHueM Kaxaol
TAKOH NePeCTaHOBKE COOTBETCTBYET ORHH H TOABKO OIMH CiIOCOG
pa%n:eu!f;oﬂﬂ #Ha CTYABAX. 3H&YHT, YHUIO ciocofioB paBHO Ps=

Kaxian nepecrasoBka j1eMeHTOB MHOMecTBa X 3a2aeT BIaHM-
HO OZHO3HAYHOE OTOGpAXKeHHe 3TOTO MHOMecTBa Ha cefd. Hmesnno,
safyMepyeM JeMeHTH MHmKecTBa X unciamu L, 2, ..., m: Xee
==(Xt, 1.y Xm) A BOZHMEM KaKYIO-HAGY b NEPECTAHOBKY 3THX SMCMEHTOR.
I[focne sroro saememty x| MOCTaBHM B COOTBETCTBAC HEPBYIO KOGP-
IHHATY 3TOR MEPECTAHOBKH, 3MEMEHTY X; — BTOPYIO, .., JICMEHTY
X = M-H0 KOOPMHHATY. 3THM 3284€TCA B3AHMHO 0ZHO3HAYHOE OTOG-
paxerde X Ha celn.

Hanpamep, ecan X=(1, 2, 3, 4), To nepecranoske (4, 3, 2, 1}
COOTRETCTHYET B3aAMHO 0AHO3HauHOe 0TOGpaKenHe MEOXKecTBa X Ha
ceGa, apn xoropom ! mepexosdr 8 4, 2—5 3, 3B 2, 4 —3B 1.

¥apamuennsa

431, CroabKaME cHOCCOaME MOKE0 oBBTH § CTYALER TRAHBI, ©CJAN AMEKTCH THAHK
IHEeCTH PALAHYHHX IBETOR W BOe CTYALS AOMKHM Ouith PasHOre uBera?

432. CROABKMMA CHOCODEME MOIYY PACHOJIQKHTECH B Typuupeod Tabawue 10 dyr-
GoAbHHX KOMBHE, eCAH HZRECTHO, YTO HEKGKHE B¢ ROMAHEH He Halpasm o
POBHY O4KOB?

433. Ha cofpaner acaxun suctymuts 5 vexosex: A, B, B, I, J1. Croapxumu cno-
coBaMi MOMNHCG PARCHOJOMATS WX B CHRCKe OPaTopoR, echd B se foswen Bu-
CTYIIaTh B0 TOr0, KAK BHCTYIHE A? Pemmre 1y e sagawy, ecnd B pomsen
BHCTYRHTh Cpasy moche A.

4. Coveranns Ge3 nosropennft. Syaem Teneph CTPOATE H3 INEMEH-
TOoB MHoxecrBa X He kopTemm, a noamsoxectsa. [Moayysm tax
HA3MBAcMHeE COYeTAHHS €3 IOBTOPCHMA.

Onpedearenue. k-anementanie TNOAMHOXKECTBA f1-3AEMEHT-
HOIO MAGKECTBA X HaE3WBAIOT COYETUHUAMIL 63 nosTopenuli H3 e-
MEHTOB 3TOTO MHOXeECTBa 1o k. HIx 4yncao oGosnavaior Ch. (Or dpan-
uysckoro ciosa combination — komGugaunn.}

fipemep 1. ¥is muomectsa {a, b, ¢, d, ¢ MOMHO COCTaBHTB
10 coyeramn Mo 3 anemesTa B KAKAOM.

@, b, ¢l fa b, d), {a b e f{a c d, la c e,
fa, d, e}, b,c,d)y [b,c, el {b,d e lcd e
s raxkaore Takoro coueTamHsl fyreM pasiH4HBIX YNOPAZOYHBAHHEA
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AEMERTOB Nodyvaercs 6 pasmenienn® 2 5 saementon no 3. Hanpu-
Mep, H3 coweraHust {a, b, €} NoAyuaem CJERYIOUHE pAIMELIeHRS.
{a, 6,c){a, c, ), b, a0, (b ca)c a b),{c b, a) Orcioga sRARO, 910
YHCAO PasmeitieHnB 6ea nosropens# W3 5 3aeMeHTOB no 3 paBHo
6+ 10==60, uro cornacyercs ¢ popmyaoht {1} n 2: Af==5.4.3=60.

3agaua 1. Halizem umcno coueramil Gez nosropemnit 3
1 9AEMEHTOB N0 A

Peumenue M3 xaxaoro couerards §e3 NOBTOPeHHHA w3 m 1o &
HyTeM YHOPHIOYHBAHKE Moaydarest k] pasnHvHEX pasMetieHn# Ge3
NOBTOPEHHHE H3 m a7ementoB no k. JIpH 9TOM pazanuMbie COMCTAHMS
MOPOXERIOT PA3NHUHLEC PA3MEIISHHS M Ka’KA0e Pa3MeilieHHe MOKer
6WTh NMONYUEHO YKa3aRHKM ofpasom. OTcioga Crenyer, 4r0 WHGIO -
pasmeilieHHE He3 NOBTOPEHHA H3 M 3/IEMEHTOB 10 & B &! pas Goabiue,
YeM qHeS0 coverannA Oe3 NOBTOPeRHA H3 M 3JeMeHTOB No 2. HHniMu

¥
CAOBAMHN, MH ROKa3aaH, uro Ak=:=kt.CL. Ho torna C% =%’;&. [loa-

crapasist past A%, sHipesenHoe B 1. 2 3HaueHHe (m’i’ o nonyuaem,
mi
Ctﬁk!(mmk)!' )
dopmyny (1} MOXHO 3anHCaTh TaKxe CeAyIOiHHM 00pazoM:
mimol)(mk 1) .
Che= 1e2-3-..¢k : (1)

It puMep 2. CKONBKHMH cOCo03MH MOKHO COCTaBHTD KOMARAY
H3 4 4esoBeK A/ cOpeBROBANHA N0 GeTy, eCAH HMelrcs 7 §eryHOBP
Pemenne Hucno subopos pasuo:
4y__ 7-6-5.4
Ci= 1554 =35.
3amevarne Fean Om womangs swBupanack a8 scradernoro fera Ha
100200+ 4004800 m, To uwcac cnocofon subopa Owio 6w 5 4l==24 pasa
Hoabie, MOCKOABKY HIPal G pOAL NMOPRAGK CHOPTCMENOR — KTO KAKYID JACTAHEHI
Gyaer Gexars,

IToustree coverannst 63 NOBTOPEHHH TOXE MOMKHO HCTOJNKOBATH
Ha S3hIKE 0TOOPAMKeHHH, TOIbKO TenePh NPHACTCH 0T0GPaKATL YROPS-
ABOYeHHHE MHOXecTBA. Visenwo, nycth AaHu JABa YNOPSIZOUGHMEX
mHOXectsa X u Y, npuuem n (X}=Fk, n (¥)=m. Torga uucio oro6pa-
wennfi X Y, cOXpanstioHiNX NOPALOK 31eMEeHTOR, PABHO Ct. B camom
Aeqe, KaKAoe Takoe 0T00palKeHHe 0LHO3NaUHO onpeaeaserci BrGo-
poM k 3neMentos w3z MuHoxectsa Y. [locne 31010 neppnifi 3nAeMeHT
MHOXeCTBa X oToO6paaercst B HAHMEHbUIRE H3 BHIOPAHHMX 3JieMeH-
TOB, BTOPO# - B CACAYIOUIME H3 BHOPAHHMX 3IEMEHTOB R 7. L. BILIOTH
A0 R-TO, KOTOpH# 0TOGPaKaeTCs B NOCACOHHE W3 BHOPaHBEX ane-
MeNTOB.

Hanpumep, noamHoxkectsy A=={2, 3, 6} yNopstoueHHOro MHO-
wecrsa Y=(1, 2, 3, 4, 5, 6) cooTsercTBYeT CAeiVIOiliee OTOGPaKEHHe
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z —’  YHODAROMEHHOre MHOMECTBA X==(10,
i1, 12) 8 Y: 10 nepexoaur B 2,
Il—p3ni12—B6

Muorne xomGHHaTOpHBE 3ajaun
CBORSIICH K TIOACHRTY HECJIa CcOoue-
Tagui Ge3 MOBTOpeHHi K3 m 3jaeMen-
A §  TOB MO A

Puc. 79 3anaya 2. Hafizem ukcAo Kop-
Texed Angnnt R-;-n, copepXaiimx k
pa3 6YKBy a # n pas OYKBY X.

Pemer e Tax xax cocTaR KOPTeXel HABECTEH, OHE MOTYT OT-
JAM4aTbCS ADYT OT APYTra JHLIb NOpsaxkoM Gyke. Ho 3T0T nopsifiok oo~
3HAYHO ONPEICNSCTCH IANAHHEM MECT, KA KOTOPHIX cTOAT GYKBM @
(o¢Tanbunie mecTa saHHMalrTes GyksaMmu x). Munimn croBamu, namo
BHIGPaTE R-3/ICMEHRTHOE MOAMHOXKECTBO B {R - 1)-9JeMEHTHOM MHONKE-
CTRe MecT. A 3T0 MOXEO cAachaTh Ciy. CNOCOGAME.

Hpumep 3. Croabkume ciocoGaMB MOXKHEC NONACTb K3 TOYKH A
B TOuKy C (pHe. 79), €CAH MOKEO JBETATHCH JKIIL BIPABO ¥ BBEPX 110
oTpe3kaM CeTe?

Pemenn e KaxIud ayTs cocTouMT H3 8 TOPH3OHTAABHEX W 4
BEPTHKAJbELX eAHARYHN X OTpe3koB. Ecin 0603Ka%uuTh FOPHE3OHTEAb:
HHR OTpe30K OyKBOR @, a sepTHxaAbHbE — GyxBO# X, TO MOAYHHM
Koprex ua 8 Gyke a v 4 Gyxe x. Cornacuo npuMepy 2 YHCAO TaKBX
KODTeXeR, a TeM cambiM HCKOMOE YHCHO ITyTed paBgO:

g 12.11.10-9
Cla=Tg37 — 1%

Ynpaxneunnn

434, CrOAPKHMH CHOCOOAME MOKHO BHGPaTh 3 JEACFSTOB H3 COCTaBa KeHGEPEHIHM,
#a koropodl npucyrerByRT 15 veroner?

435, CroabpMe cnocoSame MOMuo nocraseTh 8 mlamer na ﬂepuue HOAA EOCRHP

436. CroAbKuMH crocofaMit MOMHO BOCTABMTE Ha YepHWe noad Aockd 12 Oeanx

12 depuux mwamex?

¥ oruoro wesoBexa ecrh 11 KeHr o MartesaTRie, & ¥ Apyroro — 15 kunr. Croas-

KHMH ¢ROcOGAMH OHH MOTYT BROGpPATh RO 3 KHEFH RAKAMN AxY ofMena?

438. CroankEMH CAOCOBEME MOMHO SAMOAHHTL KaPTOukn «CIOPTACTO» (3aUepKHYTH
6 nHoMepop K3 49} 7 Bo CKOJLKHE cAyYaAR B3 BHOPasRHX IECTH HOMEPOB HOCae
THpaXa TPR OKaMYTCH YrafanHeMA Apaspabio? Bo CROUBREX Caydasx npa-
sHAbHO GYAYT yrafaHu 4 moMepa? 0 HoMepos? § Homepom?

437

5. Coueranus u Ounomsaacnuie xootpdunmentit. Oboszuaucuue
Ch BeTpeuanock uaM B 1. 9§ 3 raaBu V npe H3yueruu Guroma Heworo-
ka. Copnagenre oGo3navedti ve asasercy caysaitaum: B 9§ 3 raa-
B V GbiA0 ROKaaaHO, 4TG

Cg___ mi
PN

Bl {m—k)
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a cefivac Mbl HOAYIHAM TY XKe dopMyay AA¥ uHCHa couetaHHE Ges
noa'ropeﬂaﬁ H3 m 3neMenToa 1o k. Taxum o6pazom, kosppuuaeHT
npr x""*.g* a pasnoxeuns Gamoma {x-}-a}" paaeH uACAy cOve-
TaHHR H3 M 3MEMeHTOA 1O . B 3TOM MOXRHO yOenrTbCA, HE HCNOMbIYS
dopMya anf GHHOMMaALHEX Ko3ODHIHEHTOA H ANA uAtIa Coue-
TAHHH.

B camom pene, zandumesM (x4 a)” a anlne TPOHIBEXCHHSN MHOXKHTE-
neft (x+a)

(g d-a)*=={x+@}-...«(x+a) {m MEHOKHTENLRA).

Ecnu packpeiaath cKOGRH a 3TOM TPOH3BEAEHHH, HE HCNOAL3YR 000-
3HAYEeHHH CTENeHH H He Mepecrasias MHOKHTeseH, TO moayddMm ace-
BO3MOJKHBIC KOPTEXKH ABHALE M, COCTaBJEeHHbe H3 Gyka x W a. Hampu-
Mep,

(xb @) == {x-+a) (x+ a) (x+a)=
== XXX +xxa-+ xax+ xaag+ axx + axe ¢ gax 4 aaq.

Yro6ul BUHCHHTD, KAKHE H3 3THX craraeMuix BORAYT B YeH Pasdo-
Xenus GIHOMa, colepxantnil ™ * a*, Hafo y3HaTs, CKOABLKO H3 TAKHX
Koprexef conepkat m—f Gyka x H £ Gyka g. B n. 4 6ua0 nokasauo,
4TO HHCAD TaKAX KOprexed paaHo Cln..s)+k T. € Ch. D70 A NoKasH-
aaer, 4T0 Ko3thdrEEeHT NpH X" *. g* a pasnokeHHH GHHOMA (x4 gy
paBeH JYHCAY coueradsil H3 m ieMeHToa no k.,

B n 10§ 3 rnaant V 6uan aoxa3aHbt Ha ocHoae GopMyJbt GHHOMa
Hbi0ToHA H SaHOTO ampaXkeHus AAR Ch pasinumble cpoficTBa umced.
Mmui nokakem ce#tuac, 4To It caoficraa MOXKHO J0Ka3aTh Ha OCHOae
KOMOHHATOpPEHX paccyskaeHifl,

1) Hro6m pokazaTh paaeHcrso

CatCut ...+ Crt ..+ CR=2", {1)

3aMeTHM, YTO MHOJKECTa0 H3 /7 JIEMEHTOAa COAEPKHT 2™ NOAMHOKeCTa
(cm. m. 1). PasofSbeM COBOKYTHOCTD aceX NOJAMHOKECTa Ha KJaccHl, 0T
HeCH K £-MY KAacCy NOAMHOKeCcraa, CoLepKalHe £ NEMEHTOB. Torﬂa
a O-M wracce Gyaer Cl NMOAMHOKECTE, a 1-M Kaacce ~ Ch NOAMHO-
Kecra, ..., a m-M ~— Cq NOAMHOKecTs. [locKosbKY ®aXaoe NOJAMHOXKe-
CTHO NMOHANAET a OAFH H TOALKO OLIHE KJAce, N0 NMPaaHzy CyMME NO-
Jydaem paseuctso (1).
2} Yrofu mOKa3aTh paaeHcTao

Ch==Ca~%, (2)

NGCTaAHM A COOTBETCTAHE KAXAOMY R-3eMEHTHOMY TIOAMEONKeCTRY A
Mm-3NEMEHTHOIC MHOXecTaa X ero Jononxenne a X. ITo JonosxedHe
COOEPKHT m—k 3eMEHTOAa, NpHYeM 0TOOpaXKeHHe, craasilec a co-
OTaeTcraMe NOAMHOXRECTaYy €ro ROMOJHEHAe, A3AMMHO OZHO3HAYHO
(ecan A=s=B, ro u A’ =4 B’). 3daqar, YRCI0 M-SAEMEHTHHX TOAMHO-
wecra a X paano uHQIY {m - k)-2JeMEHTHBHIX TOAMHOXeCTa. A 3To
H 3HAYAT, 41O
Ck #Cﬂuk.
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3) HecKko/bKO CHOKKEE ROKASHIBACTCA PaacHCTso

ct —Ck—"i:*fwckuz. (3)

Buibepem B m-saementHoM muoxkecTae X Kaxof-muGyAb ieMeHT a
# pasoGheM BCe R-3MeMeHTHHC NOAMBOXKecTaa muoKecTea X Ha xpa
kaacca. K nepsoMmy OTHECEM TE€ NOAMHOMKECTad, KOTOPHE COAepKar
JAEMEHT &, A KO BTOPOMY —— BCe OCTadbuble. EC/IH K3 KaXKA0ro NnoaMuo-
#ecTaa 1-ro Knacca yAANRTH SA€MeHT g, ocTauerca (k- 1)-saement-

HOe NOAMBOXKeCTa0 (M~ | )-3eMeRTHOrD MBOXKecTaa X , monydaeMoro
yaanennem k3 X anementa a. [osromy 1-# xaace cogepxut Ch— Mo-
®eern, Muomwecraa xe 2-ro kracca ABAAKTCA k-aaeuemnumn noa-

MHOXKecTaaMi (m - I)-aMeMedTHoro MHOXecTBa X {peobL OBH He CO-
zepxat a). TlosroMy nx ukcao paeno C% ;. Tax Kax Kaxioe k-sae-
MEHTHOS FOAMBOIKECTBO H3 X MOMaA0 B OJIBKE H TOABKO OAKK KJIACC, a KX
ykcao paawo Ch, TO N0 npaakdy CyMMbl HMeeM PaBEHCTSO

ChosChmli - Ch.

ArajsorsanniM 06pa3oM MOXKHKO ¢ NOMOLILIO KOMGHHRATOPKHELX pac-
CYXICHHA ablBeCTH AakbHefillde CHOHCTRA HECER

Ynpasegennn

439. Jloxamure cAcqyOmAe TOMALCTRA s uncey Ch:
1) CR4CRe s+ Chet . F Clom = CRER;
3N Oy oy B Y o et SO - v S B ooy Y
3} Ch Cnrh - Coat Co=% ot oo Copk CO s+ Chpp CRlhsp = Ca%h;
‘f'} Cack’“'“cucm-l+ + _1)‘6* x-k+ "i"(""‘“l}mc” # ﬂ“"“o-

440. Hoxamxiure, 910
(CIRH{CP+ o +(C3F = Che

6. TNepecranonkn ¢ nosTopername. [ipr nepecranoare Gyka a
cl0ae «T0JMas nosydaercs Ps=51==120 «caoas. Ecan ke nepecraa-
aFts GyKabl a CJOBE €TONGE», TO HOJYYRTCA MeHbHIE PasIHHLIX
€CI0A» NOTOMY, YTO HE NepecTanoaKa ABYX GYKB «T», HE HEPECTAROBKA
ApYx GyKa €O» He H3IMEeHAT «cr0Ba». Mnl BMeeM 3/ech AENO C pepe-
¢TagoaKaMK ¢ HOBTOPEHHEM.

On p edearenue [Hepecranoaxod ¢ nosropenusisy coeraaa

(ks, ..., Rm) B3 Gyxa (ai, ..., Qm) BA3HAZIOT JIGG0H KOPPEX AAEHL
k=ky+ka+t...4+ km, a ®OTOpuif GyKBa @; AXOBBT &; pas3s, .., GyKaa
am— km pas. *{ac.no TAKEX nepecranoaok ofoaravaior Pk, ..., kn).

NMpuwmepl Koprex (a, b, a, a, c, b, b, b, ¢) ABnAeTca nepecra-
HOBKOF C NOATOPEHRAMHE K3 Tpex 6YKB 4, YeThipex GyKka b ¥ nayx Oykac.
Ero cocraa anpaxaerca woprexkem {3, 4, 2} (mu cuntaeM u3 Gyks 4,
b, ¢ Oykaa a — nepaan, b — aTopaA u ¢ — TPeThA}.
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3 a x aua. Hafirem uacno P (&, ..., Rn) NEPECTAHOBOK ¢ NOBTOPE-
HUSIMH, KMEIOWUMX cocraB (R, ..., Rm).

Pemen e IlepecranoBky cocrasa (Ri, .., k=) MOXKHO Roay-
YHTH CAeAYIOLlHEM ofpasoM: cHauasa sulHpaeM R Mecro M3 obulero
yHena MecT k==kit ket ...+ kR, H DHmEM Ha saEx Oyxay a —
ITOT an60D MOXKET OuTE cAenal CF cnocoGaMi. 3aTeM H3 OCTABINHXCSH

k-~Fky MecT aniCupaeM Ry MeCTA H HHIEM Ha BKX OYKBY gy — sToT
BGOD MoKeT O caenan C}? . cnocoGamu. BuGop mMecT asm Gykeul

a3 MOXKeT Oute cxienan CP, . cnoco6ams v T. 4.

1o npapuny mpouspesesHsl noAyuaeM, UTO BuiSOp NepecTaHOBKH
cocraaa {ki, ke, ..., Rm) MOXET GbiTh CHERAH

Ch G O i,
cnocofamu. B cHay dopMyan C{mmfl——};? AOAYUALM:
Pk, Ry, .., R}
k! —k)  e—hi— . —ka_i)
kﬂ:(k—-k;)’ kz!{k*’*kl“—kz}’ e kel G1 ‘
Hocne coxkpamennn noayvaem opMyay
- k! I T T e
P (i, ’k"‘)‘"’kn kol ..kt Rl kol kal (1)

Mpumep 2. CKOAbKO CAAOB MOKHO IOAYUHTL, nepecTasann Gyk-
Bul B CJIOBE <MATEMATHKA»?

Pe me u ae. CA0BO «MaTeMATHKA» ABASAETCH KOPTEKeM LiHHH 10,
Hmeimy coctaB (2, 3, 2, 1, 1, 1} (6yxBa «M» BXOAHT AB4 pasa, 6YKBa
«a» -~ 3 pasa, 6yKBa «T» — ABa pas3a, OYKBul «€», <H», €K» — HO O4-
HoMy pasy). 3HavAT, OPH AepecTaHOBKAaX OYKB AOAYUHTCA

10
P23 2, 4 1, i)wmm 151 200 <csioB».

Kak v Apyrde NOHATHA KOMOHKATOPHKH, NePECTAHOBKH ¢ AOBTO-
pEHUAME MOTYT GHITE HCTOAKOBAHBE HA S3HKe 01oOpaKeHHA MHOKECTB.

Tlycrs pawst muoxkectsa X ® Y, npuueM n(X)==k=sh(+ ..
witBa, n(V==m, Ye=lyy, .., tm). Torna P (R, .., Rw) Paaso MHCAY
orofpaxendii X B Y, TAKHX, YTOo AoAHbiil Apoolpa3 3reMeHTa Y
conepxut & saemenros. MMenno, xaxnomy rakomy orobpamenun |
CONOCTARIHNETCA NEPECTaHOBKA ¢ NOBTOPEHHAMH RMHHB &, COCTORILAN
H3 GYKB ¢, ..., §m, OPHUEM GYKBA y; CTOHT HA MECTE TeX xp, AAA KO-
TOPHX f (xs)==y;.

Tipumep 3. Ckoaskumu cnocobamu MOXKHO pasfioxuTs 28 pas-
AHYHLEX GPEAMETOB N0 METHIPEM Pas3NHUHWM SUIHKAM, Tak, YToOut B
KaXJ0M SILIHKe 0X43aloch A0 7 mpeiamercs?

Pemesdne B cHAY CKa3a#uore BullHe WHCIO CHoco(OB paBHO

98t 281
P@, 7, 7, N=y7 7
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B npumepe 3 GuiA0 cyilecTBeMHO, YTC HIUMK# MOXKHO OTAHUHTH
ApYT OT Apyra (Hanpumep, OHM NOKpalieHH B pa3suble [sera).

[Tpumep 4. Crhoapkums crnocofaMB MOKMO TOAGKHTD 28 pas-
JHUMEIX OTKPHITOK B 4 ORMHAKOBHIX KOMBEPTA TakK, YTOSH B KaXKI0M
KOMBepTe seXajo no 7 OTKPHITOK?

Peme nne. CHauana nmoMersM KOHBepTH uMdppamu 1, 2, 3, 4.
Toraa coraacho npuMepy 3 uMcA0 PasiMyMbIX PacKAafoK DaBHO
P{7,7,7, 7). Tlocne 37010 corpeM noMeTkH. Tenepr KOMBEPTH MOXKHO
NPOH3BOALHO NEPECTABMATD APYT ¢ APYTOM, He MEeHsis PesyabTarTa pac-
KAa[KH {Bexs OMH Terepn HeoTAMuUMMH Opyr oT 2pyra}. Tak xak usicsio
pasfMYRKX NepecTaHOBOK 4eThipeX KOMBepTOR pakHo Pi=4l, 10
YUCAO PATHYMDIX PAcKNAROK yMeHbluaercs B 4! pas, ¥ noroMy oMo
pas¥o

P(1,7,7, Ty ﬁ“’{f,

3ameyasnde. Heso, yro waeno PAFIRYHHX PACKAAAOK ABAACTCA ue.wu.ﬂommy

HEAOE YHCAD. TaxeM xe 069&30” ROKAZWNBACTCA, YTO NTPH Aclnx HATYPalibL-

_ma)t
m! (nly

Jamernm Teneps, uTG TAK Kak

Ch= g k),wP(m k, k),

28t
N

HUX M W 1 YHCH) LEenoe.,

TO Q}OPMYJ!Y SunoMa HbioToMa MOKRO 3a1IHCATH CACRVIGIIHM OGPESOMZ
m
(x-;~a)*“=§ P{m—k k) x"* g*. (2)
wax (

Takast sanuch o6of6uiaercst Ha cayuafl Gosabluero usicas CJaraeMux B
ckofke. Mmenso gan mobHix & ¥ { BepHa dopmyna

(% txot A xf==2 PRy, .. ko) Xk, (3)

FAe CyMMa PACNHPOCTPAMSHETCH Ma Bee YHCJAOBHe xoprexu (R, .., )
M3 HEOTPHIATEABMHIX [eibX Wicesk, Takve, uro B 4.t k=k.

bopMyaa (3) BoxasHIBACTCH TAK Me, KaK tbopuy.ﬂa G6uroMa Halwo-
TOMd: SANMCHBAIT BHpaxenwe (ri-..+x)* B BAZe npouseere-
HHA £ MuoRHTenel, pacKpHBaloT cKOGKH Ges ofo3Hauesiss CTeNeHH
H H3MEHeHHs NOPsAKA MUOKHTeReH, IOKA3LIBAKT, UTO HPH BTOM 1O-
AYUHJINCH BCe KOpTexM IAMMod &2 us GYKB X, ..., X;, H BHIBOENT
oTcioRa, uTo Kosdprurent npu x¥ .. x* pasen P (k. ..., &). Mul ony-
CKAaeM HeTANM 3TONC PacCyIRKAeHusi.

MDpumep 5. Packpoem ckoGkH B Bmpaxennt (a+b-4cp.

Peue #t#e. Orser nMeer BHA

(@-Fb+ o= Pk, ks, ka) a®bhch,
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Fhe CYMM& pacnpocTpasesa Ha Bce KopTexH (Ry, Rp, ki), Taxue, uto
k;~+-kg+ s==3, MIMH sisasioTea soprexu {3, 0, 0), {0, 3, 0), (0,0, 3),
{2, )(20I)(120)(102)(012)(021),(111)
Tax Rax
P{0,0,3)=P0, 3 0=PLP(300= 0101 = =1,

P2 1,0=P(2,0, 1)=P(1, 2, 0)== P{l 0 2=P(0, 1, 2)=

=P(0,2 )= 2msz =3,
at
P{, 1, 1)e= FRTH 2,
TO
(@b F-¢f = a* 4 b* 4-c* 4-3a’b 4 3ab® +-3a%c +-3ac’ 4
+3b%c+-3bc* -+ Babe.
Hpausmep 6 [oxawkewm, ute CyMMa BCeX uHCen Pk, ..., k),

LA KOTOPHIX By .. 4k ==k, pasra {*.
Pemenne. Jlonokuam b dopmyie (3) xj==xpme =eyimxl,
TMoayyaes:
el Pk, ... ki), (4

e i+ .+ hi=

Yupamuedann

441, Cronnvko ecioB» MOKHO NOAYNHT, Nepectanids OYESH czoBa «mapalomas?
CAOBA £MaTEMaTHXAM? CAOBE «METERMOPHO3as?

442, CronbkBME CNOCOCAMH MOXHO PAcCTABMThL WaXmarawe Qurype (xopoas, gep-
ad, ABE AaRbE, ABYX CRQHOS # JABYX KOHefl) Ha nepsof TOPHACHTAJIH HlaXMaTHOR
AOCKH?

443. ¥ maMil Suno 2 Abroxa, 3 rpyi H 4 anesscuna. Kaxapth nens ona zapaad pe-
GeHky mo ognomy GpyrTy. CRORLKEME CTOcO0aMy OHa MOIEA 5T0 CASAATH?

444. Nna mpemER Ha MatemaTaueckoR GAEMAXaZe BHAeneR0 3 IKIEMNNAPA ofHOH
KHHTH, 4 3Kaemanapa Apyrofi o 8§ sxkaemnaspos TpeTbedl.

CroAbRUMH CrOCOBaMR MOTYT BHTEH PACHpPedencHn 7TH npeMHu Mexay 30 yua-
CTHHKAMHA ONHMITRAIN, &CAN KdMIoMy Bpyuaercsd se Sosee oanodl xEsu?

445. CxonsKeMp co0COGEME MOXKHO BEpecTaBuTh GYKBHL CJAOB3 «OrOpoLr, NTOOHE TPK
SyXBH «0* HE [HJIH A0ApAd?

446. CrospuMn criocoBams  MOMHC MepectaBeTh OYKBH caos:  «ofoponoctocod
HOCThs, Hrobn nBe GYKBHL «0% u¢ HEAH HOBPHHP

447, Hallapre uHCRO WACHOS DAaIIOMENHA:

1y fa+b+ey 2} {g+b+etd)

448. Hafiagre aauboaburnit KosfdUUHesT B PA3A0KEHHE:
8 atb+a 2 a+bbotdit
449. Hagaute kospohuunert npu x* 8 pasnomennn {1 -4 2x 43577,
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450. Hafanre xosdipuunenr npu x* 5 pasaomennn
(x4 .. 2"TF

451, Hafizare cyMsy YeTHPeXIHAUMMX UMOL, NONYTAEMHWE BPH BCRBOIMONHHX Repe-
cragosrax ungp i, i, 4, 4. To xe camoe gas npdp 0, 0, 4, 4.

7. Couerasnn ¢ nonropesuamu. B 3aKA0YcHHE DACCMOTPHM TAK
HasuBaeMble COYeTaHHA ¢ 10BTOPeHHAMH. [TyCTh HMRIOTCS npeAMeTH m
BAACE H A3 HAX COCTaBAAeTCA HAGop, cofepmamnt £ snemenror. JIpe
TaKHX Halopa CUHTEKTCH OAHHAKOBLIMH B TOM H TOABKO B TOM Cayuae,
KOrRa OHH HMeT OJtHHAKOBLE cocTap. Takne Habophl nasoneM coue-
TARUAMIL € BOGTOPERURMY U5 m daemenTos no k. Yncao coveranril ¢

ROBTOPEHHAMH H3 m SJEMEHTOR 1o & 0603naunM Cr.

3Jaxaua ). Halzem ukHcAo coueTAHHR ¢ AOBRTOPEHHAMH H3 M
3eMEHTOR HO £.

Pemenne Kaxkawii cocTaR COYCTAHHA 388C€TCH KOPTEKSM
(ks, R, ..., Bw), COCTOBIIAM H3 HEOTPALATESBHLIX HEJHX uHcen, rie
R) NOKA3HIB 8eT KOJMHYECTRO 3NEMEHTOB AEPBOrs BHAA, ks — BTOPOFO, ...
vy Bm = mi-ro. Taxum ofpasoM, CY paBHO KoMHuecrBy uHCJIOBHIX
koprexken (&), ..., kw) LIHHAN 71, BA8 KOTODRX £+ Ryt .. Bm=k
{KBK YKa3nlBaJoch, 3AeCh BCe &, — HeOTPHIATENBHEIC Hejble YAcAa).

Hrak, najo pemmTh CICAYOIZYI0 3aHavy:

3aaavua 1’ Hafizem KOJIHUYCCTBO TeX YHCAOBLIX KOpTeXKeH
(&1, ..., Bm) RAHER m, N5 KOTODHIX &+ Ko ...+ hkn=k.

Pemenne. Byaem koanpomats KaXaud Koprex (R, .., Rn)
KOPTEXEM, COCTRBICHHIM K3 ¢AHBHL H HyJed. C 3708 HCABIO 3aMeHHM
B KOPTENKE KAXKIOE YHWIO K HOCAER0BATEABHOCTBIO H3 k) eAHHNY (ecaH
kj==0, TO elHHHLH He NAHIYTCA), & KaXiyw sanaryn ayaes. Ifoay-
YHTCH KOPTeX H3 KB+ ..+ Aa=4Fk eAfAHHE H m-—1 HyAfl {3a8nATHX
B kopreme (&, ..., k) AR | Menbure, yem gHcen). Hanpremep, Koprex
{4, 1, 0, 2) kogmpyerea rax: (1, 1,1, 1,90, 1,0, 0, 1, 1). O6patno, Kax-
AOMY KOPTEKY, COCTasieHHOMY H3 B ¢ AMHEHE H m-—1 Hyas, cooTpeT-
cTRYyeT uHcAoBoH Koprex (R, ..., ka) TAKOH, uto Ayt ha=k.
JTToaromy HcKoMOe YHCAO KopTexkell BHAA (Ry, ..., ku) PARHO YHCHY KOP-
Texe# H3 k eaHARL H m — | Ayas. [1o dopMyie nepecraHOBOK ¢ A0BTO-
PEHHAMH YHCAO TaKHX Koprexed papno P (k, m-1), 1. e. w:;m‘:i;r!.
Ho 370 uncsio paBHo Chin).

Wrar, MH ROKa3aJH PaBEHCTRO

Ch=Clim-. (1)
IMpumep 1. Ckosbko HaSopo H3 7 NAPOKHEIX MOKHO COCTB-
BHTB, €C/IH B npofaxe HMeorcs 4 copra NHPOXKHBIX?
Pemenne Hexomoe uneno papno Cj, T. e. Chyq..;. Ho

7 10-0-8
Clo= Clo== 1222 == 120,

Hrak, Mox#Ho cocrapute 120 HpGopoB.
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Mprumep 2. CronbkaMH cnocofaMH MOXHO Pas/iOKHTL k ofH-
HAKOBHIX HIAPOB RO M PA3AHUHLEIM SUIMKAM?

Peme g ue Pasnnunnie crocoBH packJaiky PasaHyalTes MU
YHCJOM 11apoB, NOMABUIHX B KaXKAWH AHHK. JHaYHT, HHCAO TaKHX

criocoGoB paBio Ch, T. e, Chim—s.

Yapaxpesaan

452, B noutoBOM OTEQICHERE NPOZANTCH OTKPHTRE 10 copron. CROALKAMH CROCOBAMH
MOHHG KYARTh & Hesm 2 oTeputok? 8 Orxpurok? CrOSBKAME ChHocoBamu
MOMHO KYTIHTH & pasansinX oTEpHTOK?

453. Croap¥e CYHIECTBYET TPEYTOALHHKOB, AAHHN CTOPOH KOTODHX IPHHEMADT OLHO
Ha creAyomuy anavenud: 4, 5, 6, 7 om?

454. CRANBKO MOMMG NOCTPOHTR PRAINUNNX TIPAMOYFOARINX NapaiAeNelkNeJos,
AdRKH pedep HOTOPHX BHPAMANTCH HATYPARbHGIME dHcaaMmy ot 1 o 102

Pemsre HEKec/eAYIOUIHE 3a4a%H, TPEMEHAA PaAIHIHbIE GOpMYAR
komOuratoprke. (Hekoropue sasaun MMeEIOT HOBBULCHHYIO TPYA-
HOCTH.)

455. CroabRAMH cU0COBAMH MOWHO OTOOPATH HECKOABKO GPYKTOR E3 CeME SO/IOK,
YETHPEX JIEMOROB B ACBRTH aNeALCHHOB (MWl CHETAEM, 4To QPYRTH OEHOTG
BHAA HEPASAHUMME) .

456. CKROABHO «CACE», CONEPRAMINX HE MeHee ueM OfHy OYyKBY, MOMEG COCFABRTH
Ha BBYX GyKp «As, murr Oyxs <B» o pepsteE Gyxp «Ba?

457, 20 pazamuynuX geTadel PAcKAAZEBART B TPH AUIRKA, TPRUEM B TEpBUE RIEHK
xranyr 3 aeranw, 8o sropoli - 5 zeraseR, a B TperRi — Boe OCTRALHLE Ae'rann
CROZBXHME CROCOBAMRE 3TO MOMKHO CAEAATH?

458. Croanko NATHOYKBENNWX €CAOB», KAMAGE W3 KOTOPHX COCTOMT K3 T{PeX COLR&C-
BHX B ABYX rAaCHHX, MOMHO COCTABHT: M3 OYKB CAOBA «ypaBHeHie»?

459. 20 paccamMpoR COURPAIDTCH COBEPHIRTER TOERAXY B noesmge. B kacce ecrr F2
OuseTon Ra HEMKHMe nOAkH ¥ 8 — ua pepxuve. [Ipn 310M 4 naccammpa we me-
HAKY exaTh BHREZY, 8 § naccaXmpoB — Hamepxy. CROABKEME crocofiaMm HX
MOMHO PAa3MeCTETh B NOP3fe, oCER: |) MOPRACK pasMeHIeHHH BACCAKEPOR 0O
MECTEM KAK BHHAY, TaK B HaBEDXY HE YSRTHBACTCA; 2} AOPAAGK PasMeIHeHRS
YURTHBAETCH B BRHIY H HaPepXy; 3) YHHTHBRCTCH TOABKO TOPANOK pasMedie-
HHA NACCAMEPOD BHHIY?

480, CroABKO MECTHINAYHEX UHCEA MOMMNO CoctaRuTh 3 undp 1, 2, 3, 4. 5,6, 7. 8, 9,

eCHM KaOKAOE YHCHO HAVIHHO COCTONTH W3 TPeX YeTRHX K TPeX HeueTHwX augp,

GPHYEM HHKAREE ABE UKGPH B HEM He NOBTOPRITCR?

B sabopatopun paforawr B duanken v 10 xemuwen. Hano cosaars paliowse

FPYNIELL 1o TpeM TeMam. B depoyn rpynny sodxmes sofra 4 dHsHx:, 80 #10-

PYIc — & XHMHKOB, a TPEThl AOAMHA CDCTOHTE H3 TPEX MeRCHEK, KOTOpHE Mo-

FYT GHTh K&K (PHIRKaMH, TaK B XRMHKEMH. CKOEDERME CHOCOBAME MOMEG <O

3naTe TaKHE Tpynnu’?

462, B Tedesme fecaTth sefedh WIKOABHHKH HROMAMMH HanucaTh 10 KoHTpoARHLIX pa-
Gor, B TOM yucne 2 po MatemaTHre. COABKMME CNOCOGaMN MOXHO COCTaBHTH
paciucadne 3rx pafor Tak, yreful KOHTpOALHHE padoTHl MO MareMathke He
AR APYE 33 APYTOM?

481
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463.

467.

476,

471,

472.

473,

474,

475,

476.

477.

¥ Juaarenncra ectTh 8 PRsBEWX MAPOK HE KGCMHUECKYIR TeMY B 10 paswwx Mapok
HA CHOPTHBHYID TeMy. CKOMbKEMH CHOCOGAMH OH MOKeT HAKZENTh § MapKy nep-
BOTC BHNA B 3 MapRA BOPOTO BHAA B &a%00M MR 6 BpOHYMepoBAMHWX MECT?
Cefdp OTHPWBAETCH BpH Bomomiy nrdipoBoTo wWoza, ukdeplaar Koroparo co-
CTONT 3 100 KASBRMI € YHCAZMH, PACIICACKEHHHEMH BO OKpYMKHocTR. las Toro
urobk orkphTL telidy, weofxopAaMe BAMATH Kakue-10 3 KAABHIEH, HPHUYEM Ha-
BeCTHO, YT MEeXAY MOGHMH JBYMH HCHOMHMH KAABRIAISMH PACROJATANTCHE HE
menee [0 krabrw. CHoABKO KOMONHAHHE HA TDEX KAABHIE HeoGXOJHMO REpeRpo-
SoRath, Tr00H 3aBEAOMO OTHPWTE celidy, ecan: 1) popsiiok RaMaTH# Kiapem Be
CYRIeCTBEH; 2) 270T HOPHAGK CYHIECTBEN?

B macrepekoft 10 RIrOTOBACERK KAwuedl ecTh |2 TRIOB 3ArOTOBOK AMH KuOveR.
Mz xaxmoft 3RroTOBKM MOMHO CHEMATh KADY, BHPE3AB BHCTYNH B RATR ONpe
HeACHHHX MECTaX, MPRYEM HA GEPBOM MECTE BEJHUHHA BWCTYBA MOMKEr MIPHHH-
MaTh 2 JWaYeHHA, a Ha OcTasbHKX — 3 sHaueHAd. CROABRO PAsAAYHNX KAwuyed
MOMEY HIFOTOBETE MACTEPCKRA?

. Mpe RomauAw A m B wrpawr cepld Maryed no Gackerbody A0 TeX NOp, AOKA

OfHE M3 HHX HE OACPKHT ueTHpPeXk nofed (Mwunux B GacwerSone ner}. CKoAbKO
PasANSHEX Cepifi TAHHX MaTueH MokeT GurTh?

CroABbRO cpef kuaoMerpopwr cronGon O[989%, 1998, 2{99? -y SO0 TAKHX,
YT W3 MHX EHIUL JBS DASANTHWE EHGPHP

. HafiAuTe MakcHManbHOe SHCAO 1E8XMATHN X impo:seﬁ, KOTOCE MORHO BOCTABATH

#a O0NYNYI0 JOCKY TaK, 4robnl OHK e Gpaid apyr Apyra. Pewmyre taRyR e
32/1a4Y AAA SOCKHW C /4 BETHRAMHME W 1 FOPHIOHTAJAMH.

. Kakoe nauMeHbliiee wncaQ SEaXMATANX CAOHOB HANO HOCTABHYE Ha oﬁuuuym

AOCKY Tak, UroSk ORE Jepaky RoK (G0eM KaAoe nole JOCKH W KaXAxR caod
Ghljt 3ZLCHALEH APYFHMH?

Paccrabbre pa maxmatHoR JOCKE HaAMeHbilee HHOHC Aafefd rvak, yToGh Kaxpoe
noAe zocke Gwao Guro no kpafinedl mepe ABa pasa. Pewswte zafavy B ABYX Ba-
PHANTAX: CHHTAN, HTO JAARA HE OGheT nojMel, ZRCACHEHHWN OT Hee DPYFHMH
HADBSIMA, H, CHHTAS, UTO 0na GLET TakHe RO

Kakoe HanfoabRIce ROJAHYECTHO ZAMOK MOMKHO DOCTABHTh HA YEPHWE NOAR Wax-
MATHON MOCKW Tax, YyTofil HAdKAYX AAMKY MOTAA CHSTL XOTHA Obl O/IHA H3 OCTaNb-
HEIX #&MOK?

M3 gwcna 123456789101 1...9859100 euveprnyre 100 nadyp Tak, YTobW ocrapume
€cR YACA0 GHA0 HAWGOABINAM.

B wects cexropax kpyra paccrabiesnc § mamex, mo oMok B KaMAOM CEKTOPE.
Onunm x0A0M paspemactcs Jofue AB¢ WAWLKE RePeABARYTL B COCBXHHE CEKTO-
PH Ta¥, 4To OHA ABHMETCA N0 UaCeBOA CTPEAKe, a ApPYras — NPOTREB UacoBofH
cTpeard. Mowuo JB coUpaTh THKWME XOJAMH BCe HIAWKA B ORHOM CEXTOpe?
Hana 20 ponapue mepaBHHX HATYpagbHAX YHCEA MeHBINX, Yem 70. Joxamure,
¥TO CPERH DONApHWX pazyocreli 3THX 2ueen €cTh 4 ORHHAKOBHWE.

Hs aeyxcor wacea 1, 2, 3, ..., 200 pwGpanu ogZuo uWcae, MeHbEes 16, B emte
89 apyrux uwscea. JlokameTe, uro cpesd Bubpamswx 100 ueces ecTh ama, Hz
KOTOPH X OAHO AGNHTCA HR APYIOe. '

Jokamire, S0 k3 98] uNCHa, KaKA0E U3 KOTOPHX HE npesocXolnt (958, moxue
BHIGpath THH YKCEA, TAKRE, HTO CYMMa ABYX H3 HHX DABHAZ TPETLEMY.
Hosamnte, 4po 77 TesedoHOB Helban COSANHKTE EPYT C ADYFOM TaK, 4TOOW Xam-
Apl G copiner poBEe ¢ 15 ApyrAMA,
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478.

479,

486,

482,

g

480.

Hoxamure, 4yto 20 BapelNaaBBsuMuy Go3 ruph HEARIH YRODHEROUHTL [0 MACCe
10 npenmeros.

Cronbxuma cuocofaMi MOMHO peieraBith wicao 1 000000 2 sume mpomane
AeHHA TPEX MHOURHTENEH, CCAH PRMMOMCHHA, OTANSAOIHBSCH NOPALKOM MHOHE-
Tesell, CHRTATCS PRMIHUHEMEA?D

CHORLKHMH CROCOGEMH MOMHO PAMIONATE |9 PR3IHURHX NPEAMETOR 10 3 RIup-
KaM 7aK, Trolul B 4 AvlKKa2 AeraB e 4 npeiMera, a 8 acTapmpicH — 3 npeAmera?
Cronpsusy crocobBMB MOKHC Pasnoxsth 3 Mapks o 20 k. » 10 mapox no 19 x.
8 4 naxera pasuoro Gaera? PelanTe 5Ty Ke 3a1agy, eclH HaKeTH HEpalTHIAM,
ChoapXHME CIIOCOGaMH MOMHO BHOPaTh B3I A PAZMHUBHX TEPEEMETOR HeYeTHoe
YHCAQ TIpeAMetoR?

. Cronpkump cnocofams MOXHG DepectBBHTH Gywmas caopa «l0mmreps, wrofin

FAGCHBIE WK B BAGABUTROM HOPRKe?

. CROABKHMB CROCOBAME MOXKHO nepecTabeTh ﬁyxw CHOBa  «ftepeleeks, STobH

4 GyKBH <e» He UK 1oapax?

CrozpxeMi ciiocofiaME MOMBO HFepectaBHTe GYKRBH (JIOBA  «HAPaMICTR3IM»,
Yyofnt He MEHANCH ROPAAOK FAACHHY Gyxp?

CronbRusit CNOCOGAMN MOMHNC HEPECTZBHTH GYKBN CIOBA €RACTYX», STOOH MEM-
BY ABYMHA FAACHHMH OykBamz OGN JBE COFARCHHEP

CronekamMy cnocofaMi MOMHO RepecTapHTh OYHKBH CAOBa «OrOpoL», 9T006H
Ape GYKB «0» BE CTOSJAN pASOM?

CroabruM chiocolaMAa MOMHO DepecTapith BYKBH CH0Ba <KOCMOCH, urobu Abe
OfHRAKOBHE BYKBH He CTOSIN pAAOM?

CHOALFBEME cirocoBaMn MOKRO paccrasath 10 6yxa «p» B {0 GyER «m», 9rofH
zast mdore k<20 cpean mepBuX k Oyxs Gulioc He MeHbile OyXB «lis, 9eM «p»?
Cromsymmr caocofaMd MOMHo paccraBuThe 20 Geanix mwamek Ba waxsmarsol
Aocke Tax, “Tobn pacHOZOKeNHe OBHAQ CHMMETDHYHO OTHOCHTEALHO NeHTpa
AOCKH? PeuinTe TY e 32Xa%y JIPH YCIOBHH, YTO HAIMKH CTARATCH ARLib Ba 9ep
Hile 1oAA,



Frnapa Xit
2NEMEHTH TEOPMM BEPOSTHOCTEH

§ t. BMUMCHEHME BEPOITHOCTER

1. Beenenve. ColuiTiA B MATEPHANLHOM MHDE MOMKHO pa3abHtL
Ha TPH KATETODHH - QOCTOBBPNLE, HEROIMONCHLE B caywaldnsie. Ha-
IpHMED, ecid EOA6POCHTL HIPASLHYIO KOCTD, TO JOCTOBEDHO, UTO YHCHO
BHIABHINX OUKOB JYAeT HATYPANLHEIM YHCHOM, HEBO3IMOKHO, 4Tl
10 4HCH0 PABHKAOCH 7, H BO3MOKHO, 4T0 OHO Gyser parro 5. Oxnaxo
npu OXHHX OpOCKax 370 4rcAO GyjeT paBHO D, a npw apyrux Gynyr
BHlIAJATL JPYrHe 3HavdedHd OukoB: 1, 2, 3, 4 nan 6.

[ToTpeGHOCTH NMPAKTHKY NDABEIH MATEMATHKOR K H3YUCHHIO Cay-
uafinpix cobuTrA. Hanpumep, npy oprasrsauax renedonuofi caan B
HEKOTOPOM DAHOHE RYMHO 3HATh YHCAO BHI3OBOR B KAMNWE MOMEHT
BDEMEHH, 3 ORO CAAYYaHHLIM 0GDA30M HIMEHACTCH C TEUCHHEM BPEMEHH.
[lpu crpeasbe u3 apTHANEPHACKOTO ODYIHS HAJNO 3HATL YHCAO CHADH-
JOB, JIONABILKHX B UMb, 4 NONAAAHHE B @b ABAACTCH ClydafHKM
coBRITHEM.

Ha nepBuii B3rAAR MOMXeT HOKA3aThCA, YTO B 33 1a4aX O ClIyTaRREX
COOWTHAX HAYETO HEAL3A CKa3aTh 06 #X Hcxohe. M neficrerressno,
eciii GPOCHTL KOCTb JHilib ONHH DPA3, TO C CAHHAKOROH BEPOATHOCTLIO
MOXKHO OX#ujath BHnanexnd 1, 2, 3, 4, 5 uar 6 ouxor. Ho npu muoro-
KPATHOM NORTOPEHH#H FTOFO ONHITA OKa3WBAGTCH, YTO OAHH HCXOAH Oy-
AYT NOABAATLCA uauie, a Apyrue — pexe. Hanpumep, ecan Gpocurs
xocTe 1200 pas, TO OYerbr MaAOBEPOATHO, UTOGH BCE BpeMA Buizajalo
ORKHO 04KO. [ 0pa3a0 BepoATHee, 4T0 3navernd |, 2, 3, 4, 5 u 6 Gyayr
HOARMATLCA HPUMEDPHO ¢ OJHOR H rof XKe yacrorodt.

Pasgesr MaTeMaTHEH, H3Y4aXiH#R 3aKOHOMEDROCTE CAyJafinux
COGHTHA, Ha3NBAXT reopuetl aeposireocrell. 3712 TROPHH HMEeT ReA0
HE C OTHeALRHMHE COGHTHAME, 4 C PE3Y/ALTATOM 1DOBENeHHA A0CTATOY -
HO OoJBIIOre YHCHa RONHTaHKd, T. . ¢ 3AK0HOMeDPHOCTAMH MACCOBBIX
cayuafinuix Apaennsi. [To onpesenenwio, npusesennomy B BC3, reo-
pHSI BepOATHOCTefl ecTh MaTeMaTHUeCKad Wayka, [103BOAAOIHAA 1O
BEPOHTHOCTAM OJEHX CAY4afipiX COGLITHA HAXONHTL BEPOATHOCTH ADY-
rAX CAYdaRHHIX COBHTHI, CRASAMKKIX KaKHM-AHG0 00pasoM ¢ TEPREIMHA.

B noBcepHeRHOA MMIHK MBl U4CTO NOAL3YEMCH CHOBAMH XBepOAT-
HOCTbY, «HIAHC» H 7. A. «K peuepy, BepoATHAO, noiineT NoKak», «Be-
POMTHEE BCETO, MH NOEAEM B BOCKPECEHBE 34 IMOPOA», «IT0 COBEPILeH-
HO HEBREPOATHO», «MHOTO WIaHCOR, YTO # YCHEUIRO HANKIY KOMTPOJIL-
HYK) paBoTy» B T. JL.— BCE 3TH BHDAWEHHA KaK-TO OURHHBAIOT BePOAT-
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KOCTL TOFO, YTO Npousofifer nekotTopoe cayuafnoe cobuthe. Onnaxo,
4106H MOXHO OHNO NPEMEHATh K OleHKe BeposiTHOCTed MaTeMar-
YECKHE METONbi, HalA0 AAThH 3TOMYy NOHATAIG CTPOroe Olfpeienenne.
Mu caenaeM 370 noannee, a cefivac npupedem nurary si3 BCI, nawn-
YK NPeACTABAEHHE O TOM, YTC TAKOE BEPOATHOCTH:

«BeposiTHOCTh MaTeMaTHUSCKAA — YAC/A0BAsA XapaxKTepHCTHKA CTe-
NCHH BO3MOKHOCTH TOAIBAEHAA KAKOro-AxGo onpeacaesnoro cobuTss
B TeX M HEHX ONpelefeHHHX, MOTYIUHX OBTOPATHCA HEOTPARKHUEH-
KO UHCHO DAZ YCAOBHAX®,

Hamed 3ajaved spnsercs NPEBPATHTL 9T0 ONHCAHAE NOKATAA Be-
POSITHOCTHE B TOYHOE MATEMATHUECKOE OIIpEReJienHe H BHACKHATS,
K4aK CBA3aKA BEPOATHOCTD C YACTOTON NOABACHHA AARKOIo COOMTHA B
AARKHON CEPHH HCTHITAHHA.

Yrnpamuennu

481, Tlpspennte npumepsi: 1) aocropepuamX coBuTal; 2) vepoaMomHNX coburhi;
3) cayuaRumx coGuHTHA. .

492, Yro seponteee - RoABsedde repla npA GPOcauiy MOWETH HEW TOABIeHHE He-
YETHOFO YHCAE OYKOB KpH Spocanus mrpasbioR xocrH?

493. Yro sepoaTHes NpH GpOCAHWH ABYX MOBET —— BEHIAJIRHKE ABYX UHBD HIH BHOPH
# repfa? ’

484, Yro peposiTHEE NOAYYHTH JIPH JENCHHM JOMHHO MeMLY 4 MTpOKaMH — BCE
«nyORts WAN Xe BCe XOCTH ¢ CHIECTEpPRamu»?

495, Hposeawte cresymmud skcnepuMent: Opocbte 50 pas nee wrpasbine XooTH H
SaNAATE CYMMY A% kamjore Spocka. Kakas cysmma nosswaace dalie acero?
Kawan peme peero? Kakoe wncao ouNoB HOABAAOCH 4Yaite: 3 wam j2?

486. Ha mewrka c 33 Kerouamy, Ha KOTOPHE HANWCAHK PYCCKHe OYKBH, BHTACKHBALOT
ORBH 23 3pyruM 4 wevona. CKOABKO Pa3s, HO BANIEMY MHACHHI, HYMHO NOBTOPHTH
FIOT SRCOCPAMEHT, YTOOH M3 3THX Gyxs NOAYYnAa0Ch cioso «Gaper? Bo ckoabko
pa3 OyfierT Medblle YHCAC HeOUXOAAMNX IKCIEPHMEATOR, €CIIH 4 METOR# AHTA-
CKHBAKT ¢pasy {T. €. NOPRUOK MX NUKBACHHR HECYMECTREH)?

497, UYro seposvaes — yragats 6§ somepos s 49 naw 5 nomepor uz 367

498, Hpn 10 OGpocamusx npaBeAbEoil MoweTH Bunanad repb. Yrto sepoArtiee mpw
creEyoLIes Gpocke — Binagenne u¥Gput HAK repbar

2. Bepoursocrnoe npocrpapcTso. OCHOBHHM NORATHEM, C KO-
TOPHM MH GydeM #MeThb HCA0 B AaAbreHIIEM, ABAACTCH TOHATHE Ot~
Ta, BAK ACHHTAHHA. JTOMY MOBATHIO HEALIR 1aTh MATEMATHYECKOE
OnpesieNeHRe, OARAKO SICHO, YTO 3HAUAT CJOB2 «NOAGPOCHM MOHETY H
BOCMOTPHM, Yaaa Oxa sBeDPX TeploM AU HR(pPOH> HAH «BKIIOUATH
EKTPHZECKYI0 NAMICUKY A NOTAAAETH, YEPE3 KaKOe BPEMS OHA fepe-
roputs. [1as nac GyEeT CylUIeCTSEHHO AHINL TO, YTO BARKOE HCHWNTAHHE
MOXeT HMETb PasauuHnie Hexoan. [1pH 5TOM BaR npocroTH 6yRem pac-
CMATPHBATDH JKIIL CAYUAH, KOrRa MaoXXecrno {/ 9THX HCX0A0B Kouey-
wo: U=={X\, ..., Xu}. C KaXKAHM ONRITOM MOKRO CBfI3aTH DazIAuHbe
MHOKECTBa BCX0A0H. BaXKpo AAmS TO, YTO NDH KAXKEOM HCIHTARHA
IPORCXOANT OAHE B TOJBKO OLHE MCXOI.
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MMprsep 1. [IpH GpocaHup HrpadAbHOR HOCTH BO3MOMEHM Cle-
HYIOULHE MHOMXECTRA ACXONOB:

1) {4, Az, As, As, As, Adl, TAe A 03HauaeT BROAKEHHE kB OYKOE;

2} {Bo; B\}, rae By ~ BhaAeHHe 4eTHOTO YHCAA OUKOB, 2 By —
BHlTafAeHHE HEUETHOrQ YHCJA OYKOB;

3} [C:, C3, rae C) cocTONT B TOM, WTO YHCHO BHOZBIIHX O4KOB
MeHLille HAH paBHO 4, a (; — uro 310 wMcao Goabille WAH paBHo 5.

B to Xe BpemMs B 370M ofibiTe HE ABJHIOTCH MHOMECTBAMH HCXO-
BOB:
4) muoxectBO {A;, Ay, Tak k&g A; B A3 He MCUEPHLBAIT BeeX
BOIMOKHWK HCXOAOR,

5} muoxectBo {Bo, €1}, Tak Kax HPH BHWINAJEHHHA, HANPHMep, 2
OYKOB OMHOBPEMEHHO NPOHCXOAAT B By # €, a MW yCa0BHAHCH, 4TO
MOXKeT [POH3OHTH JHHIL OGHHM HCXQA

[Ips MHOrOKpATHOM HOBTOPEHHH ONKTA ONHH €10 HCXOME MOryT
NPOMCXOAATL wale, a JpyrHe — pexe. Hanpumep, ecas MoHera H30-
THYTA, TO MOXET CJAYMHTHCS, 4TO repl BuMAKAET BIABOE 4aille, 4YeM
uutppa. M GyaeM roBopHTHL B TOM CAydae, 4T0 BEPOATHOCTH Bhila-
Aenna repba paBoe GOAbILE, YeM BEPOATHOCTH BHNAAEHAH LH(PLL
Uro6hl BHPA3HTL BEPOATHOCTH KAXIAOTC HCXOJA uyHCAOM, HBA0 Bh-
6paTh <eQHMHNY WaMepeuusa». Jlns STONO YCJAOBMMCS! CUMTATE, YTO
cyMMa BeposTHOCTeR BeeXx ncxofgor paeHa |. Torza xaxnomy
HeXoRy X GymeT COOTBErcTBOBATH HEOTPHUATENLHOE YHCIAQ Py —
BEPOATHOCTE HTOT0 HeXOHA, NPHYEM BRITONMACTCH PABEHCTRO P+ ...+
Pl

OaHMM H3 BaXHWX BONPOCOR TEOPHH BepPOATHOCTER ABAHETCH TO,
OTKyHAa GepyTCH 3HaueHHsl pepoaTHOCcTed HCXOHOB HCOWTAHHE, BRib
BEPOATHOCTH BCEX OCTAALHKX COOHTHH MM GyAeM NoAy4aTh, ONHpasch
HMEHHO HA 3TH BEPOATHOCTH. 31eCh BO3MOXKHH ABA CAYYAH:

a) "0 KaknM-ARG0 COOGPAXKEHHAM CHMMETDHH MBI CYHTAEeM BCe
IMEMEHTADHBIE ACXOHE PABHOBOIMOMKHLIMH, B JTOM CAYYae HMees
pi==po==...=ps & TAK KaK p1+p2+..+pa=1, 10 BCE Py PaBHH

-::—. pk=:T. 1< kn;

6) BepoOATHOCTH Pi, ..., P HMCXoA0R X, ..., X, OonpeacaeRy npex-
BAPHTEALELM [IPOBEACHHEM CEPHH OHBITOR, B 9TOM cAyqae 3a fj npu-
HHMAIOT OTHOCHTEABHYIO 4ACTOTY CAYYAER, B KOTOPHX POH3OHET0 3Ae-
Mg

M

qyael K ofumemy 4acay M npoBefeHHKX HCHTAWa#).

Noaxon a) wazmpaercd Kaaccuxeckod cxemotl TCODHH BEPOAT-
- noctell, a moAxon 6) -~ crgrucruneckum nodxodom. Hanpumep, ecan
aocre apomsepk# 1000 aeranedi okasanoch, 910 cpenM HHx 3 Gpako-
BaMHbie, TO HPHHHMMAKT, 4T0 BepoaTHOcTh Opaxa pasmna 0,003, wan
xe 0,3%. B cratHCTHKE H3y4aeTcs BOMPOC: KaKoe WHCAQ HCNHTA-
HEH HYXHO NPOH3BeCTH, Yrolhi NOJIYUeHHKE CTATHCTHUSCKUM HYTeM
BePOATHOCTH OBUIM AOCTATOUHO HAHEHKHBMHP
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Beeaem caeaywulee onpefeaessie:

Onpedeaenue BepoarHoCTbiM  NPOCTPAHCTEOM  HA3H-
BaloT xoHeuyHoe MHOXecTRO U={X), .., X}, xaX10My 3JeMEHTY
X: KOTOpDOro NOCTABAEHO B COOTBETCTBHE HEOTPHLATEAbHOE WHCAD
P, MPHYEM CYMMa 3THX usces paBya |.

BepositHocTHOE HPOCTPAaHCTRO MOXKHO 0G03HaunTh Tak: (X,

vy Xay P1, o, Ps). Ho B nanbuefitiieM AN KPaTKOCTH BMECTO 3TOro

Oynem nHCaTh (U, P, rae U=Xy, ..., Xah P={pt, .... Pal.

[Ipamep 2. Ecas mosera cHMMETPHIHA, TO pHnanense repba
WAH BHPH paBHOBEPOATHO. B 3TOM cAay3ae BepOsITHOCTHOE HPOCTPaH-
CTBO COCTOHT H3 AByX HcxopoB [T # I}, xanomy H3 KOTOpHX cofio-
CTABIEHA BEPOSITHOCTH, PaBHAS ;—

fIpumep 3. Ecas kocthb CHMMETPHIHA, TO BEPOATHOCTHOE 1IPO-
CTPAHCTBO MOXHO BHOpaTh Tax: {(4), A2 As A4 As, As) (cMm. mpH-
smep 1), rae xaxapift Hexon A, HMEET BePOSITHOCTH %.

Croxsee BONPOC O IOCTPOSHHH BEPOSITHOCTHOTO HPOCTPAHCTBA
pH GpocaHBH ABYX MOHET. 34ech MOXKHO BRIGPATD FPOCTPAHCTBO CO-
OuTHR Ao, A1, Aoz, rae Ao 03HaYaeT ABYKDATHOE BHRIZJEHHE
rep6a, Aoz — ABYKpaTHoe Bhinafesde usdpu, a 4, — 10, 410 OQKH
pa3 Buutas repl # oMK pas widpa. Onnaxko M CoOHTHA HE ABIMIOTCH
paBHOBEPOATHRIMH. YT0Gn OGHApPYXKHTh 370, BO3bMEM [ABE MOHETH!
H-gomeedny» H 3-Koneeunywo. HicHo, 4To BaimaAeHse HHGPLE HAH repha
Ha KaXKAOR H3 3THX MOHET HHKAK He 3AaBHCHT OT TOre, Kaxof Hcxol
HMeA0 GpocaKMe APYTOA MOHETH. A 3TO 3HAUNT, 3TO P4 BHOBEPOSITHRIMY
SABASIOTCH He HeXoAW Aso, A1, Aop, 8 #exoaw T, TLE, I, TILE,

Ka Kb H3 KOTOPBIX HMEET BEPOATHOCTL ~i—~. Beposraocts xe coGMTHI
Asp, Ay, Ao BeoaanaxoBu. Tax gax Ape coenagaer ¢ I'T, Agy —
¢ I1LE, npHueM BepOSiTHOCTH STHX COGHITSIE paBHH «E-.»m Ha QoA cobbl-

THA A OCTAETCH BEPOSTHOCTh lw»iwwwi—-m—%—». 3nausT, B ITOM
cay3ae BEPOSITHOCTHOE HPOCTPAHCTBO COCTOHT H3 HCXOAOB Agzo A1,
d 1 l

Ass C BEPOATHOCTHMY v et H TCDDTB@T‘CT&&I‘IHO.

Yrupamxuenus

499, YxamHTe HEKCTOPHE MHOMKECTEA HCXOZOB AAH CAEAYOUINX HoHuTaHAl:
1} mpomdsoinTes BRCTpRd No MBINedH, npeAcTasmstiottell cobofi xpyr, pasme-
zeprrii Ha 10 gonnewrprUecRMX wacrel, KOTOPHRE 3RHYMEPORAHH dHcaamu |,
28, ..10
2) npopogeETcH TYPREPELE GYTOOMLENEA MATY MOMILY ABYMH KOMAHIAMH,
3) mayAauy HIDACKAETCH OFHA KOCTh H3 HOAHON MIpPH AOMENO,
4) nuTs pas noAGpACHBAcTCA MOHETa.

500, Ha pecaru #eTosax suGuTH uskcra 1, 2, 3, ... 10 Hayzavy Hapaexaerch odud
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HMerod. B HakKHX cAy4afx yRa3aHd BCe BOSMONKHHE WCXOAB WCIIMTRHHA:
i} 4eTHOR, HENETHOS;

2} uernoe, we geauTea Ha 3;

3) #pocTOR, COCTABHOE;

4) #e Gosee TpeX, He MEHMEE HeTHpex? .

50f, JlaA WCHWTaH#fl, COCTOAINETQ B NATRXDATHOM OGPOCAMHM  MOWETH, 3afH-

S0z,

503,

o7,

508.

510,

Bl

113

WEKTE Bre BOSMOKHAE BOXON HCIETRHWA, BCAR YUHTHBANTCH!

1} peaysnTaT Kawzoro Spocka;

2} uncno Bubazesdit repba;

3} karofl cropololl Mokera Goxslmee MHCAO Pa3d flallajia BBEpX.

B Kakix M3 cAelYOWHEX RKPHMepoB yRasadol BCE BOSMOKKLE HCROAH BCHNTA-
HHA:

1} BEMTPHIN, TPGHTPHIN B MAXMaTHON maprTHH,

2) BoiMrpi, fiporfpul Botpeun fio GackerSoay,

3) pumagerxe (B yKalanHOM Tiopasxe} repBa — repfa, repba — dudpr, LHd-
P — LHGPH TPH ABYKPATHOM NOASPACHBEHHE MOHETH.

Obpasyor /m coSHTHA «<Ha o0€HX MoHETaxX BHIaAR Nkhpas, «ua OGCHN MOReTAX
BHII2A TepS» MHOWECTBO HCXOROB NpH GpocaduH ABYX MoHer? Kawoe cofmirhe
Hatto HoGaBATL X THM ABYM, WToGH {OAYGRAOCH (IOAHOE MHOMECTBO HCXOROB?

. O6pasymT /M cAeayDIERe COSHTHE MHOMECTBO MCXOAOB fIPH AAYX BHOTPemax fio

MHIICHE, <HH OFHOMO flONafaukA», «OZHO NONSGIAHHEs, «HET NPOMaxas, ¥eCTh
XOTH QAHO TONAHANKesP

. OSpaaymr A1 MHOMECTBO HCXOAOB cARAYIOUIHe COOHTHA (IpH BWAHMAHHA omHofh

KOCTOUKM AOMHHO: «BHHYTa KOCThL 030, «Buryra Kocrs 6:6s, ecymMma OukoB
Ha BuHyTOR KOCTH - HATYPaJAbHOE 9KCHO, Kotopoe Me Sosbie wem 11»?

. Fipkuefnte RpHMMED ONHTE ¢ TPEMA HCXORRMA.

Flpubepsre NpHMED ONHTAE C TPEMA IONEPHO HECOBMECTHHMM COGHTHAMH, KO-
TOpHe He 06pPa3YIOT MHOKECTBR HCXOROR OBHTA,

. TpHBexHte fIPHMEP ONKTA, B KOTOPGM E0Th TAKHE HeTHPE COBHTHR, 410 B Pesyds.

TaTe OHHTA ORHO K3 HHX OGAZATCALHC DPOHCKOAMT, HO OHH He OOPRIYIOT MEOWe-
€TBA HCXOAOB 3TOFO OIATE, '

MoHera AcKPHBACRA, B (IOTOMY BEDOATHOCT: BHIAREHMA URGPH Brpee Soasme
BEPOATHOCTH BHftagenna repba. Yemy pabud ¥tH BePOSTHOCTH?

Urpansyafl KOCTs HaAHTAa CBHHUOM, B DE3YALTATE YEr0 BEPOATHOCTh BHUAJIEHHA
KaWROTO 4HCAA OWHOB MPONOPLHONaNbHA ITOMY uMcay. Hafawre yxasannue
BEPORTHOCTA B BEPORTROCTHOR RpecTpakcrso. Peiinte 3afavy, eclill BepoATHOCTE
suFazenns ARGOTC YHCAa OUXOB obpaTHO NPOAOPUHOHBALEE ITOMY WHCIEY,
Bepoatuocts BUHCPHNI fAPTHR B WaxMath Mactepod A y tiepsopaspaluuxa B
sTpoe fopbae BepoATHOCTH TOFO, TG TaPTHA KOHMHTCA BHHMBID, 8 BeposiTHOCTB
HHuefiHOTG BCXOAa B3BOE GoViblie, ueM NPOHEPWING macTepa. Haftnnre Bepost-
HOCTHOE GPOCTPAaRCTaG AIA 3TOre HCMETARHA,

3anaer a0 crenyomas TalaHza BePORTHOCTHOE fIQOCTPAHCTEO!

Hexox X Xz X3 Xa

Beponraocrs 0,2 0,42 0,28 0,3
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513, BepostHocTHO NPOCTPARCIRG 325aH0 caelyiMnied Talmmned:

Hexon X £z x X4

Bepostaocth 0,2 0.f - 0,5 0,2

Bo cROALKO PB3 HCXOZ X3 BepOAiTHe: HCXoAa xx? Kakwe Mcxoftu panposepORTHR?
514, Haa cagdylOuiMy HCHHTAHEE YHAMHTE MHOWECTBA PABHOBEPOATHHX HCXOAOB:

i} Gpocarircs (RpaBHARHEE) MOHETa W WIPaAbHaH KOCTH,

2} pate pas Gpocaercs MOHera;

3) ms wemka ¢ 33 merowaMn, HA KOTOPHX HaNBCaHk OYKBH PYCCKOro aadaprra,

OARH 3a APYTHM H3BAEKAWTCR BATH METOROR,

4) TO Me HCUHTAHKE, HO HETOH ROCHC WIBMCNEHEA H 3aANHCK BO3BPAIULAETCR B

MEHIOH, '

B) ToO Me acnnlTanMe, YTG B cayuae 3, HO KETORH 0TS HABALUCHHR Paccrasis-

OTCH B ANDIBHTHOM TIOPARKE;

6) npaBWAbHWA TeTpasnp, KyG H TPapa/ibEHA OKTA3Ap, TPAHH KOTOPHX TIOME-

uetl AndpaMy, GPOCRIOT HA RAOCKOCTH, .

7) B poamrpruse neppencrsa ywacreyloT 18 komaun, xoropue caydafianim ofpa-

30M Pa3GHEBIKTCA HA fABe rpymad, no O kOManl B KaXKECH.

3. Beposthocrs cofuTRA. C Gpocauunem srpassHoll KOCTH ¢BS-
3aMbl He TOALKO ACXOAN 4., Aj, As, A4 As, As w3 npemepa | B 2,
HO ¥ EHWeE coSHTHA, HanpEMep COOLITHE X - «4HCAQ BHOPOINEHABX
0UKOB ABJSETCA TPOCTHIM YHCAOM® WAH COOLITHE ¥ — «yHCH0 BRIGPO-
IEHHBIX 04KOB Goablie YeM 3, HO MeHblue ueM By u T. 4. Kaxjoe u3
3THEX COOBITHE BHIOJAHAETCS HPH TEX HAH HHBIX HCXONAX HCIHITAHHS H
He BLUIOAHSAETCH NPH APYIHX. TeM caMbM KaXKAOMY TakoMy COGHTHIO
COOTBETCTBYET HEKOTOPOe TOAMHOXECTBO MHOXKecTBa U/ nexoxos. Ha-
npuMep, AAA COOHITHSA X 3TO MHOXKECTBO COCTONT H3 HexoRos Az, Az 1
As, a aast coBuITHA ¥ OHO COCTOHT M3 HCXOROB A, As.

BpelleM CACAVIOMICe ONPEREACHHE:

Onpedenrenue I Coboitues OpE JAHHOM HCHLITANHH Ha3bl-
saercal Jio6oe noamuoxecTro X muomecrsz I/ uexonos.

B nanvHe#flueM, ToBOpH 06 BCXOHAX, M3 KOTOPHX COCTOMT COOH-
THe X, Mbl GYjem FOBOPHTH, YTO OHM GARTONPAATCIBYIOT 3TOMY COOH-
0. I1po ocTaabibie e HCXOAH GYAeM FOBOPHTL, 4TO OHKM He Gaaro-
APHATCTBYIOT COGHTHIO X.

Onpedesenue 2. Bepoarnocrew coburusa X Ha3bBalOT CYyM-
My BepoAiTHOCTEH HEXOA0B, GAATONPHATCTBYIOUIHX ITOMY COOHITHIO.

IHpumep 1. Hafinem seposTrOCTH cOObiTHH X H Y, yRa3aHHBIX
BHIIHE,

Pewm enne CobpiThe X COCTORT M3 TPEX HACMEHTAPHBIX HCXOHOB
Az, Az, As. BeposaTHOCTE KaXA0T0 3 HHX paBua le», 03TOMY BeposT-

HOCTs coOnTHA X paBHa 3+ ——m—=—, CobutHe Y cocroxT H3



Ieyx acxonoe Ay B A5, ¥ ero BEpOATHOCTL PAanKa 2—‘15——&*;—
CofiniTie, cOCTOILEE B TOM, YTO BHIAJO NIPOCTOE YACAO OUYKOH
K 3T YHCH0 S0Abilie yeM 2, HO Merbile uew 5, IPOHCXOAHT JHEIL IIPH

ucxoae As, ¥ ero BePOATHOCTE paBHa 5

[Ipemep 2. Buncuam, uro pepontHee smGpOCATL IPH MeTa-
HHR ABYX xocrel — 7 oukom wap 8 oukom?

Pemenne Tpyarocts 3ToR 3aiaud COCTOHT B IPABHALHOM
BRISOpe MHOMKeCTBA HoxoZos, Yrobnl chnesath NpaBuabHbIR BRIGOP,
Gyaen 6pocaTh KOCTH [0 OuepeAW H 3AIHCHLBATL TOJYMRBHIHECH
ucxXonn. (1pn Gpocaui IeprOfl KOCTH BOIMOXKHK § HCXONOR, KOTOPHE
Mbl 0Go3KRa UMM A, Ag, A3, A, As, As. Bce 5TH HCXOAN PaBHOBEPOSTHH,
Pasrosepoathn 2 acxonu B, Ba, B;, By, Bs, B npn Gpocanni sTopod
gocTi, Tak Kag KOCTH He CKpemieHbl OPyr © APYroM, 10 Kaxjas napa
ucxonoe (A;, Be), rae 1 < j<C 6,1 <TA<H, uMeeT ONHY i TY e BEpOST-
BOCTh. A Tax Kag 4HCAO TaK#X IAp [0 [PABKY IPOHIBCACHHS DARKO

38, 70 meposTHOCTE KamXporo Hexona (A; B:) pasua —3%

Teneps 0CTAMOCH NOACYRTATS YHRCAO KCXOKOR, GAAFOIPHATHHX BH -
nmagerric 7 ouxkon M. 8 oukon. 7 0UKOB BHI3ARIOT IPS. HIECTH ACKOAAX:
(A, Bs), {42, Bs), (As, By), (A Ba), {As, Bs), {As, B1), a 8 oukop —
nps mard Hexodax: (As, Be), (As, Bs), (s, Ba), (ds, B3), (As, B3}
B nepeoM cayuae fIMeeM BEPORTHOCTD 6~%mé—, a BO BTOPOM —

}
5-§%=—3%—. 3uauuT, BEPOSITHOCTE BHGPOCHTs 7 OuKoe Ooubiie, yeM

BEPOATHOCTL BHIGPOCHTL 8 ouKoB,

fpn pemenun 5T0R 330348 MBI HCIONLIOBAAR AHTYHTHBHOE TOHS-
THe He3aBHCHMOCTH ABYX ACTHTa nHE. [lozinee MBI YTOYHAM 3TO HOHA-
THE, a TIOK& YT0 OTMEeTHM JAKINL, YTO eCJIH ORKO HCIHTAKKe UMeeT pan-
HOBEPOATHHE HCXOAM AL, ..., Am, & BTOPOE — PABHOBEPOSITHHIE CXOAB
B\, By, ..., Bp, TO He33BHCHMOCTb THX KCHBITAHKH 03KAYEET, UTO BOE
IFADH HCXOA0B (A,, By} paBnOBEpORTHE, 3 TIOTOMY aeposrmocrb no-

ABACHHR KauoR napu {A;, B:) pasna —1— .

{TpuMepom HesaBHCHMBIX ncm:rramﬁ fBAAETCA H3BACYCHHE U3
MelIKa NOMedeRHbI X KeToHo s IPH YCIOBHH, 4T0 BHHYTHIH XReTon nocie
3almMcH ero MOMEeTKH Bo3mpapiaerch ofpato. Mruaue oberoMT seno,
ecAH BHIRYTHIL XeToHW o6paTHO He BOZBpallaercs.

[Tpumep 3. B memxe aexar 33 xerona, toMeueHrbe GyKBamu
pycckoro andasita. U3 Hero n3pAeKaT KETOHH H 3aTHCHIBAIOT COOT-
sercTeyiomide GyKBHl, TPHYEM BLHYTHC »eToHd o6paTHO He BO3Rpa-
mar. Kaxosa BepeATHOCT: TOrO, WTO IIPH 3TOM TOJAYUHTCA CJIOBO
«0K0»? CAOBO <ap>»?

Pemer e OmmSouno 6o O pelNaTh 3anavy Tax: BeposiT-

HOCTh H3BACUEHHR Jii0G0H OyRBH paBHa ~3;’-§ TFO3TOMY BePOSIFROCTD CO-
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HMHTSH CHOBO <OKO» papHa —;3—5 y @ BEDOATHOCTE CROXHTL CJHORD €ap»

paBHa “él'a"é .o qﬂno 6ui BepHO, eCyH Gl NIOC/HE LORATE/IbRbLIE H3BACYE-

HHH KeTOHOB H3 Meltika Ohliik HesamracHMul APYr oF Apyra. Ho rax xax
RETOHE 00PATHO B MEIIOK He BO3RPAIRAINTCH, TO, BHKYR B CpRul pa3
GYKBY «0», MH YXKe He NOAYYHM ee NIDH TpeTbeM H3BAeuerHH. Ilosro-
MY B€POHTHOCTL NOJAYYHTL CAOBO «O0KOo» paBHa Hyaw. Uroluw Hadta
BEPOATHOCTL TOAYYEHHH CJIOBA <ap», 3aMCTHM, 4TO NPH ABYX HIBAE-
YeHHHK GYKB NOJAYYAIOTCH BCERO3MONRMBE Da3MeieHuH Ge3 NOeTope-
kil B3 33 GYKB O AB&, TPHYEM OUERKHAMO, YT J100He ARA TAKHX pas-
MCIZCHH? PARHOREPORETHLI. Tak Kak o6uiee YHCAO 3THX pasMeiiend#l
paBio Ad==33-32== 1056, T0 BEPOATHOCTS CHOKHTH CHORO «ap» pas-
1 .

Ba -1—6—-56 .

30T NPHMEP HOKA3BIBAET, YTO NPH PelieHHK MUOTHX 32484 TEOPHH
BCPOHTHOCTEH OKas3biRalTCH NOAE3HLIME POPMYI L KOMGHRATODAKE —
NPH ONpefiesielnbiX YCIOBHHX Y HAC € PARHOH BEPOATHOCTHIO NONyda-
IOTCH PABMEILEHHH ¢ NORTOPEHHEME {eC/H, HATIPHMED, HETOHN H3Bie-
KalOTCH H TOTOM BO3RPaalorcH o6paTHo), pasMeltieHH Ge3 nosTope-
il {ecAu JRETOHH e ROIBPAHIBIOTCH OGPATHO), NePRCTAHOBKH
C NOBTOPEHNHEME K 0e3 NOBTOpeHkd, coveTalnd 1 T. 4. Jorroe mpemsa
KOMGHHATOPHKY Boolilie pacCMATPHBAJIA KaK BCTOMOTaTeabHYI0 ARC-
IMTAHRY BJH TEOPHH BEPOHTHOCTeH, HO Teneph ona npHoGpena caMo-
CTOMTeAbLHOE 3HAYeHHE.

Hpuwmep 4. M3 mewxa ¢ 33 xeroHam, TOMeueHHbIMK GYKRAMH
pycckoro aadaruTa, BHIHAMAIOT § ETOHOB H PACNOZATANT HX B NO-
PHAKe H3BACHeHHH. KaKOoBa BepOHTHOCTL NOAYYHTH C0BO «MocKeay,
ecad: 1} JKeTOHH NOCHKEe H3IBACYEHHA ROIRPAINAIOTCH 06patHO; 2) XKe-
TOHL TIOC/Ae H3BleueHHH OGPATHO He BO3BRPAIHAKTCH?

Pemenne, B cayyae | MHOXKECTRO PaBHOREDOHTHHX HCXOZOB
HCTIITARHSA COCTOHT H3 BCEX Pa3MEIeHHA C TOBTOPEHHHMHA K3 33 ane-

MeH7OR 10 6. % uncno parHo Afy==33°%. ostomy Hckomal sepout

KocTh parka 337°% B cayyae 2 MHOKECTBO DAaBHOBEPOHTHHIX HCKOAOR

COCTOHT H3 BceX pasMeitieHHft Ge3 nortTopenn#t 3 33 snemMenTor no 6,

Hx uncio paeno A%==33-32.31.30-26-28, H [HOTOMY HCKOMaH
1

33.32.31.30.29.28°

Mpuwmep 5. Hskeagpathkor ¢ GyKpamH cH0XEAA Clono «Muc-
CHCHIIH®, TOCJIE Yero XBaZIPaTHKH NONOKHIN B MEIIOK H NepeMerHan.
Kaxora BepOHTHOCTbH, YTO TIOCHE NOOYEPEAHOFrO H3BJNCYEHHH Krajpa-
THKOR H3 MelliXa MOAYYHTCH TO e CAMOE CJ0BO?

Pemenne B aanuom cayyae pasHOBEPOSTHHIMH HCXOZEMH HE-
JSHOTCH NMOMBACHHSH AI00LIX NePecTAHOROK C TORTOPRHHHMH H3 ORHON

GyKnb «M>, 4 GYKR «H», 3 OYKB «C» ¥ 0RHOR GyKeut «n». Unesno Takux
nepecranorox pario P (1,4, 3, l)mm%ﬁm%.?ﬁ.
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MMpuwmep 6. B memKe sekar 5 HeT0HOB, AOMEUeHHHX GyKBa-
MH «ax, «0s, «B3, «'» H «A». Y3 Hero 4 Pa3a HIBAEKAIOT KeTOH, KOTO-
putit Hocae 3anHcH ero GYKBH Bo3BpattaeTcy oGpatHo. KakoBa BepodT-
HOCTS, 4TO APE 3TOM HH OAHA GYKBa HE NOBTOPHTCH JBAFKIH?

Pemenne B 3T0M ciyuae MHORECTBO PABHOBEPORTHLIX ACXO-
JOB COCTONHT W3 BCEX PasMeuleHHfi ¢ FOBTOPEHHAMH H3 5 3JAeMeHTOB

no 4. OHo conepyut Af==5*=<625 pasmemennit. BaaronpuarTusiMg
SBARIOTCA [PH STOM pasMetieHH® Oe3 NOBTOpeRHH, dHCi0 xompux

paBHO Af==5.4.3+.2==120. 3na4nT, BEPOATHOCTH PABHA 5-55-—0 192.

Mipumep 7. lpy Tex e ycAoBHAX HafileM BePOATHOCTH TOTO,
4to B HOJY4eBBO# 3a1HCH HHKaKHe ABe CoceanHe GYKBH He GyAyT OAH-
HAKOBHIMH.

Pemwenue 3aech Halo cRadala HafTH 4HCIO pasMeiliewnit C
AOBTOPEHHAMH B3 5 GYKB 10 4, B KOTOPHIX HET OAANAKOBHX COCERAHHX
6yKB. B KaXKA0M TaKoM pasMelieHHH AepBYI0 GYKBY MOXHO BGpaTh
caocofaMu, a caeaywouine 6yKBu — 4 cnocobama (Be moBTopsAR Ape-
ABAYHIYIO). 3HAUHT, IO APABHAY FPOH3BEJCHEA YHCAo Oaaromprar-
HEIX xouéuuauuﬁ paBRO 5-4-4-4=320, a HCKOMaR BEPORTHOCTL

pasHa —— --0 512.

INNpumMep 8. Ha memwka c 33 KeToORaMH, Ha KOTOPLIX HANRCAHH
GYKBH PYCCKOTO andaBATa, HIBAEKAIOTCR 4 KeTOHA, KOTOPhEe PACHO-
F4ralTcs B aadaBHTHOM AopAAke. KakoBa BepOSTHOCTh TOYO, 4TO
APH 5TOM AOJAYUHTCR CJOBO «BHHT»P

Pemenne Tak Kak eTosun pacnoiaranrcs s antasETHOM
nopRAaKe, TO CYiieCTREHHH JAHIIL H3BJIedeHEnle OYKBH, a He HOPRAOK,
B KOTOPOM WX H3BRAeKkaAH. Ilostomy obiiiee 4HCIC PABHOBEPOATHEIX
HCXOAOB PaBHO URCJY COueTauNH 683 FOBTOPEHHH H3 33 Gyks o 4, 1. e,
Cé;amwww 920. 3uauHT, HCKOMAR aepom*nocrb paBHa

i
40830 -

IMTprwmep 9. Kaprouks, Ha KoTOPHIX HanHcalu GYKBH cJjOBa
«0GopoHOCAOCOGHOCThY, pachoNaraleTea APOH3BOABHLIM 006pazoM.
KakoBa BeposTHOCTS TOTO, 4TO APH 5ToM Bce 7 GYKB «0» HAYT
ROAPA AP

Pemen ne QueBHAHO, 4TO CYHUIGCTBEHHO MHIIbL PaCACAOXeHHe
cemMH GYKB «0». Tak Kak obuiee YHCAO KapToUek paaﬂo 18, 10 BHIGOp

CeMH MecT BAA GYKBH «0» MOweF OulTh cAesaH C?s-—-ﬂm crrocoBams.

Braronpraartesl BHGOPH, APH KOTOPuIX BCe BLIGPABHLIE MeCTa HAYT
moapan. Ho rpynna 3 7 6yke «o» MOXKeT 3aBAMAThH ARWb 12 pasand-
HBlX AOZOWEHHE cpenn ocTaabHux 11 Gyks (B camoM Badajie, MeXRY
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nepBoA H BTOPOK, ..., B CaMOM Koktie). OTciona caelyer, 4T0 HCKOMAN
BEDOSITHOCTD paBHa

12 71g 1
Cly 18 2682

fipamep 10. Ma Memrxa ¢ 33 eroHamH, Ha KOTOPHIX HANHCAHK
Gyksm PyccKoro aidaskra, H3NIEKAKT 4 Pasa METOHH, NPHUYEM Kaxk-
NbIR RETOH NOCHe HIBACUEHHS H 3aiHCH H306parkeHHOR Ha HeM GyKBH
BO3BpamaeTes B Memok. KakoBa BepOSITHOCTb, YTO H3 NOJAYYEHHHIX
TAKHM nyTeM OykB MOXHO Oyler CHOXHTH ¢n0Bo «maprs? Choso
«Mamas?

Pemen e Muoxecrso Bcex paBHOBO3MOXKHLIX HCXOROB COCTO-
HT H3 pasMetleHH ¢ nosTopeHHsMH H3 33 Oyxs no 4, M wucao $THX
HCXOt0B paBHO 33°. BAaronpusiTHI HCXOAHM, APH KOTOPHX NOAYYAIOTCR
B 1000M mopsyike GYKBN «M», <a», «pP», «F», TaK KaK H3 3THX 4 GYKB
MOXHO COCTaBHTh 4f==24 nepecTaHOBKH, TO HCKOMas BepOATHOCTD

paBHa % . A s Toro uTobnl MOXKHO GHJIO COCTaBHTH CJIOBO «Ma-

Ma», HAKO JABaXKAH BHHYTh OYKSY «M» H ABaMIH -— GykBy

«as. Tak xak H3 3THX OYKB MOXKHO COCTaBHTh JHIL P {2 2)=
4t

m‘é‘i‘é"‘f‘=6 [EPECTaHOBOK, TO BEDOATHOCTD NWIYYACTCH B 4 pasa MeHb-

e --3%,;-.

¥ngaxuenna

56, BYRyT AN ColHTHA PEEHOBEPOTETHLIMA:
i) «Bunan repb» ¥ «BHOaXa LHGpas npw GPOCRe ModeTH,
2} «Bupax repf» B «BuNasa uHDpar NPH GpocKe HenpaREALHON (HaPApPHMep,
BOTHYTOH} MoBers;
3) enpoMax» u <hofiafiadnes NPH BHCTPESE OTUMUHOTO CTPeAKa;
4) «Punazo 2Ba repba» W «BHNAAC ABe NEDPH> UPH GpOcKe ABYX Mover;
5) «BHEaM0 He MEeHee TPeX OuKOny W «BuNano He Gojee ueTuPeX OYKOBy NPM
Gpocke Hipasbioll RoctH;
6) olNT: BUHHMAETCH KOCTOYXA JOMHYO H3 noavore waGopa B 28 Kocroues; oo
Gritue A - «BENYTE KOCTH, HA Kotopoll ecth 6», coburee B - ¢BHAYTA KOOTH,
Ha HOTODOR €CTb HYCTOR?

516. IIps# Gpocke Wrpaindoll KOCTH BHUECAHTE HEPOSTHOCTH CHEAYIOHMIEX COBHTHA:
1} «Bunafo Apa 0MKA»;
2) «BHTIANG BHTL OMKGB»;
3} «BHNAAO HETHOS YKCHO OUKOED;
4} «Bufiafio HPOCTOE SHOAO ONKOB3,
5} eumcio BuTABIIHX OUKOB KPRTHO TPEM?.

517, Bpocuan npe mosersl. KakoBa BEPOSTHOCTL TOFO, HTO HA OAHOA MoBeTe BuEaA
rept, a ma Apyroft — undipa’?
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5i8. Bpocapres Ape HIPaAbHHe Koern., Hafiure sepontHocrd coGurhi:
1} cymma punapmux oskop pasHa 2, 3, .., 12. Moaywennue pesynwrata nsobpa-
aHTe HA KOOPEHAATHON AAOCKOCTH TOUKAMH, Y KOTOPHX abcaAcca paBHa CymMe

O%ROB, A OPARHATE — BEDOATHOCTH srofl LCYMME

2} pasnocTk BENARMHX 0YKoB paprHa 1, ..., 5;
3) cymma saNaBrHX oNKOE GoAbile HX DBPOHIBEREHHSE.

Bi9. M3 parx otpeskon gannoft 1, 3, 5, 7 8 9 waysauy sulnpant tpH. Kakoea pe-
POSTHOCTD TOTO, Y70 B3 HHX MOMHO TOCTPORTh TPRYTONBHAR?

520. Ky6, Bce rpaHH XoToporo OKpBIGeHW, pacmuaed wa (000 papEmx  KyGu-
xoB. Halanve sepodTHOCTH Toro, wro HayZawy BagTai KYGRK WMeer Hne oxpa-
HIEHHHE TRAaNK. :

521. KaxoBa BepoRTHOCT, TOTO, YT B #HEAPE HayAady BubpaHHOrO TOAA OKANKETCR
NATL ROCKDECEHHRA?

522, Ha mecTd 0ZHHAKOBHX KAPTOHKAX HANRCaHH GYKSH «Ax», «B», «K», «<Ma, <O,
«C». Kaprousy packiansiparwrch Hayraz s psd. Kawosa sepusiTROCTR TOTO, 4T0
noayunren ciosoe «Mocksas?

523. Chnopo «arapas paspesats Ha SYKBH B HX BHUIOMKER Hayzauy B pap. Kaxosa
BEPOATHOCTE ONNTH AOAYYHTL 3T0 Me CA0BO?

524. CaoBo «AWAHH» DAZPe3ali Ha OYRRN K WX BWADKHAM HayAady s paa. Kakosa
BEPOSTHOCTE ONATH HOAYIHTSL ITOQ KE CIORG?

525. CxoBo «moAHHA» paspesasd Ha OyHBH # BH/ACKALE HEYAAYY YeTupe H3 HEX B
pri. Kaxosa seposTHOCTS DOAYGHTL CHOBO €MHAAS?

528. B auuke nexar 20 oAHHAKOBHX WA oBIYNh wapos: {2 Senux u 8 vepwux. Ka-
KOBA BEPORTHOCTE BRHYTh Haygauy: 1) Geandt miap; 2} vepwaft wap; 3) nsa
pasHOUBETHLX Brapa?

527. B sminke semar 20 onMHaKoBnX Ha oHIyNe mapow: {2 Genax W 8 wepHmx. Ha
HHINKA BHHYAH Hayzauy Bocemt mapos. Hemy DaBEA RepodATHGCTL TOIG, 410!
1) posHo TPH H3 WHX depHWX, 2) uepHuX WMzpos BEuHysk He fonee Tpex?

528. B munke aexar 13 sesenux, 10 kpacunx ¥ 7 CHHEX OfHERKOBHE HA ORIYRS WKis-
pon. Hayaauy swuumanr 8 mapos. Jemy paBHa BEpPONTHOCTH TOTO, YTO BHHY-
AR: 1) 3 zedednx, 2 kpacHax B 3 cuHRX mepa; 2 | setenufi, B xpacHux W
2 cuEMX mapa?

529, Ha gaproukax sanHcads udpw 1, 2, 3, 4, 5, 6, 7, 8 1 9. Hayrag Gepyr vertsipe
KApTOUKH H BREIKAAMBAT WX B BAA. Kaxesa BepoATHOCTR Toro, 4Tl 1} no-
AYHHTCH YeTHoe yHCAo; 2) noayuures wncao §2347

530 Ma cemn sorepefidnx Guaeror aea suurpumiuy. Cesms uesosek no owepenu
SepyT 1o Gunery {He Bo3RPamian ero obpaThHo). YeMmy pasia BepORTHOCTS: Bilr
EFpEIa H 3aBHCHT JH 0Ha 6T Mecra B ouepean?

531. Ha n ~morepefipaix Guaeros oauH eHArpeHMnl. Kaxosa sepoaTHOCTS TorO,
Hro cpesn & maynavy pufpanumx m GHAeToS eCTh BHATPHILHLE?

532, B summke sexet 31 gerass reppore copra ¥ 6 zeranedl mroporo copra. Hayaauy
BRHHMAIOT TPH JAeTadd. Yemy paBHa BepoRTHOCTL fOTo, Wro: 1} sce Tpu Aetain
neppore €OpTa; 2) XorA OW OAHA W3 TPeX BRIWYTHX AeTaaelf RepBoro copra;
3) xoTh OBMA M3 TPex SHWHYTWX Jeraself BTrOporo Copra?

4. Aprebpa coburuit. Brusncaare pepoatHocTh cobwTHs, cTpos
KEKAWE pa3 MHOXKECTBO PABHOBEPOATHHX HCXOROB o AOACHHTHIRAH
FHCNO GARrOAPUATHBX HCXOJIOR, ROBOJABHO 3aTpyAnuTensno. Iosromy
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ANA BLMUCAECHHA BepOoATHOCTed NOAL3YIOTCA PABHAAMH, HO3BOAFIO-
{IHMH 110 M3BECTHHIM BEPOATHOCTAM OAHAX COOLITHR BHIUHCAATH Be-
POATHOCTH EPYrHX COGLITAN, MOJyYaeMbX H3 HAX € HOMOMULI) HEKOTO-
poix onepaiunit. ITockOABKY COOWTHAME MBl HA3BaAH HOAMHOXKECTBA B
MHOKECTEE 3JieMeHTaDHRX HCXO/0B HCIBITAHAA, 3 HAll MEHOXKeCTBaMA
ME Y3¥e yMeeM BLINOJHATL ORepaiufAH O0LeIZHHeHMA, [epeceyeHHs,
HaXOXACHAS NOIO/MHeHHH, TO TaKHe Xe Oonepaius OyleM BHIOAHSATH
Hal COGHTHSMH.

Cefimac Mu ZafHM OnpedeieHns YKA3aHHEM BHILIC OePauHAM Hak
cobrraaMu. [Hockonbky Teopua sepoarnocteli Gulia cO3RaKHa 3aR0JT0
JI0 TEOPAH MHOXeCTS, B Aefl CI0XKHAACH CBOA TEPMHHOJOTHA A CBOH
oflosnaseHn A, KOTOPHe HaM IEPHAETCH YUHTHBATB.

Onpedeanenue I. Cobpurthe, KoTopoMy He GAEronpHATEH HH
OJHH H3 BO3SMOMNHKIX HCXOJ0B, HasnBaeTcA wesvssmomnsis. CoGhitHe
He, KoropoMmy Gaaronpagted 2606 HCXOX HCHHTAHMA, HA3HBAeTCH
BOLTOBEPHBIM.

Ha asnike TeopHH MHOXECTB 310 03HAYALT, YTO HEBO3MOXKHOMY
COGHITHIO OTBEHAET HYCTOe MHOXECTBO HCXOZOS, & AOCTOBEpPHOMY —
BCE MHOXECTBO BO3MOXHHX Hcxonos. [Tosromy Gymem oGosnauars
HeBO3MOXHOe cobnTHe wepes (¥, a HocTosepuoe uepes U.

Onpedesenue 2. Obzeduncnuen coburnit X 9 Y nasusa-
e1CA COBRITHE, KOTOPOMY OAAroRpPAATHE BCe ACXO/L, GAATONPHATHES
X0oTH Onl ONHOMY H3 COOHTHE X B Y.

Hanpawmep, npu OGpocanan Asyx Kocre#t obbeluHeHHeM COGBITHE
#BHITANO0 HeTHOR YHCIO OYKOB# H «BHITAN0 NPOCTOE YHCAD 0UKOB» Gy liet
coBniTHe «4ACAO BHIABUIHX O4YKOB OTAMMHO OT 9»: B caMmoM mene,
Cpenu HATYPanbHBIX dHces ot 2 g0 12 Toabko uHci0 9 He ApiAercA
HH YeTHhIM, HH npocTaM. Ecay [B2 3eHATHHX OPYIHA CTPENAmOT Ho
ORHOMY H TOMY e camofeTy, ro obbeinseHeM CobblTiil <rtepsoe opy-
JHe MOPA3UAD CaMOJETs H £BTOPOE OPY/He FOPA3KAD CaMoeT» OyaeT
«CaMOJIET [HOPAXEeH».

MuoxecTno HCXOZOB ACHLITAHHA, GJAATOHPAATHHX 00LeAKACHHIC
colprenit X 1 Y, Aanserca ofue IHHeMHeM MHOXeCTBa HCX0n0B, faa-
ronpasTHEX X, ¢ MHOXecTBOM HCXogos, GraronpHsrunx Y. [Tosromy,
KaK # B CAyuae MHOXecrs, o6hejuuenne coburufi X 5 ¥ o6o3Havaior
XUY. NipEmMensior TakXe Ha3BaHHe «CyMma coGuwtri» M COOTBET-
crayioutee oGosHauenne X Y.

Onpedearenue 3. MHepeceuenuen cobutht X u ¥V nasnsaior
coGuTre, KOTOPOMY GAATONPAATHL: AAIE HCXOLR, OEHOBPeMenHO Gaa-
ronpustEne ® ang X, W ana Y. Ero oGosuauair XY v XY.

B pazofipaHnniX Boie APHMEPax HepecedeHHAMH OyAyT coluiTHA
«npH GpocaydHK ABYX KocTel BHIAN0 ABA OUKA» H «C4MOJET NOPaKeEH
0GOHMH 3eHATHEMH OPYAHAMH» (HANOMHHM, YTO SIMHCTBEHHBIM YeT-
HWM MPOCTHM YHCJIOM ABASeTCR 2).

Onpedeaenue 4. [sa cobnraa X u ¥ Ha3nBsal0OT HeECOBMECT-
HOLMU, eCAK X NepecedeHHeM ABAACTCHA HeBo3MOXHoC colurie (7. e.
eCAM HHKAKOH uCX0X He MOXKeT Gnirh GaaronpuATed 0GOHM COGLITHAM
OZHOBPEMEHHD) .
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HanpuMep, HeCOBMECTHH COGHETHA «€uMHC-
A0 BLIGPOIWIEHHHX OUYKOB HEAHTCA Ha 3» H
«IHCA0 BLIGPOUICHHHX OUKOB Laer Tp Ae-
JeHHH Ha 3 octaToK I».

MuoxecTBa HCXOA0OR, COOTBETCTBYIOLIHE
IBYM HECOBMECTHHM COOHITHAM, HMRIOT 1Iye-

To¢ mepecevenne: X1 Y=5.
Ecas mofkie gBa cobuiTHA H3 MHOMXKeCT-
Puc. 80 Ba {X;, ..., X} HECOBMeCTHH, TO 3TH COGHE-
THl HasLIBAIOT TMONAPHO NECOSMECTHOIMU.
HanpuMep, MONAPHO HeCOBMECTHH COBLITHA «MHCA0 OUKOB AEAHTCA HA
3», €UHCIO OUKOR NPH AcAeHrH Ha 3 KaeT OCTATOK |» H «UHCAO OUKOB
IaeT NpH AefeHuH Ha 3 octatoK 2». A coGMTHA X — «UHCI0 OUKOBR —
NPOCTOR HHCAO®, ¥ — «UHCIO0 OUKOB ~ 4eTHOE YHCAOP K £ - «BEGPO-
wreHo Gonee 3 OMKOB» HECOBMECTHH B COBOKYMHOCTH (HX NMepecede-
#He TYCTO), HO He SRBJANTCS NONAPHO HECOBMECTHHIMH, TAK Kak,
HaTpHMep, 2 BBAAETCA H MPOCTHM H UeTHHM UHCAOM, 2 B — NpocTHM
YHCAOM, KOTOpoe Goxpmie yem 3. /Inarpamma BenHa MIs MHOXECTB
HCXOA0B 3THX COGLITHA HMEET BHJ, H30GpameHHu# Ha pHcymxe 80,

Ecan colutua X, ..., X, NONapHO HECOBMECTHH, IPHYEM HX 06be-
JHHeHse COBMAAAET ¢ MOAHLIM MHOMeCTBOM HexoRoB U, 1o moboit He-
X0/ 61arONPHATEH OAHOMY H TOXBRO OAHOMY H3 9THX coOuTHiA. B sToM
CAydYae MHOKeCTBO BCEX HCXONOB pa3GHRaeTCA Ha MONM2PHO Hemepece-
KalliHecd NOAMHOMKECTBSA, COOTBETCTBYIOUHE 3THM COGHLITHAM.
ITosTomy MoxHO BuI6paTh APyroe MHOXKECTRBO 3IeMEHTAPHLIX HCXOKOB,
a HMeHHO Hexoaw X, ..., X, Ecau Bee anemenrapHuie nexonn Guian
PaBHOBEPOATHL, a BeeM coGuTtHaM X), ..., X. COOTRETCTByeT ORHO
H TO e MHCAO GJaroNpHATHHX 3JeMEHTapPHLIX HCXOAOB, TO Bee aure-
MEHTapHRE HCXOAH MHOMectBa Xy, ..., X} TokKe DaBHOBePOSTHHL.
HanpuMep, NpH Gpocasnd OBHOA KOCTH COGHTHA <«BHLIMAAO HeTHOE
YHCJI0 OUKOB® H «BHIAJ0 HEUETHOE UHCAO0 OUKOB» ¢6pasylor NMOJHYIO
CHCTEMY HCXOAOB, HIDHUEM OHH DaBHOBEPOATHH, MOCKOALKY NEPBOMY H3
HHX COOTBETCTBYIOT TPH CAyYad BRINMaAeHHS OukoB {2, 4 H O) H sro-
pomy Toxe tpH (1, 3 n 5).

Onpedeaenue 5 Coboiraa X H Y Ha3WBaOTCA RpOTHEO-
ROROXCHBLME NDYF APYTY, ecaH moGof HCXon GJaronpHATEH OLHOMY
H TOIbKO OZHOMY H3 HAX.

HanphMep, NMPOTHBOMOAOKHE COGHTHA <BHINAN0 YeTHOE UHCAO
OUKOB» # «BHIMAA0 HEueTHOe UHCAO OUKOB», COGLITHA €UHCAO BHIMAR-
UIHX OMKOB MeMbuie ueM 3» # «UHCAO BHNABWIHX OUKOB Goabire
ueM 3» He ABAAIOTCH NMPOTHBOTMIOJOKHHIMH, MOCKOJBKY BHMajieHHe 3
OUKOB He ABAACTCA GarcNPHATHLIM HH ANA OAHOTO H3 HEX, He apaaoT-
€A MPOTHBONMOMOMHLIMH H COGHLITHA «cGHTHIH CaMOJeT MOpaKeH mep-
BLiM OpyAHeM» H «COMTHIE CaMoneT NopaXeH BTOPHIM OpyaHeM»,
NOCKOBKY MOMKET CAYUHThCHA, YTO B CAMOJeT HOMmajiH o0a BHCT-
peaa. ,

B reopan BeposrrHocTed NMPHEATO 0603HauaTh co6LITHE, MPOTHBO-
nonox Hoe coburHio X, wepes X.
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Onpedeaenue 6§ Coborde Y HazmpaeTcs caedcrsuen cobi-
THs X, ecas noGol HCXOX, GaaronpssTHRtd cobuiviio X, Gaaronpus-
Ted H cOORTHIO Y.

HanprMep, smnagende APH OpOCaHHE TpPex KocTed HedeTHOro
YHCAA OYKOB ABASCTUH CAeACTEASM TOPO, WTO YHLAC OUKOB ApOCTOe
{noboe MPOCTOE UHCAO, KOTOPOe He MeHbille ueM 3, SIBAsieTCH HeueT-
M}, CoSurHe «bhyrlonbias KOMaHZa olranach B BpiCilefi AHres
ABASETCH CACACTBHEM COOHTH «hyTlonpHAN KOMaHEa BRATPAIA deM-
IHOHAT CTPaHH».

Ec/au cobbithe Y SIBASIETCs CACTBHEM cOGuTs X, TO MHOKECTBO
HCXOHOB, GHATOAPHATHNX COOHTHIO X, ABAAETCH NOAMHONKECTBOM B
MHOXKECTRe HCXOZOB, Gnaronpramiux Y. TlostroMy B TakoMm cayuae
mriyT XY,

Mul BBEH OCHOBHEC ofepalind HaR cobbiTHaMH. C HX NOMONILIO

MOXHO onpeleAHTs ApyrHe onepanud. Hampumep, cobumie XY
MOXHO Ha3BaTh pasnocTeic coburriit X 0 Y {0HO HMeeT MecTo, ecliH co-
Oerrie X poH3ouLo, a cofnrTHe Y Her).

Ho B ganvuefiitem Mut Gyaem AOAbL30OBATHECH JNHIL ONPeACICHH IMH
puitie onepanrame. Ilockonnky onepanrd Hal COOHTHAMH CBOARTCH K
COOTBETCTBYIMHAM ONePalHaM Haf MHOXeCcTBaMH SAarcupHaTHRX HM
HCXOAO0B, TO BCe YTBePIXKAeHHs anreSph MHOKECTB, OTMeUYeHH e B 1. 2
§ 1 rnaBm X1, 0CTaOTCH CAPABENLAHBRMH H AAn CnepalpH #all colni-
TasiMH. Hanpusep, ana coburuit pepHn paBeHCTBa

XN¥==XyY, Xy¥=XnY,
OoHepala Oﬁ'bEERHHeI‘IHH K HepeCeHeHHA 05”3113!0’!‘ cBOfiCTBAMA KOM-
MYT&THBI‘I(}CTH H acCOUHATHBHOCTH, npl«mem Kayjiana H3Z HHX RHCTPH-

6yTHBHA OTHOCHTeNbHO BTOpoH omepaumn. Hns mobGoro colurus X
BRHIIOJIHAKTCH PABEHCTBA

X=X, X0K==01, XNG =0, XnU=X, XU O =X,
XUU=U.

Kpome Ttoro, ecan Yo UX, ro XnY=Y, Xyr=x, a noTOMY
XnX=XX=X.

Y¥npamuenns

533, Tipn karex yotopuax ann cofutufl 4 u B pepun papescras

D A=(AUBNB, 2) AYB\CO)=(AUBNG; 3y A\B==A;, 4) A\B=g;
5y A\B~B¥ OTpern NoAcyute HA PHCYHKaX.

534. Bepuo An yrasepmaenue: ecad A|YB=C, o A=C\H?

536, Hoxamure yraepxzesue: ecin B A, o A=B{} (A\B}. ’

536. Pacmuq:pyfn'e RPSTREE BAHHCH!

1} UAI- 2) ﬂA;. 33 Uﬂa.& 13 4} ﬂAasH

i=5
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537. 3amuukre Kopode (cM. No B35} colirms:

518,

Iy g AU ... YAsy; 2y Ai84:0 .. DA 3} AsUAH .. UAss:
4} AsNAel) ... DA

Bpocsak MeaHylo B CepeBpHiYID MOHETH B PaccMOTpenr colWTHA:
A — «rep8 BHTAK HA MeAuOll MOHeTes,

B «nwdpa Bunzaia wa MezHod moderes,

C — erepl Bunan Ha cepelpsnol Moneres,

D~ «undpa BEnata Ba cepelpAHOl MOHETE:,

M — «eunaz xora Gl oHun repls,

F — «prinana xors Gu OXHa Undgpas,

G - «BWNIBA OKHH Tepb H OXRA RGPy,

H — «seBnnafenne HE oxnoro repBas,

K - «BunaJo apa repfas,

Kak#tm coBaitusiM K3 TOTO CHACKA PABHH COBHTAR:

1y AYC; 2y AQG, 8) MOF, 4) GUM; B) GNM, 6} BN\D, 7}y MyKk?

. Ho M#IeHE RPOESBOARTCH TPH BHCTPeNZ. PactMarpHRAlOTCH COSHTHE A, —

<BONANCHHE TIPH A-M BHCTpetes, kz=}, 2, 3,

Moasaysch AefcepasiMu {Ju [} woa cobuteass Ay ® A, danammre cofwTya:
A — «BCE TPR DONANSEARS,

B — «nce tpE npoMaxas,

€ — «X0TA SH GAHO NONARAHKEs,

D — «xors G6u OXHE APOMATS,

M — «ne menee OBYX nonapakuf»,

F - cxe Gosee OHKOTC NOTARAHHRY,

G - «nonafayhe B MHCHE He Palble TPETHErO BHCTPRAA?,

H — «POBHO OEHO BOBAKAHAES,

K - «poBHO fna monagaunss.

540. B nose malAioMens MAKPOCKONA HAXOANICA HETHpE KAeTkH. 3a Bpema nmabiw-

541

v

AeHKR HAMAAA H3 HHX MOKET KoK PA3RSNHTBCH, TaK K He pasjennThed. Pace
CMATPRBAIOTCA COSHTHA:

A v €PHIRENUNACHE POBHO DAHA KALTKES,

B — epaaseannach Xovs Ob OfKA KA€TEAS,

€ — «DAREARANCH HE MENEE ABYX KAETOK>,

D — «epaagenwinch DOBHO JABE KASTKH»,

M — «pasgenrAacs PORHO TRE KIETKE»,

F e £PA3KCANANACE BCE UETHPE KASTKHS.

3anumuTe cOBAME, B USM COCTONT ~OBMTHH B 1—7 B BEPHH JH PABGHCTEA
s & 9

1} F 2) AUB; 8 AnB; 4 BUC; 5) BNC, 6) (DUMYUF, 7 BnF,
8) BAF==CQF; 9 BAC=D,

Hazoprte a8 yRa3aHRHX COGHTEI BPOTHRONOACKHHE:

A — «BHNANG KBA Tepla», ORWT: GROCOK ABYX MOHET;

B — «pHHYAN Geanfi Maps, OMNT BHHEMAKT OZRE 2P M3 ALHKA, B KOTOPOM
AeXAT Oetnte, KPACHHE H CHHRE RIapr;

€« «TPH BONAZAEE#S, ONMHT: CAGASAH TPH BHCTPEAD TO MEISHH,
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542,

543,

544,

545.

544,

Puc. 81 Pxe. 82 Puc. 83 Prc.

M — «ne Goaee ABYX noMagasuils, ONNT! NMATH BHCTPEACH N0 MUIBEHE;

D — «xoT% Ou OAHO NONRAAWMED, ONT: NATH BUCTPEAOS 0 MHHIEHW;

F — «punrpun {Tevponas, onnt: nmapeus B maxmaTel [Terpes — Bacun.

Ha pucyskax 8184 nsolpameni MMEKTpHUecRAe cxema. Swxmousrend wuso-
OpameHn KPYMKaMHE, 3 KOTOPRA YKa3aHW HOMEp BNKAXYaTerd. 3anuiiure depes
colNTHA Ar — «BHEAORATEND C ROMEPOM & BRAIOYEH? AAA KaMACK cxemsl co-

OHEHR A wv €TOK WEETS H A —- €TOK A8 WAETS,

[TpuGop covromr ms nByx Saoxos. [lepaufl HACK COCTOHT M3 ABYX CAMOTHHHEX
Aetasel w paloracT TpH HCHpaBMOCTH XOTA O onscll ma uex. Bropoll Saok co-
CTOBT H3 TPEX CAROTHNHLX Aeranecli # paloraer Npw HCNpaBROCTH XoTR Oul ABYX
u3 HHX. Bece npufiop paforaer, ecaw paloraor ofia Gaoka. Bupasure wepes
coBuTAR A, — «ncnpasda k- Leradb neppboro Gaokas, k=], 2, B, — «BC
EpaBsa n-A BeTaks BTOporo Gaoxas, A=, 2, 3, # Ay, B, coturus:

A — «patoraer peperi ON0K»,

B — «pabotaer Bropofi H10K>,

£ — «neppwit Sn0r He paboTaeTs,

[ e ¢pTOPOR BACK He paGOTaETS,

H — «npnGop patioraeTs,

K — «npubop ne paloraers,

M — «npubop ue paloraer, do, AAR Tore NTOOM ere WCAPaBHTL, HOCTATOYHO
3EMERHTH ONLHY JMETANDS.

{IpuGop cocront M3 anyx Grokon. Tleperdl 60K COCTOMT N3 4eTHPEX OAHHAKO-
BHX AeTadelt ¥ paGOTaeT MPH WCAPABHCCTH XOTA G ABYX W3 =nx. Btopof Gick
COCTONY B3 NATH OAHHAKOBHX AeTatelt H palorTaer np# HCNPaBRCCTH XoTA Od TPex
#3 nux. Bech npufop palioraer, ecan pafiorant ofz Gioka. Bupasure uepes
coBHTHA A — encnparda k-R AeTanb, nepBore Gkoxas (k=1, 2, 3, 4}, B. —
«HCNPABHA M-R JETAAS BTOPOFO GAoKas (n==1, 2, 3, 4) n cobuma A, » B,
couran A, B, C, D, ykazanuue B yap. 543).

PaceMotpus coBHTHA A ~— ¢BINTAd NayRasy AETaRb OKAZaRack MEPBOTO COPTAN,
B - «pasiTan Hayzawy AeTakb QKA3aAack BTOporo copra» m O — «p3Atan Ha-
yHauy AeTajib OKASAAACH TPETLErO COPpras. JannIgeM CACBANH, YTC IPEACTABARIT
coboR colurua:

1y AuB; 2y AUE, 3y Ayc: 4y AYBUC
Hoxaxwte pasencrsa:
1} AyB==AnSH; 2) AU{ANBy=4;

3} (AYBNB=A\B; &) AYB=(A\B)YB\A)U(ANB);
5) (A\BjUB==AUB: 6} (AUBNCYBI=ARCB.
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547. FIpy RaxeX yCROBHAX COPABSANHEM PABEHCTBA:
1) AUB=ANB; 2} (AUBNB=4;

3 Aud==4; 4) AYA=A47?
548, ¥npocTHTe BHRPAMEHER:
1y (AUBINLALB) B {AUBNBUCINCUAY

3) (AUBNANBRIUICNANC: 4) ((AUBABILANANE),

5. Teopemmn caoxenms, IIpaBelieM Teneph TeopeMH, ¢ IOMOHIBIO
ROTOPH X MOXHO RO BEpOATHOCTAM OAHHX c.ayt;aﬁnux COOHTHA BHIYHAC-
ASTH BEPOHTHOCTH APYIaX cAydad#pX coOLTHR, KakaM-JH00 obpasom
CBH3aHHBIX ¢ AepBuIM#. Haumwes ¢ Teopes, Koropule ofipa3yior rpyany
¢ oOIUM Ha3BaHWeM «TeOPEMbl COOKESHHS®.

Teopema 1. Ecau codurua A u B necoemectnut, To

P(AUB)=P{A)+ P (B). (1)

HJoxasateascTpo O6oanauaM HCXORH, OJaronpHsTHLIE
st cobuiTun A, yepes a, ..., Gn, & JHA colnmas B - uyepes b, ..., b,
BeposiTHOCTH 3THX HCXOMOB OGO3HZUHM COOTBETCTBEHHO 4epes pi, ...
v P B G4y .0, gn. TOTRA cOOuTHIO AL B GRaronpHATHH BCe HCXOAH
&, .y G, By, .., Ba. B cray Tor0 wro coGurHs A # B HecoBMecTHHI,
cpefts STHX HCX0A0B Her moBTopawmnaxes. [TosroMy BepoaTHOCTE Co-
Gutis AlUB paBHa cyMMe BeposiTHOCTe# 3THX HCXOLOB, T. €.

PAUB)=p+...+Prntqi+.. +4a

Ho pi+..+pa=P(A) q+..+4.=P(B), a noromy
P (AUB)=P(A)-+P(B).

Teopema noxasana.

Tpumep 1. Crpesok cTpessieT B MHINEHD. BeposiTHOCTS BRIGHTD
10 ouxoB pasxa 0,3, 2 BepoRTHOCTL BHOKTE 9 ouxoB pas#a 0,6, Uemy
paBHa BepGATHOCTL BHIGHTL He Medee 9 OWKOB?

Pemennge Coburse A «Bulurh He meHee 9 0ukoB» ABASETCH
ofnepHrenneM coSuTHE B — «BubHT: 10 ouxoB» u C — «BuifaTh 9
oukoB». [1ps sToM cOORTHS B 1 C #eCOBMeCTHL, TAK KaK Hesib3sl OJHHM
BRICTPenioM BbIOHTH cpasy H 9, u 10 ouxoB. ITosromy no teopeme |
HMEEM !

P(A}y=P (B)+ P (€)=0,340,6=0,9.

Ecay coBuTas A, .., As NOR3PHO HECOBMECTHH, T0 cobuHTHe
Al ...UJAx.; HecoBMecTHo ¢ coluiTiem A,. B camom geae,

Ay DA DN A ={AN AR ... U{As—i14s).

Ho npe s<Cn umeem AJ1A,=@, u notomy (Al .. Uda—i)(}
NA.= 3. lNonbayAch 3THM 3aMEUaHHEM, noayvaem H3 Teopembl |
CAGACTBHE!

Caeacrame. Ecau cobuirus Ay, ..., Ax nNORAPNO HECOBMECTHBL, TO

258




8epORTHOCTS 00TBedunenus atux coboirull pAGHA CYMMe X BePOATHO-

cred:
P{AU .. YAn) =P (A)+ ..+ P (A {(2)

Hoxasareabcrpo Kak 6uao orMeueso Boime, colpiTeA
A L UAr B A, BECOBMeCTHB, & NOTOMY no TeopeMe | mMeem:

P{AU ... UAn-1UAD)=P (AU .. UAu—t)+ P (An).

[Tpumennn 9T0 Ke paccyRKAeHHE K TEPBOMY CNAraeMoMy M NPOAOIKAR
Danee, noaydaem nocje n — 1 imara, 4To

PAY .. UAn)wP(AI}"'"'P(AB)

MTprmep 2. B uexe paloTaer HeCKOJALKO CTAHKOB. BepoaTHocTh
TOTO, 4TO 34 CMEHY NoTpefyeT Halalki POBHO OHE CTAHOK, pasra 0,2,
BepoariocTh TOFG, 4TO 38 cMeRy noTpeSyiOT HaJalKu POBHO ABA CTaH-
ka, paska 0,13. BepoatHocTs Toro, 410 3a cMery norpeSyior Hanalku
SoAbiHe ABYX CTAMKOB, paBfa (,07. KaxoBa BepOsATHOCTb TOTO, 4TO 32
CMeHY Npuiercs APOBOJATL HAAALKY CTAHKOB?

Pemenne. g TOM NPHMEDE ONBIT COCTOHT B TOM, 4TO NPOHIAA
CMEHA ¥ OTMCUeHO, CKOJBKC CTABKOB 3a 5Tty cMeny norpeSopano
Hajaiake. B 3ToM onbite coSbITES: A — «3a CMeHY norpefoBaa HaAan-
KB POBHO O/IRK CTaHOKS, B — «3a cmeny notpeGoBadn Halajike pOBHG
NBa cradka» B C — «3a cmery nortpeSoBaau Hanalke Gosee AByX
CTAHKOB» HecoBMecTHB, Hac ke muTepecyeT BepoOATHOCTh cOOLITHA
AYBYC. Tlo reopene |

P{AUBYCY=P (A)+ P (B)+ P (C)=
=0,240,134+0,07=0,4.

BriBefieM Teieph CBA3L MEXAY BEPOATHOCTAME HPOTHRONONO R HBIX
COORITRA.
Teopema 2. Jan mwbozo coburus A useem:

PA)=1—P(A) (3

HAan JRokasaTenscTBa BCHOMEEM, HTO AYA=U, P{U)=1 =
ANA=. Toraa no reopeme 1 nosyzaem:

1=P{{)=P{AYA)= P (A)4 P (A),

OTKyAA caexyer Tpelyeman dopmyia.

ITpu mep 3. Deperca vaynany Tpexidadhoe HaTyPaALHOE YHCAO
ot 100 po 999. KaxoBa BeposrtroCTb 10O, 4TO X079 OHl ABe €10 1 pH
coBHanaT?

Penre # we. OnbT 3/ech COCFOKT B TOM, 4TO HayAauy BuGupaeT-
¢A BaTypadbkoe sucao of 100 po 999 u cMorpmt, ecTh Mg ¥y Hero
coBnazawiue undppe. Cobbitia «B3aaH waylady uzuciao N» (N=
=100, 101, ..., 999) papHOBepOSTHH {B 3TOM CMLICA CJ0Ba <«Ha-
yaauy»} # 06pasyioT MEOXKECTBO HCXOROR IFOM0 onbira. Yucio kexo-
HoB n=%00. Hac uarepecyer cobbitie A4 — «y Bblpaskore wHcia
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COBNAfanT X0T# On xee umdpu». [lpoite, oxHaxo, AOACYHTATH

BEPOSITHOCTL HPOTHBOHOA0KHOTO COOBITHA A —— «y BHGPaHHOTO YHCAA
pce ndpu pasiprukb». Kawkaoe Takoe YHCHO €CTh pasMeillenHe Ge3
noaTopeHHA n3 10 nndp mo 3, He HMEINEE NEPRBIM DNEMEHTOM HYJL.
CHexoRaTeNLHO,

m=A%—A§=10-9.8—9.8=9".8
(n3 wncha Bcex TpexsAeMenTHHIX pasmeiiennfi 6e3 moRTOpeHHR HAKO
BbIUECThL HHCAO TeX, ¥ KOTOPHIX Ha HEPBOM MeCre CTOHT HYJb) M
2

P (ﬁ)m%&?-mu,m.

Torpa no teopeme 2 P (A)u=1—P (A)==0,28.

B pane crydaes RPHXOANTCA BRIUHCAATE BEPOATHOCTE O6beNH HeH A
cOORTHE, ROTODLIe MOryT Outh COBMECTHBIMH.

Teopema 3. Lan A6bix aBYX cOOWTHE CHpaREANHBO PABEHCTEO

PAUB)=P{A}4P (B)~P(ANB). (4)
HokasateapcTBO CofieiThe A  COCTONT H3 KOMIOHEHT
ANB a1 ANB, a coburee B — u3s komnowent ANB u ANB.
ITosTomy
AUB=(ANBUANBYMANBUANB)=
=ANBUANBUANS),
¥ NOCKOJbKY BXOAAIHME B 9T0 Pa3A0KEHHE KOMOOHENTH NORAPHO HE
AePECEKAITCH, TO

P(AUB)=P(ANB)+P (ANB)+P(ANB). (5}

C apyro#t croponu, wmeem P{A}=P(ANB}4-P(ANB) u P{B)=
=P{AOB)4+ P{ANB), a noromy P(A)+P(B)=2P(ANB}-+
+P{ANB)+ P(ANB). Cpapnnsas 3t papenctha ¢ {5}, moxydaem
xoKasuBaeMmyo Qopmyay {4).

Pagsencrao (4) nanoMmunzer dopmyny {3) n. 2 § 2 rnasu X1 (ono
MoKeT ObiTh NOJIY9eHo H3 ToR GOpMYAH B caydae, KOria BePOATHOCTH
MEMEHTAPHBIX HCXOA0B OAHHAKOBN). AHAROTOM OTMENECHHOR TaM XKe
GopMYAB REPEKPHTHA ABAACTCH PABEHCTRO

P —UA)=2 (=1}*' PN .. NA). (6)
3aeCh CYMMHPOBARHHE PacApOCTPaHEHO HA Bee KOMOuHAUHH coOuTHA
A, ..., A, RO OXHOMY, HO JIBa, HO TPH K T. K. Ho n. B wactHocTn, npy -
n==3 HMeeM:

P(AUBYC)=P (A)+ P (B)+P(C)—P{ANB)—
—P{ANC)—P (BNC)+P(ANBNC).

260




¥PDPBRHECHRR

549, Crpenox nonaiaer B ZecATKY ¢ BepoAtsocTh 3,05, B REBATKY C BEPOATHOUTLE
0.2, a 8 pocyMepxy ¢ BepositrocTeio (6. Crenaw onny sucrped. Kaxosa peponr-
HOCTH CAENYIOIRHX COOHTHA: A -~ «BHOHTO He Mesge BOCHMH OMKOB3, B — «BR-
OuTo Godee BOCHME CUKOB»?

680, Brupezure Gopmyay ana P{A{ B1;{) a obwex cayvae.

B5t. B aesn duakyasryprnxa CHsoB Nomen ka CTaBsod. Moo Suio KyHHTS GHaer
ua $ytéon ¢ pepoATHocThic 0.3, KR KyNHT: Graer ®a Sackerlon ¢ BeposTHO-
creie 3.4, Bau Kynetk Ganer Ha sonefiGoi ¢ Beposthooteie 0.2, Kaxosa Be
PoRTHOCTL Toro, WTo: 1) CHaoB mopas #a copesHoBavde, 2} CK308 Ronal Ha
COpeBHOBaNHe, B ROTOPOM 3alpewmiesa mrpa HOTOR?

552. B macvepckoli pafioTalT TPH CTaHKa. 3a cMeHy nepsafi CTAHOK MOMET HOTpe-
GoBaTh BaiafxH ¢ mepostrrocrsie 0,15, [Iam proporo cramka sTa Bepostracerh
pasia 0.1, a gas Tpersero crakka — 0,12, Hallirre BepoSTHOCTE Toro, ¥TO 3a
CMEHY XQTh QUHH CPaHOK nurpelyer HadaAkd, CUHTAR, Y7o OHHOBPEMEHHD CTas-
KH Halafxe notpebGoBaTth He MOTYY

553. Masectra sepostraocts P (A) u P (AN 8). Hafnare P {ANB).

§ 2. HEIABMCMMbBIE MCITHITAHME

I. Hesamucumuie cryvafinge coburun. Popuyna (4) 1.5 § 1 ceo-
JIT OTHICKAHHE BEPORTHOCTH O0DheAwHeHHs HeCKoAnKHX coGHTHA K
OTHICKAH 10 BePOSTHOCTH TepecederHit pasnHdsbix cobuThR. Ilocaen-
Hifi 3ajada He HMeeT oOfnpeaeieddoro peitieHHs: ecas Ac B, 1o
ANB==A4, u noromy P(ANB)=P{A) a eum AN(B==g, 10
P{ANB)=:0. Bo3sMOXHNM H pa3fiHuHLe [POMEXYTCHHbLIC Clyyah.
Ouuako ects cayvaf, KOTA 0 3aidAHHGIM BEPORTHOCTHM COGLITHH
A 1 B MOXHO BHUSCAHTL BEPOSTHOCTL HX fePecedeHrs,— 5T0 ¢Haydaf,
Korja maHHbie iBa COGHITHS He3aRHCHMBI

B 3§ 1 M roBOPHAH 0 He3aBHCHMBEX HCHLTAHHSX H OTMETHNH,
Yro eCJIH TIepBOE HCIWTaHHE HMEET 1 PAPHOBEPONTHBX HCXOJ0B, a
BTOPOE 1 PABHOBLPOSTHRIX HCXOHOB, TO Mobay 1apa HCXOROB 3THX

I
HCALITAH St HMEeT OLHY H TY e BePORTHOCTD — . PaccMOTPHM Teleph

Asa cobbiTHs A H B, Takse, YTo nePROMY H3 X GABrONPHATCTBYIOT £
HCXO/MOB AEPROTO HCILTAHHSA, 4 BTOPOMY — [ HCXOROB BTOPOrQ HCTIBI-
rauns. [lycrs st onpeleseHHocTH 3T GyAyT HCXORW 4, Gy, ..., Gk
u by, by, ..., by Torna coburiio A B GAaronpHHTCTRYIOT BCE HCXOMhI
(a;, b)), rakue, uro 1 <Ci<Ckh, 1 j<C{. HMx uncao no mpapmay npo-
H3BeAeHHs B KomOnHaTopuke papio kl. TlTockoanxky KaXAwh H3 9THX

HCXOJA0B HMEeT BePOATHOCTL Tﬁl’i , TO BepositHOCTs cobhitHn ANB

papHa ﬁ% JameTaM TellePs, HTO BEPOHTHOCTD cobriras A parHa

] ! E 1
et BEDOMTHOCTE coburun B papHa ret a e T e “pHXOﬂHM K
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CRELYIOLEMY BLIBOLY: B PacCMaTPHBaeMOM MPEMEPE HE3aBHCHMOCTD
HCHBITAHHA HPOSIBHAACH B TOM, YTO BePOMTHOCTH ¢cobnrust A1B oka-
3ahach papHOR HPOHIBeRSHHK® BepoaTHOCTeH cOOGLITHA 4 H B!

PANBY=P{A)P(B).

OGo6mHM Teflepb HOHsTHE He3aBHCHMOCTH Ha OoJjee IUHPOKHA
KiAace CoBLITHA,

Onpedeacnue I Cobutdst A a1 B H3 OBHOTO B TOFO XKe
BEPOSITHOCTHOIO HPOCTPAHCTBA HAILBAKTICH HEIAGUCUMbIMUY, €CNE
BHIFOJHACTCH PABEHCTRO

P (ANB)=P (A)-P (B). (1

310 PaBEHCTBO HABEPHsIKE BHNOJHSETCH, €CIH ORHO H3 COOHTHA
A gna B nepoaMoxdo (B 3ToM cayzae ofe¢ 2acTd paeencrea (1) of-
paliaTest B HYAL) BAHE RocToBepEO (echaH zocrosepHo A, To obe
yactd papencrea (I) papun P (B), mockossKy B 3TOM Clhydae
ANB=Bu P (A)=1).

Mpunrep I. dokamkeM, uyro npH GPOCAHEE KOCTH COONTHH A —
«BHINTAJIO YETHOE YHCAO OMKGB» H B - «YHCAO BHITABINHX OYKOB Ae-
JHTCA H& 3» ABASIOTCH HE3ABHCHMBIMH.

Pemernne OuesHstno, yto P (A) =~ P (B) mw CoOluthe
AN B cocrowr B ToM, YTO YHCAD OYKOB qe'mo H AGARTCH Ha 3, a moto-
My 0HO paBHo §. Ero seposarHocts paBHa uéw. Taxk kak «é»mé»-»-‘—»’

cobutust A 4§ B HesapHCHMH,
[Toramxem, uTo ecad cobutsi' A 4 B ge3apHCHEMA, TO HE3ABHCHME

coburest A B B, a rakxe coburust A v B, paeso kak B A v B.
B caMoM fede, To TNpaBuAaM anre6pHl MHOXECTB HMeeM:
(ANBYU(ANB) =A, npuuem ANB v ANB wecosmectun. [lo-
sromy P (A}=P (ANBY+4+P (ANB). Ho B cHAY He3aBHCHMOCTH
cobuirk A ¥ B poinoausiercs papencrso P (ANB) =P (4)-P (B),
H MOTOMY
P (ANB)==P (A) —P (ANB)=P (A) —P (A)-P (B) =
=P (4} (1—-P (B)). (2)
Mockonbky P (B)=1—P (B), 10 pasescrso {2) MOKHO 3amHCaTh
B BHIE

P (AnB)==pP (A)-P (B).

3uausr, A § B HesaBHCHMH. _
AHaJOTHYHO JIOKA3HBaETCS HeaaBiCcHMOcTs A B B. TlosropHo Npu-

MeHsist BpOBefeH Hoe BhIle PACCYIKACHHEE, HoNydaeM, 410 P {AnB) =
=P (A)-P (B), 7. e. uro B cobutuss A B B HesapHCHMAL
Iycrs cobuirast A 1 B wesapeceMu. K3 dopmyan P (A{B) =
w= P (A} 4P {B) —P (AB) BuiTexaer, 470
P (AUB)=P (A)+P (B) —P (4)-P (B). (3)
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Mrak, npr nmesasucamocrn cobutiét A H B pepHO paBeuctBo (3).

Hpumep 2. Ipa seHutHHX OpPYAHS CTPERSIOT OAHOBPEMEHHO
H He32BHCHMO JADYr OT Apyra no camonery. Camonaer cOHT, eciiy B
HEro NOTan X0Tk ONHY cHapsad. Kaxkopa BepositHOCTb ¢Ofith camoner,
ecan BEP5OHTHOCTI: NONajanus Nepsoro opyaus paeua 0,8, a eropo-
ro — 0,757

Pemeunne OGo3naunm uepes A cofinTHe «B camojaeT nomad
CHADSIZ HePBOTO OPYAHA®» M Yepes B — «B camojer HOnajx CHapsn
sTopore opyAssa». Ham wago ualite BeposirHOCTs cobuirus Al)B.
B cuity we3aBHCHMOCTH 3THX ABYX COOHITHE MOMKHO BOCHONB30BATHCS
gopmyrofi (3). Ho P {A) =08, P (B) ==0,75, u notomy

P (AyBy~=0,840,750,8-0,75==0,95.

Onpenennm Teneps ROHATHE HEIABUCHMOCTS A HECKOALKUX COGHITHA.

Onpedeasenuve 2. Coburua A, B, ... HasuBawTCH Hezasu-
CUMBIMIL 8 COBOKYNNOCTY, ecan Jns oGoTo NOAMHOMECTBA 3THX CO-
GuTHH BEDOATHOCTE HX NePeceveHHsi paBHa NPOHIBENREHHIO HX Be-
POSITHOCTER.

I prmep 3. HeThipe OXOTHAKA CTPENMIOT OAHOBPEMEHHO H He-
3aBHCHMO ADPYF OT pyra Ro safiny. 3afn noldcrpeneH, echu nonan
X0TH Ohl OfiHH OXOTHHK. KaKoBa BepOsTHOCTs ROACTPEAHTS 3aiiua, ec-

2
A¥ BEPOATHOCTE NMORARaHHA AJA KaXMAOTe OXOTHHKA pPAaBHA —,3“)

[epenymepyeM OXOTHHXOB H paceMorpuM coburus A, — «nona-
NaRKe k-r0O OXOTHAKA», k==1, 2, 3, 4. DTH COONTHA N0 YCAOBKIO 3a1a-

YH He3aBHCHME H P (A:) w%— npyu AGom 2. Hac aurepecyer Bepont-
HOCTh COOHTHA <3asnill nopctpedens, T. e. A jAzljA1 A

P (A|{}A2UA3[}A4) =1 ---P {.4|UA2UA3UA4) ==
=l — P {ANA21 A1 Ag) ==
= 1P (A1) -P (Aa) P (Aia) - P (A)) =1 (1) == 1 — L2 0,088,

3necs, Kak M paHbile, Mt BOCROAB30OBAAUCH TEM, 4TO NPH 3aMCHE
HE3ABHCHMHX COOLITHA NPOTHBONONOKALIMH He3ABHCHMOCTL COONTHR
He Hapyuiaercs (ZOKaXKure 3TO CaAMOCTONTEbLHO}.

[Ipumenenntiti pH pewienny MpuMepa 3 UPHEM nepexolia K ipo-
THBORGJEOKHOMY COORTHIO OUeHb MOAC3CH MPH BHYHCICHHH BepofT-
HOCTelH O0bheAuHeHHs He3aBUCHMEX COSHTHI.

Opumep 4. Cobrrne A MOXer npousoiity B OflkTe C BepOHT-
HOCThKd p. ORET HOBTOPHAH He3aBHCHMbiM oOpasom n pa3. Kakosa
BEPOSITHOCTE TOrO, 4TO OPH 31oM cobumtue A nponzofiner Xorn OAxH
paa?

PaccmorpuM coOuitus A, — «cobutie A npoHsowno Rpu k-m
NOBTOPEHRE OnuTax, k== 1, 2, ..., n. CoburHa A, He3aBUCHMN, TaK Kak
ONETH MOBTOPFOTCH HesaBHCHMEM 06pasom. P {4:) ==p AAA Beex A.
Hac nerepecyer cofHTHe «ORLT ROBTOPHAN HE3aBHCAMLIM 06Da30OM 1t
pa3, u ApH 3TOM coObiTie A NMPOM3OHIAO XOTA O OAMH pa3zs —

263




ln}Ak. 3amerus, yro A, vesaBHCHME M w10 P (Ay) =1 —p=gq, no-

Fe b
JAyuaeM:
P ((A) =1wP ((Ar) =1—P (A} =
Ra=1 fre | ksl
m ] e P (A1) P (A2) oo P {Ag) ==t =g,
Hnrepecho otmeruts, uto lim P ((JA,) = lim (1 —g") ==1 (n0-

i 00 R ] n—+ o
CHONBKY O<Cg<C1}, T. e. nPH focTatouHo GONBHIOM YHCHe MOBTOPe-
WHE ONMbiTa COGLITHE A nponsofiler HOYTH MasepHsKka (C BepPOHTHO-
CTHI0, HaK YrOEHO GaMaxoR K 1} x0Ts oAMH pa3. [Ipo colmTHA, KO-
TOPHE NMPOMCXOANT NOYTH HaBepHAKa, NPHMETO FOBODHTL, YTO OMH
npaKTuteck AoCTosepHs.

Jamevanre Hs NOMapHOH HEZABACHMOCTE COGMTHE nAe cAeayer WX He-
3ABACHMOCTD B COBOKYITHOCTH.

¥Ynpampenan

554, Dpocnar moseTy & HIpaabayR xocrh. [oxamuere, w10 coOuTHN <BRHDRAA repls
H «BHIlaNi0 HETHOE YHLAO OUKOB® HEAaBHCHMH.

535. Ya noamoro wefopa wocrvell AoMHHO BHHMMSCTCH HayAaYY HOCTOUKE M OHO-
BpeMenno Gpocasres KEpasban KocTh. JloxamuTe HesaBHCEMOCTE cOBUTAR «unC-
0 OUKOB Ha ROCTOMKZ JAGMHHO Xparwo TPEM {(XOTh OAHO)* H €HE HFPRALHON
KOCTH BRSO DPOCTOS YHOIMO GHKOBD.

556. Ilea cragxa paGoTaloT HESaBHCHMO JAPYT OT JApYTra. BeposTd#OocTh TOro, 4r¢
nepBit cTaHOK npopaloraer cveny Oes HaxaikH, pabda 0,9, & sropof — 0.8,
Kaxopa pepofitHocth Tore, 9vo: a) ofia crauka npopaborapr cweny ez s
Aagun, 6) ofia crauxa 3a CMedy DOTpeSyOT HERAIKHP

557. Co6HTH% A # B HesabrcaMu. [lOKampie, €10 #e3aBHCHMH A B B

558. Coburrn A, B, C nesapacumu. JoxaXure, ¥T0 HeazpHCHMM TPoixm cobuthi:
a) A, B, C.6) A B C,m A B Cnr.n.

569. Tpu cTpenxa HeaaBHCHMO APYF OT APYra CTPEXSIOT fio Heaw. Beposrhocrs flo-
najasng 3A8 RepBoro crpenxs pasua 0,8, Aas sroporo — 0,78, nam rpeThero —
0,7. Kaxopa Bepostsocts: 1) xors Ou oaworo nomagauss, 2) poBHe oaHoro
nonanadHK, 3) poBRHe JABYX montataukl; 4) Tpex nonazadel, ecAH Ramaul
citena] 10 ofHOMY BeCTpesy? KaxoBa BepOSTHOCTh, HTC BER NPOMAXHYAHCHL?

580. Moryr ag Guth ABa HECOBMECTHHX COOBITHS HE3GBHCHMHMHAT

5681. B macrepckofi paSoraloT TPH cTaKKa. 3a CweRy tepBufi CraBoK MoXeT norpe
SoBath FaAaAKH ¢ epoaThocTho 0,15 (B nocte 3Toro fo KOHNAZ CMENH HaMAAHNM
we norpelyerca}. Mas Broporo cravka 3ra BepoAT™HocT: paka (L1, a AgA rpe-
there — 0,12, Kaxoba BePOATHOCTS, %G KOTh OGME CTAHOK 33 CMEHY Norpefiyer
HANalKi, ecAR CTanks TPpefynT HaAazrH HeIaBHCHMO Xpyr o Apyra?

562. TiprGop, paSoraminail B TeueyHe CYTOK, COCTOKT B3 Tpex yaioB, Ramiull ms
HOTOPHX HEIABHCHMO JIPYr Ot APYra MOXKET 34 310 Bpemsa Bulity 3 c1pos.
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HescllpaBuocts X0Th ORHOTC y3Ja HPEROAMT K OTKasy NpaBopa. BepomTHocTe
Geagrrasuoll palioTh B 7evense cyTok flepmroro ysaa paema (.9, Broporo —
0,95, tpereero — 0,85. Halgate BepoATEOCTE TOID, NIO B TeuesHe CYTOK NpHGOp
6ynaer pafiorarth Ge30TXazHO.

563. 3apon HBrOTABAKBAET HANENHA, KAMEOC H3 KOTOPHX ¢ BepORATHOCTRI [ MMeeT
Asipext. B uexe tpa xourpoacpa. Tionagalue mafiensn Ha KOHTPOIb K REpBOMY,
BIOPOMY RJAR TPETbEMY KOMTPOACPY paBHoBepositio. BeponThocts ofrapyme-
#nA gedexTa {ecam oM umeercw) aas &-ro xosTpoaeps papHa g (B=1, 2, 3).
Ecne wanenne He Gmao 3a0paKoBaHO B UeXe, TO oHo nonanaer B OTK asnoxa,
rae gedekr {ecar oM HMeercH) oORapYHABACTCH © BEPOSTEOCTLIO Py, Hadznte
BEPOATHOCTH CHERYIONINX coluTai:

A — euznemne Gyner aabparoBanos,
B — «cuspenue Gyser aabparopauo B uexes,
£ — «nageame Gyier azbpaxonado B OTK 3avoxas.

564, BuawcanTeABMAR Maltama COCTOMT H3 n Oaoros. HaAexHACCTh (BepOATHOCTE

fesoriaanoll pabory B Tevewre spemens [} R-10 Gaoka paeda p, (k=1 2, ..
. ). Baoke BHXOART W3 CTPOA HedaBECHMo Apyr or gapyra. Karopa Haznew-
HOCThL MARIHMEY

2. ¥Ycaosras seponrnocts. ®opmysa ymuoxenws. [Tosyuenre jno-
Gaaouso# rROPMALKKE MOKET A3MEHATH 3HaYeHHe BEPOATHOCTER Tex
WAK BHRX KCXOZoa uchutaxnd. Hanpumep, ecnn maaecTro, 410 am-
HajO HeYeTHoC YHCAO O4YKOA, TO aePOATHOCTEL anftafileMHA D ouKoa,

KOTopas 10 NOJTyeHEA 5TOR HRGOPMaliE pasBaNach L cranosurcs
paanofi «é-», NOCKOARKY 001Hee YRG0 BOZMONHEX HCXOAOB YMEHLIlH-

gock ¢ mectH (1, 2, 3, 4, 5, 6} xo tpex (i, 3 ¥ 5). BeposarrocTh Xe
anfiafieHnsa 2 O4YKOS APpH NOAYHeHHH >TOH HHpOpPMaLKH CTaHOAHTCA
paaroit KyJso.

TTonyuenue wexoropodi wmopManuy O Pe3ynbTATE HCHLITAHAA
03Ha%aeT, YTO aMecTd acero MHoXKecraa uexoxoa U zano 6parb ero
“acTh, KOTOPYIO Mul 0603HaukM 4epe3 X. Eciim Hexon x Me nprrajne-
®AT X, TO ero aepoATHOCTH ofpamaerca a wyab. Ecan xe or npu-
HaANeKKT X, TO er0 BEPOHTHOCTD YResin4YnaaeTcA. [Ipu 3ToM fAicko, 4TO
ace aepOATHOCTH TaKHX HCXON0A YBEIHYHAZIOTCA a ORHO H TO Xe
YHCJIO PA3; HOCKOJILKY OTHOILIGHHA KX BePOATHOCTEH pe MeHawTca Npu
AosydeHnH HoBoR wubopmannn. O60IHauHM HCXOAH, GiaronpHATCT-
ayonide cobutiio X, uepes X, .., Xi, a HX BEpPORTHOCTH — %e-
pea pi, ..., ps. [iocae nonyyenns noaofi KHPOPMALHE >TH ACPOATHOCTH
CTAHYT PAABLIME YHCIAM AP1, ..., APy, 3Hauen#e A JIerko onpeRefsthb
H3 TOfD, YTO CYMMa HOALX aeposTHOCTEd KoJKHA paausTbes 1.

Tfoatomy Api-... A==, T. e A (P4 ..4p) =1 Ho p+..
w+pe=>P (X), # noromy km-ﬁ—m.
Mu ackasang caenyouiee yTaepKieHue:

Ecau uagectno, «to npousowio coboitue X, 70 8ePORTHOLTE AI0-
Bo20 ucxo0a, ne GARZONPUATCTAYIOWE20 ATOMY CODLITIIO, 0DDAUAETCA
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8 Hyas, a ucxoda, GAGRONDURTCTRYIOWEZ0 MY, YMHOMAETCH HA
1.
PAX)
’ m....f.‘f....
PE=F
Hafizlem renepb BOBYIO BEPOATROCTb HEKOTOPOTO cOOGLTRE A. Emy
OJaronNpRHETCTBYIOT HCXOAR JBYX BHAOS — OJarOUpHATCTBRYOUIHE X

¥ He 653?01’1[)!‘]“‘!‘(21‘83&01[{38 X. Kak Mal sHieAR BBILC, €CAR HPOB30LLIO
ooGutie X, 10 BEPOHTROCTH HCXQULOB [IE€PBOFG BHHA YMBOXNAKTCHA HE

ﬁﬁ-’ 4 HCXOAR BTOPOSG THAS HOAYHAINT HYJAEBYID BEPOATBOCTH.

Ho Bcxoan nepsoro suja cocrasamior coburus AN X. Takum o6pa-
30M, MBH JloKa3adn chefyloiee yrsepiKieHne:
Ecau uzsecrno, wro npousouwnro coburue X, T0 8ePOATHOCTS A0~

6oeo coGuiTun A RPUHUMACT HOAOE 3HANEHHE: f?(ﬁ(,__%&

Onpedeaenue Yncno, sepaKapouee BEPORTHOCTH COOLI-
THH A HpH YCAOBHR, YTO NPOR3CHING cobuithe X, HAsLIBAETCH YrA08-
RO B8ePOATHOLTHN COOGHITRH A oTROCHTEABRO coOHTHHE X B 0603Ra-
yaerck P (A|X).

[posepennnie sHme paccyKAeHRH NOKA3HBA0T, YTO

P(AfX)mP—%,‘fi-El;«)l». S

W3 popmyant (1) surekaer papeHcTBo
P (ANX) =P (X) P (AlX), (2)

HasHBaeMoe Qopsysod YMHONECRIES.
Menun poauvn A 1 X, noayuaem, Y0 BEPBO R PABEHCTBO

P (ANX) ==P (A) P (XIA).

Cpasnem dopmyay (2) c dopmyaol P (ANX) =P (X) P (A),
BEPBOA JINH Be3ABHCHMuHX COSHITRA. Brium, 410 AAM TakHX COONTRR
pepao pasercrBo P {A{X) =P (A). Ono c3aravaer, yro 1AH Re3asR-
CHMBIX COOHITHA HacTym/ieHWe OAHOTD B3 HHX HE BJBHMET Ha BEpPORT-
HOCTB APYIOro.

[Tpuwmep l. [lycrs uMeercH a GeaniX B b YepHHX MEIUKOB, NPH-
HEM B KaXKAOM OeJIOM MEillKe JeXHT x KPaCHHX R y CHHEX ilapos,
8 B KaXAOM YEpHOM MEIllKe — i KPACHHX K ¢ CRHHX wapos. Caava-
Aa cAYYaRBHM ofpasoM suifHpPAOT OAMH MEIIOK, a NOTOM H3 Hero
snBBMapT map. Hadnem sepomrtiocrs P (B), P (4), P (BNK)
u yeaoshue sepouthocrH P (K)B), P (K|4).

Pemenue., Ouesnano, uro P (B)=—2

P (KIB) = P (K|Y) =

8 TOM, 410 auﬁpan Geantd MemDK a H3 HEFO H3BJACYCH KPaCHu# ap.
fio :popmy.ne YMHOXEHRA BePOHTHOCTE FTOIC COOHTHAR pasHa:
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P {BNK)=P (B) P (KIB) = - .

Aranorauao RaXoiUM, ¥Te

P (HNK) = a+b u-T-v
P (BC) =355 o4y,
P (QQC) w“a+b u-T—o

lipumep 2. Haitnem B npumepe | BepOATHOCTH BHTALIHTH B
peayakrare HCHHTAHHA KpacHuii map,

Pemenne Colurne K — «puraller KpacHuift map» ssisiercs
o0'beAHHEHHEM NORAPHO HemepecekaionIpxcs cobiruit BK » UK
TloaToMy no Teopeme CIOXKEHHS BeposiTHOCTeR HMeeM:

P (K)=P (BK)+ P (UNK).
Ho snavennst P (B(1K) u P (M1K) nadgenw suume. Orcioga no-
AynaeMm:

— x , & u
P (K) a+b x+y | at+é wuto”

AHANOrHYHO ROKA3NBAGTCH, UTO

— Y b v
P (C) a-{-b x4y i a-+b utov’

VieuMy coroBams,
P(K)=«P (B) P(KIB)+4+P ({) P (KIY)

P{C)y=P (B) P (CIB)+P (1) P (CY).

PazoGpaneEsti npHMEp SABJNSSTCH YACTEMM CAydaem CACRyRled
ofiefi Teopemu!, HaswBaemoft TeopemoA © noAHOR BEPORTHOCTH:
Teopema 1. fTycre sepoartaocrroe npocrpancrso U npedcras-
AEHO 8 sufe OOBEGUHEHUR NONAPHO HECOSMecTHWX Cobarud X,

N

U=X1}...UXa, (3)
ede XiX;==@ npu iw=j. To2d8a di8 awboeo coburus A aepro
PRBERCTE0

PA)=PX)P{AIX)+..+P(Xs) P{A|Xn) (4)
HoxaszartenbeTB0o B cuay aucTpuOYTHBHOCTH ONEpallHM
fepecedeHHs COOWTHA OTHOCHTEZLHO OObBeAHHEeHHs H3 {3) HMeem:
A=ANU=A0(X:1)...)Xs)=
=ANX:) Y. U (AN KX
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TTpu srom w3 X\ X;= & caenyer, 410
(ANXHNANXY=ANXNX;= 3.

3uayur, coburne A AraAerca O6HeIHHENNEM TONAPHO HECOBMECTHE X
cobutui ANX., ... ANX. H NOTOMY €r0 BEPOGSTHOCTL NO TEOpeMe
CAOXKEHHA papHa:

PAy=PANX) +...+ P{ANX).

OcTanoch 3aMeHHTs B 3TOM paBencree no gopmynae {2) P{ANX.)
sa P (X:) P{AiX,), yrobu noayunre {4)}.

Onxo#t u3 dopm dopmysnt NOAHOR BEPOATHOCTH ABASETCA paBeH-
cTBO

_ P (Xa) P (A1X0)
Pl A =pmssmmxos 1P TP AT (5)

Urofint NOKR3aTEH €10, LOCTAaTOMHO 32METHTE, 9To
P(ANXe)==P (Xa} P (Al X)=P (A) P (Xs| A).

Mosromy
_PX P (ALK}
P (Xy] Ay m =i e
Ecan X, .., Xu - nonapHo HecopMmecTHue coOuTHS, o00beavHeHHe

KOTOPHIX COBNAARET €O BCEM BEPOSTHOCTHRIM npocTpaHcTeRom {/, TO
P 3TOM paBeHCTBe MOXHO 3aMedHTh P {A) no dopmyAe noanoR pepo-
ATHOCTH ¥ OOJYYHTH papencrao {5).

Papencteo (5} nasupaior popuysod Badeca. Ona HCTORKOPHBA-
eTCA CARAYIOUIHM OOpPA3OM: €CNM CYIHECTBYIOT NMONApHO HCKIoYaIo-
HIME Apyr apyra rumotesn X:, ..., X, OXBaTHBauiEe BCEPO3IMOXK HEE
cAyYaH, H eCAM H3BeCTHH BepoATHOCTH COSWTHA A NPH KaXA0R H3
3THX runores, To no dbopmMyse (5) MOKHO HalTH BEpOATHOCTE CNpa-
BEAAHBOCTH THNOTE3IR! X, NPH YCAOBHH, Y10 NMpOR30mA0 cobutHe A.

ITpusmep 3. INaprus saexrpudeckux Aamnovexk na 209% wusro-
ropaeHa 3apogoM |, #a 309 ~ saponom [I u wa 0% — zasoaom [11.
Jap zapoaa I pepostrHocTh BriNycKa GpakoBanHOR AamMNOYKH papHa
0,01, axa sasona [ — 0,005 » g sanosa [I1 — 0,006. Kaxkosa pe-
POATHOCTH TOTO, YTO B3ATAA HAYAauy H3 MAPTEH aMIOUKa 0Ka3anach
GpakoRaHHO#?

Hac HuTepecyer cofniTHe A — «B3fiTas H3 NapTHH AaMnodka Gpa-
KOBaHHAA®. Paccmm}mm TPH cOGHTHA: X| — «Bp3dATas JaMnouka H3-
reToRJEHa 3aB0AOM fx, X, — «BafiTad JaMNnoYKa M3roTOBAEHA 3aBO-
oM II» & X; — «p3asrras naMnouka narotoeneda sapogom [H», 3ru
coGHITHA Nonapuo HecoBmecTHn W XU Xzi) Xa=U. Kpome TtoTO,
B YCAOBHH npHmMepa ckasado, 4ro P{X\}=02, {X2)=10,3,
P{X3)==05, P(AIX)=001 P(A1Xp)}==0005 n P (A|X;)==0,006.
lNoacrapass rH  3dauenss B GOPMYJAY ROJHON  BepOSATHOCTH,
NOJIYHAEM:

P{A)y=0,01.0,240,605 - 0,34 0,006- 0,5 =0,0065.
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3amevanne DopMyrs noAHOR BEPORTHOCTH COXPRHHETCA, ©CHE BMECTC
A

L]
yenoera H Xy==U exnonwenc yencmue A< [f Xe.
Rt Py

fipumep 4. B uexy croAr a MULHKOB C HCOPABHHMH NeTaAsIMH
H b Auikkos ¢ GpakopaudsiMe feranami. CpefH HCNPaRHKX AeTanedt
p% OTHHKenHDORAHM, a W3 uyHcAa OGPAKOBAHHHX HAKENHDORAHH
AHIE g% nAeranedl (B KaxnoM sutkKe}. BuHyras Hayran Retans
OKa3asiach HEKeaHpOBanHoH, Kaxosa BepORTHOCTS, UTO OHA HCTEp aBHa?

Pewme nne Hmeem coluirna X; — «iieransh acnpansar 8 Xo —
«aerans Gpaxonanuasi», a Takke coburie A — «erans OTHHKENH-
posana». Ham Hano Hafith sHauenne P (X {A). Tlo yoaosmo aMeem:

PX)=-225, P, PUAIK) =15, P(AIK) =1k

INogcraenasia 5TH Aannuie » hopmyny (5), nosyuzem:
R
I AL
a£6 10 gy e 100

3HAuKT, HCKOMARA BEDOSTHOCTHL PARHA a_p%?' Hanpuwep, ecin a=
=50, b==3, p=90, ¢=5, 10

P (X1 | A)= g5 ==0,9067.

Ecas ®e Ga==bh==50, p==75, ¢g=15, T0

50-75
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565. Bpocann wrpaabsyio Koors. Hafinere yeaoBeyl0 BEPOATHOCTRE TOFD, HTO BM-
IBAG NPOCTOR YHCAO CUKOB, fIPK YCROBHH, UTO YACIO BHIABLIAX OUKOS HeYeTHO.

966. B smnxe aemar 12 rpacunx, § sesemwx 5 {0 crEAX 1BApOS, OIHHAKOBHX
#a omynb. Hayaauy puAnmaercH ozpu wag. Kasosa BeposTHOCTR TOIC, 410 OH
KpacHnl, ecal H3BECTHO, 470 OX He CHHKA?

667. B amuxe aexar 12 xpachux, 8 sefenwx B {0 cHuMHX wapeB, ONERSHOBHX Ha
omyite. Haymawy euHAMa0TCS AR3 Hmapa. KakoBa 3epOATHOCTR TOMO, HTO:
1} cum aenenne, ecdH H3BECTHO, UTO BPK ITYOM He BHAHYT CEHHR map; 2} Beuy-
THiE WADH PASHOLBETHLE, £CAK HIBECTHO, YTO He BHHYY cHHHE map?

568, IlocrynamptsHe B MarasMH uacy HAIFOTOBJARIOTCA Ha Tpex zamonax. [lepend
33BOR TPOMSBOINT 40% npoaykukwn, eropodl — 45%, Tperndt - 18%. B npo-
EYKOA® Jepeoro 3apoia B0% wacom cpemart, Bropore aasoza TOY vaceB cne-
wart, tperhere — 90% uacor cremwar. Kakopa BepoaTHOCTH TOre, HT0 RKyHAEH-
HHi€ HAYHAYY BacH CTeaT?
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569. Jeranr Ba cOopxy nonazalor B3 tpex aBroMaTod. Hapecrro, 4o nepBuill asro-
sar faer O0,3% Opaxa, aropofi — 8,29, Ttpersst — 0,4%. Hafinure peposr
HOCHD TOHAAARAS u3 cOOPKY GparoBaMEOR ACTAZH, €M W3 TEPBOTO aBTOMAra
nocryarAe 1000 zeraxeft, v3 sroporo — 2000 B r3 Tperverc — 2500,

579. Ilo caMonery TpoxsaofATcd TPH BHCTpeAd. BeposTaocrs NoNajasHks HpHE nep-
BOM SucTpede paBda 0.5, npr Bropos - 0,6, npa Tpevses — 0.8, [pr oapom
HOMA ASHHH caModer cOupaeres ¢ peposTrocThl 0.8, pe ABYX — ¢ BEPORTROCTEID
06 ® npw Tpex cOHBaeTcA HaBEpHAKa. Kaxoaa pepoATEOCTE COHTB Ca-
saner?

571. Tipk axmOMeRAR ABWFATOAL HBaWMEaeT pafoTats ¢ BeposTHOCTRIe p. Kaxoma
BEPORTHOCTL TOTO, 4o 1} Asurarenk Hawver padordaTh CO BTOPOTC BRAIGYEHRS,
2) zns zanycka ARMrarens norpefyercH ne fonee KBYX ARKOYeHufi?

572. [dorampre, YT0 VCACBHME BEPOSTHOCTE COGHTRS 0SN3A3I0T OCHOBHHME cBoOfcr-
4aMB BEPOATHOCTH COGMTRA:

a) 0sZ PLAIEI=I] npu modux cobrraax A v B
6) ecan ANBw= 3, 10 P{AYBIC)=PAIC)4P(BIC)

578. OGobwrre Tecpemy yMeoMenwd {reopema 1) #a cayuadl Tpex, vernpex, .., &
COBHTHE.

574, Dokawmure, uro ecau P (A{B)=F(4), To P{BIA}> P (B}

575. B Genox Anipxe aewar 12 xpackpix ¥ 6 CHEAX ORMRAKOBLX HaA OLIYTEL HIAPOB.
B mentoM stmpre aemar 15 xpacusx B 10 CHENX ONMRAKOBMX K3 OMEYEDL IMAapPOB.
Bpocaerea urpaabuas xocrs. Ecan uHeno BHRABIEEX OYKOB KPaTHO TpeM, TO
HAYAA4Y ANHEMEIOT map 3 Gesore smuxa. Ecau uicao BHEAAMINY OYKOB Ke
KPATHO TPEM, TO RAYRAYY BHHEMBIOT HAD K3 Xeatoro Auwks. Kaxoma Bepost-
HOCTL BHHYTE KpacHui map?

576, PaSouri ofcaymupser TPR CTAHRS, WA KOTOPHX O6palaTHBAICH ORHOTHARHHE
nerany. Bepositmocth Gpaxe fAA nepborp CcramKa pabea 0,02, ans Broporo —
0,03, pas Tpersero — 0,04 OOpaborakyee 1eTaAR CRIRHBIOTCT B OAHH AIMK.
TIpok3BOARTEABHOCTD REPAOND CTAHKA 4 TP Pa3a GOMbIE, 4EM BTOPOTD, & TPETh-
ero 3 HABA DPa3a Medhille, vem Broporo, OHpedenwre BEPOATHOCTR TOFO, YrQ
BIRTEA HAyAauy Rerans Gyner GpaxoBamrof.

3. ®opmyaa Bepuyaan. 3axon Goasmmx uncea. Ilpu BBereduu
HOHHTHH BEDOSITHOCTH QTMEUE/IOCh, YTO eCAH BePORTHOCTh HEKOTOPOTO
cobuiTHs A paBHA p, TO BEPOATHEE BCEFO, YTO BpH NOBTOPEHHH HCNHRTA-
HH$ MHOFO PB3 OTHOCHTEALHAN yacToTa SAArONPRATHRX STOMY COOH-
THO HCXOH0B GyZeT MaJlo OTAHUATHLCS OT 3HAUEHHA p. 310 yTBEpXKiAe-
Hie, Ha3HBAEMOEe B TCOPHH BEPOATHOCTER 3axonos Goabuiux wucea,
JEHT B OCHOBE BCEX NDAKTHYEEKHX NPHTOKEHHA 3IT0f TEOpHH —
OHO TO3BOMHET ¢ NOMOUILIC BHYHCAEHHHX BEPOSITHOCTER RPCACKR-
3HBATL YACTOTY HBCTYRJACHHA ABHHOTO COOWTHN B AJMHHHOR CEPHH
HE3ABHCHMMX HCRHTBHHA.

Bupegem gopmysry Bepryasay, TO3BOAFIOMYIG BHYHCIATE BEPOAT-
HOCTh TOID, 4TO B CEPHH H3 1 He3aBHCHMHX HCHMTaHHA coGmitHe A,
EMEOiHee BEDOATHOCTS P, BCTPETUTCH i pas. PeayibTRT cePHH H3 R

HCRHTBHHA MOMHO 3BNHCBTL B BHAE KOPTeKa u3 Gyxp A H A, HMen-
mero pAAaHy n. Hanpumep, ecitd IPOBeAEHO CeMb HCNKTAHHEA, NpHYEM
cobuTHe A NDOH3OUWIA0 BO BTODOM, TPETheM B {IHTOM HCIWTAHHAX,
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TO 3aNHieM pesyaLTar gauHofl cepuu B Buge AAAAAAA. Veaobue,
YTO HCHLITAHHS JAHHOR CePHH He3aBHCAMB APYI OT ApYra, O3Havaer,
YTO AJSl BRMHCAEHHS BePOATHOCTE RAHHOro HCXOAA HCHHITAHHHA HaRo
SAMCHHTL B 3AHHCH 3TOR CepHH KAMAYI0 GYKBY A ¢¢ BepOATHOCTLIO P,
a KamRYi0 OykBy A ee BepOSITHOCTBIO | —p H NEPEMHOKHTL ITH
9HCAa,

ITpamep l. HpopoaHrcA cepHs H3 8 HE3ABHCHMBIX HCHBITAHHR
CoGutue A umeer BeposirHOCTh p=0,7. iemy paBHa BepPOATHOCTSH

TOT0, 4TO NOAYNHTCA HeXox cepin BaAsa AAAAAAAA?
PemeH e 3amensies Kaxayw 6yksy A Ha 0,7, a Kaxayw Gyk-

By A na 10,7==0,3. Honyvaem npossbesenne 0,7-0,7-0,3. O?)(
X0,7-0,3-0,7- D 3, XOTOpOe MOXHO 3anHcaTh Kopoue B Buae 0,7°X
x0,3% Bmtmcnﬂﬂ HaX0AHM, UTO HCKOMAaA BePOSATHOUTH paBHa
0,00453789 = 0,005.

BooGire, ecn coloitHe A #MeeT BEpORTHOCTH P, TO BEPOSITHOCTH
HOABACHHS KOHKPETHOR CepHi #3 n HCALITanH#E, B KOTOPOH 310 CO-
OuiTde HPOH3OHMIO m pas, paBua phg" ", rae g=1—p.

Hokaxem retieps ClteRYIOHIYIO TeopeMmy:

Teopema 1. [Tycre aeposarnocre coboirun A pasna p, u nycrs Puy —
BEPOATHOLTL TO20, 4TO 68 CEPUU U3 N HEIRBUCHMOLL UCNBITAHUL 3TO
cobutrue npousodder m paz. Toeda cnpasedausa Popmyra Bepryrru

mp :'P’"q"“m- “ )

HoxazaTeAbcTn o BaaronpHATHHIMH CEPHSIMH MCHLIT2HHMA
ABAAIOTCA B RAMHOM Ctydae Te CepHH H3 N HCALITAHHA, B KOTOPHIX CO-
Guirne A npousomno m pas. Kaxaas Takas CepHs 3a1aeTCA ROpTeXeM

a3 m 6ykBp 4 u n—m Gyxp A. [osromy obinee yucAO Takux cepHA
pasHo P (m, n—m), r. e. CF (1. 6 § 3 ra. XI). Hockoanky, kag 6a10
HOK232HO BHIILE, BeDOATHOCTL KAXAOH Taxko# cepHH pasHa p™¢" ™™, a
Jobuie ABe pasnsiuHbie CepHH HeCOBMECTHH, TO paBedcrso (1) Ro-
Ka3aHo.

Mlpamep 2. Kakoba BepoATHOCTL TOrO, YTO HPH JecATH Gpoca-
HHAX HIPAJLHOA KOCTH 3 ouKa BMNAAYT POBHO 2 paza?

Pe m enne. Bepon’mocn Bunanenﬂﬂ 3 OUKOB HpH ORHOM OpoOCKe

pasHa — . [ostomy p-_m, qﬂ_«w Tak kak, kpome Toro, n=10
# m—2, T0 oo popmyae {1) Mmeem:
e f 1NE 5N 10.9.8
Poio=Ch(5) (§) =T5em
Briyncienns no gopmyne (1) aps GoAbIHX m H n 3aTPYAHHTEN-

Hut. B MaTemartike yerasoBrensl npubaxennie GOpMYALL, NO3BOJIO-
e HaXOAUTh NPUGAHNKEeHHHe IHAYCHHA LA P, H, 4TO eyle BaXHee

AJsl APAKTHKH, CYMMBl 3HAUEHAA Pas, TAKHX, 4TO APOOH "f*" {(oTHOCH-

TEALHAA 42CTOTA NOARACHAN COOHTHA A} JERAT B AAHHEIX I'PAHANAX.
Ho ¢opmyne Bepuyans seposTHOCTL TOTO, YTO B cepuu u3 100
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. O
roAGpacuesaniA MoHerw Bee 100 pas ewnajer repl, paBHa («é») R

T. e. npumepro 107%°, He crons Mana, HO BCe e HHUTOXKHA BEpPOsIT-
HOCTH TOTO, Yro tHdpa BurajdeT He Gotee 14 pas. Haubolree neposiTHo,
YT YHCAQ BHnaacHH# repSa Gyaer Mano omH4YaTheR 0T H0.

BooGmie, npu GoJboM YHe/Ie HOHBETANAA OTHOCHTENbHASN YaCTOTA
ROSABAEHHst COGRITHA, KaK APaBHAO, Mal0 OTAHYALTCH 0T BEPOSITHOCTH
aroro cobuHs. MaTeMaTHUecKy1e GOPMYSHPOBKY 3TOr0 KaueCTBEHHO-
rO YTBeDKACHHS faeT npHHatnae xamui H. Deprysan 3aK0H SOMBIUHX
gHces, KoTopw# B yrouwenno#t F1. JI. YeSumeBum ¢opue raacur:

Teopema 2. I[Tycrs 8epoaTnocTs cobottus A 8 UCRBITARUN S PABHA P,
U nYcTH NPCBOFATCR CEPUE, COCTOANIE U It HE3ABUCURBIX NOBTOPEHUL
37020 ucnuiTanus. Tepes m oboIHAUUM RUCAO UCHWTANUL, 8 KOTODBLX
npoucxoduao coburue A. Toeda aa Mo6020 NOACKIUTEADHOZO HUCAQ 4
GHNOAHRETCA HEPABEHCTEO

P(I Zp| :>a) <L (2)

HosicHaM cubicst 1010 HepaBeHeTBa. Bupaxende % PaBHO OTHO-

CHTENBHOR YacTore COBLITHA A B CepHH ONLITOB, a f —~E~-—-p| — OTKIO-
HEHHIO 3TOR OTHOCHTEARHOHA YacTOTH OT TEOPETHYECKOTO 3HAYEHHH P,
Hepasencrao | %—pl >>@q 03Ha4aeT, qYTO OTRIAOHCHHE ORAIBZ0CH

Gosibuze yem @. Ho npH NOCTOSIHHOM 3HAYEHWH @ C POCTOM 7 npaBast
qacTh HepaBeHCTBa (2) cTpeMHTCH K Mysa0. MHRIMH C1OBaMH, cepHH, B
KOTOPHX OTK/IQHEHHE SKCHEePHMEHTaAbHON YacTOTh 0T TEOPETHIECKON
BEJIHKQ, COCTABANIOT MAZYKy SO0 BCEX BO3MOMHLIX CepHit HCnbiTanHi,

H3 AoxazanwoR TeopeMi BHTEKAET YyTREDPHUCHHe, HONYYeHHOS
Bepuyian: 6 yeaosunx reopemst npu aioboxn 3navenuu a >0 Hveem:

tim P(I %mpi :>a) ={.

Fieta

Janst #OKa34TenbCTBA AOCTATOUHO 3aMeTHrd, yro lim f;%ﬁ(}.
e o

Hpumep 3. CkoABKO AOCTATOYHO 1IPOBECTH ONKTOB, HTOGH H3
HEX HOAYYHTS BEPOATHOCTH COGRTHA ¢ TouHocThio 20 0,1 1 yTabu p o

z% ¢ 9Tofl TOYHOCTHES M C BePOSITHOCTHK (0,97
s perieHnst AGCTATOYHO HANTH TAKoE 71, 4TG0 (CM. HEPABEHCT-
B0 {2)} 6LAO BHAG/INEHO HEPABEHCTBO 6%‘5-;{0,1. A TaK xag ¢=

oo | I TO pqmp(i—-p)gi— H HOTOMY AOCTATOYHO YKA34THL 7,

YAOBAETBOPHIOLICE HEPABEHCTBY mgﬂ.l, orcioaa n =250,
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Kak pugnM, naxe IIOAYYCHHC BCPDOATROCTH COBHITHAL H3 OMBITA C

Taxol HeanaguTesboll TounocTsio TpefyeT 6ObAIOrD WHCKA FIKCHEDH-
menros. Flpasna, Gosee riyGoxHe TEOPEMbl 0KAZKBADT, Y10 MOKHO
OFPEHHYHTBCR MEHBIUHM YHCAOM ORLITOB,

577.

578,

579.

584.

582,

533,

B87.

YIpaXKUHeHENR

Pazbeprte Ackazateisciso GopMyin BepryAAn LAS HaCTROMG OIy4aR n==4,
m==1, BMENCHEAN TOAROCTRN Sopwyay {I).

Kaxopa pepoarmocts toro, are mpe 10 Spocsax BTpaasHoll KOCTH N8Th O4KOB
BHHALYT POBHQ: i) TPR paza) 2) ofue pas?

Kaxoma BeposTHOCTR ToOro, ure npy (0 GpocKax Hrpadbdof KOCTH OXHO OUXKQ
BHtALET #He Goace Tpex pas?

. Kakoea pepogtHOCT: 1010, UTO npH 0 6pocKeX HrpaAbHOl KOCTH HHOAO OMEOR,

KpaTHoe TpeM, BuEader Goabme 2 pas, w0 Menkme 5 pag?

Yro peposiTHee -— BHHrPATE ¥ PABHOCKABHOTO NPCTHEHNKA (RHYeBHMi pesysk-
AT BCRANOUaercH): 1) 7pu MAPTHR H3 4eTHPEX HAM NATE H3 BOCEMH] 2} He me
HEE TpeX NAPTHR M3 YETHpeX HAN He MEHEe [HTH N&pTHE H3 BOCBMHA?

B macreperoll patorar 6 moropos. JIas Kamzoro Morops BepoATHOCTE Nepe-
TpeBd K ofetemmomy mepepney pasua 0,8. Haflaure sepoarHocts Tore, uto
¥ olegennomy nepepuBy: 1} neperpesaicrcs poBHo 4 Moropa; 2) neperpesawTes
BEE MOTOPN; 3) HE OHHH MOTOP HE Jeperpeetcd.

BepoatThoCTh AOuBAeHssR coliuTen A B olwre pasda 0. OnuT RosTopaAR ie-
sapmciMuM opasom § pas. Kakopa Beposrtaocyk toro, 4ro coliwrie A nosewrca
He MEHee ABYX pas?

. B npubope croar 6 oaupagosux npeaoxparereseh. Hawm xamacro k3 HAX Be

POATHOCT: BECROPTHTRCR nocae 1000 gacos paborw paesa 9,4 Ecaw wenopra-
AOCH He MeHee SBYX IpeRoXpaHnTededt, To mprGop tpelyer pemonta. Hafaurte
BEPONTHOCTH TOre, Yro mpafiop morpefyer pemonta nocae 1000 uacoe paGoru,
ECHH fIDEROXPAHRTERR TMOPTATCA HeIABRHCHMO ApYr OT ApyTa.

Coburre 4 NPOACKOANT € BEPOATROCTRO [/4, OHMT NOSTOPHAR HE3aBHCHMEM
ofipazom § pa3. Hafiayre mepouriocts Tore, uro: 1) cobutee A nps sroM mpo
daofiaer He Soaee gayx pas; 2) cobutae A4 npe yroM npomachger Xors Ob gBa
paza; 3) cobutHe 4 RpoRsORAET foace YETHPEX pas; 4) colute A npanaohger
XOTh OAMH Pa3, Ho ye Gojee Tpex pas.

m
. CKOZRKO HEZO CAGAUTEH OIMTOB, YTOOH pPaBeHCTRO P C TOUROLTHO AO 0,01

RHOJYIKTh € BepOoAthocTLId 0,957

m
KakoB2 BepOSTHOCTL PaBeHCTBA PRz C TOHHCTER RO 0,1 npn 100 omurax?

m
. PaBeRcTBO prv— NOAySeRo ApH 40 omurax ¢ seposrdoctbio 9. ORrekire

p ROABIATEALHO ETO TOMHOCTR.

4. Teomerpuveckue peposiTHOCTH. MuorHe npakTHYecKHe salauH

HPHBOAAT K BONPOCAM TEOPHH BEPORTHOCTER, KOTOpHe He YRAAMbI-
BAKTCH B pa3sobPaBHyl; Bhlilie CXeMYy KOHEYHOro YHCAA HOMAPHO He-
COBMECTHLHX HCXOHOB HCNBTauMf, [iycrh, Hanpumep, crepXenb Ha-
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A &4  ynauy pasnambiBaercd Ea TpH gacra. Ka-

' KOBA BEPOATHOCTSY TGP0, YTO H3 HONAYUHBIIHX-

Puc. 85 - Cf OTPE3KOB MOXKHO OyAeéT ROCTPOETH
TPEYTONBHHK?

B sroit sanaue M Emeem GeCKOHEUHOS MHOXKECTBO HCXOLOB, Tak
Kak pasnoM MOXeT nomacth Ha alyile Touky crepxns. Ilosromy
agyoe BHIHe OnpeferesHe BePOATHOCTH COGLTHS KAK CYMME BeposT-
HOCTER HCXOHOB He rofwrcsi Mut OyleM NOAL3I0OBATHRCH EHHIM Ofpe-
AefieHeM BEPOATHOCTH, KOTOPOE HA30BeM 2eomerpudeckun. Pasbepem
CACRYIMLYIO MOfeah. FlycTs na orpesok AB Gpocanr nayaaqy TOYKY.
HazobeM BepofTHOCTHI) MONagadus 3TOA TOYKH Ha 4acTbh TOr0 O7-
peska {pnc. 85) oTHOWenHe ANKHER 3TOH YACTH K IJIBHE BCETO OTPe3Ka
(eC1# 4ACTh COCTOAT H3 HECKOABKHAX KYCKOB, HAZO CHOXKHETH [JJIHHR
ITHX KYCKOB). 3T0 €CTeCTBEHHO, TaK KaK, YeM Goiblie uedh, TeM
BepOfiTHee ee ROpaznTh. OxaswiBaercd, 4T0 CBOACTBA BBEASHHOrO
TakeM 06pa3oM ROHATHA BEPORTHOCTH O4CHb HOXOXKK Ha PacCMOTPEH-
Hhle B MPefnAYWHEX NyHkTax. ViMeHHO cApaBefansn YTBepKOeHHA:

1. Ban m060f 4acTH OTpe3xa 3HAUEHHE BEPOATHOCTE ABASAECTCH
HEOTPHILATEbHB M YHCAOM, HE NpeBOocXoAfwEM 1. f{as caMoro oTpeska
3HA4YCHHE BEPOATHOCTH paBHO |.

2. Ecan vacru X u ¥ ue umeior 061X TOUEK (HECOBMECTHR), TO
PXUY)=P (X)+P(Y).

Ha ocnoBe 3THX LBYX YyTHEPXKAEHH# Af FeoMerpsauecKdX Beposit-
HOCTER MOJKHO ORPeAe/ATh Te XKe NMOHATHA, YTO H B CAYYae KOHeYHOro
BEPORTHOCTHOTO NPOCTPANCTBA, B0KA3aTh anaiorTH QOPMYSE CRONKEHHES
H YMHOXeHHA BeposTeocTed, opmyay Badteca i 1. &

Bmecto oTpeaka AB M0oxku0 B3ATE HEKOTOPYIO TEOMETPHULCKYIO DH-
rYpY, SIMEIOULYIC KOHEUHYIO mioliaAb, B CYATATh BEPOATHOCTHIO NO-
acTh B 4acTh X 3T0f QHrypa OTHOLEHHe Ao ALe# YKA3aHHOR 4acTH
H BceA dHrype. Moxno Gpars 4 oGneMbl TeJl B TPeXMepHOM RpOCT-
paucrie. Boe aTH ciayval, Kak B MHOMHE JpyrHe, OXBAThiBAITCH
aKCHOMATHYeCKHM OnpefefedHeM HOHSATHS BEPOATHOCTH, Ha KOTODOM
Mbt He GyfeM OCTanaBARBATLCA.

[TostichHM ckasaHnOe Ha PelieAMH 3ajlay# O PaltaMbiBaHAH Ha-
yhady oTpe3ka, O KOTOPO# FOBOPHAOCH B Hadasie NMyHKTa.

[lpasmep 1. Ha orpesok Aanuk | GpOcat Haydauy ABe TOY-
kA. Ony pa3bHBAOT OTPe30K Ha TPH orpe3ka. Kakopa BepOSTHOCTS,
4TO H3 ROAYYEHHHX TpPeX OTPE3KOB MOXKHO CAONKHATh TPEYTOAbHHK?

Pewernne 3aganuufi OTPE30K pPaccMaTpiBaeM Kak OTPe3oK
[0; 1] uncropof npamol. Toraa HayZauy OPOLICHHHIE TOUKH HMEKIOT
KOODEMHATH — YHCAR X H y, HpEAALIeXauHe oTpesky {(; 1] Ho mwo-
6yio papy 9YHCeJ MOXHO PaccMaTpHBaTh KaK KOOPAHHATH TOMKE Ha
naockocTd. Tlockomeky O0<{x <Kl n O{y<C1, To 3TH ToukA (x; )
Hayiady Spolienb B KBaApaT co croponofl |, [Tocmorpem reneps, ka-
KYIc urypy o6pas’yior TOMKH, KOOPAHHATH KOTOPHX YAOBJACTBOPHAIOT
YCHOBRIG HPHMEDA.

Has Toro 4ToBH H3 TPeX OTPE3KOB MOXKHAO G0 HOCTPOHTE Tpe-
YrONKHHK, #e06X0NBEMO H ACCTATOYHO, YTOOH MJIHAHN 3THX OTPE3KoB
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YAOBASTBOPANK HepaBeHCTBY TpeyroabHHKa. [lpn x<{y moayyaem:

x< (g ~x)4(1 —g), g—x-<<x+(1—py),
1 o < =gy = ),

HTO nacHe npeodpasaaauﬂﬁ Aaet CHCTEMY HECDABCHCTE

x<0,5,

{f < x4 0.5,

0,5<y,
=¥

KOTOPO# Ha IMIOCKOCTH ONpenenfercA TPeyroasHHK {puc. 86, a}.
Hpu x>y ananorauso nonysaercs CHCTEMa HEPABCHCTH

KOTOPOH HA NAGCKOCTH ONPeAeNiAeTcH €lle ORHH TPeyroAbHHK
(prc. 86, 6). O6man nmaowmans QHryp, IAITPHXOBAHHMBIX H& PHCYH-
Kax 86, a, 6, pasHa 0,20, ChepopateAni0, BePOATHOCTE MOCTPOHTH
Tpeyroisnug pasHa 0,25,

Hpuwmep 2 {zanaua Bioddona). Ha nnockocTn (GeckoHeu-
HOM} NPOBSREHO CeMERCTEO NAPAJANEAbHEX NHPAMHE (ToXe GeCKo-
HeyHoe). Paccrosnne Mexiy cocenHHMA npaMmuiMA pasmo . Ha sty
naockecTh 6pocaercs Hayxavy oTpe3ox Aanub /. Kaxosa BepositHocTs,
YTO OTPesDK MEPECeKaeTen X0Th ¢ ONHON M3 MpAMMX ceMmedcrsa?

Pem e n s e O6oanaunm yepes y paccTOSHHE OT BEPXHEro KOHia
orpeska Ro OauxafweR cHu3y npamoi {puc. 87). [lporeaem ayu
¢ Ha4yaNOM B BepxHef (n1eBofi) TOYKE OTPE3KA, NAPAMIEALHEIA HPAMBIM
cemefictea W upylu# nanpapo. OB03HaYMM uepes x yrod MeXAy
3THM NY40M H OTpeskoM. Maul NoayyHaH napy HHCeN, YIAOBAECTRO-
PHIOIHX HepaeercrsaM 0<Cx<n, O=Cy<C/ Touka (x; §) ¢ TakHMH
KoOpAHHaTaMH HayAady Gpomesa B npamoyroabHek (puc. 88). las
TOro yrobui OTPe30K nepecexancs x0TH Obi ¢ ORHOMR H3 NPAMBIX ce-
MmeficTea, Heo6XORMMO ¥ AOCTATOYHO BLIIOJHEHHE HePABEHCTRA
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¥

T y=Lsinx:
{

P

Puc. 87 Pac. 88
y= I sin x, xoToptiM Ha pHCYHKe 88 oHpeResieHa 3aIMTPHXOBAHHAH
¢urypa. [logcunraeM ee mAOIHaRL:
o B
Gﬂs lsin xdx==—1[c0s x I =2
0 L]

Tak kax nuiomanb IPAMOYroREHAKA (B XOTOPHH Hayaawy Opoiena
TOYKa) S==nl, TO HCKOMaf B IPHMEepe BEPOHTHOCTEH

P o2 20,6366,

YopaxHeunn

589, Jloxamsre, UTo FEOMETPHNECKUE BEPONTHOCTH OGAARRIOT OCHOBHEIME CBORCTBAMM
BEPOSTHOCTH COOMTHS:
L ¢S P ] mass #000ro cobwrrd A,
IL Pih=1, P{@)=0,
[II. P{AL B} P (A)4 P (B), ecaw A} Be= 3.

580. [ipoe AoroBOPHAHCE O BCTPEYE WA CACAYIOUEHR YCOIOBAAK: KAKAHE NOHXOAAT B
YKG3aHHOE MECTO HE3EBHCHMO APYr Of ApyTa B Wayaawy B A000l MOMEHT Bpe-
wenn or [3.00 zo [4.00. Tipeas, oxmaaer we Gonee nosaydaca, a YXOOHT Ke
noagnee (4,00, Kakora BepORPHOCTS TOFD, WTO OHH BETPETATCH?

581. B ynpamuensr 590 ppems OXAXaHHA coxpameso Ao 20 suy. Kakosa seposr
HOCTL BETPENH?

592, TlporwaoTaykoRMe MEHE nocTaBaeks #a npamol yepes [5 u. Taux mupuuod 3 M
HReT nepoeHAMKyAspEe sToR npaMofi. KakoRa BeposrHOCTH, WTO OH nOgO-
pBeTCH?

93, Ha oxkpysaocry pagaycoM R 3admxcepoBawa Touka A. KakoBa BepoRTEOCTH
TOrO, 4r0 ciydafine Spomensan Ha OHPYXAOCTL TOuRe B rakoma, uro AB==R?

594. B orpyxEOCTE HAYASYY BANCAH Tpeyroabunx. Kaxosa BepostHocth, 410 oH
OCTPOYTOABHK AP

596 B oxpymuocrs eosedar weagpar. B oxpyr, orpavwdewsu#t sroll oxpym-
socre, Bayzasy Gpocaercs rTouka, KaKoBa BEpOATHOCTD, YTO OHA nonager B
KBARPAT?

596, B oKpymHOCYS BHECAR npapudsdmii rpeyroarsHdk. B wpyr, orpasmwueRuni sroft
OKPYHHOCTREY, Haylawy Opocaerci Touxka. Kawoma BeposiTHoCTh, %70 TDMK4

HOIANET B TREYTONALHEXD .
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597,

598

599,

602,

&

&

867,

608,

609,

816

61,
612,

B oRpyKHOCT: HaYHAaHY BUMCHBAETCH TPEYranbiik. Kawosa BEPOMTHOCTR, YTO
eH: 1) npasoyroasumt, 2) pasuoSegpenuu®t; 3} Tynmoyroarau#i?

¥ KBaspaTHOre Tpexuaena x’-b-px-t-g xosdpuusesTH p M ¢ BrbpadH wayas
gy A3 ofpeska {—I: i1 KakoBa BEpORTHOCTL, YTO KBRApPATHRA TpeXwieH uMeeT
ACACTBRTEABHHE KODHHP

B wap sodcan xy6. Touxka Haymaay Opocaercd B map. KakoBd RepOATHOCTS, 410
OH# EOIARET B KYGP

B wap mnscana npasmasnin TpeyrosbEan nHpamuga. Touxa wayzady Bpoca
ercn B 1WEap. KaxoBa BEpOBTHOCTh, PO OHA TNONGRRT B IHPAMHLY?

Peimire caesyouive 3anau, HCROAL3YR HeolOXCRHMBA TeoperH-
YeCKHE MaTepHal.

- B mocaezoparenrsnoctd wncen 1, 2, .., 7 orMeueno wneae k. Hafirh repostHocTs

TOrQ, WIC ¥3 ASYX HAyAdqy BROpAHMEX GHCEN 3108 HOCHeZOBATEALHOCTH ORHO
Mensule &, a apyroe Goasiwe. ,

Bpocaerca n arpansHux koctefi. Halite BEPORATHOCTS 700, 41O BHnafer m
EAHHMI, fig ABOEK, ..., fis IRECTEPOK,

. Tlocaenosatemsuocts =uces 1, 2, .., 4N pasfumacrcs uaynady Ma ABE paBume

rpynouw, Haflre meposTHocts Toro, uro: 1} B Rawaod rpynne SyAer nopomsay
YerukX # HeYerTHRX uHced; 2) Bee uRCAa, KpaTRHe N, ORaXYYCH B nepeoft rpyn-
me; 3} wMcaAa, Kpariwe N, TOAGAATCA AODOBHY MEWAY TPYILaMK,

CHonnRe pas HYMAC GPOCHTs HIPAALHYIO KOCTh, YTOGH NORBIEHNE § OUKOB BMRIO
pepostrocTe: 1) Goawmyw 0.5, 2} Goawmyw 0.8; 3} Goanwywe 0,97

. CRoanRo PE3 HYMBO NOBTOPHTL RCMETARHE, urole ¢ BePIATHOCTLE), HE MEeHb-

IeR r, YYBEPKAATS, ¥TO XOTH 01 0ARK a3 nponscfifer cofurae A, BeffoRTHOCTD
KOTOPOTO B KaXAO0M KCOMTAHWH pasia p?

JiabopanT MHOPOXPATHO WaMepseT Adkyy oSpsalia. Bepostwocrs omeGRe Npk
CHHTHEBAHHH NOKa3a¥kA paBHa p. Kakoe HadMedbliee y¥CE0 Hamepennd yajgo
CAEAATH, YTOGH ¢ BEPOATHOCTSLIO, Gonvuied o, MOMHO OHQ YYBEPMAATH, 4TO
X07H OH OOHO H3 RIMEPEHHE HEBEpHO?

Ileranu ynaxobaHm B aukakd, no 100 mryx B RawmAR#A. B kamaom sutHxe Jexyr
no OZHoR Spaxesaydoff perean. Kowrposep npopepser meradr, BRbHpas Hayia-
4y 0 QAHOR Retadd B Kawaom k3 100 wmukea. Kaxosa BeposTeocts TOro, uTO
ROTH GH ORHA M3 HIBACHEHHMX HeTatcR OPAXOBAHHAH?

TlpH KaKoM MHHEMAALIOM YACKE A0NEH B rpyane BEpOATAOCT: T0rQ, 470 XOTa
Gt Z82 W3 HUX POLHAKCE B OZHY H TOT We JAeHb, He smesswe 0,5 (ropm pomiewns
MOFYT HE CORBARATR)?

Bam 3axorenoch #afiTe 4enoBexa, HeHb POMAEHWSA XKOTOPOrQ COBRAAZET ¢ Bi-
MM, CHOZLKO HeaHAKOMUER BaM NPHILTCH DHPOCHTS, YTOGH BEPOHTHOCTS BCIpe-
HY TAKOFQ YeoRexa Gubia Ow He menbme 0,57

HBoe mocuepento BRHAMaRT mAPH {G€3 BOABPAMENHI) K3 FULNKE, COMLDPIKamLe:
ro M Geamx i N--M uepewx wapos (OTARUAOIERXCH TOALKC uperom). Ka-
KORa BEPORTHOCTS BHHYTL NephuM feinft Map AA% Torg, K10 #auudaer? Pac-
CMOTPET: cniyyas: a) A==3, M=1; 8) N4, Mm=i, B} Nw=B, M2,

Beau ANBNC— I, 10 P{A)HP{B)+ PICY 24P (D)

Kaxayw cexydily ¢ BepONTHOCTHIO § HEIABMCAMO OT [PYTHX MOMEHTOR BpeMmeny
no JAOPOTe Npoe3maeT sRTOmalrued. A pepexopa Aoporw newmexoly seolxo
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6i3.

614,

§15*,

616

617

618,

619,

620.

821,

822.

623,

a0 3 . Kakopa BepomTHOCTH TOFO, 4T0 NORowelmAll K fopore newexod Oy-
KeT OMBIaTh BOSMOMMOCTE Hepexofa: a} 3 ¢; 6) 4 ¢; 8) 5 c?

[Tponzeopurea crpeavla no HeXOTOpoH Uedn, SCPOATHOLTE NONAAAHHA B KOTO:
PY® BPH oAHoM BMcTpene pabia 0,2 Crpennba npekpatiaerca IpH fiepoom
ronaganuy. Halivs BepoOATHOCTE TOTO, UTO SyRer npoHIBeReHo poBEO 6 BRCTPENOS,
B mrpufiope {4 yanoB ABYX TRRoB: 6 — nepsoro M 8 — Broporo. Bepoardocrs
BHXOMA K3 CIPOH B TeqcHne Bpemenn T s KaXROro yala NepBOrO THItR pabH3
0,002, ans proporo — 0,004, Hadrn peposTROCTh BHXOHa B3 Crpos fpalfopa B
Pe3yARTaTe BHXOLA WA CTPOA XoTH OH OXHGTO y3aa.

Hafith BepORTHOCTE TOrO, WTO HAYEAHY BIHTOS USAOE HUCHD DKAMETOH NIPO-

i
CTHM, HPEAROAAraR, 4T BEPOATHOCTH TOFO, UTO OHO KPATHO 4, PABHA — .

B yoaoBmsx npexmayuieR 3afaud HaRTH BEPOATHOCTh TOFO, UTO JABA HAYrajk Bas-
THX HATYPAALEME YHCHS OKAMYTCH BIAKMHO TPOCTH.

Ha 10 xaprouxkax wanwcaHd umexa: 3, 3, 3, 4, 4, 5, §, 6, 6, 6. BreanManwres
Hayrax OfHR 32 Apyroft Ase xaprouxk. YHeA0, MBRHCAWHOE? HA fepROR Kap-
Touge, GepeTcd 3a UNCAHTEAB, HA BTODOR — 38 3HaMeHATeds ApobH. Kaxoma
BEPOATHOCT: TOF, 470 NoAyuennas ApoSh npBBUABHAAT

JABB maxmarticra A ¥ B HrpaoT Mats MR CHBLYIOIMAX YOAOBKAX: A AOHKEH Wa-
Opate nAs noGesw 12 oukeB (BMMrpHN — OAHO ©uke), B - § OYKOB, HHYLK
He cunragres. Obuuvo A BABoe dYnie BuATpHBAET ¥ B, eCAM CUWraTh TOJNLKOD
pesyABTATHBHEG TAPTHH {TaK WTO BEPOHTHOCTL BUEFpWmA 4 ¥y B B onrolt nap-
TEH MOMHO cuurars pabeol 2/3). Hrpy npexkparsin nocre roro, kax A Aabpan
8 ouxoB, a B - 4 ouxa, B HOGRRY PERIBAN IPHCYAHTS TOMY, ¥ KOO BEPORTHOCTH
Ha OXOHYATENLHLA BuHIpHi Soiswe. Kro nofieanrean?

A ¥ B Arpagr pAjd NaprTARA Ha CACGAYIOUIRX YCAOBBHK: 1} 32 BUMIpHIE 3acyH-
Tweaercd | ouko; 2) A BRHrpuBAet OTAGABLHYN IAPTHK ¢ BEPOATHOCTHID @,
B — ¢ peposttHotTRI0 <o, -t PB==1; 3} BUArpaBuTHM BCK HEPY CUHTACTCR
TOT, K70 OOPOHAT NPOTHBHNKA Ha 2 ouka. HafiTe BeposATaocTs BEMrpHmIA A4H A
R 5ag B.

Pewnre sagawy 619 apn A3MeHeHHOM YCNOBHH 3! BLIWIPBBIHM BOKY HIPY CUM-
T2etCR TOT, KTO BHHFPAST Abe RApPTHH AOAPAL

Texnnuecxn HORTPOXL IPOBCPAET B3SITHE HBYLAA ACTBAH W3 AADTHH, COfAepXa:
IHed, KAK yKa3am) OrfipaBereies, g AeTaded nepBoro copra W b Reradeir Bro-
pore copra. JIpeAnoaaraeTcR, WFO OT YRA3AHHOrO COCTABA €CTh OTKAOHEHES.
KONWUECTBO AeTaiell TepBOTG COPTA, BOAMONKMO, paBwo a—32, Ham g1,
#AK o, 4% ¢} | ¢ BEPOATHOCTAMM, CODTBETCTBEHHO DABHHMW DI, P2, Pi P
{Tposepra nepewx m jeratedl, m<Ch, oGHAPYKHASA, 9TO BCE ORE BTOPOTO CAp-
Ta, € KakoR BEPOATHOCTBE) TEXHHUECKHR KOHTDOR MOMET YTBeDXKEATh, HFE
Rerasel sroporo copra Soanine 67 Paccmorperb oiaysafi: =58, #=25 p;=
=01, pe==0,2, p3=908, p=01; 1) nposepenc 40% wvecex peranch u
2) nponepeno H50%, pcex neranefi.

Kycox nporoiokn xiBHoR 20 cw coruyiB B HAyRawy BHGpaRHHOM Mecre. [locae
3TOrG, fleperayB DPoBOOKY elile B ABYX MecraX (He joMas ee), cienaa nps
Mayro/indyl0 paMKy. KakoBa BEPOATAOCTh TOTO, 910 WAOHIAZD NOAYREHROTO
EPAMOYTORLHAKR He TPeBOCXoRMT 21 cm®?

Hafitn pepoRTHOCTE TOrO, YTO M3 TPEX HAYHAYY BIATHE OTPEIROB, LANHA RaM-
[1OF0 ¥3 ROTOPHX HE NPEBOCXOANT 2, MOXHO COCTBBHTE TPEYLOALHNK.
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624,

625

628.

§21.

628

629,

631,

Kpyr Zwamerpom 25 Mm naygauy GpocaeTcdl Ba €T04, KOTOpHA pacuepuen Ha
KBRAPSTHHE KATRH c0 croponoft 50 ms, tomniya pasbupaxomax AHEARd § s
Kakopa BeponTHOCTL TOTO, 4TO MOHETa He MepecederTcR ¢ Pa3OHBRIODIEME JH-
HUSEMH P

B kpyre Haylauay npopoawtcn Xopsa. Kaxopa BEPOATHOCTL TOIO, 4TO ¢e AjuHa
doxbale paguycar

Kakofl Toamesd goaxus G0ThL MOHeTa {DpaBHRBHan), YTolM BEPOATHOCTL Ita-
Redux 72 peGpo pasHATfacs 1/37

Heofmopoauwii npsimeli Kpyropoll GHAHHAD cayvafine Gpocaercst #a TOpHIoH-
TazRHYI0 MAGCKOCTH, PaAMYC €FO OCHURAHHA DPABEH 7, €F0 HEHTE TAMECTH pac
NOKGKEH HA OCH CHMMETPER Ka PaccTOAHHAN a4 8 b b>a, Or ero ocHoBanzi.
Hafitn BeposTHOCTh Najesus IMAHMAPS HA QJHO B BTOPOE OCHOBAHHE,

Biose kaana mupuwed L uaer cynne ¢ nocroawHodi ckapocteie V. Bropoe
CYEHO KYPCHPyeT (e3 OCTAHOBOK ROREPEK Kaidala C ROCTOAHHOH CHKOPOCTRIO H
TYAHT. BTOT Irynex camized Ha paccroawns d<ZL. Hafire sepesrmocts tore,
YT NepBOE CYAHO YOAHIEHT 3TOT FYAOK, ECAH NEpECeUedie KypoOB BOIMOMHO B
J0GOH TOMKE KaHaas.

HexoTapoe COGHTHE MOKET NPoH3olTH B MGO0A 73 AHeR HeAeAR ¢ OAHHAKOBLHIMH
BEpoATHOCTEMY. HalTH BepoATHOCTE Tora, NTO 370 colMTre npodzofiner 12 pas
NOAPAI TOMLKO 110 BTOPHEKAM H yerbepraM. COraacyercs JH 510 ¢ NPennorome
HHEM O PABHOBEDORTHOCTH OCYIMECThIeHy# COGRIHA B Jobo geds Heaeasn?

B yeaopaaX 3ajaud 529 cobmTHE NPOHIOMEAO {2 pa3 ¥ HH pasy R€ DPOHIOHIND
B HOCKPeCEHbE, COrAaCyeTCR ME 570 C APERANGIGHEHHEM O PABHOBEPORTHOCTH
OCYIRECTRACHHR COGMTES B A060H HeHH HeAean?

Ha tenetdonnoli crTanumst B TeUeHKE ONPEASACHHOTO Haca AHA BOSHHKAET B Cpex-
HeM n BH3choB. Haiite pepoATsocrs Tore, wT0: 1) B TeNeHHE BPOMEXYTKA Bpe-
medd [ {HeKOTOPad JOKR Y&Ca) BOSHHKHET POBHO /M BW30B0B; 2) B TEYCHHE ITOTO
NpOMeXyTKa { BOagHRHeT X0TH 6k OIHA BH30B, 3} ABE TeaedomBcrxe ¢ OXMHa-
xosofi sarpyssoR {y xawmdofl B cpeareM A BMIOBOB B Yac) OKAaWYTCH meperpy-
WEHHBEME BHIOBAMH B Toderng HESOMLIEOrD BPOMEKYIRE BPEMEHH f, eCAH KaM-
A48 H3 HUX MOKeT B 5TOT ADOMEKYTOK oOcaymMurte He O0K6e & BH3IOROR.
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o appecy:

127521, Mockea, 3-01 npoesn Mapuwmioi poww, 41,

fNpoesn: cr. MEEJO «beropycckany, panee tpon. 18 a0
oct. docnesags «Cesepuany; cr. merpo «Puxckass, ganee
Tpon. 18, 42, asy. 84 po ocr. docmnnua «Ceseprany,

Toprossit aom «llpocaewedmnes:
129626, Mocksa, yn. Hosaanexceescxan, 8
Crpaek#t no tenedony: 2870869




logsb

x Y

log,b

0

yA

y=l0g.X,

T T Y e




Y4

4< x*+y’¢ 16

Y

Z=X+iy

YA

>
b




W) POCBEWIEHNE

B koMnnekr Bxogar:

o y4yebHUKU
ana 10 u 11 knaccos

* NUuaakTuyeckune marepuansl

(asTop B. Y. Pbixuk)

* MeToAnvYecKue
pekomeHgaumm
( nog pepakunedn
M. J1. Famuukoro)




